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Preface 


Integral and discrete inequalities are very important tools in classical analysis. 
This book focuses on one- and multidimensional linear integral and discrete 
Gronwall—Bellman-type inequalities. It provides a useful collection and systematic 
presentation of known and new results, as well as many applications to differential 
(ODE and PDE), difference and integral equations, and is therefore an ideal source 
for familiarising students with this tool. It is also useful for researchers working on 
these topics. 

It is Part I of a two-volume work on inequalities. We start with an introduction to 
different types of linear one-dimensional inequalities: 


Chapter | focuses on continuous integral inequalities. 

Chapter 2 features discrete (difference) inequalities. 

Chapter 3 introduces discontinuous integral inequalities. 

Chapter 4 then studies applications of these inequalities. The second half of this 
book, Chaps. 5—8, considers corresponding multidimensional linear inequalities 
and applications. 
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Part I: Linear One-Dimensional Integral and Difference Inequalities 


Chapter 1 
Linear One-Dimensional Continuous Integral 
Inequalities 


1.1 Linear One-Dimensional Continuous Classical 
Gronwall-Bellman Inequalities 


It is well-known that the classical integral inequalities, which furnish explicit bounds 
for an unknown function, have played a fundamental role in establishing the basis of 
the theory of differential and integral equations. Just for this reason, more and more 
researchers have found many useful inequalities in order to achieve their different 
desired goals. In this chapter, we shall collect some basic linear one-dimensional 
continuous integral inequalities which have found many important applications in 
integral equations. 

The following is the very famous Gronwall-Bellman inequality [239] which 
plays a crucial role in analysis, especially in the study of existence, uniqueness and 
stability and estimates of solutions to differential equations (see, e.g., [61-63, 66]). 

Integral inequalities of the Gronwall-Bellman type are frequently used in various 
contexts. Over the years several such inequalities have been developed and used 
considerably to study the various problems in the theory of differential and integral 
equations, see [42, 495] and the references therein. 


Theorem 1.1.1 (The Gronwall Inequality [239]) Let u(t) be a continuous func- 
tion defined on the interval I = [a,a + h] and for allt € I, 


0< u(t) < / [bu(s) + alds, (1.1.1) 


where a and b are non-negative constants. Then for allt € I, 


0 < u(t) < ahe”. (1.1.2) 
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Proof By analogy with the process of integrating a linear differential equation of 
first order, we take u = zexp[b(t — a)]. Let the maximum of z on / occur at t = th. 
For this value of t, (1.1.1) implies 


0 < cas explb(n — a)] = [[bz(s)exp{b(s—a)] + alds 


whence, by the mean value theorem, we conclude 


1 


ty 
0 < Zmax exp[D(t, — a)] < aa bexp[b(s — a)|ds + / ads 
< Zmaxlexp[b(t) — @)] — 1] + a(t) — a) 
or 


O < Zmax < a(ty —a) <ah 


which readily implies (1.1.2). Oo 


Remark 1.1.1 Itis worth pointing out that such an inequality (1.1.1) can be traced 
back at least to Peano [519], which explicitly dealt with the special case of the above 
theorem with a = 0, and some general results on the differential inequalities and 
maximal and minimal solution of differential equations were also obtained. 


Theorem 1.1.2 (The Classical Bellman Inequality [61]) Let y(t) and g(t) be non- 
negative, continuous functions on 0 < t < T satisfying for all0 < t < T, 
t 
yo sn [ aloyoras (1.1.3) 
0 
where n is a non-negative constant. Then for all0 < t < T, 
t 
y(t) < nexp (/ g(s)ds). (1.1.4) 
0 


Proof Put 


t 
v(t) = 7 +f g(s)y(s)ds. (1.1.5) 
0 
Then it follows from (1.1.3) and (1.1.5) that for all 0 < t < T, 


u'(t) = gy) < g(Nv(0). (1.1.6) 
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Multiplying (1.1.6) by exp ( - f g(s)ds), we get 


$(v0 exp (- [/s0)] <0 


which gives us (1.1.4). Oo 


Corollary 1.1.1 Let u(t) and b(t) be non-negative continuous functions for all t = 
a, and let, foralla <t <T, 


£ 
u(t) < ae ¥™® +f e’ "9 b(s)u(s)ds, (1.1.7) 


where a = O and y are constants. Then for alla < t < T, 
ft 
u(t) < aexp(-y(-a) +f b(s)ds). (1.1.8) 
Proof Setting w(t) = e”u(t), we obtain from (1.1.7) for all t > a, 
it 
w(t) < ae’ +f b(s)@(s)ds. (1.1.9) 


By Theorem 1.1.2, we derive that (1.1.9) implies w(t) < ae’® exp ( fy b(s)ds), 
which gives us (1.1.8). Oo 


Remark 1.1.2 In 1919, Gronwall [239] showed the case of g(t) = constant > 0. 
Later on in 1943, Bellman [61] extended this result to the form of Theorem 1.1.2. 
Since this type of inequalities is a very powerful and useful tool in analysis, more 
and more improvements and generalizations of the classical Gronwall-Bellman 
inequality have been made. 


Remark 1.1.3 Clearly Bellman’s inequality includes Gronwall’s inequality due to 
the fact f. ads < ah fort € I = [a,a + hj. Since Bellman’s inequality was found, 
it has exerted a great deal of influence till recently, and the study of such a kind of 
inequalities has become a hot topic in various important applications of differential 
and integral equations. 


We know that Theorem 1.1.2 provides bounds on solution of (1.1.3) in terms of 
the solution of a related linear integral equation 


v(t) = n+ f g(s)u(s)ds (1.1.10) 
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and is one of the basic tools in the theory of differential equations. On the basis 
of various motivations, it has been extended and used considerably in various 
context. For instance, in the Picard-Cauchy type of iteration for establishing 
existence and uniqueness of solutions, this inequality and its various variants play a 
significant role. Inequalities of this type (1.1.3) are also encountered frequently in 
the perturbation and stability theory of differential equations. 

Since the establishment of the above inequality, many various generalizations 
have been made. These generalizations include linear generalizations, nonlinear 
generalizations, singular generalizations, uniform generalizations, and other gen- 
eralizations involving operators in partially ordered linear spaces, etc. 

Among the early users of the above inequality in the theory of ordinary 
differential equations was Reid [555] (which is on the two-sided estimates, see 
Lemma 1.1.1 and Remarks 1.1.5-1.1.6), who employed a slightly more general 
form of Theorem 1.1.2 to study the properties of solutions of infinite systems of 
linear ordinary differential equations. 


Lemma 1.1.1 Let b(t) and f(t) be continuous functions for all t => a, let v(t) be a 
differentiable function for all t => a, and suppose 


v(t) < bHvOH+f0, ta; v(a) < vo. (1.1.11) 


Then for allt = a, 
£ t t 
v(t) < wwexp( | b(s)ds) +f f(s) exp( | b(x)dt) ds. (1.1.12) 
Proof Condition (1.1.11) implies that 


[»’) — b(s)v(s)| exp (| oar) < f(s) exp ([ oar), s>a, 


or 


< [vo exp ( f/ b¢r)| < f(s) exp( fbr). 


AY AY 


Integration over s from @ to t gives 


u(t) — v(a) exp( [! o(ear) < [40 exp( f b(e)ar)ds, 


which implies (1.1.12) since v(a@) < vo. O 


1.1 Linear One-Dimensional Continuous Classical Gronwall-Bellman. . . Bb) 


Remark 1.1.4 Note that the right-hand side of (1.1.12) coincides with the unique 
solution of the equation 


v(t) =bdvH+f, t= a, (1.1.13) 
which satisfies 
v(a@) = vo. (1.1.14) 


Equation (1.1.13) is called the comparison differential equation of the inequal- 
ity (1.1.11). The comparison of initial value problem (1.1.13)—(1.1.14) is obtained 
by replacing “<” by “=” in (1.1.11). 


Remark 1.1.5 Lemma 1.1.1 remains valid if “<” is replaced by “>” in both (1.1.11) 
and (1.1.12). 


Remark 1.1.6 If the function b(f) and f(t) are continuous for all f < a, 
u'(t) < bu) +f), (1.1.15) 


then for all tf < a, 


t t t 
v(t) = v(a) exp ( / b(s)ds) i / f(s) exp ( / b(x)dr)ds. (1.1.16) 
Moreover, this result remains valid if “ <” in (1.1.12) is replaced by “ >”, and“ >” 
in (1.1.16) is replaced by “ <”. 


Theorem 1.1.3 (Bellman-Reid [555]) Let u(t) and b(t) be non-negative continu- 
ous functions in J = [a, B], and suppose that for allt € J, 


t 
u(t) <a +f b(s)u(s)|ds|, 
10 

where ty € J and a = 0 is a constant. Then for allt € J, 
t 
u(t) < aexp( | b(s)|ds|). (1.1.17) 
19 


Proof By Lemma 1.1.1 and Remark 1.1.6, it is easy to prove the assertion. We leave 
the detail of the proof to the reader. Oo 


Bellman [68] showed the following variant of Theorem 1.1.2 to study the 
asymptotic behavior of the solutions of linear differential-difference equations. 


Theorem 1.1.4 (The Bellman Inequality [68]) Let u and f be continuous and non- 
negative functions on J = [a, B], and let n(t) be a continuous, positive and non- 


6 1 Linear One-Dimensional Continuous Integral Inequalities 


decreasing function on J, and there holds that for allt € J, 


u(t) <n(t) + [ foruores (1.1.18) 


then for allt € J, 
t 
u(t) < n(t) exp (/ fsa) . (1.1.19) 
Proof Let w(t) = u(t)/n(t). Then from (1.1.18), it follows that w(t) solves 


w(t) < 1+ [ forwoes 


which, by Theorem 1.1.2, implies 


w(t) < exp (reas) F 


This gives us the required inequality (1.1.19). O 


Remark 1.1.7 Clearly, Theorem 1.1.2 can be regarded as a special case n(t) = 
const. = 1. 


Theorem 1.1.5 (The Bellman Inequality [68]) Let f be a non-negative continuous 
function defined on R+ such that fo F(s)ds < +00 and n(t) > 0 be a continuous 
and decreasing function defined on R+. If u(t) = 0 is a bounded continuous function 
on R and satisfies that for allt € R+, 


+00 
u(t) < n(t) + f (s)u(s)ds, (1.1.20) 


t 
then for allt € R+, 


+00 


u(t) < n(t) exp ( fsyas) ; (1.1.21) 


t 


Proof First we assume that n(t) > 0 for all t € R.Then from (1.2.20) it follows 
that 


u(t) u(s) 4 
as! +f (sya (1.1.22) 
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Define a function z(t) by the right-hand side of (1.1.22), then z(+o00) = 1, a < 
z(t) and 


Li) = FOP > fle 
which implies 
+00 
z(t) < exp ( f(s)ds). (1.1.23) 


Using (1.1.23) in a < < z(t), we get the desired inequality (1.1.21). 
If n(t) is non-negative, we carry out the above procedure with n(t) + € instead of 
n(t), where € > 0 is an arbitrary small constant, and subsequently pass to the limit 


as € — 0 to obtain (1.1.21). Oo 


In 1980, Rodrigues [559] proved the following result which was once used to 
study the growth and decay of solutions of perturbed retarded linear equations. 


Theorem 1.1.6 (Rodrigues [559]) Let f(t), g(t) be non-negative continuous func- 
tions defined for all t € R+. Let y(t) > 0 be a decreasing continuous function for 
allt => 0 and o sufficiently large such that 


+00 +00 
p= i g(s)ds +f f(s)ds < 1. (1.1.24) 


Suppose that u is a non-negative continuous function such that yu is bounded and 
for all t = o, there holds that 


+00 


u(t) << C+ ic Ff (s)u(s)ds + —~ =| y(s)g(s)u(s)ds, (1.1.25) 


where C > 0 is a constant. Then for all t € R+, 


+00 
u(t) < [C/(1 — B)] exp (1/0 -) | g()as) : (1.1.26) 
Proof Let 
v(t) = max u(s). 


Then v(f) is an increasing continuous function such that u(t) < v(t) and y(f)v(t) 
is bounded for all f € R. For any given t > o, there exists at, € [o, f] satisfying 
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v(t) = u(t), which implies 


ty +00 
v(t) <C+ / f(s)u(sds + a / v(s)g(s)v(s)ds. 


Noting that 


+00 t +00 
i MOON Ore / v(s)@(s)u(s)ds + / On OTC 


+00 +00 
< vino) [ aeyas+ [ risye(oovas 
we may get 
+00 +00 1 +00 
v(t) < C+ v(t) ( : f(s)ds +f s()ds) + = | y(s)g(s)u(s)ds. 
(1.1.27) 
Hence 
+00 

yo <(10 =) (Cr +f yOIe(wGVas). 4.1.28) 

Exploiting Theorem 1.1.5, we readily derive 
+00 
yw) = (11 =B))rexo(ta— py fet) 

which completes the proof. Oo 


1.2 Linear One-Dimensional Continuous Generalizations 
on the Gronwall-Bellman Inequalities 


1.2.1 Linear One-Dimensional Continuous Integral 
Inequalities 


The next inequality was established by Jones [305] in 1964. 


Theorem 1.2.1 (The Jones Inequality [305]) Let y(t), f (4) and g(t) be real-valued 
piecewise-continuous functions defined on a real interval 0 < t < t and let g be 
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non-negative on this interval. If for all t € [0, Tt], 
yo =f +f gbyv(oras, (1.2.1) 
0 
then for all t € [0, T], 
y(t) < f() + / g(s)f(s) exp (/ «(040 ds. (1.2.2) 
0 is 


Proof Leth = ai g(s)y(s)ds. Then by (1.2.1), h satisfies 
W(t) = gOyO < sOfO + sOAO 


which gives us 


£ (m0 exp ( = 7 e(o)d)) < g(Af(t) exp ( = / g(s)ds). (1.2.3) 


Thus integrating (1.2.3) with respect to t yields 


nt) < / e(s)f(s) exp ( ; cd) ds 


which, together with (1.2.1), implies (1.2.2). Oo 


Note that the inequality (1.1.2) provides the best possible result in the sense 
that when we replace the inequality (1.2.1) by an equality, the same may be done 
in (1.2.2). Also, it is obvious that when f(t) = 7 (a constant), a straightforward 
integration in (1.2.3) yields 


vio = nexp( f' a6) 


which is precisely (1.1.4). 


Corollary 1.2.1. Under assumptions of Theorem 1.2.1, let f(t) be also non- 
decreasing on [0, t]. Then for all t € [0, t], 


y(t) < f() exp ( [ g(s)ds). 
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Proof In fact, (1.2.2) implies 


WO) <fO +f i “(0) exp ( / “(0)d0) ds 


AY 


=rn(1 =f Ztexo6 " (@d0)|0) 


= f(t) exp (/ «()as) : 


The proof is thus complete. Oo 


This corollary is just Theorem 1.1.4. Here we give its another proof. 
An alternate form of (1.2.2) can be stated as follows when y(t), f(t) possesses 
higher regularities. 


Theorem 1.2.2 (The Generalized Jones Inequality [305]) Assume that g(t) is a 
non-negative integrable function on [0,T] (0 < T), f(t) and y(t) are non-negative 
absolutely continuous functions on [0, T] verifying that for all t € [0, T], 


y() < f(t) + if a(s)y(s)ds. (1.2.4) 


Then we have 


(1) for allt € [0, t], 


y(0) <f(0) exp ( [ g(o)ds) + | os ( / s(ahdi) f(s: (1.2.5) 


(2) if f(t) =A = constant > 0, then for allt € [0, tT], 


y(t) < Aexp (sows) . (1.2.6) 


Further, if g(t) = B = constant > 0, then for allt € [0, tT], 
y(t) < Aexp (Br). (1.2.7) 


Proof Since f(t) and y(f) are non-negative absolutely continuous functions on [0, 7], 
we know that y’ (ft), f’(¢) exist almost all ¢ € [0, T]. Then if we set 


h(i) =f) + / OOS (1.2.8) 
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then we derive from (1.2.4) and (1.2.8) that for almost all t € [0, T], 


WN =fO + sOyO <f( + sOhAO 


which implies 


s jm exp (- f so) | < f'(t) exp (- [ eos) : (1.2.9) 


Therefore integrating (1.2.9) with respect to ¢ yields (1.2.5). Estimates (1.2.6) 
and (1.2.7) are direct results of (1.2.5). Oo 


In what follows, we assume that all the integrals involved throughout the 
discussion exist on the respective domains of their definitions. 

In 1968, Zadiraka [681] (see also [215]) showed the next linear generalization 
the Gronwall-Bellman inequality. 


Theorem 1.2.3 (Zadiraka [681]) Let a continuous function u(t) satisfy 
t 
lu(t)| < lu(to)| exp (—ee(t — to) + / (alu(s)| + b) e-*—ds, (1.2.10) 
i) 


where a,b, and a are positive constants. Then 


lu(@)| < |u(to)| exp ( — a(t — )) + b(@ —a)-!(1 — exp ( — (@—a)(¢—n))). 
(1.2.11) 


Proof It is easy to prove. Oo 


The following theorem, due to Candirov [124], was given by Filatov and Sarova 
[215] in 1976. 


Theorem 1.2.4 (Candirov [124]) Let u(t) be a non-negative continuous function 
on R+ such that 


t 
u(t) < cf + mi? | Jorn (1.2.12) 
0 S 


where c > 0,a > 0, B => 0. Then 


? +00 mp"B 


Proof The proof is left to the reader as an exercise. Oo 


In 1971, Filatov [214] proved the following result. 
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Theorem 1.2.5 (Filatov [214]) Let u(t) be a continuous non-negative function 
such that for all t = to, 


t 
u(t) <a / (bu(s) + c)ds, (1.2.14) 
to 
where a, b # 0, c are constants. Then for all t > to, there holds that 


u(t) < = (exp (b0- ) = 1) + aexp (b0- t0)). (1.2.15) 


Proof The proof is left to the reader as an exercise. Oo 


Remark 1.2.1 As the above proof of Filatov’s inequality shows, the hypotheses on 
u(t), a, and b are positive are irrelevant. 


The next result is a generalization of Theorem 1.2.2. 


Theorem 1.2.6 (Gollwitzer [231]) Let u,f,g and h be non-negative continuous 
functions on J = [a, B], and for allt € J, 


u(t) <4 + 0 | “h(s)uls)as. (1.2.16) 
Then for allt € J, 
u(t) =F) + 6 | “(s)f(6) exp ( / “n(o)g(a)do) ds (1.2.17) 
Proof Let 
z(t) = h(s)u(s)ds. (1.2.18) 


Then z(a) = 0, u(t) < f(t) + g(f)z(t) and 
Z(t) = h(Du() < AMF) + ADMg(Hz(t). (1.2.19) 
Multiplying (1.2.19) by exp (— f, h(a) g(a)do), we have 


d t t 
ai Eo exp (-/ hia)e(oyde) < h(t)f(t) exp (-/ h(o)s(o)do ) : 
(1.2.20) 
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Setting t = s in (1.2.20) and integrating the resulting equation over [a, f], we derive 


z(t) exp (-/ h(o)«(a)do ) <|/ h(s)f(s) exp (-/ h(a)s(o)de). 


(1.2.21) 
Noting (1.2.16) and using (1.2.21), we finally derive (1.2.17). Oo 
Remark 1.2.2 If g(t) = 1, then Theorem 1.2.6 reduces to Theorem 1.2.1 (Jones 
[305]). Moreover, some generalizations of Theorem 1.2.6 when g(t) = 1, the 


subsequent extensions to discrete and discontinuous functional equations are also 
contained in Jones [305]. 


A useful linear generalization of Theorem 1.1.2 may be stated as follows (see, 
e.g., Pachpatte [75]). 


Theorem 1.2.7 (Willett [646]) Let x(t), f(t), and g(t) be real-valued non-negative 
continuous functions defined on R+, and n(t) be a positive, monotonic, non- 
decreasing continuous function defined on R4, satisfying for allt € Ry, 


x(t) < n(t) + g(t) [ forsee (1.2.22) 


Then for allt € R+, 


x(t) < nol + «io [ f(s) exp( [ ceovtodeys)| (1.2.23) 


Proof Since n(t) is positive, monotonic, non-decreasing, we observe from (1.2.22) 
that 


x) 


<1+g() 7 | a (1.2.24) 


Now we can complete the proof by setting u(t) to be equal to the integral in the 
parentheses of (1.2.24) and following an argument similar to that in the proof of 
Theorem 1.2.1. Oo 


Remark 1.2.3 This form (1.2.24) of Gronwall’s inequality was given by Willett 
[646] who gave explicit bounds for u(t) under more general assumptions, e.g., 


u(t) < n(t) + 0) [ rvouyas (1.2.25) 
i=1 & 
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We note that the integral inequality obtained in Theorem 1.2.6 is a generalization 
of Theorem 1.1.2 in [75]. 


Theorem 1.2.8 (Willett [647]) Let u,p,g,f and g be non-negative continuous 
functions on J = [a, B], and for all t € J, 


ul) = pt + ato f (Pons) + 86) a: (1.2.26) 
Then for allt € J, 
ui <p-+ a0 [ (Fo) +409) exp(f floraorde) as. (1.2.27 
Proof Let 
<i) = (Fors) + a(9)as 


Now we can follow the proof of Theorem 1.2.6 to get the desired 
inequality (1.2.27). O 


Remark 1.2.4 In fact, Theorem 1.2.8 extends the result of Chandirov [127] where 
q(t) = 1. If we choose g(t) = 0 in Theorem 1.2.7, Theorem 1.2.8 reduces to 
Theorem 1.2.6. 


The next result is due to Dhongade-Deo [182]. 
Theorem 1.2.9 (Dhongade-Deo [182]) Suppose that 


(i) A(x), h(x) : (0, +00) > (0, +00), 
(ii) f(x) : (0, +oo) > (0, +00) and monotonic non-decreasing in x, 
(iii) g(x) : (0, +00) > [1, +00), 


and 0,h,f, and g are continuous functions on R+. Further, if for all x € Ry, 


A(x) < f(x) + g(%) [ : h(s)0(s)ds, (1.2.28) 


then for all x € R4, 


A(x) < F(x)gdexp( / h(s)3(s)ds). (1.2.29) 
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Proof Since f(x) is monotonic, non-decreasing, and g(x) > 1, it follows 
from (1.2.28) that for all x € R,, 


A(x) _ oe [ h(s)9(s) | 
Fe ~ f(s) 
* h(s)6(s) 
< g(x) ol +f ds |. (1.2.30) 
o f(s) 
Denoting the bracket on the right-hand side by R(x), we obtain for all x € Ry, 
R’(x) 
< g(a)AQ), 
R(x) 
which, on integration from 0 to x, reduces to (1.2.29). Oo 


For g(x) = 1, (1.2.29) was obtained by Bellman [62] (see also Theorem 1.1.2). 

Note that, (1.2.28) was also studied by Willett [647] under a more general 
hypothesis. In (1.2.28), we assume monotonicity on f(x) and obtain a different 
estimate from that in [647]. 

Theorem 1.2.9 leads to the following more general inequality containing n-linear 
terms. 


Theorem 1.2.10 (Dhongade-Deo [182]) Suppose that 


(i) the functions 6(x),f (x) are defined as in Theorem 1.2.9, 
(ii) g(x) : (0, +00) > [1, +00) are continuous for i = 1,2,3,..,n, 
(iii) hj(x) : (0, +00) > (0, +00) are continuous for i = 1,2,--- ,n, and if for all 
XE R+, 


A(x) < f(x) + YS gi(x) is hi(s)0(s)ds, (1.2.31) 
i=1 


then for allx € Rx, 
O(x) < E’f, (1.2.32) 
where E* is defined inductively as follows: 


EX’f =f, 

x (1.2.33) 
E‘f =e 'gexo( | WE" 'guds), k=1,2,-++ ,n. 

0 


Proof The proof is by finite induction. Note that Theorem 1.2.10 reduces to 
Theorem 1.2.9 for n = 1 and hence is true. Let us assume that (1.2.32) is true 
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for given integer k, 1 <k <n—1.Now 


PHO) 4s]. (1.2.34) 


f(s) 


By (1.2.33), we observe that E*f/f > 1. Since g;(x) > 1, we can write (1.2.34) as 


am) ef = BY + nico | 
0 


(x) - en PFs [ BHHOO) as], ey 
0 


f(x) ~ — f) f(s) 
which is of the form (1.2.30). Hence, as in Theorem 1.2.9, (1.2.29) takes the form 


- “ees PF 5) 


A(x) < geri QE’f (cx [ f(s) 


Thus, by (1.2.34), we get 
O(x) <f(x)(E*ge41) (cx [ iis)E*e.+16)4s) = Ete, 
0 


This proves that (1.2.32) holds for k + 1. We conclude that (1.2.32) is true for 
i=1,2---,n. O 


Corollary 1.2.2. In Theorem 1.2.10, let gi(x) = 1,x € I fori = 1,2,-++ ,n, then 
O(x) < E"f, 
where E* is defined inductively as follows: 
E'f =f, 
E*f = (E*"f)exp ( / ; Ens) , xeRy, 
0 


The proof can be written by following Theorem 1.2.10. This inequality is linear 
generalization of the lemma due to Bellman [62] for 7 terms. As an illustration of 
Theorem 1.2.10, we consider the inequality for all x € R+, 


6(s) <x + / (1 + s)0(s)ds + e* [ e* /26(s)ds 
0 0 
where 


f=, gi(xs)=1, Mm(s)= (145), 


g(x) =e, In(s) =e" ?. 
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In view of (1.2.33), we notice that 


2. 3x 
wa st~tea 2) oo( 5-1) 


Theorem 1.2.11 (Gollwitzer [231]) Let u,v,h and k be non-negative continuous 
functions on J = [a, B), and for alla<x<t< , 


u(t) => v(x) — k(t) i h(s)v(s)ds. (1.2.35) 
Then for alla <x <t<B, 
u(t) > v(x) exp (-« / “h(onds) ; (1.2.36) 
Proof Set 
<0) =u) +k) f how(ods, asx et sp. (1.2.37) 


This, together with (1.2.35), gives us 
Z(x) = —h(x)v(X)k(t) = —h@)z@k(), a <x<t< Bp (1.2.38) 


due to z(x) > v(x), here z’(x) at the end points is taken to be the limit from the 
interior of [a, ¢]. Then using the integral factor r(x) = exp(—k(d) [ h(s)ds), we 
have (rz)’(x) => 0 and hence (rz)(t) = (rz)(x) on [a, ¢]. This result is best possible in 
the sense that if equality holds in (1.2.35) on [a, ¢], the equality holds in (1.2.36) on 
[a, t]. oO 


Remark 1.2.5 The conclusion in Theorem 1.2.11 also holds if in both (1.2.35) 
and (1.2.36) “>” is replaced by “<”. 


Remark 1.2.6 Theorem 1.2.11 is similar to a special case of the Langenhop 
inequality (Langenhop [351]), and an estimate for u which is independent of x is 
obtained by taking x = a. 


Remark 1.2.7 Note that in Theorem 1.2.11 equality holds in (1.2.36) for a subin- 
terval J) = [a, Bi] of J if equality holds in (1.2.35) for all t € J). The results are 
still valid if “<” is replaced by “>” in (1.2.35). Both (1.2.35) and (1.2.36) with 
“<” therein replaced by “>” remain valid if f' is replaced by iP and [" by 
throughout. 


Remark 1.2.8 In 1975, Beesack [51] pointed out that if the integrals in Theo- 
rem 1.2.11 are Lebesgue integrals, then the hypotheses can be relaxed to: u,f, g and 
h are measurable functions such that hu, hf, hg € L(J). The equality and inequality 
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conditions are then to be understood to hold almost everywhere, and the stated 
condition for equality is necessary as well as sufficient. Similar remarks apply to 
all of our subsequent theorems, which we shall mostly state for the continuous case. 


Corollary 1.2.3 (Sardarly [575]) Let u(t), a(t), b(t), and q(t) be continuous func- 
tions in J = [a, B], let c(t, s) be a continuous function fora <s <t < B, let b(t) 
and q(t) be non-negative in J, and suppose that for allt € J, 


u(t) < a(t) + / [q(t)b(s)u(s) + c(t, s)]ds. (1.2.39) 


Then for allt € J, 


u(t) < a(t) + / ‘elt, s)ds 


t S t 
+q(t) ; (a(s) n / c(s, t)dr) exp ( / b(c)a(e dr) ds. (1.2.40) 
Corollary 1.2.4 (Mitrinovic-Peéari¢-Fink [409]) Let u(t), k(t) be non-negative 
continuous functions and a(t), b(t) be Riemann integrable functions on J = [a, B] 
with a(t), b(t) and k(t) being non-negative on J. 
(i) Ifforallt € J, 
t 
u(t) < a(t) + vo | k(s)u(s) ds, (1.2.41) 
then we have for allt € J, 
t t 
u(t) < a(t) + bo) | a(s)k(s) exp (/ b(m)k(m) an) ds. (1.2.42) 
(ii) Ifforallt € J, 
B 
u(t) < a(t) + vio | k(s)u(s) ds (1.2.43) 
t 
then we have for allt € J, 


B B 
u(t) < a(t) + vo | a(s)k(s) exp (/ b(m)k(m) in) ds. (1.2.44) 


In 1973, Pachpatte [445] proved the following general version of Theorem 1.1.2. 
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Theorem 1.2.12 (Pachpatte [445]) Let u(t), f(t) and g(t) be real-valued non- 
negative continuous functions defined on Rx, satisfying that for all t € R+, 


i Sige i " #(Qu(dds + i f(s)( i Eas. (1.2.45) 
where ug is a non-negative constant. Then for allt € Ri, 
itt) = tes (1 ns i "fem ( [ “(f+ e(a)yde) ws) (1.2.46) 
Proof Define a function v(t) by the right-hand side of (1.2.45). Then 
v0 =fOu) +40 | “ g(u(t)dz, v0) = wo, 
which, in view of (1.2.45), implies 
v'() <f (v9 +f | e(r)v(e)ar) . (1.2.47) 
If we put 
mo) = vo + | " g(xyu(njdz, m(0) = v(0), 
then it follows from (1.2.47) and the fact that v(t) < m(t) that 
m'() < (f@ + 8) my, 
which, since m(0) = uo, implies that 
m(t) < up exp ( [ “(f() + «(s))ds) 
Then from (1.2.47), it follows 
'@) sup exp ([ “(F(s) + 8())ds). (1.2.48) 


Now, integrating both sides of (1.2.48) from 0 to ¢ and substituting the value of v(t) 
in (1.2.45), we can obtain the desired bound in (1.2.46). Oo 


To prove the next theorem, we need the following lemma. 
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Lemma 1.2.1 (Kong and Zhang [317]) The functions A;[x] (k = 0,1,---, n) 
defined by 
Ao|x] = x, (1.2.49) 


t t 
Ax+ilx] = Ag[x] + Ax fave f by+1Ax[x] exp (/ by+i1Ak lasildr) ds 


AY 


(1.2.50) 


satisfy the following conditions for x(t) > 0, y(t) => 0: 
(1) Aglx + y] = Aglx] + Ax); 
(2) Aglxy]() < (Aglx])y@) if yO is non-decreasing. 


Proof Clearly, conclusions (1) and (2) are true for k = 0. Suppose (1) and (2) are 
true fork =i (i= 0,--- ,n—1), Le., 


Ajlx + y] = Ailx] + Aily], Aibxy] < Ailtly. 


Then 


t t 
Aisilx + y] = Ajlx + y] + Ailgi+i] / biz1Ailx + y] exp (/ bissAilgvildt) ds 


Ss 


t 


= Aj] + Aas] f 


a 


+Aily] + Ailgitil / 


a 


t 
b+, Aix] exp (/ bie Ailaveildr) ds 


t 


is 
bit Aily] exp (/ bie Algal) ds 
= Avil] + Avil), 


t t 
Ai+ify] = Ailxy] + Ada) f bi+1Ailxy] exp (/ bie Ailanilde) ds 


< Ait + Ajlgi+i] [banat exp ([ rsAtaanar) a| y 


= Ai+ifly. 
This proves that (1) and (2) are true fork =i+ 1. Oo 
Theorem 1.2.13 (Kong and Zhang [317]) Let a(t),b(t) and q(t) (@ = 
1,2,---,n) be non-negative continuous functions in J = [a, B], let u(t) be a 


continuous function in J, and suppose that for allt € J, 


u(t) < a(t) + > gilt) / b;(s)u(s)ds. (1.2.51) 
i=1 ss 
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Then forall t € J, 
u(t) < A,[a](0), (1.2.52) 
where the function A,|x] is defined in (1.2.49)-(1.2.50). 


Proof This proof is also by induction. For n = 1, (1.2.52) becomes 


u(t) < a(t) + q(t) / bi (s)a(s) exp ( i bi(oau(ede) ds, (1.2.53) 


which indeed follows from Theorem 1.2.6 immediately. 
Suppose (1.2.52) holds forn = k (1 < k < n—1). Then, in view of the induction 
assumption, 


t k t 
u<fat+ an f by4uds] + Daf bjuds 


i=1 


implies 


c 
u< Axla + k+1 / by+,uds]. (1.2.54) 


a 


Since { by4 uds is non-decreasing in ft, (1.2.49) and (1.2.50) imply 


t 
u < A,[a] + Adal [ bysiuds. 


Now Theorem 1.2.6 implies 


t 
u < A,[a] + Axlge+i] / by+1Ax{a] exp (/ bciAilaveildr) ds = Ag+ i{a}- 


The proof is now complete. Oo 


Remark 1.2.9 It is easy to show that the estimate here is better than that of 
Theorem | in [647]. Now we prove that under the condition of Theorem | in [181], 
the results here are better too. 


By Theorem 1.2.13, u(t) < A,[a](t), which, according to Theorem 1 in [181], 
gives us 


y(x) < E*(f). 


We shall show that A,(f) < E”(/). 
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Clearly, Ao(f) = E°(f). Suppose A; (f) < E*(f) for 0 < k < n— 1. Because 
gi(x) > 1 i = 1,2,...,n), f(x) and A;(u) are non-decreasing, 


Ac(f) < fAk() < fAe(geti) < fE*(ge+1)- 


Hence 


Acti(f) = Ak(f) + Ax(ge+1) is hy i1Ar(f) exp ([ herAu(eess)dt) ds 


» A x 
= A.(f) — Actes) [ pas exp (/ herAu(gcss)dt) 


A » a 
= A.(f) — Actes [zoe exp (/ In rAu(susd) , 


_ x x Af) 
/ exp (/ InrAu(eusd) d (4) | 


A : 
< wt enol BRT) EXP (/ hnrAu(au0)4s) 


saurante( [son) [o 


= A;(f) exp ([ herds (@css)ds) 


< fE*(gx+1) exp ([ heiBMgc+s)ds) = BNF): 


Therefore, A,(f) < E"(f). 
As in Kong and Zhang [317], to see the difference among the three results, we 
next give an example. 


Example 1.2.4 Let 


1 
l+s 


yx) < +x) + 2 f° y(s)ds + (1 + x) a a id sy(s)ds. 


+ 3s + 2s?) 
We have 


3+ 4x 


1 
ff) = 92(x4) = 14+, 9104) = 2, M(x) = Tae’ hy(x) = G4 3n422)2° 


Then 


* * dt 
Af) = Avles) = (1+4) +2 f exp (2 f a) asa tbat 
0 S 
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By (1.2.50), we get 


y(x) < (1 + 3x + 2x7) 


. 344. * 34 4t 
tl + 3x4 Oe) — so | eatt)as 


e 
o (1 +34 2s?) 1+ 3¢+ 27 
1 
= (1+ 3x+ 2x7) } 1+ (1 + 3x4 2x’) ( 1 - ———_~ 
(1+ 3x+ | +(14+3x+ 2) ( ss) 


= (1+ 3x4 2x’). 
By Theorem | in [647], we have 


ds 
l+s 


D,Wo = ad +1) +2[exp (2/ 
0 


y(x) < E2Wo = D2(D1 Wo) 


< (14+ 3x+ 4° + 2)[1 4 exp 
0 


Wf d= 1a ede foe, 
0 


3+ 4s 
(1 + 3s + 2s)? 


(1 + 3s + 4s? + 25*)ds) 


xf ck ee Cee 
: (1 + 35-4 28272 S S S S|. 


It is easy to see that 


* 344s *  34+4t 
E,W 14+3 4x° + 2x7)] 1 ——_— —————-dt } d. 
2Wo > (1+ 3x+ +20)/ +f So ([ [aoe ) a5] 


= (1+ 3x4 4x? + 2x)(1 + 3x + 227). 


By Theorem 1.2.13 (Theorem | in [182]), we have 


E'(f) = E'(g:) = 2(1 + exp Ga <=) Gash: 


Dege 4 * (3+ 4s)(1 +s)? 
yx) < E(f) = 20+) exp (2 pe \ 
Obviously, 

Pf) > 20 +a) = 0 + 3e 4 ory +20 +2 -—2- 1. 


The difference among the estimates are quite large. 
The next result is a generation of Theorem 1.2.12. 
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Theorem 1.2.14 (El-Owaidy-Ragab-Abdeldaim [203]) Let x(t), g(t), f(t) and 
h(t) be real-valued non-negative monotonic, non-decreasing continuous functions 
defined on Ry = [0, +00), satisfying for allt € Rx, 


x(t) < x0 + g(t) [ forxoas + [it ([ h(a)s(a)de ds (1.2.55) 
where xo is a non-negative constant. Then for all t € R+, 
x(t) < (xo = / f(s) exp ( i h(x)k(t)dt) ds) (0) (1.2.56) 
where 


k() = ! +80 [ fo)exp ( / s(ftedr) as | 


Proof Define, for all t € R+, 
t Ss 
n(t) = x9 + / F(s)( / h(x)x(z)de ds: n(0) = Xo. 
0 0 

Then (1.2.55) can be restated as, for all t € Ri, 

t 

x(t) < n(t) + eo | Ff (s)x(s)ds. 
0 


Since n(f) is a positive, monotonic, non-decreasing continuous function defined on 
R + = [0, +00), we derive from Theorem 1.2.7 that for all t € Ry, 


x(t) < n(f)k(t). (1.2.57) 
Thus for all t € R+, 
t s 
n(t) <xo + i f(s) (/ h(cyk(eyn(c)dr ds. 
0 0 
Differentiating n(t) with respect to t, we have for all t € R+, 
t 
n'(t) <r [ h(s)k(s)n(s)ds. 
0 
Let 


m(t) = [ weesrmerds m(0) = 0. 
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Then for all t € Ry, 


n'(t) < f(t)m(t). (1.2.58) 


Differentiating m(t) with respect to t, and using the fact that n(t) < m(t), we have 
for allt € Ry, 


m'(t) < h(k(t)n(2). 
Integrating from 0 to f, we obtain, for all t € R+, 
t 
m(t) < exp ([ h(s)k(s)ds). 
0 


Thus it follows from (1.2.58) that for all t € R+, 


n'(t) < f(t) exp( h(s)k(s)ds). 


By integrating from 0 to ¢, we have for all t € R+, 


n(t) < x0 + [it exp( f hc)k(e)de)as (1.2.59) 
0 0 


Then the desired bound in (1.2.56) follows from (1.2.57) and (1.2.59). This 
completes the proof. Oo 


Pachpatte [449, 457, 460, 462] showed the following theorem. 


Theorem 1.2.15 (Pachpatte [449, 457, 460,462]) Letu,f, g and p be non-negative 
continuous functions defined on R+, and ug be a non-negative constant. 


(1) Iffor allt € Ry, 


ie Lie : LPu(s) + pds + / Fls) ( / s(0)u(a)do ) ds, 
(1.2.60) 


then for allt € R4, 
u(t) <m + f [p() +£0){woexp6f L4(0) + e(o)]d0) 


+ i even / ‘Y@ + g(a)ldt)do}|ds. (1.2.61) 
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(2) Iffor allt € Rx, 


ie aig}. i POrOree i f(s) ( i | i(a)u(o) + plo) ) is 
(1.2.62) 


then for allt € R4, 
uit) <0 + [ £00)[nexp( [17@) + soo) 
; d ds. 1.2.63 
+f rorer( [ue +ecmudr) fas. 1.2.63 
(3) Ifforallt € Ry, 
u(t) < wtf risus f g(s) (ws +f h(o)u(o)do ) ds, (1.2.64) 
then for allt € R4, 
u(t) < wLexp( f florae) + [ eorexp( fo) + a0) + Hoy) 
x exp ( / fo\de) ds]. (1.2.65) 
(4) Ifforallt € Ry, 


uy <m+v00L f fomsyas+ [rope ([ elorutoyde ) J 


(1.2.66) 
then for allt € R4, 
ui <n) + POL [| FO{W(s) + PO) [| hOLAO) + to] 
x exp ( / "p(D)Lf(t) + s(o)\dr) do\ds]. (1.2.67) 


Proof Since the proofs are similar one another, we only give the details of the proofs 
of (1) and (4). 
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(1) Define a function z(t) by the right-hand side of (1.2.60). Then z(0) = uo, u(t) < 
z(t) and 


J) = flu) + pt) +f i g(o)u(a)de 
<pO+fO Eo ~ / e(a)s(o)do| ; (1.2.68) 
0 
Define 
v(t) = z(t) + i oro (1.2.69) 
0 
then we derive from (1.2.60), 
v(0) = z(0) = uw, 7() < p(t) +fMv(o), (1.2.70) 
From (1.2.69), it follows that z(t) < v(¢) and 


v(t) = Z(t) + g(dz(0) 
< p(t) + [f + gO]v() (1.2.71) 


which implies 


v(f) <u exp ( 7 “(re + e(o))ar) 


t 


ie / p(o) exp ( [ : ((@) + #(0)dr) do. (1.2.72) 


Using (1.2.70) and (1.2.72), we get 
(0 < pe +f10[wexn( [Le + a(@lde) 


4 i fore ( / YO + ltr) do|. (1.2.73) 


Integrating the above inequality and using u(t) < z(t), we can get the desired 
inequality (1.2.61). 
(4) Set 


v(t) = i Sf (s)u(s)ds + i Sf (s)p(s) (/ s(o)u(a)d0) ds, (1.2.74) 
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then v(0) = 0, u(t) < A(t) + p(t)v(t) and 
v'() = fut) + FOP i g(o)u(o)do 


< flo [no + pl) v(t) + | ao) h(a) + ployv(o)|do| | 
(1.2.75) 
If we set 
m(t) = v(t) + / e(0)[h(o) + p(a)v(o) lao, (1.2.76) 
0 


then from (1.2.66) it follows that m(0) = v(0) = 0,v'() < f(O[A + 
p(t)m(t)]. From v(t) < m(t), we have 


m(t) = v'() + gh) + POvO] 
SAOIFCO + sO] + POLO + sOlm@) 


which gives us 
mis [ wort) + eoerp(f penis) + e(olar) do, 0.2.77 


Using (1.2.75) in (1.2.77), we have 


vO <fo[ne + re [ HoVlPe) + 8) 
x exp (p(t) f(t) + g(t) ]dt) do|. (1.2.78) 


Integrating (1.2.78) and using u(t) < h(t) + p(t)v(t), we conclude the desired 
inequality (1.2.67). oO 


Corollary 1.2.5 (Pachpatte [443]) Let u(t),f(t) and g(t) be real-valued non- 
negative continuous functions defined on R4, and n(t) be a positive, monotonic, 
non-decreasing continuous function defined on Rx, satisfying that for allt € Rx, 


u(t) < n(t) + [ formoras + [ rest ecoueacas: (1.2.79) 
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Then for allt € R+, 


u(t) < n(t) [ + [ir exp (fv + «(o)de) as . (1.2.80) 


Proof Since n(t) is positive, monotonic and non-decreasing continuous on R+, we 
deduce from (1.2.80) that 


ul) us) u(t) ) 
np) =! + [roe dass fro ([ g(t) io ds 


< 14 [ras +f r0( fa ar) as (1.2.81) 


Thus by using Theorem 1.2.15(1), we may derive (1.2.81) from (1.2.80). Oo 
Theorem 1.2.16 (Pachpatte [449, 457, 460, 462]) Let u,k,p,f,g and h be non- 


negative continuous functions on R4 and uo is a non-negative constant. 


(1) Ifforallt € Ry, 


ce [ fQulsds + i F(s)g(o)u(o)do 


+f f(s) lf g(o) ([ h(c)u(e)d ao| ds, (1.2.82) 
0 
then for allt € R4, 


u(t) < u| 1 i / f(s) exp ( / ; flo)de ) 
x 1 + [so exp ([ te + h(a)\dr) ao ds]. (1.2.83) 
0 0 


(2) Ifforallt € Ry, 


wi <4) + POL [ Floueyas+ [row ( [° ecuceyar) as 


+ i f(s)p(s) i, KORO ( i “Wo)u(o\de ar] ds], (1.2.84) 
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then for allt € R4, 
u(t) < kt) +p) Le AU) [K(s) + POs) {f exp ( / ‘flo)p(a)do) 
X(keLF®) + 8@)] + aPC) in Ko)LF(a) + (0) + h(o)] 


x exp ( [ v@ure +se + nig) do)av\ las). (1.2.85) 


Proof The proof is similar to those of (1) and (4) in Theorem 1.2.15. Oo 


The next corollary is the classical Bellman inequality (e.g., Theorem 1.1.2). 


Corollary 1.2.6 Let u(t) and b(t) be continuous functions in J = |a, B}, let b(t) be 
non-negative in J, and suppose that for allt € J, 


t 
u(t) <a +f b(s)u(s)ds, (1.2.86) 
where a is a constant. Then for allt € J, 
t 
u(t) < aexp (/ bis)ds) ; (1.2.87) 


Corollary 1.2.7 Let u(t) be a continuous function in J = |a, B], and suppose that 
forallt € J, 


t 
u(t) <a +f bu(s)ds, (1.2.88) 
where b > 0 and a are constants. Then for allt € J, 


u(t) < aexp (v0 = a)). (1.2.89) 


Corollary 1.2.8 (Chandirov [127]) Let a(t), b(t), c(t), and u(t) be continuous 
functions in J = [a, B], and let b(t) and c(t) be non-negative in J, and suppose 
that for allt € J, 


u(t) < a(t) + [rus + c(s)|ds. (1.2.90) 


Then for allt € J, 


u(t) < ap ao + [ ca exp (vs) : (1.2.91) 
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Proof It is easy to see from (1.2.90) that 
t 
u(t) < A(f) +f b(s)u(s)ds 


where A(t) = SUpsefu, U5) + f. c(s)ds is a non-decreasing function in J. 
Thus (1.2.91) follows from Theorem 1.1.4. Oo 


The next theorem gives us the best possible estimate for a function u(t) 
satisfying (1.2.92), which can be also regarded as a corollary of the Jones inequality 
(e.g., Theorem 1.2.12). 


Corollary 1.2.9 (Chandirov [127]) Let a(t), b(t), c(t), and u(t) be continuous 
functions in J = [a, B], and let b(t) be non-negative in J, and suppose that for 
allt € J, 


u(t) < a(t) + / (b(s)uis) ce c(s))ds. (1.2.92) 


a 


Then for allt € J, 
u(t) < a(t) + [iasroo + c(s)] exp ([ nde) ds, (1.2.93) 


u(t) < io + sup |a(t)| exp (vs) : (1.2.94) 


a<t<p 
Proof Let v(t) = ‘i (d(s)u(s) + c(s)) ds. Then it follows from (1.2.92) that 
v'(t) = b(tu(t) + c(t) < bo (als) + v0) + (0) 


= a(t)b(t) + b(t)v(t) + c(t), v(a) = 0. 


Thus from Lemma 1.1.1 and noting that u(t) < a(t) + v(t), we can easily 
derive (1.2.93) and (1.2.94) is a direct consequence of (1.2.93). Oo 


Corollary 1.2.10 Jf in Corollary 1.2.9, function a(t) is non-decreasing in J, then 
forallt € J, 


u(t) < a(t) exp ([ inde) + fw exp ([ ear) ds. (1.2.95) 


Corollary 1.2.11 [fin Corollary 1.2.10, a(t) = a = constant, then for allt € J, 


u(t) < aexp (oar) + [ c(s) exp ([ cae) ds. (1.2.96) 
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In 1942, Quade [540] showed the following result. 


Corollary 1.2.12 (Quade [540]) Let u(t) be a continuous function for all t > a, 
and suppose that for allt = a, 


t 
u(t) < ae?" 4+ / e¥"—)[bu(s) + elds, (1.2.97) 


a 


where b > 0,a,c, and y 4 b are constants. Then for allt > a, 
u(t) < qgeO-V)t—-a) + ——{l = ebay). (1.2.98) 
VY — 


Corollary 1.2.13 (Filatov [214]) Let u(t) be a continuous function in J = |a, B], 
and suppose that for allt € J, 


t 


u(t) <at+ / [bu(s) + c]ds, (1.2.99) 
where b > 0, a, and c are constants. Then for all t € J, 
u(t) < ; (6) — 1) + ae, (1.2.100) 


Corollary 1.2.14 (Rudakov [562]) Let a(t), b(t),c(t), and u(t) be continuous 
functions in J = [a, B], and let b(t) be non-negative in J, and suppose that for 
allt,réJ, 


u(t) < u(r) + [ (d(s)u(s) fe c(s))|dsl. (1.2.101) 


Then for allt € J, 


(a) - fw exp ([ bru) as exp (- [eas <u(t),  (1.2.102) 
u(t) < a) + io exp (- [ sear) as exp ([/ v%n) .  (1.2.103) 


Proof From (1.2.101) fora = r < t < B, we can get (1.2.95) with a(t) = u(q@). 
From Corollary 1.2.10, we can obtain (1.2.102). From (1.2.101) fora <t<r= f, 
we can derive 


u(t) < u(r) + [oom + c(s)|ds = v(t). 
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Then v(r) = u(r) and for all t < r, 


v'(t) = —b()v(t) — c(0), 


which gives us 


u(t) < v(t) < u(r) exp (-f bios) — fw exp (-/ b(e)de) ds. 


Replacing t by a and subsequently r by ¢, we get for all t > a, 


u(a) < u(t) exp (- [ bio) — if c(s) exp (-[ bru) ds, 


which is equivalent to (1.2.103). Oo 


The next result is a corollary which is the Bellman-Reid inequality (see also 
Theorem 1.1.3). 


Corollary 1.2.15 (Bellman-Reid [211]) Let u(t) and b(t) > 0 be continuous 
functions in J = [a, B], and suppose that for all t,r € J, 


u(t) < u(r) + [ vues (1.2.104) 


r 


Then for alla <t < B, 


u(a@) exp (- [ vas) < u(t) < u(a@) exp (vs) : (1.2.105) 


In 1962, Bykov an Salpagarov [120] proved the next two results. 


Theorem 1.2.17 (Bykov-Salpagarov [120]) Let u(t), v(t), h(t, r), and H(t, r, x) be 
non-negative functions for allt > r > x => aand c,,C2, and c3 be non-negative 
constants not all zero. If 


u(t) < cy +2 [ [vom + [ h(s, nue ds 


t i S 
+ af / / H(s, r,x)u(x)dxdsdr, (1.2.106) 
then for all t = a, 


u(x) < co exp taf [v(s) + [ 16. r)dr|ds + c3 1 [ [uw r, ddr} . 
: : ee (1.2.107) 
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Proof By b(t) we denote the right-hand side of (1.2.106). Then b(s) < b(#) for s < t 
since all the terms are non-negative, we derive from (1.2.106) 


b(t) u(t) ‘A(t, r)u(r) ' ¢” H(t, r,x)u(x) 
Ae avr + af "ton af ‘ er - 
< c(t) +o [vu r)dr+ c3 [ [wm r,x)dxdr. (1.2.108) 


Thus integration of (1.2.108) from a to t yields 


b Ss 
log b(t) — loge; < af [v6) + 7 A(s, rar ds 
0 a 


t Ss r 
tof ff 16.r.s)acaras (1.2.109) 


Writing this in terms of b(t) and using u(t) < b(t), we may complete the proof. O 


Corollary 1.2.16 Let u(t), f(t) be non-negative continuous functions in a real 
interval I = [a,b]. Suppose that k(t, s) and its partial derivatives k,(t,s) exist and 
are non-negative continuous functions for almost every t,s € I. If the following 
inequality holds foralla<t<s<t<b, 


u(t)<ct+ [ scousas + [v0 (f k(s. u(t) ds, _(1.2.110) 


a a 


where c is a non-negative constant, then for all t = a, 


u(t) <c [ + [v6 exp ([ vo + k(t, nar) as (1.2.111) 


Proof Define a function v(t) by the right-hand side of (1.2.110). Then it follows 
that 


u(t) < v(t). (1.2.112) 
Therefore for v(a) = c, we have, by (1.2.112), 


v(t) = f()u(t) +f [ k(k, thu(t)dt, 


< f(t) (vi ee [i Hotodr) (1.2.113) 


a 
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If we put 
m(t) = v(t) + [i t)u(t)dt, (1.2.114) 


then 
v(t) < m(t). (1.2.115) 


Therefore by m(a) = v(a) = c, we have, by (1.2.113) and (1.2.115), 


m'(t) 


II 


v'(t) + k(t, u(t) + / ee tu(t)dt, 


a 


IA 


u'(t) + k(t, u(t), 
< fm) + kt, )v), 
< (FO + kED)mO. (1.2.116) 


Integrating (1.2.116) from a to t, we obtain 
t 
m(t) < cexp (/ (f(s) + k(s, ods) ; (1.2.117) 


Substituting (1.2.117) into (1.2.113), we have 
t 
v(t) < ef (t) exp (/ (f(s) + k(s, ods) : (1.2.118) 
Integrating both sides of (1.2.118) from a to t, we obtain 


u(t) <c E + [4 exp ([ vo + k(t, nat) as ; 


Therefore, by (1.2.112), we have the desired result. Oo 


Remark 1.2.10 If in Corollary 1.2.16, we set k(t,s) = g(s), then (1.2.111), 
corresponding to an estimate in Theorem 1, was obtained in [445]. 


Theorem 1.2.18 (Bykov-Salpagarov [120]) Let the functions u(t), a(t), v(t), and 
w(t,r) be non-negative and continuous for a < r < t, and let c\,c2, and c3 be 
non-negative. If for all t € I = [a, +00), 


u(t) <c; + a(t) (c2 +6 [rou + 7 w(s, ru(r)dr|ds), (1.2.119) 


a 
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then for allt € I, 


u(t) < cy + o()fes exp E [ (v6.00) + A w(s, nota) as 


toes f (v9 + [ we nr) 


x exp E [ (sore + [ w(t, otvar) ar| ds}. (1.2.120) 


Proof The proof is left to the reader as an exercise. Oo 
Pachpatte [451] showed the next result. 


Theorem 1.2.19 (Pachpatte [451]) Let x(),fi(),A(),A() and p(t) be real- 
valued non-negative continuous functions on Rx satisfying that for all t € R+, 


x(t) < p(t) + / Fi(s)x(s)ds + / fo(s) | [ Besar] ds. (1.2.121) 
Then for allt € R+, 
v9 <0 + [iow +a f Acew(ea| 
0 0 
x exp (/ E (t) + Ate) | dna a) ds. (1.2.122) 
0 0 
Proof Define 
R@) = [ Aesiods+ [AC] [Alostmde| ds, RC) =o, 
then from (1.2.121) and the non-decreasing nature of R(t), it follows that 


R() <A) + RO] +A i Aals)p(s)ds + R() | Asia 


Integrating the above inequality, the desired result (1.2.122) follows readily. Oo 


Corollary 1.2.17 (Agarwal [4]) In Theorem 1.2.19, let p(t) be also non- 
decreasing. Then we have 


x(t) < pO, (1.2.123) 
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where 


$@ = exp ( [ E (s) Als) i Alear| as) | 


Theorem 1.2.20 (Agarwal [4]) /fh,f, g,u are non-negative continuous functions 
(R > R4), and if, for all x > 0, there holds that 


u(x) < h(x) + [ roomeyas + [ 10 [ eouanas (1.2.124) 


then there are continuous non-negative functions n,¢, (not depending on u), 
satisfying the following inequality 


uta) < nts) +00) | wornGyexr( f woe@ards ——.2.125) 


with d(x) = l,w=f tg, n(x) = AQ). 
Proof Let z(x) = u(x) + tt g(s)u(s)ds. Then 


u(x) < 2(x) < A(x) + i . f(s) u(s) + i ; g(u(tdt|ds + i ror’ 


< h(x) + / LF(s) + g(s)le(s)ds. 


Then (1.2.125) follows from Theorem 1.2.1 on putting 7 = h,@ = 1,andw =f+g 
in (1.2.125). oO 


Using Riemann function methods, Yeh [669] also treated the case where (1.2.124) 
is replaced by 


u(x) < a(x) + / “pOu@de® [ “e(s)| / ; g(u(sat\ ds 


x AY t 
+ / cs) ; p(t)| i! g(ryu(r)drldt\ ds (1.2.126) 
0 0 0 
where non-negativity and continuity of all the functions appearing in (1.2.126) hold. 
The following result is a more general case of Theorem 1.2.18. 
Theorem 1.2.21 (Agarwal [4]) /f there holds for all x = 0, 


us) < at) +h) | Aloyu(srds-+ av [ eat9( f estoutodt)as 


+hy (x) [ “In(s)( i “nso i “ha(nyu(r)dr) at) ds, (1.2.127) 
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and all the functions are continuous and non-negative for all x > 0, then the 
conclusion of Theorem 1.2.19 holds. 


Proof Letz =u + [* g3udt + [* ns()( f ha(r)u(r)dr) dt. Then 


u<z<at+(lfitgi +m) [ (f2 + g2 + ha)zds 
0 
x x t 
+f g3udt + i nco( f ha(r)u(r)dr)dt 
0 0 0 
Sat (fit sith +t) | (fet gates + ha hn)ath 
0 


Applying Theorem 1.2.20 to the above inequality with n =a,@=fit+tgitm+1, 
and Ww = fo + 92+ hy + 93 + hs yields (1.2.127). oO 


The following result was proved by Qin [538]. 


Theorem 1.2.22 (Jones-Qin [538]) Assume that f(t), g(t) and y(t) are non- 
negative continuous functions in [t,T| (t < T) verifying the following integral 
inequality for all t € [t, T], 


y(t) < fd) +f g(s)y(s)ds. (1.2.128) 


Then we have for all t € [t, T], 


y() < fl) + / expt / 2(8)d0 }e(s)f(s)ds. (1.2.129) 


In addition, if f (t) is a non-decreasing function in [t, T], then for all t € [t, T], 


y(t) < fo 1 + foow ( «(@0) etsy] ; (1.2.130) 


<f( + [ s0ordvexp ([ «oae)| ‘ (1.2.131) 


If, further, T = +00 and or g(s)ds < +00, then we have 
y(t) < Cf(t) (1.2.132) 


whereC = 1+ sas g(s)ds exp (ce g(0)d8) is a positive constant. 
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Proof 


(1) (1.2.129) is the Jones inequality in Theorem 1.2.1. 

(2) If f(t) is a non-decreasing function in [z, 7], then (1.2.130) and (1.2.131) easily 
follow from (1.2.129). 

(3) If, further, T = ++oo and fi g(s)ds < +00, then (1.2.132) easily follows 
from (1.2.131). Oo 


In 1984, Yang [657] showed the next result, which concerns the linear integral 
inequalities with iterated integrals. 


Theorem 1.2.23 (Young [657]) Let u(t) be continuous and non-negative on I = 
[0, 2) and let p(t) be continuous, positive, and non-decreasing on I. Suppose that 
fi(t,s), (i = 1,2,-++,n) are continuous non-negative functions on I x I, and non- 
decreasing int. If for allt € I, 


h-1 


u(t) < p(t) + i filtsth) i ‘iltists) <= fo Filteictaty)aty ody, 
(1.2.133) 


then for allt € I, 
u(t) < pu), (1.2.134) 
where U(t) = V,,(t, t) and V,,(T, t) is defined successively by 


Vi (T, t) = exp [ SoA. S)ds >, 
° j=l (1.2.135) 


t 
Vi-1(T1, 5) 
VT, t) = F,- T,t i+ f ie T, s) ds; , 
i(T, 0) K+1¢ | aL k+1( Faai(f) 
where t, and T are ink = 2,3,--+ ,n, andfori =1,--- ,n—1, 
t tivl 
F,(T,t) = exp / [ Xi» -40.5 ds\. (1.2.136) 
0 0% 
j= 


Proof Obviously, we have U(0) = V,,(0,0) = 1 from (1.2.135) and (1.2.136), and 
hence the estimate for u(f) in (1.2.134) trivially holds when t = 0. We define the 
following non-negative functionals on CU, R+) by 


ti-1 


t Tk+1 
ke) =Ken i patties [ fisa(estean)-++ fale) 


Xdtydty—1 +++ dte41, k=1,2,---,n—-1, 


40 1 Linear One-Dimensional Continuous Integral Inequalities 


and 


In(c, NY) = fnle, Oy, 
where y = y(t) € CU, Ry), cis a constant and t € J. 
We note that here J;(c, f)(y), i = 1,2,--- ,n, are monotonic and non-decreasing 


in y € CU, Ry), that is, if y;,y. € CU, R+) and y(4) < yo(t) on J, then for all 
tel, 


Jilce, 001) < Jilc, 2). 


Now, fixing an arbitrary value T from (0,h), then we have from the inequal- 
ity (1.2.133) that for all ¢ € [0, 7], 


u(t) < p(T) + / IT.) (dt. 


If we set 


m,(t) = p(T) +f Ji(T, ti) (x~)dt, 


; (1.2.137) 
m,(t) = m1 (t) + / IAT, ty) (mp—1) dt, k=2,3,-++ ,n, 
0 
then we have the relations 
m,(t) = Mn—-1(t) Pl ae m(t) Ea u(t), te [0, T], (1.2.138) 
m,(0) = my,—1(0) = --- = m), (0) = p(T) > 0. (1.2.139) 


We notice that the following differential inequalities for m;(t) are satisfied, for all 
t € [0, T], 


i-l 


mi(t) + f(T, )ini(t) < Yo f(T, mio) 


j=l 


+fi(T, thmigi(t), i= 1,2,---,n—1. (1.2.140) 


We prove it by induction. First, using (1.2.138) and in view of the monotonicity of 
J(T, t)(y), we obtain from the first equality in (1.2.137) that for all ¢ € [0, 7], 


m;(t) < Ji (T,t)(m), 
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and adding fi (7, t)m (#) to both sides of the above inequality, by (1.2.137), we have 
for all t € [0, T], 


mi(t) + A(T. tm (0) < fi(T, mi (0) + Ji (T, 1) (m1) 
=fi(7,0) zo + / Jo(T, mcm a 
0 
= f(T, t)m2(t). 


The above inequality shows that (1.2.140) holds when i = 1. Now we suppose 
that (1.2.140) is established for i = k, where 1 < k < n—2. Then by differentiating, 
we obtain from (1.2.137) that for all ¢ € [0, 7], 


me (t) = my, + Sega (T, (mg). 


Because (1.2.140) holds for i = k and f(T, t)m,(t) => 0. Using (1.2.138), we obtain 
for all t € [0, T], 


k-1 
merit) < do f(T. ta (t) + f(T, Nazi) + Jeti(T, me) 


j=l 


k 
< be icy mpi (t) + Jeg (T, Ome +1), 


j=l 


since J,41(T, t)(y) is non-decreasing in y € C(U/, R+). Adding fi41(t, Oime+i (0) to 
both sides of the above inequality, we get for all t € [0, T], 


k 
meri (t) + fer it, msi (t) < be Aes tngyi(t) + frri(T, Orm+1() 
j=l 


+Seai(T, t) (me+1) 
k 
= WAT. Ome (0 + fir (7. Omp2(). 
j=l 


This proves (1.2.140). 
We apply the relations (1.2.137) and (1.2.140) to derive the bounds on m;(t), here 
i= 1,2,--- ,n. We shall prove that the following estimates are true for all t € [0, 7], 


My-Ke(t) < p(T)Via (7,8), K=0,1,--+,n—1, (1.2.141) 
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where Vi4i(7,t) is given by (1.2.135). First, we consider the last equality 
in (1.2.137), for all t € [0, T], 


m,(t) = mp1 (t) + / Ta(T, tr)Mn—1 (th) at. 


Differentiating the above equality and using (1.2.138) and (1.2.139), in view of 
fn-1(T, t) and my,_1(t) being non-negative, we obtain for all ¢ € [0, 7], 


m,,(t) = m,_1(t) + fr(T, Om (2) 
n—2 


< SC G(T. Om (L, Dn (0) + fa(T, Dmn-1 (9) 


j=l 
< SCK(T. Om (0). 
j=l 


Dividing both sides of the above inequality by m,(t) > 0, and then integrating from 
0 to t, using m,(0) = p(T), we obtain for all t € [0, T], 


ton 


my(t) < p(T) exp [ Sit sjds) = = p(T)V,(T, 1). 


Here V\(7,f) is given by (1.2.135). Next, substituting this bound for m, (ft) 
in (1.2.140) with i = n — 1, we then get for all ¢ € [0, 7], 


n—2 


my) + | fo-i(T, 1) — YO G(T, 1) | m1) S fri (7, Dp Vi (T,, 1). 


j=l 


Multiplying by exp iP fr (T, 5) — oe j=l es s)]ds both sides of the above inequal- 
ity, and then integrating from 0 to t and using (1.2.141), we derive that for all 
t€ [0,7], 


Vi(T,s) 


mn-a(t) < P(D)Fy-CT. ay i+ i foi Ts) a 


= p(T)V2(T, t), 


where F,,_;(T, t) and V2(T, ft) are defined by (1.2.135) and (1.2.136). 
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Suppose that the inequality (1.2.141) is proved for 1 < k < n— 2, then 
by (1.2.140), we have 


n—k—2 


miiO+| fit.) — DY) #90 | mmi-10 


j=l 


<fr-n-1(T, Op) Vig (7, f). 


Multiplying by exp />[fr—1-1(T. 5) — peal f(T. s)|ds both sides of the above 


inequality and integrating from 0 to ¢, and using (1.2.139), we obtain for all 
t € [0,T], 


Mn—K-1(t) S p(T) Fr—-n-1 (7, f) 1 + i) Sn—n-(T, 5) 


= P(T)Vi+2(T, t), 


Viti (T, 8) d 
Phe (T, S) 


where F,,-(T, t) and V,42(T, f) are given by (1.2.135) and (1.2.136). Hence the 
inequality (1.2.141) is now completely proved. Finally, we observe from (1.2.138) 
that for all t € [0, T], 

u(t) < m(t) < p(T)V,AT, 2). 


Letting t = T in this inequality and in view of U(t) = V,,(t, t), we obtain 


u(T) < p(T)U(T). 


Since T from (0, h) is arbitrary, thus the proof of Theorem 1.2.23 is complete. O 


Remark 1.2.11 In the above theorem, if n = 2, then we can get the following result 
t 
u(t) < p(t) exp (- " fit, sds) 


: | ie [i ( 9 fexp [ (2h (s, r) + f(s, p)ark a| . (1.2.142) 
0 0 


In order to investigate hyperbolicity, Hale [251] projected solutions of differential 
equations into invariant subspaces of exponential dichotomies, where the following 
inequality was applied, for all ¢t > 0, 


+00 
u(t) < Ke“ + | e 9) y(s)ds + uf e u(t+s)ds. (1.2.143) 
0 


t 
0 


44 1 Linear One-Dimensional Continuous Integral Inequalities 


In a certain sense, (1.2.143) can be regarded as a projected Gronwall-Bellman’s 
inequality. In 1993, to study pseudo-hyperbolicity, the next generalization 
of (1.2.143) was discussed in [685, 686], for all t > 0, 


m 


+00 
u(t)<ate™ > ati + | e %—) u(s)ds + ai e u(t + s)ds, 
0 


t 
i=0 0 


(1.2.144) 


where a > 0,y > 0,a,a;,b,€ R,i = 0,1,...,m, and a,c, d non-negative. Later 
on, [687] considered a more general inequality, for all t > 0, 


t +00 
u(t) < a(t) + / b(t — s)u(s)ds + / c(s)u(t + s)ds, (1.2.145) 
0 


which was once mentioned by Hale [251]. The next result, due to Zhang [687], 
concerns the inequality (1.2.145). 


Theorem 1.2.24 (Zhang [687]) Suppose that a(t), b(t), and c(t) are continuous 
functions defined on R+ and valued in R+, and that u: R4 — R+ is a bounded 
continuous solution of (1.2.145). If 


(i) both a(t) and b(t) are monotonically non-increasing and tend to 0 as t > +00, 
(ii) the derivative b'(t) < 6b(t), where 6 is a real constant, and 
(iii) Fe b(s)ds < +00, f°” c(s)ds < +00, B := hi b(s)ds + as c(s)ds < 
1, then for all t = 0, 


a(t) b(0) 


: b(0) 
i-B +a | a(s)exp (5 + 1—B 


Proof Step1: We prove lim u(t) = 0. Suppose that lim u(t) is positive, we 
t>+00 t>+00 


u(t) < 


\(t— s))ds. (1.2.146) 


denote it by y. We can get 0 < p < +00 from the boundedness of u(t). Take any 
6 <1, lim u(t) = p < 67'y, that is, there is a non-negative f, when t > fo, 
t>+ 00 


u(t) < 6~'p. By (1.2.143)for all t > to, 


to t +00 
u(t) < a(t) + / b(t — s)u(s)ds + / b(t — s)u(s)ds + / c(s)u(t + s)ds 


t—to 


to +00 
<a(t)+ / b(t —s)u(s)ds + Oly (/ b(t)dt + / c(sus) ; 
0 0 0 


(1.2.147) 
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Let t + +00, and we can take any 6, we may take 6 < 6 < 1. This implies 


+00 +00 
y<o@ly (/ c(s)ds +f c(sis) = 07 yp <=», (1.2.148) 


which is a contradiction, therefore, Wy u(t) = 0. 
t>+0O 
Step 2: To simplify (1.2.145), we denote v(t) = supu(s). We can easily 
set 
get v(t) > u(t) and v(t) is monotonically non-increasing result from the 


definition, lim v(t) = 0, so for all t € [0, +00), there exists a t; > t such 
t> +00 
that 
=v(t)=u(t)), ift<s<t, 


v(s) | (1.2.149) 


< v(t1), if s > fh. 


Thus by the monotonicity of a(t) and b(t), 


t 


v(t) = u(t) < a(t) + i. BGS iOaee i “b(t — s)v(s)ds 


+00 
+ i c(s) v(t; + s)ds 
0 


t 


t +00 
< a(t) + / b(t, — s)v(s)ds + v(t) | b(t; — s)ds + i c(shs| 
0 t 


t +00 +00 
<a(t)) + / b(t; — s)v(s)ds + v(t) | b(s)ds + / cas 
0 0 0 
<a(t)+ / b(t — s)v(s)ds + v(t B, 
° (1.2.150) 
that is, for all t > 0, 
v(t) < fa 4 aa | b(t — s)v(s)ds. (1.2.151) 
Step 3: We discuss the above inequality. Define 
Ro= | Degas (1.2.152) 


0 U- f) 
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Clearly, the derivative of R(t) satisfies, for all t > 0, 


ex | B= b(0) 
R (t) = f G=p) a = py) 
< sf oO yis)as 4 Ovi 
0 6 > =?) (1.2.153) 
a(t 
< 6R(t) + a-A a-p + R(t) 
_ b(0) b(0) 
= (6+ a— BRO + pp): 
By the comparison theorem, we get for all t > 0, 
‘ _b(0) b(0) 
R(t) <|[ api) ex (6+ pt 9)) ds. (1.2.154) 
Thus we derive from (1.2.151), 
a(t) a(t) b(0) : b(0) 
vos Oe RO < OE | ever (6 ++ e-aas 
(1.2.155) 
Thus the proof of is complete. Oo 


In 1960s, another generalization was given by Hale [251] in the case of 
hyperbolic decomposition in order to discuss the stable or unstable manifolds for 
ordinary differential equations. 


Theorem 1.2.25 (Hale [251]) Leta > 0,y > 0 and K,L,M be non-negative con- 
stants. Suppose that u(t) is a non-negative bounded continuous function satisfying 
that for all t = 0, 


0 0 

u(t) < Ke™’ + tf e"'—)u(s)ds + uf e’u(t+s)ds,  (1.2.156) 
t —0Oo 

or for allt = 0, 


t +00 
u(t) < Ke™™ + Lf e *—)y(s)ds + u | e Y’u(t +.s)ds. (1.2.157) 
0 0 


If := L/a +M/y <1, then for allt € R, 


u(t) < = exp (- («- —) !) (1.2.158) 
~1-A 1-1 , ~ 
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Proof We only prove (1.2.158) for the case when (1.2.156) holds. Since the 
discussion for (1.2.157) can be changed into the discussion for (1.2.157) by the 
change of variables t > —t, s > —s. First, we claim that as t > +00, u(t) > 0. 
In fact, if 6 = lim,-, +0 u(t), then the boundedness of u implies that 6 is finite. If 6 
satisfies A < 0 < 1, then we derive from 6 > 0 that there exists a t; > 0 such that 
ast > t, u(t) < 0716. By (1.2.148), for all t < t), we get 


n L oM 
u(t) < Ke“ + Le y e"u(s)ds + (= Es — Jo's, (1.2.159) 
0 a Y 


Note that as tf > ++00, the upper limit of the right-hand side of (1.2.159) < 6, this 
is a contradiction. Hence 6 = 0, and as t > +00, u(t) > 0. 

If v(t) = sups>.u(s), then as t > +00, u(t) > 0. Hence, for any t € [0, +00), 
there exists af; > t, such that as t < s < fy, v(t) = v(s) = u(t), while as s > ft, 
v(s) < v(t). Thus it follows from (1.2.159) that 


t 
v(t) = u(t) < Ke" + / e “1-9 y(s)ds 
0 
ty +oo 
+1 f e 4D y(s\ds + mf e u(t+s)ds 
t 0 
t 
< Ke" + i e “I y(s)ds + Av(t). 
0 
If z(t) = e“'v (2), then for all t < fy, 
t 
at) <(1-Ay'K+(1—-A) + | z(s)ds. (1.2.160) 
0 


By the Gronwall-Bellman inequality (e.g., Theorem 1.1.2), we obtain z(t) < (1 — 
A)! K exp((1 — A)~!)Lt. This proves (1.2.158). oO 


In the sequel, we shall consider the following more generalized integral inequal- 
ities 


m 


0 
u(t) Sate" (x nd) + cf e) u(s)ds 
t 


i=0 


t 
+d / e "9 y(s)ds, for allt < 0, (1.2.161) 


fo) 


m 


t 
u(t)<ate™ (> nt) + a e “9 u(s)ds 
i=0 . 


+00 
+d / e”"— u(s)ds, for allt > 0. (1.2.162) 
t 
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To generalize the above theorem, we need the following three lemmas. 


Lemma 1.2.2 (Zhang [686]) Jf the non-negative bounded continuous function u(t) 
satisfies (1.2.162) for all t > 0, then u(t) := u(—t) satisfies an inequality 
like (1.2.161), i.e, for all t = 0, 


m 0 t 
u(t) =at+e™ ( ) i) + a ec") u(s)ds + af e VI T(s), 
; = 


i=0 ae 


where bj = (—1)'bj. 


Proof This lemma can be proved with the change of variables t — —t and s > —s 
in (1.2.162). Oo 


Lemma 1.2.3 (Zhang [686]) f',, e+” » sids = e@t" YY _(-Di a 


irk 
(aty)erl* 


Proof Let 


t 
vf at gertys. ids. 
=O: 


Integrating by parts, we obtain 


I, = et. a, = ey... h= elety). 
at+y at+y a+y 
Using this recursion formula and method of induction, we can easily prove this 
lemma. Oo 
m— i i! ok m—1 i 
Lemma 1.2.4 (Zhang [686]) pay qi aE)" eo eet = —Dizo Qit', 


where Q; is defined by (1.2.164) below. 


Proof The proof consists of a simple but tedious induction and is thus omitted. O 


Theorem 1.2.26 (Zhang [686]) Let a,b;,c,d,a, and y be real numbers and a > 
0,y > 0,a = 0,c > Oandd => 0. Suppose u(t) is a non-negative bounded 
continuous function, satisfying integral inequalities (1.2.161) or (1.2.162). If A := 
c/a +d/y <1, then 


m—1 
u(t) < + el ( ai-viut) + AL exp (-(a- 5.) ml), 


(1.2.163) 
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where constants qj,i = 0,1,...,m— 1, and K are determined by relations 
dm-1 = mbm/c, 
gi-1 = i(bi; — qi —dQ)/c, i=1,2,...,m—1, 1<i<N, 


b = (—sgn(t))'b;, where sgn(t) is the sign of t, 


m—-1|-i k+1 F 
=i (k +i)! 
i= , t=0,1,...,m—1, 
Q 2 dk+1 (=) F i m 


K=b = dO, 
= 2 a(l—A) Jo 0- 
(1.2.164) 
The sign function sgn(t) = 1,0 or—1 ast > 0,= Oor < 0, respectively. 


Proof By Lemma 1.2.3, we see that it suffices to discuss (1.2.161) for ¢ < 0, instead 
of (1.2.162) for t > 0. Let 


m—1 
v(t) =u() -—p- (x at). (1.2.165) 
i=0 


Then v(f) satisfies that for all t < 0, 
0 t 
u(t) < Ke™ + if et") u(s)ds + / e "9 u(s)ds, (1.2.166) 
—0o 


t 


where p,q; (i = 0,1,...,m—1),K,L and M are assumed to be undetermined 
constants. Inserting v(t) in (1.2.165) into (1.2.166), we have 


m—1 


0 
> Lai | elt) 0% . sids 
t 


i=0 


m—1 


0 
u(t) — p— e™ 8 at) < Ke" — al pe'—Ids — 
i=0 : 


m—1 


t t 
-m | pe ¥"— ds = > Mai | e VES), 0% . sidg 
™=o8 i=0 =ee 


0 t 
+1 f lI ds + u | e ¥"—9u(s)ds 
t —co 


L M m—1 ; 
< Ke“ 4 oP (em 1) 4 ti ie Se 
a -y =e 1 


m—1 


t 
_Me7"" Ya | ONS . gids 
i=0 soe 


0 t 
+L f et u(s)ds + Mf e ¥"—Iu(s)ds. (1.2.167) 
t —co 
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It follows from Lemmas 1.2.3 and 1.2.4 that 


m—1 m—1 
LP M, 
u(t) —p—e" ( y at) < Ke" + —( 
a 
i=0 


P qi i 
a Le" ttl 
e rege é DTI 


m—1 


0 
+Me™ >, Qyt! + Lf ec") u(s)ds 


i=0 F 
is 
+m | e 9 u(s)ds. 
—0o 
(1.2.168) 
Comparing (1.2.168) with (1.2.158) in coefficients, we see that 
L=c, M=d, 
UG) 
p\l-{-+ = 4, 
a Y 
Lp 
K+ y+ MQo + G0 = bo. (1.2.169) 
Lam-1 ie. 
m 
Lqi-1 


— + MQO;+ gi = bi, i=1,2,...,m—1 
I 


Thus these undetermined constants p,q; (i = 0,1,...,m — 1),K,L and M 
in (1.2.165) and (1.2.166) are now determined, that is, 


t=6. Mad, p=, (1.2.170) 
1-2 
where A := c/a+d/y <1, and 
mby, mDn 
dn-1 = FF 
c c 


— ibi-—G-—MQi) _ ibi-qi-dQ) ,_ 
Gi FX =1,2..2.;m—1, 
Cc c 


Rah aa dO 
i 0 a(1 =) qo 0> 


(1.2.171) 
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where 


, 1=0,1,...,m—1, 


=| yo (k +i)! 


at+y i! 


m—i-1 

a= > avi ( 
k=0 

b; = (—sgn(t))'b; — bj, 1 — 0, 1, cae ,m for all t< 0. 


Obviously, the constructed function v(t), defined by (1.2.165), satisfies the 
integral inequality (1.2.166) with appropriately chosen undetermined constants 
like (1.2.170) and (1.2.171). This implies, by Theorem 1.2.25, that 


v(t) < |v) < Jal exp (- (-a- —;) Il). (1.2.172) 


that is, for all t < 0, 
m—1 \K| 7 
at 4t = =e 
wo sre" (Sar) + Eb sr(-(0- -S)i) 
4 m—1 
= + ell |S gi) Ie 
1-A = 


z _ ae (- (« 7 —) i) (1.2.173) 


Therefore, the inequality (1.2.163) has been proved. This completes the proof. O 


Example 1.2.1 Theorem 1.2.20 can be deduced simply from this theorem, if we let 
a = Oandb; = 0 (= 1,2,...,m) in (1.2.161) or (1.2.162). 


Example 1.2.2. Consider (1.2.161) or (1.2.162) for m = 1. From this theorem, we 
have 


b K 
u(t) < — —sgn(Q—e ell + Jar exp (- (« - —) il) , (12.174) 
where K = bo — ade) + sgn(t) 7 a sen(t) ae. This result was used in [685] 


to discuss the almost-periodicity of weak hyperbolic manifolds for non-autonomous 
abstract differential equations under pseudo-hyperbolic conditions. 
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1.2.2. Linear One-Dimensional Gronwall-Bellman Integral 
Inequalities with Delays 


In this section, we study the Gronwall-Bellman inequalities with delay or retarda- 
tions. 
We first introduce the following conditions: 


(A1) h:J = [a, +00) > R is continuous and 
h(t) <t, te J, lim A(t) = +00. 
t—+00 


(H2) h(t) is non-decreasing in J and has an inverse h~! : [h(a), +00) > J. 


Theorem 1.2.27 (Marusiak [389]) Let u(t), b(t), c(t) be non-negative continuous 
functions in J, and suppose that 


u(t) <at [vous + c(s)u(h(s))|ds, forallte J,  (1.2.175) 


u(t) = o(t), t€ B= {te J: A(t) < a}U {a}, (1.2.176) 


where a = 0 is a constant, $(t) is a non-negative continuous function in E, and the 
function h(t) satisfies the condition (H1). Then for allt € J, 


u(t) < E + [ corarcsyas| exp (/ [b(s) + c(t) : (1.2.177) 


Proof Set 


v() = / (d(s)u(s) 4 c(s)u(h(s)))ds a 
Then 
u(t) < v(t), (1.2.178) 
and since v(t) is non-decreasing in J, we have 
v'(t) = bul) + euth(n)) 
< bei) + of PO)) FEE (1.2.179) 


u(t) otherwise. 
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Integration of the above inequality from @ to f leads to 


v(t) <at i c(s)¢ (A(s))ds +f [b(s) + c(s)]v(s)ds 
E a 


which, along with Theorem 1.1.3 and (1.2.178), gives us (1.2.177). Oo 


The next two theorems take the forms suitable for immediate application to delay 
equations. 

Let C((a, b],R") (—co < a < b) the Banach space of continuous functions 
y : [a,b] > R"” with the topology of uniform convergence, and L!([a, +00), R”) 
the Banach space of Lebesgue integral functions z : [a, -+-oo) — R” with the norm 

+00 

Iza = fy le@lae. 

For any given rp > r > 0,t > 0, and x € C([t— 79, t], R”), we put 


l|xll- = max |x(s)]. 
t—r<s<t 


Theorem 1.2.28 (Arino-Gy6ri [31]) Let J = [a,+00), and suppose that the 
following conditions hold: 


(1) h: J > Risa function satisfying the above conditions (H1)-(H2); 

(2) r: J — Rx is a function such that h(a) < a —r(a) <t—r(t), for all t € J; 

(3) p,p: J — Rx are locally Lebesgue integrable functions; 

(4) b: [h(a), +00) x [h(a), +00) — Ry is a locally bounded, locally Lebesgue 
integrable functions, and there is a locally bounded, locally Lebesgue integrable 
function a: |h(a), +00) > [1, +00) such that for all s > h(a), 


h7"(s) 
/ b(t, s)a(t)dt < a(s) —1, (1.2.180) 


where h™ is the inverse function of h; 
(5) x : [h(@), +00) — R" is an absolutely continuous function satisfying for all 
t=a, 


kl < / be Dds + POIlhw + PO, (1.2.181) 


Then 
(1) for allt = a, 


Ix()| < stan + [, ee — I]hx"(s)|ds 


+ [cocoate | exp ([ «pour . (1.2.182) 
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(2) If, in addition to the above, we also suppose 


+00 
i a) (p@ + p(t)) at < +00, (1.2.183) 
then 
+00 
i |x’(t)|dt < +00. (1.2.184) 


Proof 


(1) Let c : [h(@),+c0o) — R be an arbitrary, but fixed, locally Lebesgue 
integrable function. Then the function a(f) feu s)c(s)ds is defined and 
locally Lebesgue integrable in [a, +00). Changing the order of integration, we 


find 
[ (a(z) [. D(z, s)e(s)ds) de < [. ((°" He. sato) |c(s)|ds 


which, along with (1.2.180), gives us for all t > a, 


| ic (a(n) [. Ct, s)e(s)ds) 


Applying (1.2.185) to c(t) = |x’(1)|, (1.2.181) gives us for all t > a, 


< [ [a(s) — 1]|c(s)|ds. (1.2.185) 
A(t) 


, a(t)|x(x)|dt < / NYO + / a(t)p(t)dr 


a 


which implies that for all t > a, 
t t 
[welds f tae 1 ae 
a h(a) 
t t 
+ / a(t)p(t)dt + / a(t) p(t) |xr||-aydt. (1.2.186) 
Noting that condition (2), we can deduce that for all t > a, 


t 
Jali =, max [xG)] < Welk + f Wildes, 1.2187) 


t—r()<s< 


and so (1.2.186) implies that for all t > a, 


y(t) < A(t) +f a(t)p(t)u(t)d, (1.2.188) 
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where 


a 


AG) = Walle + / ee) Neola + / dened 


By Theorem 1.1.4 and (1.2.187), we get that for all t > a, 


|x(t)| < y() < A(d) exp (/ a(c)p()dr) : (1.2.189) 


which gives us (1.2.182). Under condition (1.2.183), inequality (1.2.184) 
follows from (1.2.186) and (1.2.187). Oo 


Corollary 1.2.18 (Atkinson-Haddock [34]) Let b,p : [w — 19, +00) > Ry 
(ro > 0) be continuous, and suppose that there is a continuous function a : 
[a — 79, +00) > [1, +00) such that for all s > a — ro, 


ro+s 
; b(t)a(t)dt < a(s) — 1, (1.2.190) 
and 
+00 
/ p(t)a(t)dt < +00. (1.2.191) 


If x : [ae —19,-+00) — R" is an absolutely continuous function satisfying that for 
allt >a, 


k’)] < b(n) i lds + pOllxilin. (1.2.192) 


then for all t => a, 


|x(t)| < | mex, |x(s)| + i: [a(s) — I(9as| exp (/ a(e)p(e)dr) ; 
_ _ (1.2.193) 


and 
+00 
/ |x’(t)|dt < +00. (1.2.194) 


Proof Indeed, (1.2.193) and (1.2.194) follow from Theorem 1.2.28 with b(t, s) = 
b(s), h(t) = t—1ro, p(t) = 0. Oo 


If, in the above corollary, b(t) = L,a(t) = 1/(1 — Lro), then we can get the 
following corollary. 
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Corollary 1.2.19 (Atkinson-Haddock [34]) [f x : [a — ro, +00) — R" is an 
absolutely continuous function satisfying that for allt = a, 


t 
|x’(t)| < | \x’(s)|ds + p(t) ||x¢|lr9- (1.2.195) 
t—ro 


where ro > 0 and 0 < L < 1/ro are constants, and p : |a — ro, +00) > Ry isa 
continuous function, then for allt > a, 


Lro as 1 ‘ 
Ol < [max ol + Ef" Woolas] ex (—— [peor 
(1.2.196) 


Corollary 1.2.20 (Atkinson-Haddock [34]) [f x : [a — ro, +00) — R" is an 
absolutely continuous function satisfying that for allt = a, 


Wl <L / Lv (s)ids + pObOI. (1.2.197) 


where ro > 0 and 0 < L < 1/ro are constants, and p : [a — ro, +00) > Ry isa 
continuous function, then for allt > a, 


ol < [Ital + 2 f(a ids ex (—— [teat 
(1.2.198) 


Proof Indeed, (1.2.198) follows from Theorem 1.2.28 with b(s,t) = L, h(t) = t— 
ro, r(t) = 0, p(t) = 0, a(t) = 1/0. — Lr). Oo 


Remark 1.2.12 If assumptions (1)—(4) in Theorem 1.2.28 hold, and the absolutely 
continuous function x : [w — ro, +00) — R” satisfies (1.2.181), then the limit 


lim x(t) = x(+oo) € R" (1.2.199) 
t>+00 


exists and is finite, by (1.2.184). 


However, Theorem 1.2.28 gives us no any information on the rate of conver- 
gence, which will be given in the next theorem. 


Theorem 1.2.29 (Arino-Gyori [31]) Let conditions (1)-(3) in Theorem 1.2.28 
hold, and let b : [h(a), +00) x [h(a), +00) > Rx be a locally bounded, locally 
Lebesgue integrable function such that for all s > h(a), 


A7"(s) 
/ b(t, s)dt < ju, (1.2.200) 


where jt € (0, 1) is a constant. 
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If x : [h(a@),+0o) — R" is an absolutely continuous function satisfy- 
ing (1.2.181), then 


(i) forallt >a, 


LL a 
01 < [Ibiabi + A= [clas 
— FE Jha) 


++ | p(t)dt |exp (= [ rtmar). (1.2.201) 
l-p a eet a 


(ii) If, in addition to the above, we also suppose that 
+00 
[p() + p()|dt < +00, (1.2.202) 


a 


then for any B € L'({h(a), a], R+), there is a function € L\({h(a), +00], R+) 
such that for all t => a, 


Bit), h(a) <t<a, 


p(y) = t (1.2.203) 
/ b(t,s)b(s)ds +p) + p(t), t= a, 
h(t) 
and such that for all t = a, 
Ix’(O)| < 86(0), (1.2.204) 
provided that 
Ix’()| < BQ), h(a) <t<a, (1.2.205) 
where 
= on 
6 = max 1, | Peli + | B(s)ds 
1— uw Jive) 
1 +00 tes 
+ / pty] erate ~ (1.2.206) 
—H Ja 


Proof 


(i) (1.2.201) follows from Theorem 1.2.28 with a(t) = 1/(1 — 2). 
(ii) The existence of a solution of inequality (1.2.203) is shown if we can prove that 
equation 


c(t) = K[c](t), for all t > h(a), (1.2.207) 
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has a solution cy € L'([h(a), +00), R;), where 


B(t), h(a) <t<a, 


Kldl@ = ine b(t, s)c(s)\ds + p(t) + p(t), t>a, 


for each c € L!({h(a), +00), Ry) = L'. Conditions imposed on 5, p, p imply 
that K[c](#) is defined for all (t,c) € [A(w), +00) x L!, and is locally integrable 
in [h(a), +00). Moreover, (1.2.185) with a(t) = 1/(1 — 2) implies that for all 


t=a, 
[ Cs b(t, sjels)as) dt| < i (. b(r.s){e6)Ias) dt < wf |c(s)|ds. 
a h(t) a h(t) h(a) 
(1.2.208) 


Thus K[c] € L', and for all cy, cy € L', 


+00 
i IK[ci]@ —Kfealnlar = f 


(a) a 


+00 t 
| b(t, s)|c1(s) — cas) dt 
h(t) 


(t 


< wf |c1(t) — c2(t)|dt 


<n le1(t) — co(t)|dt, (1.2.209) 
h(a) 


ie., K : L! > L! is accontractive mapping. 


Consequently, for any closed subset B C L’, the inclusion K(B) C B implies 
that (1.2.207) has only one solution co € B. 
Let 


+00 
B=ueL': u(t) = Blt), h(a) < t < aut) > 0,t > a: | u(t)dt < a 
h 


a) 
be a closed set in L', where 


+00 


dy = =— ° B(t)dt + 


pt + ator) 
pe h(a) a 


Since K[c](t) => 0 for all c € B and t > h(q@), (1.2.208) implies 


+00 a +00 
i K[c](dt = [. B(t)dt + [ K[c](dt 


(a) 


a +00 +00 


< ponds nf ic@lat+ | pO +p@lat < do 
h(a) h(a) a 
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ie., K(B) C B. Hence (1.2.207) has only one solution cg € B C L', which implies 
that (1.2.203) also has a solution in L!. 

We now compare |x’(t)| and 5(#), where $(#) € L! is an arbitrary, fixed, solution 
of (1.2.203), when (1.2.205) holds. 

Let K, : L! — L! be the operator defined by 


cdB (0), h(a) <t<a, 
K,[c](t) = . (1.2.210) 
h 


b(t, s)c(s)ds + 6p(t) + 6o(), ta. 
(t) 


Using (1.2.201) and (1.2.206), we find that ||x;|| <9) < 4, for allt > a. Then (1.2.181) 
and (1.2.205) imply that for all t > h(a), 


Ix’(t)| < Killx’ |]. (1.2.211) 
Furthermore, (1.2.203) and 6 > 1 imply that for all t > h(a), 
K,[5](t) < 6¢(). (1.2.212) 
Noting (1.2.208), we easily see that operator Ky is a contraction, and hence equation 
c(t) = K,[c](1), for all t > h(a), (1.2.213) 
has at most one solution in L'. Consider the set 
B, = {we L': 0 < u(t) < (0), t > h(@)}, 


it is closed in L!. Since b(t, s) > 0, and (1.2.211) is valid, we have, for each c € B, 
and t > h(a), 


0 < Ki{cl() < Ki[6¢]@ < oC. 
The last inequality means that K,(B,) C By, and thus (1.2.213) has one solution 


c; € By. 
Moreover, (1.2.205), (1.2.202), and Theorem 1.2.28 imply that 


+00 a +00 
"| = / |x’(t)|dt < pioar+ [ |x’(1)|dt = M < +00. 
h(a) h(a) a 
(1.2.214) 


We define a constant 


d = max 1M, —: (J. B(t)dt + [vo + pina) 
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and a set 
By = {uw EL! : u(t) = 6B), A(a) <t <a |V(O| <u(d),t > a lulls <a}. 


Obviously (1.2.214) implies that Bz is nonempty, and B> is obviously closed in L!. 
By (1.2.211), we may conclude that for all c € Bo, t > h(a), 


0< VO! < Kl NO < Kill. 


By (1.2.208) and (1.2.209), we obtain, for all c € Bo, 
+oo0 (O74 +00 +00 
il K,[c](dt < sf B()dt + | c(t)dt + sf [p(t) + p(Hdt < d. 
h(a) h(a) h(a) a 


Hence K(B2) C Bo, and (1.2.213) has only one solution cz € By. But it has at most 
one solution in L', hence c(t) = co(t), for all t > h(a), belongs to B, MN Bz. The 
definitions of B, and B> then imply that 


|x'(t)| < c2(t) = c1(t) < 6G (0). 


Oo 


Corollary 1.2.21 Let ro > 0,L > 0,m => 0, € (0,1), and y > 0 be constants 
such that 


Lro < pb, L(e’” —1) < y, 


and support that x : [a — 1r9,+00) — R" is an absolutely continuous function 
satisfying that for all t = a, 


t 
|x’(t)| < L / |x’(s)|ds + me~?"—™ |Lx ||, (1.2.215) 
t—ro 
Then for allt = a, 
x()| <| [lxally + —— x (s)|ds | e/70-M) (1.2.216) 
sale 
— FE Ja—ry 


and for allt = a, 
|x’(O)| < dime ™, (1.2.217) 
if only for alla—1ro <t<a, 


|x’) < moe ™, (1.2.218) 
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where mo > my/(y — L(e”!”° — 1)) and 


as | 
$= max 1, Ihr ig we zie) 
yd —p) 


1.2.3. Linear One-Dimensional Gronwall-Bellman Inequalities 
with Retardation 


In this section, we shall introduce some linear one-dimensional Gronwall-Bellman 
inequalities with retardation. 

In what follows, R; = [1, +00),/ = [to, T). The following two theorems were 
obtained in [501]. 


Theorem 1.2.30 (Pachpatte [501]) Let a,b € C(U,Ri),a € C'(,D) be non- 
decreasing with a(t) < ton I, andk > 0,c > 1, and p > | are constants. 


(a1) Ifu € CU, R+) and for allt € I, 


a(t) 


u(t) <k+ i: a(s)u(s)ds + [. b(s)u(s)ds, (1.2.219) 
then for allt € I, 
u(t) < kexp(A(t) + B(t)), (1.2.220) 
where for allt € I, 
A(t) = / wore B(t) = i‘ 7 b(s)ds. (1.2.221) 


(az) Ifu € CU, Rj) and for allt € I, 


a(t) 


u(t)<ct+ i. a(s)u(s) log u(s)ds + / b(s)u(s) log u(s)ds, (1.2.222) 


10 a(to) 


then for allt € I, 
uh) = EEO, (1.2.223) 


where A(t) and B(t) are defined by (1.2.221). 
(a3) Ifu € CU, R+) and for allt € I, 


a(t) 


w(t) <k+ [ evioas + / b(s)u(s)ds, (1.2.224) 


10 a(to) 
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then for allt € I, 


u(r) = (4 + PA + BO)”, (1.2.225) 
where A(t) and B(t) are defined by (1.2.221). 


Proof From the hypotheses, we observe that a(t) > 0 for all t € I, a’ (x) > 0 for 
allx € Ji. 


(a) Let k > 0 and defined a function z(t) by the right-hand side of (1.2.221). 
Then, z(t) > 0, z(to) = k, u(t) < z(t), and 
Z(t) = a(thu(t) + (a(t) )u(a(a) a" (1) 
< a(t)z(t) + b(a(a))z(oe(s) a" (0) 
a(t)z(t) + b(a())z(t)o" (1), 


A 


A 


1.€., 


so <a(t)+ b(a(t))a’(t). (1.2.226) 
2(t) 


Integrating (1.2.226) from fp to t,t € 7, and the change of variable yield for all 
tel, 


z(t) < kexp(A(t) + B(0). 3997) 


Using (1.2.227) in u(t) < z(t), we get the inequality in (1.2.220). If k > 0, we 
carry out the above procedure with k + € instead of k, where € > 0 is an arbitrary 
small constant, and subsequently pass the limit as € — 0 to obtain (1.2.220). 
(a2) Define a function z(t) by the right-hand side of (1.2.222). Then z(t) > 
0, z(t) = c, and u(t) < z(t), and as in the proof of (a1), we get 


a < a(t) log z(t) + b(a(t)) log z(a(t))a’ (t). (1.2.228) 


Integrating (1.2.228) from fg to t, t € J, and the change of variable yield 


z(t) 
4 


t a(t) 
log z(t) < loge + / a(s) log z(s)ds + / b(s) log z(s)ds. (1.2.229) 


to a(to) 


Now applying the inequality given in (a;) to (1.2.229), we get 


log z(t) < (loge) exp(A(1) + B(t)) = log c*PAOTRO), (1.2.230) 
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Thus from (1.2.230), it follows that 
zy = ere Orne) (1.2.231) 


Now using (1.2.231) in u(t) < z(t), we get the required inequality in (1.2.223). 
(a3) Let k > O and define a function z(t) by the right-hand side of (1.2.224). Then 


1/p 
z(t) > 0, z(to) = k, u(t) < (<) , and as in the proof of (a;), we have 
f2(t)}~/P Z(t) < a(t) + b(a(t))a’ (2). (1.2.232) 
Integrating (1.2.232) from fo to t, t € J, and the change of variable, we have 


z(t) < (ev 4 Pal + Bo) (1.2.233) 


Therefore, the desired inequality in (1.2.225) follows by using (1.2.233) in u(t) < 
{z(t)}!/?, The case k > 0 can be completed as mentioned in the proof of (a;). 0 


Theorem 1.2.31 (Pachpatte [501]) Leta, b,a,k,c, p be as in Theorem 1.2.30. For 
i = 1,2, let g; € C(R+, R+) be non-decreasing functions with g(u) > 0 for all 
u> 0. 


(b,) Ifu € CU, R+) and for allt € I, 


a(t) 


u(t) < c+ | a(s)g\(u(s))ds +f b(s)g2(u(s))ds. (1.2.234) 


(to) 


(i) If g2(u) < gi(u), then 

u(t) <G,! (Gio + A(t) + BO). (1.2.235) 
(ii) If g1(u) < ga(u), then 

u(t) < Gy! (Gai + A(t) + BO), (1.2.236) 


where A(t) and B(t) are defined by (1.2.221) and for i = 1,2, G;' are inverse 
functions of 


ra 
G,(r) = / ss, ray > 0, (1.2.237) 
ro gi(s) 
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and t, € I is chosen so that 
Gi(t) + A(t) + B(t) € Dom (G;'), 


respectively. 
(bz) Ifu € CU, Rj) and for allt € I, 


a(t) 


u(t) <c+ [ conuserttos u(s))ds + / b(s)u(s)g2(log u(s))ds, 


t0 (to) 


(1.2.238) 
then for all ty <t <b, 
(i) if g2(u) < gi(u), then 

u(t) < exp (Gi [Gi (logc) + A(t) + BO): (1.2.239) 
(ii) if g1(u) S go(u), then 

u(t) < exp (Gy [Go(logc) + A(t) + ao) (1.2.240) 


where G;, G;! , A(t), B(t) are as in (b,) and t is chosen so that for i = 1,2, 
G;(log c) + A(t) + B(t) € Dom (G;"), 
respectively. 
(b3) Ifu € CU, R+) and for allt € I, 
t a(t) 
u(t) <k+ i; a(s)gi(u(s))ds +f b(s)g2(u(s))ds, (1.2.241) 
to a(to) 
then for to < t < ts, 


(i) if go(u) < gi(u), then 
=i 1/p 

u(t) < (Hy) +A) +B0)) (1.2.242) 

(ii) if gi(u) < go(w), then 


1/p 
3 


u(t) < (Hy '[H>(k) + A(t) + Bo) (1.2.243) 
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where A(t) and B(t) are defined by (1.2.221) and fori = 1, 2,H;! are the 
inverse functions of 


"ds 
Ai;(r) =) aa r=ro>9, (1.2.244) 
ro 8i (s! /P) 


and t3 € I is chosen so that 
H(k) + A(t) + B(t) € Dom (H;"'), 


respectively. 


Proof (bi) Let k > O and define a function z(t) by the right-hand side 
of (1.2.234). Then z(t) > 0, z(t) = &, and u(t) < 2(t), and as in the proof 
of (a,), we get 


Z(t) Sagi) + aM) g2(c(a))a’' (Yd). (1.2.245) 


(i) when go(u) < gi(u), then from (1.2.245) it follows that 
Z(t) < gi(z(d))[a(t) + b(a(d))a" (0). (1.2.246) 
From (1.2.237) and (1.2.246) it follows that 


z(t) 
gi(z(t)) 


Integrating (1.2.247) from fg to t, t € J, and making the change of variable, we have 


“Gile() = < a(t) + b(a(t))a’ (1). (1.2.247) 


Gi(z(t)) < Gi(k) + A(t) + BY). (1.2.248) 
Since Gy! (z) is increasing, from (1.2.248) we derive 
2(t) < G7'[Gi() + A(t) + BOO). (1.2.249) 


Using (1.2.249) in u(t) < z(t) gives us the required inequality in (1.2.235). The 
case k > 0 can be completed as mentioned in the proof of (a,). The case when 
gi (u) < go(u) can be done similarly. The subinterval to < t < ft; is obvious. Oo 


Theorem 1.2.32 (Pachpatte [504]) Let u(t), a(t) € CU, R+), b(t,s) € CU’, R4) 
forall ty <s <t<T and a(t) € C'(I,1) be non-decreasing with a(t) < ton I and 
k > 0 be aconstant. If for all t € I = [to, T), 


a(t) 


uy sk+ f 


a(t9) 


Gore + [ 2 a)u(oyde | ds, (1.2.250) 
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then for allt € I, 
u(t) < kexp(A(a)), (1.2.251) 


where for allt € I, 


a(t) Ss 

A(t) = / Ee + / b(s, a)de : (1.2.252) 
a(to) a(to) 

Proof Let k > 0 and define a function z(f) by the right-hand side of (1.2.250). Then 

z(t) > 0, z(to) = k, u(t) < 2(t) and 


a(t 


(to) 


) 
£19 = accrue + f oC. ododal] 


a(t) 


=| acceptor) + [ 


a(to) 


[b(a(t), oo a(t). (1.2.253) 
Therefore, it follows from (1.2.253) that 


/ a(t) 
ar 7 [ao + [ ts Het9.0vd a(t). (1.2.254) 


Integrating (1.2.254) from fp to t,t € J and making the change of variables, we 
get that for all ¢ € J, 


z(t) < kexp(A(d)). (1.2.255) 


Using (1.2.255) in u(t) < z(t), we get the inequality in (1.2.251). If k > 0, we 
carry out the above procedure with k + ¢ instead of k, where ¢ > 0 is an arbitrary 
small constant, and subsequently pass to the limit as e — 0 to obtain (1.2.251). O 


Theorem 1.2.33 (Pachpatte [501]) Let = [to, T) (t < T), a,b € CU, R+),a € 
C'(I,1) be non-decreasing with a(t) < t on I, and k > 0 is a constant. 
Ifu € CU, R+) and for allt € I, 


t a(t) 
u(t) < c+ f a(s)u(s)ds-+ f b(s)u(s)ds, (1.2.256) 


to a(to) 


then for allt € I, 


u(t) < kexp (A(t) + B(t), (1.2.257) 
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where for allt € I, 


t a(t) 
AQ) = / a(s)ds, B(t) = / b(s)ds. (1.2.258) 


to a(to) 


Proof Letk > 0 and define a function z(t) by the right-hand side of (1.2.256). Then, 
z(t) > 0, z(t) = k, u(t) < z(2), and 


Z(t) = a(tju(t) + b(a(d))u(a())a’ (1) 


S a(t)z(t) + b(a(a))z(oe(2) ar’ (1) 
< a(tz(t) + b(a))z(Ha' (2), 


a) < a(t) + b(a(A))a' (2). (1.2.259) 
z(t) 


Integrating (1.2.259) from f to t,t € J, and the change of variable yield for all ¢ € J, 
z(t) < kexp(A(t) + Bd). (1.2.260) 


Using (1.2.260) in u(t) < z(t), we get the inequality in (1.2.257). If k => 0, we carry 
out the above procedure with k + € instead of k, where € > 0 is an arbitrary small 
constant, and subsequently pass the limit as € > 0+ to obtain (1.2.257). O 


Theorem 1.2.34 (Lipovan [366]) Let k € C(R;,R4+),a € C'(Ri,R4),a € 
C(R2.,R+) with (t,s)  d,a(t,s) € C(R7., R+). Assume, in addition, that a is 
non-decreasing and a(t) < t for allt > 0. Ifu € C(R+,R+) satisfies that for all 
t= 0, 


a(t) 
u(t) < k(t) + i a(t, s)u(s)ds, (1.2.261) 
0 
then for all t = 0, 


a(t, ar a(r) 
u(t) < k() + | ool ( alrs)ds a (/ a(r, og) dr. 
0 0 


(1.2.262) 
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Proof Denote z(t) = fis a(t, s)u(s)ds. Our assumptions on a and @ imply that z is 


non-decreasing on R. Hence, we have for all t > 0, 


a(t) 
Z(t) = alt, a(t))u(a())a’() + / 0,a(t, s)u(s)ds 
0 
a(t) 
< at, oe(t)) [k(a(2)) + z(a(d))] a" (9) +f d,a(t, s) (z(s) + k(s)) ds 
0 

a(t) a(t) 

< a(t, a(t)) [k(a(t)) + z(t] a’ (0) + i 0,a(t, s)k(s)ds + at [ 0,a(t, s)ds, 
0 0 


or, equivalently, 


d a(t) d a(t) 
Z(t) — Oe (/ a(t, vas < a7 (/ a(t, onto) F 


Multiplying the above inequality by elo“ alts)ds, 


d —a(0) a0) d a 
—(zeo Ae) < eh ate — , a(t, s)k(s)ds ] . 
a ) 


we can get 


dt 


Thus integrating the above inequality with respect to t gives us for all ¢ > 0, 


a(t) t a(r) a(r) 
z(t) < elo Las | e 40 uo (/ ar, onto) dr, 
0 0 


which, along with u(t) < k(t) + z(t), implies (1.2.262) and, hence the proof is 
complete. Oo 


Corollary 1.2.22 Assume a, a are same as in Theorem 1.2.34 and k(t) = k > 0. If 
u € C(R+, R+) satisfies (1.2.261), then for all t = 0, 


u(t) < kelo” ates)ds, (1.2.263) 


Proof Applying Theorem 1.2.34, we obtain for all t > 0, 


fee a(t,s)ds ; = fo) a(t,s)ds a 
u(t) <k+kelo “™ e #0 0, a(r, s)ds | dr 
0 0 


a(t) 


=k+ te a(t,s)ds (1 _ ab” cre) = kelo a(t.s)ds_ 
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Remark 1.2.13 We note that for d,a(t,s) = 0 in Corollary 1.2.22, we get an 
inequality in [362]. If, in addition, a(t) = t, the inequality given in Corollary 1.2.22 
reduces to Gronwall’s inequality [239]. 


Corollary 1.2.23 Assume a,a are as in Theorem 1.2.34 and k(t) = k > 0. If 
u € C(R4+, R+) is a solution to the Volterra integral equation 


a(t) 
u(t) =k+ i a(t,s)u(s)ds, for allt > 0. (1.2.264) 
0 


Tf limy++00 os a(t, s)ds < +00, then u is bounded on Ry. 
Proof The conclusion follows immediately from Corollary 1.2.22. Note that the 
limit 

a(t) 


lim a(t, s)ds < +00 
t>+00 Jo 


always exists since the function t +> [, Be a(t, s)ds is non-decreasing on R_. Oo 


0 
Example 1.2.3 The function a(t,s) = t/[1 + 2r+ (1 + 17], t,s = 0 satisfies 
the assumptions in Corollary 1.2.23 for any non-decreasing a € C!(R+,R4+) with 
a(t) < t, for all t > 0. In this case, all solutions u € C(R+,R+) of integral 
equation (1.2.264) are bounded. 


Theorem 1.2.35 (Lipovan [366]) Let a,b,k € C(R+,R+),a@ € C'(Ri,R+) and 
assume that a is non-decreasing with a(t) < t for allt = 0. Ifu € C(R+,R+) 
satisfies that for all t = 0, 


a(t) 
u(t) < k(t) + a(t) | b(s)u(s)ds. (1.2.265) 
0 


Then for all t = 0, 


a(t) 


a(t) 
u(t) < k(t) + a(t) / el APES b (Pr) k(r)dr. (1.2.266) 
0 


Proof Denote z(t) = [“ b(s)u(s)ds. Then for all t > 0, 


Z(t) = D(a(1))u(a())a"(t) < bor(a) [K(a()) + a(ee(t))z(a(1))] (0) 
< b(a(a)) [k(a(1)) + a(oe(s))z(1)] @’ (0). 


Hence 


Z(t) — z(t) b(a(d))a(oe(s) or" (1) < b(w(1) )k(ee(1) a" (X). 
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Multiplying the above inequality by e~ 0” a(s)o(s)as 


, we get for all t > 0, 
d — f° a(syb(s)ds — f* a(s)b(s)ds p 
- (<@e 0 ) < eh b(oe())k(ce(t))ar' (2). 


Integrating on the interval [0, t], we may derive that for all t > 0, 


2(t) 


IA 


a(t) Fo par) 
elo cal | eo 4(5)(5)45 (cy (r))k(x(r) oe’ (r)dr 
0 


t a(t) 
/ ela) (945 py (7) )k(ax(r) ae! (Ndr 
0 
a(t) a(t) 
=f tie adPAH Or E(r)dr, 
0 


which, after a change of variables performed in the last integral above, together with 
u(t) < k(t) + a(t)z(t), implies (1.2.266). Oo 


Considering a(t) = t in Theorem 1.2.35, we obtain Morro’s inequality [417]. 


Corollary 1.2.24 (Morro [417]) Assume a,b,k,a are as in Theorem 1.2.35. If u € 
C(R+, R+) is a solution to the integral equation 


a(t) 
u(t) = k(t) + ato | b(s)u(s)ds, for all t= 0. 
0 
If a, k are bounded on R+ and yeas b(s)ds < +00, then u is bounded on R4. 


Corollary 1.2.25 Assume a,b,k,a are as in Theorem 1.2.35 with k(t) > 0 as 
t — +00. Suppose u € C(R+,R+) is a solution to the integral equation 


a(t) 
u(t) = k(t) + a(t) b(s)u(s)ds, for all t > 0. (1.2.267) 
0 
If 
a(+oo) a(t) 
/ a(s)b(s)ds < +00, ln a(t) b(r)k(r)dr = 0, (1.2.268) 
0 t>+00 0 


then u(t) > 0 as t — +00. In particular, if a(t), k(t) > 0 as t > +00 and 
fo b(s)ds < +00, then u(t) > 0 ast > +00. 


Remark 1.2.14 To discuss the conditions in (1.2.268), we particularize a(t) = f. 
The integral equation 


u(t) = k(t) + a(t) [ewes for all t= 0, 
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has the exact solution 
a(t) 
u(t) = k(t) + a(t) / eh MODY K(F)ds, for all t= 0. 
0 


So, in order to have u(t) > O as t — +00, both lims4ok(t) = 
O and lim,++a(t) Us b(r)k(r)dr = O must hold. Concerning the condition 


fa a(s)b(s)ds < +00, the case a(t) = k(t) = f-*, b(t) = t”, shows that 


t +00 
lim k(t) =0, lim aco | b(r)k(r)dr = 0, 1 a(s)b(s)ds < +00, 
t>+00 t>+00 0 0 
can all hold simultaneously. Notice that in this setting, the solution equals 
u(t) = (t+ 1)? 4+ (ef — 1)(t + 1) > +00 as t > +00. 


This shows that both conditions in (1.2.268) are relevant. 
In 2008, Ferreira and Torres [210] proved the following result. 


Theorem 1.2.36 (Ferreira and Torres [210]) Suppose that a(-) € C!(a, b],R) 
is a non-decreasing function with a < a(t) < ¢, for all t € [a,b]. Assume that 
u(-), a(-), BC) € C([a, b], Ro) (Ro = (0, +00)) and let (t, s) > f(t, s) € C(a, b]x 
[a, a(b)], Ro) be non-decreasing in t for every s fixed. If for all t € |a, b], 


a(t) 
u(t) < a(t) + bo | F(t, s)u(s)ds, (1.2.269) 


then for all t € [a, b], 


a(t) a(t) 
u(t) < a(t) + vo | exp (/ b(t) f(t, our) F(t, s)a(s)ds. (1.2.270) 


Proof The result is obvious for t = a. Let f be an arbitrary number in (a, b] and 
define the function z(t) as for all ¢ € [a, to], 


a(t) 
2) =f Plo.syulspas: 
Then, u(t) < a(t) + b(2)z(t) for all t € [a, to], and z(-) is non-decreasing. Hence, 


Z(t) = f (to, a(t) )u(a(s))a' (2) 
< f (to, a(0)) [a(a()) + b@(D)z(oe(1))] @'() 
< f (to, w(t) [a(oe(t)) + D(a()z(0)] (0) 
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which implies 
Z(t) —f(to,a())b(a() za (1) < f(to,a(t))a(a())a"(t).—(1.2.271) 


Multiplying both sides of inequality (1.2.271) by exp (- f° df (oo, s)ds), we 


get 
a(t) 4 
0 exp (- / b(s)f (to, oa) 


a(t) 
< exp (- i D(s)f (to, ods) Ff (to, &(t))a(oe(1))er’ (1). 
Integrating from a to ¢ and noting that z(a) = O, we obtain successively that 


a(t) t a(s) 
z(t) < exp (/ vorrto.s0) [ exp (-{ b(t)f (to, ou) 


Xf (to, e(s))a(e(s))a(s)ds 
t a(t) 
a / exp ( i Hea oe), o(dletoe 


(s) 
a(t) a(t) 
= / exp (/ b(t)f (to, ou] F (to, s)a(s)ds. 


Since u(t) < a(t) + b(f)z(t), we have, for t = fo, 


a(to) a(to) 
Uu(to) < a(to) + bit) | exp (/ b(t)f (to, our) s)a(s)ds. 


Thus the required conclusion follows from the arbitrariness of fo. Oo 


In what follows, J = [fo,T),J1 = [xo,X),J2 = [yo, Y) are the given subsets of 
R, A = J; x J> and’ denotes the derivative. 
The next result generalizes Theorems 1|.2.33-1.2.36. 


Theorem 1.2.37 (Pachpatte [504]) Let u(t),a(t) € CU,R+), b(t,s) € CW?,R4) 
for ty < s <t < Tanda(t) € C'(,D be non-decreasing with a(t) < t on I and 
k > 0 be a constant. 

(a1) Ifforallt € 1, 


a(t) 


Ss 


[a(s)u(s) + / b(s, a)u(a)do|ds, (1.2.272) 


(to) 


uy sk+ [ 


a(to) 
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then for allt € I, 
u(t) < kexp(A(a)), (1.2.273) 


where for allt € I, 
a(t) Ss 
A(t) = / [a(s) +f b(s,a)do]ds. (1.2.274) 
a(to) a(to) 
(a) Let g € C(R+,R+) be a non-decreasing function with g(u) > 0 for all 
u> 0. Tfforallt € I, 
a(t) Ss 
u(t) <k +f [a(s)g(u(s)) + / b(s, a)g(u(o))do|ds, (1.2.275) 
a(to) a(to) 
then for allty <t<h, 
u(t) < G'[G(k) + A()], (1.2.276) 
where A(t) is defined by (1.2.274), G" is the inverse function of 


Fog 
G(r) =| r= >0, (1.2.277) 
ro &(s) 


and t € 1 is chosen so that, for all t € |to, ti], 
G(k) + A(t) € Dom (G™'). 


Proof From the hypotheses, we observe that a’(t) > 0 for all t € I,a’(x) > 0 for 
all x € Ji, B’(y) = 0 forall y € Jo. 


(a,) Letk > Oand define a function z(f) by the right-hand side of (1.2.271). Then 
z(t) > 0, z(to) = k, u(t) < z(t) and 


a(t) 
Z(t) = [a(a())u(@()) + [ Pe ee)delle'@) 
a(t) 
< [a(a(t))z(a(t)) + [ eo e)ae lee): (1.2.278) 
Thus from (1.2.278) it follows 


a(t) 


= S [a(a(t)) + [. b(a(t),0)do}a’ (t). (1.2.279) 
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(a2) 
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Integrating (1.2.279) from fo to t, t € J and making the change of variables, 
we obtain that for all ¢ € J, 


z(t) < kexp(A(d)). (1.2.280) 


Using (1.2.280) in u(t) < z(t), we get the inequality in (1.2.273). If k > 0, 
we carry out the above procedure with k + € instead of k, where € > 0 is 
an arbitrary small constant, and subsequently pass to the limit as € > 0 to 
obtain (1.2.273). 

Let k > 0 and define a function z(f) by the right-hand side of (1.2.275). Then 
z(t) > 0, z(to) = k, u(t) < z(t) and as in the proof of (a;), we get 


: a(t) 
— = [a(a(t)) + [. i b(a(t), 0)dola (t). (1.2.281) 


From (1.2.277) and (1.2.281) it follows 
a(t) 


< [a(a(a)) +f b(a(t),o)doja’(t). (1.2.282) 


a(to) 


oe) = SEor 


Integrating (1.2.282) from fg to t, t € J and making the change of variables, 
we have 


G(2(t)) < Gk) + ACO). (1.2.283) 

Since G(z) is increasing, from (1.2.283) we derive 
2(t) < Go (GW i. A()). (1.2.284) 
Using (1.2.284) in u(t) < z(t), we get (1.2.276). The case k > 0 can be 


completed in the same manner as in the proof of (a;) . The subinterval fo < 
t < t, for tis obvious. Oo 


1.2.4 Linear One-Dimensional Integral Inequalities 


of Volterra Type 


In 1967, Chu and Metcalf [135] gave a linear generalization of the Volterra-type. 


Theorem 1.2.38 (Chu-Metcalf [135]) Let u and f be real continuous functions on 
[0, 1]. Let K be continuous and non-negative on the triangle N:0<y <x <1.I1f 
forall0 <x <1, 


u(x) < f(x) + i K(x, y)u(y)dy. (1.2.285) 
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Then for all0 < x < 1, 
u(x) =f) + [HG yf Ore. (1.2.286) 
0 
where for0 <y <x <1, 
+00 
A(x, y) = SRG, y) 
i=1 


is the resolvent kernel and the K; (i = 1,2,---) are the iterated kernels of K. 


Proof From (1.2.285), it follows that for all 0 < x < 1, 
x x y 
ux) < f(x) + / K(x, y)f)dy + / K(x,y) / K(y, du(@)dedy 
0 0 0 


=fGy+ [ Kix. yf dy + / K(x, y)ul(y)dy. 


The reminder of the proof is by induction and a standard estimation procedure 
showing the resulting series to be uniformly convergent. Oo 


The previous results, in which an explicit upper bound for u was obtained, are 
merely those cases for which the resolvent kernel H can be summed in “closed 
form”. For example, if K(x, y) = g(x)h(y) = 0, 0 < y < x < 1, then 


-+-o0o x i-1 
H(x.y) = 0 sone) i s(n 
i=1 y 


Gi— 1)! 


aor ( / | e(a)h(enae) . 


since we can show by induction that each K; (i = 1,2,---) is given by the 
appropriate term in the sum for sum H. A 
Note that Beesack [49] extended Theorem 1.2.38 to the case that u, f € L?(J) and 
K € L?(A) and the results are still valid if “<” is replaced by “>” in both (1.2.287) 
and (1.2.288). The inequality given in Theorem 1.2.38 includes as a special case the 
inequality given in Theorem 1.2.38. Concerning Theorem 1.2.38, there is another 
interesting linear generalization due to Willett [647] under the assumption that either 
K(t,s) or 0K(t, s)/dt is degenerate or directly separable in the following sense 


K(t,s) < S— hi(ki(s) 


i=1 


or a similar relation holds for 0K(t, s) /dt. 
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As pointed out by Chu and Metcalf [135], the cases in which we obtain an explicit 
bound on u are precisely those in which the resolvent kernel (or a majorant of it) can 
be summed in a closed form. This is, in fact, the case when K(t, s) = h(s)g(s) = 0. 
Of particular interest is the case h = 1. 

The following theorem provides a slight variant of the inequality given by 
Norbury and Stuart [432]. 


Theorem 1.2.39 (Norbury and Stuart [432]) Let u and K(t,s) be as in Theo- 
rem 1.2.38 and K(t, s) be non-decreasing int for each s € J. 


(1) Iffor allt € J = [a,T], 
u(t) < c+ | K(t, s)u(s)ds, (1.2.287) 


with C = 0 being a constant. Then for all t € J, 


u(t) < Cexp( ‘l “K(t. s)ds). (1.2.288) 


(2) Let n(t) be a positive continuous and non-decreasing function for all t € J. If 
forallt € J, 


u(t) < n(t) + [x s)u(s)ds, (1.2.289) 


then for allt € J, 


u(t) < n(t) exn(| s)ds). (1.2.290) 


Proof 
(1) Fix any T, a < T < B. Then fora <t < T, we have 
t 


u(t) < C+ / K(T,s)u(s)ds. (1.2.291) 


Qa 


Define a function z(t) by the right-hand side of (1.2.287), then z(a) = C, u(t) < 
z(t) fora < t < T and 


Z(t) < K(T, pu(t) < K(T, Nz), a <t<T. (12:203) 


Setting tf = s in (1.2.288) and integrating it with respect to s from @ to t, we get 


T 
2(T) < Cexp ( / K(T, sds). (1.2.293) 
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Since T is arbitrary, from (1.2.293) with T replaced by ¢ and u(t) < z(t), we 
derive (1.2.288). 

(2) Since n(t) is a positive continuous and non-decreasing function for all t € J, we 
derive from (1.2.289) that for all t € J, 


u(t) ‘ u(s) 

— <1] K(t, s) —<ds. 1.2.294 

nt) = +f 696 Ss (1.2.294) 
Now applying (1.2.293) to (1.2.294) yields (1.2.290). Oo 


Remark 1.2.15 Note that the inequality given in (1.2.288) was obtained in Norbury 
and Stuart [432] under the assumptions of the existence and non-negativity of 


(0/dt)K(t, s). 
The next result is a generalization of Theorem 1.2.39. 


Theorem 1.2.40 (Morro [419]) Let u(t) and a(t) be non-negative continuous 
functions for all t > a, let k(t, s) and its partial derivative k,(t, s) be non-negative 
continuous functions for a < s < t, and suppose that for all t = a, 


t 


u(t) < a(t) + / k(t, s)u(s)ds. (1.2.295) 


Qa 


Then for allt = a, 


u(t) < a(t) + fae exp ([ sar) ds, (1.2.296) 
where 


A(t) = k(t, Na(t) + icc s)a(s)ds, 


a 


B(t) = k(t, t) + icc s)ds. 


Proof Putting v(t) = f', k(t, s)u(s)ds, we find v(w) = 0 and 
v(t) = k(t, )u(t) + i: Prt (1.2.297) 


a 


Since v(t) is non-decreasing and u(t) < a(t) + v(t), from (1.2.297) we have for all 
t>a, 


v(t) < [k(t,) + [ve s)ds|u(t) + [k(t, Na(t) + [ve s)a(s)ds] 


= B(t)v(t) + ACD). 


Applying Lemma 1.1.1, we may obtain (1.2.296). O 
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Next theorem provides the derivation of a better estimate of u as long as the 
kernel k(t, s) assumes the form k(t, s) = v(t)h(s), which is also a special case of the 
Willett inequality (Theorem 1.2.7) with a(t) = 0. 


Theorem 1.2.41 (Morro [419]) Let a, v, h be real continuous functions on the 
interval [to,T], t,t € R, T > to; vh > 0. If a continuous function u satisfies 
forall t € [to, T], 


u(t) < a(t) + v(t) [ reosras (1.2.298) 


then for all t € [to, T], 


u(t) < a(t) + v(t) [ r0ra0 exp ([/ mowcor) ds. (1.2.299) 


Proof Letting v, h > 0, put 


x(t) = [ rvormoras (1.2.300) 


i) 


Hence it follows that x is differentiable and x’ = h(t)u(t). Then, in view of (1.2.298), 
we obtain 


x(t) — h(t)v()x(t) < A(a(s). 


If we put 


w(t) = x(t) exp (- [ oar) : (1.2.301) 


i) 


then we can write the last inequality as 


w(t) < A(t)a(t) exp (- [ wovenae) ; 


19 


So, since w(fo) = 0, a simple integration yields 
t S 
w(t) < / h(s)a(s) exp (-/ n(xyv(e)ar) ds 
to to 
which, along with (1.2.301), gives us 


x(t) < a h(s)a(s) exp ([ soc) ds. (1.2.302) 


to 
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On the other hand, (1.2.298) and (1.2.300) lead to 
u(t) < a(t) + v(t)x(0). (1.2.303) 


Thus inserting (1.2.302) into (1.2.303) yields (1.2.299). The proof of the case v, h < 
0 can be done similarly. Oo 


Now we give some comments for the inequality (1.2.299). First, as we should 
expect, on putting v = 1, the theorem reduces exactly to a well-known result 
(see, e.g., [137, p. 37]), sometimes referred to as Gronwall’s lemma. Second, the 
inequality (1.2.299) has already been investigated in the literature; to my knowledge, 
the best estimate is the one obtained by Willett [646, 647] who arrived at 


u(t) < a(t) + v() (/ h(s)a(shs) (exw [ neyatora) .  (1.2.304) 


We note that, if a is non-negative, (1.2.304) is an immediate consequence 
of (1.2.303), but the converse is false. This is consistent with the fact that we 
cannot obtain Gronwall’s inequality as a particular case of (1.2.304). 

In 1969, Gamidov [222] showed the next two results. 


Theorem 1.2.42 (Gamidov [222]) Let u,f,g;,h; (i = 1,2,---,n) be continuous 
functions defined on J = [a, f], let g; and h; be non-negative in J, and for allt € J, 


u(t) <f() + >> gilt) / hi(s)u(s)ds. (1.2.305) 
i=1 m 
Then for allt € J, 
u(t) <f() + 8) / f(s) Yo hils) exp ( / g(o) hie] ds, (1.2.306) 
of i=1 . i=1 


where g(t) = maxi<j<n{gi(t)}. 
Proof It follows from (1.2.305) that 


u(t) < f(t) + (2) / (x neo) u(s)ds. (1.2.307) 
o \e1 


Applying Theorem 1.2.41 to (1.2.307) gives us the desired inequality (1.2.306). O 


Theorem 1.2.43 (Gamidov [222]) Letu,f,g;,h; (i = 1,2,--- ,n) be non-negative 
continuous functions defined on J = [a, B], and 


u(t) <f() + si) / hy(s)u(s)ds + go(t) )> ci / hj(s)u(s)ds, (1.2.308) 
ty i=? ty 
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where @ = t) <t) < +++ <t, = B, andc; (i= 1,2,..., n) are constants, and 


ty 


Ye ik hi(s){ g2(s) + g1(s) [ meee x exp ( s@moe) dc as ale 


(1.2.309) 
then 
u(t) < pi(t) + Mp>(t) (1.2.310) 
where 
ri =£0-+ a f hicafteyexr( f ai(eyn (nae) a, 
P2(t) = g(t) + ao | hy (s)g2(s) exp (/ gu(c)n (0dr) ds, 
n tj n tj —1 
M= (> af nists (: = def nists 
2 04 i=2 04 
(1.2.311) 
Proof Put 
mM = af hj(s)u(s)ds. (1.2.312) 


Then (1.2.308) can be rewritten as 


u(t) < (re a cin + gilt) i hy (t)u(s)ds 
i=2 4 


which, along with Theorem 1.2.42, yields 


u(t) < (v0 + go(t) ~ m si ai | (v9 + g2(s) m 
i=2 4 i=2 
x hy(s) exp ([ merece) ds 


= pilt) + >> mpr(t). (1.2.313) 


i=2 
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Noting that 


Som = Daf h;(s)u(s)ds 
i=2 i=2 Al 


< yey 0) [nw - Ym 

i=2 041 i=2 
> a f “pils)hi(s)ds a af “hi(s) (> m P2(s)ds, 
i=2 4 i=2 4 i=2 


we get 
n n ti n ti 
So mi 1— Se h(s)po(s)ds | < def h(s)p\(s)ds 
i=2 i=2 4A i=2 04 
whence 
& m <M 
i=2 
which, together with (1.2.313), gives us (1.2.310). Oo 


Next we shall prove a similar result to Theorem 1 in [95], using the notion of the 
resolvent kernel from the theory of the Volterra linear integral equations. 
It is well-known that the solution of the equation, 


u(x) =f) + i: “Ee Oulus: (1.2.314) 


where u = u(x) is the unknown function, f = f(x) and k = k(x,s) are given 
continuous functions for all x > 0 and x => s => 0, respectively, is given by for all 
x> 0, 


u(x) = f(x) + iy r(x, s)f(s)ds, (1.2.315) 


where the resolvent kernel r = r(x, s) satisfies the relation, for all x > s > 0, 


+00 
r(x,3) = So kn(x,). (1.2.316) 
n=0 


82 1 Linear One-Dimensional Continuous Integral Inequalities 
We recall that for all n > 1, 
ko(x, 8s) = k(x, 8), ky(x, 5) = p kn—-1 (x, T)K(t, s)dT, (1.2.317) 
and thus if k(x, s) > 0, then r(x, s) > 0. 


Theorem 1.2.44 (Corduneanu [152]) Assume that a continuous function u = u(x) 
satisfies that for all x = 0, 


u(x) < f(x) + i " he, Sutias, (1.2.318) 
where f and k are continuous, k = 0. Then, writing 
u(x) = f(x) — fix) + i Keane. LE. (1.2.319) 
we get, for all x > 0, 
u(x) <f(x) + [ “HF AS (1.2.320) 
If k(x, s) = a(s) = 0, then for all x = 0, 
u(x) < f(x) + y “sOou@as (1.2.321) 


Proof Estimate (1.2.320) follows from (1.2.314)-(1.2.315). When k(x, s) = a(s) > 
0, (1.2.321) follows from (1.2.320), and thus by Theorem 1.1.2, we have for all 
x = 0, 


u(x) < f(x) + / “Ace ( / ‘a(ode) f(s)ds, (1.2.322) 

because in this case, there holds that for all x > s > 0 
r(x,s) = a(s) exp ( ji . a(c)de) (1.2.323) 
The proof is thus complete. Oo 


Remark 1.2.16 The method of the resolvent kernel described in the above makes 
possible the proof of the following Gronwall inequality: if u = u(x), f = f(x) and 
a = a(x) are L?-functions on every finite interval of the real half-axis x > 0 and if 
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a(x) = 0, and the following inequality holds for a.e. x > 0, 


u(x) <f@) + [ acyueyas, (1.2.324) 


then for a.e. x > 0, 


u(x) < f(x) + / eae ( / ‘a(eidr) f(s)ds. (1.2.325) 
0 S 


Now we consider pointwise estimates of solutions to the following Volterra 
integral equations: 


y(x) = f(x) + i: k(x, s)y(s)ds, x € Ry, (1.2.326) 


where f(x), k(x, 5), and k* (x, s) are non-negative known function. 

Equation (1.2.326) is a linear Volterra integral equation and has been studied in 
many details [625]. 

In the sequel, we assume that Eq. (1.2.326) possess solutions on R+. 

To study many properties such as existence, uniqueness of solutions, and 
asymptotic behavior periodic solutions, we need to establish some corresponding 
integral inequalities to the linear Volterra integral equation (1.2.326). The integral 
inequalities of such type have been found to be useful in several ways (see, 
e.g., Vidyasagar and Deo [631]), and this type of inequalities has been profitably 
employed in the study of bounded-input-bounded-output (BIBO) stability properties 
of some feedback systems. 

Next, we obtain a pointwise estimate for the solution of Eq. (1.2.326) under the 
condition that the kernel k(x, s) is differentiable and the first partial derivative is 
directly separable. 


Theorem 1.2.45 (Dhongade-Deo [182]) Let the function k(x, s) (x = s) be defined 
and continuous on Ry x Ry. Suppose that 


dk n 
a < Dogi(ayhi(s), (1.2.327) 


i=1 


k(x, x) < m(x), (1.2.328) 


where g;(x) and h;(x) are as in Theorem 1.2.10 and m(x) : (0, +00) — (0, +00) is 
a continuous function. 

Let f (x) be defined as in Theorem 1.2.9. If y(x) is the solution of (1.2.326) on R+, 
then for allx € R+, 


| y(x) |< p(x) + YOi(x) i hi(s)|y(s)|ds, (1.2.329) 
i=1 
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and further, 


| y(x) |S E"p, 


where E* is defined as in (1.2.33) replacing g; by Qx and 


p(x) = f(x) + : “ m(syf(sexp( / “ m(oidt) ds, 


048) = 14 i, gi(s)exp( i" m(1)dt) ds. 
0 Ss 
Proof Let y(x) be the solution of (1.2.326) existing on Ry. Then 
Lye) [£0 + [kG sivas 
Define 
RO) = [ks (las 


Now 


Ok(x, 5) 


RX) = KO] + [| =P? (plas 
0 IX 
In view of (1.2.328) and (1.2.333), we get 
~ Ok(x, 
R(x) s mOayfy + mR) + f° AS Iyoas 


(1.2.330) 


(1.2.331) 


(1.2.332) 


(1.2335) 


Transposing m(x)R(x) to the left-hand side and multiplying by the integrating 


factor exp(— [} m(s)ds), we obtain 


[Redexp( — a m(s)ds) | 


< m(x)f (exp (- / “in(ois) + exp (- / ‘in(oh) [ . ED. 


ly(s)|ds. 


Now substituting for dk(x,s)/dx from (1.2.327) and integrating from 0 to x, 
we obtain the bound for R(x). Using the bound for R(x) in (1.2.333) and then 
substituting the value of p(x) and Q;(x) from (1.2.331) and (1.2.332), we obtain 


that for all x € R +, 


| y(a) |< pla) + 20400 / hi(s)|y(s)lds. 
i=1 


1.2 Linear One-Dimensional Continuous Generalizations on the Gronwall-. .. 85 


The conclusion (1.2.330) is a direct consequence of Theorem 1.2.10. As an 
illustration, consider the following Volterra integral equation of the form (1.2.326) 


e+ 
3 


3 * 3 
yx) = 7 + / (+ Pe" 3 y(s)ds, 0<x< +o. 
0 


Now from Theorem 1.2.10, we assume that m(x) = (1 + x’). Furthermore, since 


ue s) 2xexp( 7 y 


we may suppose that 


3 
gi(x) = 2x, Ay(s) = exp( = a) 


Thus from (1.2.331) and (1.2.332), we derive 


3 3 3 
p(x) =~ ui eset is) = 1+ 2e%p(>) [e*—x-1]. 
e 3 3 


Now following the estimate (1.2.330), 


vos ( ts) =209( S20 8 


{I + 2exp(Z)(e —x- D] le =e= 71, 


In 1967, Bykov [120] showed the next theorem. 


Theorem 1.2.46 (Bykov [120]) Let u(t), b(t), k(t, s), and h(t, s, 0) be non-negative 
continuous functions for a <0 <s<t< B, and assume that for allt € |a, B], 


u(t) <at [ v0usyas + i ([ k(s, e)u(e)dr) ae 
+f (/ (/ h(s, r.0)u(o)do ) ar) (1.2.334) 


where a > 0 is a constant. Then for allt € [a, B], 


u(t) < exp { i, POnOaet i: ( | "els, nar) ds 
+4 [ ([ ([ h(s, 7, a)d0) ar) ds}. (1.2.335) 
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Proof We denote the right-hand side of (1.2.334) by u(#). Then v(@) = a, and 


v/(t) = b@)u(t) + / 


a 


t t x 5 
k(t, t)u(t)dt +f (/ A(t, T, a)u(o)de ) dt 
t t 
< [nt +f k(t, t)dt +f (A(t, t,0)do) ar| v(t) (1.2.336) 
since u(t) < v(t) and v(f) is non-decreasing in [a, 8]. Applying Lemma 1.1.1, we 
can derive (1.2.335). Oo 


In 1965, Ved [629] proved the following theorem. 


Theorem 1.2.47 (Ved [629]) Let u(t), b(t),0(1), and k(t,s) be non-negative con- 
tinuous functions for a < s <t < B, and assume that for allt € |a, B], 


u(t) < a, +a(2) fe + [ b0nusyas + A (fw. nju(a)dr) a| (1.2.337) 
where ay, a2 > 0 are constants. Then 
u(t) < ay exp! [' aoyo(a| + [ 20) exp ([ so) ds (1.2.338) 
where B(s) = b(s) + f. k(s, t)dt. 


Proof In the same manner as that in Theorem 1.2.45, we can easily prove this 
theorem. Oo 


In 1962, Bykov and Salpagarov [42] showed the following theorem. 


Theorem 1.2.48 (Bykov-Salpagarov [42]) Let non-negative function u(t) defined 
on [to, +00) satisfy the inequality 


u(t) <c+ / k(t, s)u(s)ds + i / "Cee ied: (1.2.339) 


where k(t,s) and G(t,s,0) are continuously differentiable non-negative functions 
fort =s>o = to, andc > 0. Then 


u(t) < cexp { i: [k. s)+ 1 (Ks(s, o)+ G(s,s, o))do + fe [ G;(s, 0, rdrdo |as\. 
° . a (1.2.340) 


Proof The proof is similar to that of Theorem 1.2.45. Oo 
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Remark 1.2.17 We note that the estimate (1.2.340) can be replaced by 


f t S 
u(t) < cexp tf k(t, s)ds +f (/ G(t, s, ode) a| , ilo<t<+o. 
to to to 


(1.2.341) 


Moreover, (1.2.339) still holds if, in Theorem 1.2.48 the condition that the partial 
derivatives are non-negative is replaced by the condition that the functions k(t, s) 
and G(t, s,o) are non-decreasing in ¢ for fixed s,o0, while in (1.2.334) and (1.2.336) 
the constant a is replaced by a non-negative, non-decreasing function a(t). In this 
case, the proof of the theorem can be given along the lines of that of Theorem 1.9 
(Movlyankulov and Filatov [420]). 


Leta < B, and set J; = {(h,--- ,f) ER'ia <4<--<n SB}i= ln 
In 1979, Rab [541] showed the next result. 


Theorem 1.2.49 (Rab [541]) Let u(t), a(t), and b(t) be non-negative continuous 
functions in J = [a, B], and suppose that for allt € J, 


ul) a(t) + B00 f ka tn )u(tddty +--+ 


+f (eae Geese tn)u(n)dt,) ++) dy 


(1.2.342) 
where k;(t,t,,--- , t;) are non-negative continuous functions in Jj4,, i = 1,+++ ,n. 
Suppose that the partial derivatives Ok;,(t,t\,--- ,t;)/0t exist and are non-negative, 


continuous in Ji4.1, i= 1,--+ ,n. Then forallt € J, 


u(t) = at) +60) f (lal + Ola) (0) exp ( [ewi+ op) (e)ar) a 
. , (1.2.343) 


where, for all t € J and for each continuous function w(t) in J, 
t 
Ri[w](t) = k(t, w(t) + / ko(t, t, t2)w(t2)dta 
< t ty ti-1 
+> f (/ (f Ki(t, t, fo,--- si)w(i)at) ++) a, 
i=3 a a a 


Olw|() = / Gn yw(tdde 


+f ([ (fo it sidw(aidi)) +) dy 


88 1 Linear One-Dimensional Continuous Integral Inequalities 


Proof First we note that R[w] and Q[w] are linear functions, and if wi(t) < w2(d), 
for all t € J, 


R[wi] < Rp], Qhvi] < Qlwo] (1.2.344) 
and if w) (t) is non-negative in J, and w2(t) is non-decreasing and continuous in J, 
Riwiw2] < R[wilw2, Q[wiwe] < Olwilwe, (1.2.345) 
we get for all t € J, 


v'() = REO + Olu < Rla + bv] + Ola + br] 
S (Rla] + Qa) + (RIB] + Ql) Ov, 


which, together with Lemma 1.1.1, gives us (1.2.343). Oo 


Theorem 1.2.50 (Rab [541]) Let u(t), a(t), and b(t) be non-negative continuous 
functions in J = [a, B], and suppose for allt € J, 


u(y) sai) + B00 f ka(tan)udndan +++ 


a 


+f (P- 7 kn(t, ti, -** tn)u(n)at,) +) a] aac 


where k;(t, t,--+ , t;) are non-negative continuous functions in Jj4,, i = 1,-++ ,n, 
which are non-decreasing int € J for all fixed (t),--- ,t;) € Jj, t= 1,--+,n. Then 
forallté J, 
t a t \e 
u(t) < a(t) + vo | R{a|(t, s) exp (/ R{b\(t, ode) ds, (1.2.347) 


where, for all (t, 8) € Jz and for each continuous function w(t) in J, 


Riwl(t,s) = ki(t, s)w(s) + i ; ko(t, 8, ty) w(tr)dto 


a 


oii (f- ee ee st)w(i)ati~) ata) 


(1.2.348) 
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Proof Fora fixed T € (a, B] anda < t < T, we have 
u(t) < a(t) + b()w() 


= a(t) + b00[ f kus yudeayan + 


+f (" a (/ ne k,. A(T, tes: n)u() ) dt]. (1.2.349) 


Since (7, t,-:- ,t;) =O fori = 1,--- ,n and forall t € [a, T], we have 
w(t) < Rla\(T, t) + R[b|(T, )w(0) (1.2.350) 


from which, by Lemma 1.1.1, it follows 


u(t) < a(t) + b(t) i: “Bla\(T, s) exp ( / “R\T. nar) ds, a<t<T. 
7 : (1.2.351) 


In particular, for T = t, we obtain (1.2.347). Oo 


Corollary 1.2.26 [f under the conditions of Theorem 1.2.50, the functions a(t) and 
b(t) are also non-decreasing in J, then for all t € J, 


u(t) <a exp {O10 | “altsti)dty + 
+f (f Ce n)dt,) +) dr] (1.2.352) 
Proof Indeed, inequality (1.2.346) implies that 
u(t) < a(t) + b() [ “Rlal(t.s) exp | / “Riou oae| ds 
<a +00 [ aatne.srex| [ ooratije. oar} 
< a(t) + / “DORIC, ») exp {PRI v)ac} as 
= a(t) exp 009 [Rite nar ; 


which is just (1.2.352). O 
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Theorem 1.2.51 (Rab [541]) Let u,f\,--- fi, be non-negative continuous func- 
tions in J = [a, B], and suppose that for allt € J, 


u(t) < a+ / fit) u(t)dty +++ 


+fam(fam—(f  faltsultay) a (1.2.353) 


where a = 0 is aconstant. Then for allt € J, 
u(t) < aR(0), (1.2.354) 


where for allt € J, 


R(t) = exp ( [ fils) | 
R(t) =1+ [srw a ([ sae) de $27. Sopa, 
Proof Set, for allt € J,j = 1,--- ,n—1, 
ui = a+ Lid@, upyil) =u) + brill, 


where for all t € J,k = 1,--+ ,n, 


Ly{u](t) = / Si (ty) u(t dt, + ++ 


+ i Filth) ( / lene ( / falta) ) dlt,. 


(1.2.355) 
Now (1.2.353) implies 
u(t) < u(t). (1.2.356) 
Noting that 


ug(t) < ueri(t), (Le[ul)’ = fu + Lagi ful), k= 1,---.n-1,(L,[u])! = fru, 
(1.2.357) 
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we successively find 


uy S fiua, (1.2.358) 
ui < (fi te + feeruct filezi, k= 2,-+,n—-1,  (1.2.359) 
ul < (fi tees +fa)un. (1.2.360) 


Since u,(@) = a, k = 1,---,n, (1.2.358)-(1.2.360) imply, by successive 
application of Lemma 1.1.1, 


pk-l 
ux(t) < aR,(t) exp ( Sst] , kK=n,n—-1,-:-,1. (1.2.361) 
Qa j=l 
For k = 1, this and (1.2.356) imply (1.2.354). Oo 


Theorem 1.2.52 (Young [680]) Let u, a, fj, i = 1,-:-,n, be non-negative 
continuous functions in J = [a, B], and suppose that for allt € J, 


ul) <a) + f laundry + 
+ [ “Alt ( [ “Aled ( P faltsultyatn) +) a (1.2.362) 
Then 
u(t) < a(t) + [ Ai(s)[a(s) + v2(s)]ds, (1.2.363) 
where 
Un(t) = / (fi (s) +-+++ In(s))alsyel A@++hO dreds, 
uz (t) = i: : ((f (s) + +++ + fi(s))a(s) + fils) vei (s) Jeb MOF Hh, 


Proof Let L,[u](t) be defined as in (1.2.355) of Theorem 1.2.51, and put 


vi) = Lif], (1.2.364) 
veri(t) = u(t) + Liful), k= 1,---,n—-1. (1.2.365) 
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Then vz(a) = 0,k = 1,--- ,n, and 


vi <filat v2), (1.2.366) 
u< (Ate thu t Abe that fietegi, K=2.00+,n—-1,  (1.2.367) 
12+ iets e (1.2.368) 


Solving the system (1.2.366)—(1.2.368) “backward”, and applying Lemma!.1.1, we 
arrive at (1.2.363). Oo 


Remark 1.2.18 For a(t) = a = const., the estimates (1.2.356), and (1.2.367)- 
(1.2.368) coincide. This follows from the fact that if in (1.2.367)—(1.2.368) we set 
Ug + a = ug, We obtain (1.2.358)-(1.2.360). 


Corollary 1.2.27 (Pachpatte [452]) Jf u, p,g,h are non-negative continuous 
functions in J, uy = 0 is a constant, and for allt € J, 


t 


u(t) < ug + : [p(s)u(s) + h(s) |ds + i 


a a 


vo | a(cyucr)ar Ja (1.2.369) 


then for all t € J, we have 


t t Ss 
u(t) < uo +f nisyas+ f P(s)[upela PM) Fade +f (tyel« (rr+a0)arar as, 


a a 


(1.2.370) 


Proof Indeed, (1.2.370) follows readily from Theorem 1.2.52 with fi = p, fr = 4, 
and a(t) = up + f! h(s)ds. Oo 


The next theorem is a more general result. 


Theorem 1.2.53 (Bykov-Salpagarov [42]) Let u(t) and a(t) be continuous func- 
tions in J = |a, B], let by(t,51,-+- , 5~) be non-negative continuous functions for 
a < Sp <-+++ <8) <t < B, and suppose that for allt € J, 


n t s—l1 Sk—1 
u(t) < a(t) + ( ( bu(tsi++ si)u(iddse) +) doy 
yy, i) [ k 1 k k k 1 


(1.2.371) 
Then for all t € J, 
1) 


u(t) < p(t), (1.2.372) 
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where L(t) is a solution of the equation 


n t s-l Sk—-1 
u(t) = a(t) + ( ( bu(tsi++ si)u(i)dse) +) dy, 


(1.2.373) 


2) the solution u(t) of (1.2.371) is unique and can be expressed as the sum of the 
series 


uo(t) + u(t) +++ + Unt) ++ 


where uo(t) = a(t), 


n t s—1 Sk—1 
Un (t) = ( vf Dy(t, 81,°** 8k) Um— (x)as,) +) a. 
ey) [ ) KCL, $1 k 1 (Sx) ASK 1 


(1.2.374) 


Usually finding an exact solution of a linear system of differential equa- 
tions (1.2.374) or of an integral equation (1.2.372) often proves very difficult. 
Therefore such solutions are estimated as, e.g., in the following two theorems. 


Theorem 1.2.54 (Agarwal-Thandapani [18]) Under the conditions of Theo- 
rem 1.2.53, (1.2.371) implies 
u(t) < a(t) +bMQ:(), kK=1,---,n, teJ, (1.2.375) 


where 


t k t 
Ox(t) = / a9 Yor + ato.) exp ( / (Mice) ~ (0) ds, k= 1,-++n, 
a i=1 Ss 


k 
Mx(t) = max [ Df). gi. a0) het, 


i=1 


M(t) = DOA M, Q4+10 = 9, gn) = 0. 
(1.2.376) 


Proof We start from the relations below, 
uxa+bz, 
z(a) = 0, k=1,---,n, 
Z = fel + Bezeri <Sfebz + geZe+i + fea, kK=1,---,n-1, 
Zn = Sut S fnben + fd. 
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which can be obtained as in Corollary 3.1.3. Set 
k 
Sk = Om: kK=1,-++.n, Z41 = 0. 
i=1 


Adding up the first k inequalities in (1.2.376) and using inequalities b yy fix 
M, and g; < M; for 1 <j < k— 1, we arrive at 


k 
Sy, < Muse tad fit geceri, k= Leen, (1.2.377) 


i=1 


sy(@) = 0, k= 1,--+ yn. (1.2.378) 


The estimates (1.2.375) follows immediately by solving “backwards” (1.2.375), and 
using the inequality z,4; < Qp41 — 5x, foreachk =n—1,--- ,2,1. O 


Corollary 1.2.28 (Pachpatte [443]) Let u, p,q, h be non-negative continuous 
functions for t, and suppose that for allt = a, 


u(t) < up + [ vvrmsyas + ioc + [ reomceyte as (1.2.379) 
Then for allt = a, 


t Ss 
u(t) < inelinon| + | q(s)el« (cortrean)eas] (1.2.380) 


Proof In fact, (1.2.380) follows immediately from Theorem 1.2.54 for n = 
2, a(t) = uo, (1) = 1, AO = PO +0. =r, dO = a. C 


Theorem 1.2.55 (Agarwal-Thandapani [18]) Let u(t) and a(t) be non-negative 
continuous functions in J = [a, B], with a(t) non-decreasing in J, and let 
fi(t,s), i = 1,---,n, be non-negative continuous functions fora <s <t < B 
which are non-decreasing in t for fixed s € J. Ifforallt € J, 


u(t) < a(t) + / filti.t) ( / “plot ( i: fates ta)a(tn)din) =») dy 


(1.2.381) 


then for allt € J, 


u(t) < Rid), (1.2.382) 
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where R,(T, t) can be successively determined from the formulas 


R,(T,1) = aT) expt . Soil s)ds}, 


o ji" 


RAT, th= = E,(T, t) jar + ip KAT, —— 


t k-l 
E,(T,1) = exp ( / DA.) ACE, ous] 
7S 1 


fork=n—-1,+++,la<t<T<fB. 


RetilT, 8) 
RAT.5) a], 


Proof Fix T € (a, B]. Fora < t < T, we obtain from (1.2.381), 


u(t) <a(T) + / f(r.n)( i “PAT. n)( i, fal stata)» ) dy 


(1.2.383) 


Now we introduce the functions for all t € [w, T] and k = 2,--- ,n, 


m; (i) = a(T) + : f(r.n)( / “AAT, ny ( i fl ts)dta)dy) >) dy 
mame / f(T te) ( / oo i BAT, i)mi-a(t)atn) +) dy 


Then (1.2.383) implies that m(a) = a(T), k = 1,2,--- ,n, and for all t € [@, T], 
u(t) < m(t) < +++ < m,(2). 


Thus induction with respect to k implies that for all t € [a, T], k = 1,--- ,n—-1, 


k-1 
m,(t) < ba t) — f(T, » mg(t) + fe(T, meei(t), (1.2.384) 


i=1 


m,(t) < Yo f(T, )rm(t). (1.2.385) 


i=1 


Lemma 1.1.1 and (1.2.385) imply that for alla < t < T, 


m,(t) < a(T) exp ( [ > FAT, ods) = = R,(T, t). (1.2.386) 
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Applying Lemma 1.1.1 again to (1.2.386) fork = n—1,--- ,2, 1, we can obtain, 
forala<t<T<f, 


u(t) < m(t) < Ri(T,4), 


which readily implies (1.2.382) for T = t. O 
Corollary 1.2.29 (Yang [657]) Under the conditions of Theorem 1.2.55, (1.2.386) 
implies that for all t € [o, B], 


u(t) < a(tQi(t,n), (1.2.387) 


where Q\(T,t) can be successively determined from the formulas 


Q,(T,t) = exp (/; SCAT, va , 
aaa Il 


On41(T, 8) as 


OK(T, t) = E(T, t) [ a / A(T, 8) E,(T, s) 


fork =n-—1,---,landa <t< fB. 
Pachpatte [443] extended the above result of Norbury and Stuart [432]. 


Theorem 1.2.56 (Pachpatte [443]) Let u,g,r and f be non-negative continuous 
function defined on J = [a, B]. Let K(t, s) and its partial derivative (0/0t)K(t, s) be 
non-negative continuous functions for alla <t < B, and forallt € J, 


ul) < pO) + 40) f K(.8) (*C)uls) + F(9)) a (1.2.38) 
Then for allt € J, 
u(t) < p(t) + q(t) [2 exp ([ scar) do, (1.2.389) 
where 
ane) 
A(t) = K(t,)r(Oq@) + / ak s)r(s)q(s)ds, (1.2.390) 


‘9 
B(t) = K(t,t) open +90) + | aks) (r(s)p(s) + f(s)) ds. (1.2.391) 
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Proof Define 


z(t) = [x S) (r(s)u(s) + f(s)) ds. (1.2.392) 


Differentiating (1.2.392) and using the inequality u(t) < p(t) + q(t)z(t) and the 
fact that z(t) is monotonic non-decreasing in ¢, (1.2.388) and (1.2.392), we arrive at 


‘9 
Z(t) = K(t.t) (r@ult) +f) + / A K(t.3) (r(s)uls) +./15)) ds 
< K(t.1) (rp + geld) + FO) 
‘9 
4 / = K(t,5) (r(9)(P(s) + 4(9)2(8)) +.F06)) ds 


t 


0 
< x0) («« Nr(dq(t) + / aK syrto)a(ss) 


an) 
+K(t,.0) (rp + fO) + / ak G9) Wp +f) ds 
= A()c(t) + BY), 
which implies 
z(t) < [ B(o) exp ([ acoar) do. (1.2.393) 


Using (1.2.393) in u(t) < p(t) + g(t)z(t), we get the desired estimate (1.2.389). O 


Note that the special version of the above inequality with r(t) = 1 and f(t) = 0 
in Theorem 1.2.56 was obtained by Movlyankulov and Filatov [420], which is also 
a generalization of Theorem 1.2.40. 


Theorem 1.2.57 (Movlyankulov-Filatov [420]) Let u(t) be a continuous function 
in J = [a, B], let b(t) be a non-negative continuous function in J, let k(t, s) be a 
non-negative continuous function for a <s <t < B, and suppose that for allt € J, 


u(t) < a(t) + b(t) ia k(t, s)u(s)ds. (1.2.394) 
Then for allt € J, 


u(t) < A(t) exp (20 / rc sds) (1.2.395) 
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where 


A(t) = sup a(s), B(t) = sup D(s), K(t,s) = sup k(t,s). 


s€[a,t] s€lo,t] TE[s,t] 


Proof The functions A(t), B(t), and K(t,s) are non-decreasing in t € J. 
Thus (1.2.394) implies that for alla <t<t <8, 


t 
u(t) < A(t) + Be) f K(t, s)u(s)ds. (1.2.396) 
Therefore, Theorem 1.1.2 implies 


u(t) < A(t) exp {BC ie K(r, ssl (1.2.397) 


and taking t = fin (1.2.397), we obtain (1.2.395). Oo 


Remark 1.2.19 Inequality (1.2.394) becomes (1.2.295) when b(t) = 1 in Theo- 
rem 1.2.40. 


In 1970, Daletskii and Krein [159] showed the following result. 


Theorem 1.2.58 (Daletskii-Krein [159]) Let J be a finite or an infinite interval in 
R. Let k(t, s) be a non-negative function in J? such that the integral operator 


K[u](t) = [x s)u(s)ds 


leaves invariant the space C(J) of bounded continuous functions in J and has, in 
this space, spectral radius less than one. Suppose the function u € C(J) satisfies the 
inequality 


u(t) < a(t) + [x s)u(s)ds, (1.2.398) 
where a € C(J). Then for allt € J, 
u(t) < v(t), (1.2.399) 
where v € C(J) is the unique solution of the integral equation, for allt € J, 
v(t) = a(t) + [x s)u(s)ds. 


Proof This theorem follows from the theorem on integral inequalities in a space 
with a cone. Oo 
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Corollary 1.2.30 Suppose that for allt => a, 
t 
u(t) < c+ | h(t)u(t)dt, (1.2.400) 


where h(t) is a continuous non-negative function, and c = 0 is a constant. Then for 
allt >a, 


u(t) < cela Moar, (1.2.401) 


Corollary 1.2.31 Suppose that for all t = a, 
t 
u(t) < we" 4+ B / e "9 n(r)u(t)dr, (1.2.402) 


where p(t) is a continuous non-negative function anda > 0, B = 0, v = 0 are 
constants. The for all t = a, 


u(t) < ae POO 4B Ja Pde (1.2.403) 
If we reverse the inequality signs in (1.2.400) and (1.2.402), we obtain esti- 
mates (1.2.401) and (1.2.403) with their inequality signs revered. 
Remark 1.2.20 Suppose that k(t, T) is a continuous non-negative kernel on J and 


sup fk tT)=q<l. (1.2.404) 
J 


ta 


Then in C(R,J) the spectral radius r(K) < ||K|| = q <_ 1, and hence 
Theorem 1.2.58 is applicable. 


Corollary 1.2.32 Let u(t) be a bounded continuous function in J = |a, +00), and 
suppose that for allt € J, 


+00 
u(t) < ae + / be~?'lu(s)ds, (1.2.405) 


a 


where a > 0,b => 0, and y > 0 are constants and b < y/2. Then for allt € J, 


u(t) < A — be), (1.2.406) 


where 5 = ./y? — 2by. 


Proof Let C(J) be the Banach space of functions v which are bounded and 
continuous in J = [@, +00) with norm ||v|| = sup,<, |v(s)|. 
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Consider the linear operator K : C(J) — C(J/) defined by 
+00 
K[v](t) = / be~?"ly(s)ds, te J. 


If v € C(/) and ||v|| = L, it is easy to see that 


: we 2b. - 2b 
|K[v](@| < / ble" ds + / ble”) ds < —L = —|lv| 
y y 


a t 


whence we can conclude that K[v] € C(/) and that K is a contraction with q = 
2b/y < 1. Thus u(t) < v(t) where v(t) € C() is the unique solution of the integral 
equation 


v(t) =ae’"™ + K[v]@, te J. 


By a straightforward calculation, we can verify that v(t) is equal to the right-hand 
side of (1.2.406). Oo 


Corollary 1.2.33 Suppose that for 0 < B < v/2, forallt > a, 
+00 
u(t) < ae" 4 B i, etl y(t) dt. (1.2.407) 
Then for allt = a, 


2 
u(t) << soe V7 28 0(t-), (1.2.408) 
v 


+ Jv? —2Bv 
where a, B and v are positive constants. 


Proof Here k(t,t) = Be7’''—! and 


+00 t +00 2p 
/ k(t, t)dt = Bf / ol ar + / ear), 
a a t v 


Therefore when 6 < v/2, condition (1.2.404) is satisfied and Theorem 1.2.58 is 
applicable. 
We consider the equation 


+00 
v(t) = ae") + B i etl y(t) dt. (1.2.409) 
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Differentiating it twice with respect to t, we obtain 
t +00 
w(t) = —ave ") — pv | e Oy (t)dt + pv | e OW (t)dt 
Qa t 


ye" (t) = av2e VE 4 By? i eth (t)dr — 2Bv w(t) 


a 


which, together with (1.2.409), give us the differential equation 


w(t) — (v? — 2Bv) w(t) = 0. 


Since we are interested in the solution of (1.2.409) that is bounded on [a, +00), 
we have 


VO) = cen 2PHe) (v —2Bv >0 for B< 3) 

The constant c can be found by substituting this expression in (1.2.409). Carrying 
out the calculations, we obtain the equality c = 2av/(v + v2 —26v) from 
which (1.2.408) follows. 


Now consider the more complicated inequality, for all t > a, 


+00 
u(t) < ae" 4 B / etl y(t) u(t) dr, (1.2.410) 


with a constants v > 0,a > 0, B > 0. 


Theorem 1.2.59 (Daletskii-Krein [159]) Suppose that for all t > a, (1.2.410) 
holds, where p(t) is a continuous non-negative function, and v > 0, B > 0 are 
constants. 

For any L < v, t and q < 1, there exists a constant 6 > 0 such that if the 
condition 


1 t+To 
M,, = sup — p(t)dt <6, (1.2.411) 
ta To Jt 
is satisfied, then for allt = a, 
u(t) < («a - pee, (1.2.412) 


Proof \t immediately reduces to previous inequality if p(t) is a bounded function 
on [a@,-+0co). We shall need to estimate u(t), however, under the more general 
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assumption that 
1 t+T0 
sup — p(t)dt = M,, < +o, (1.2.413) 


ta TO Jt 


for some fixed To. 
In this case, Eq. (1.2.409) has the form 


+00 
VQ) =ae"") + B i etl p(t) w(r)dt. (1.2.414) 


It can be shown in the same way as above that the solution of this equation 
reduces to finding a bounded solution of the differential equation y(t) — (v? — 


2vBp()) W(t) = 0. 

In order to avoid the task of estimating the solution of the equation, we proceed 
differently. We put w(t) = u(t)e-“"”, where the number jz > 0 will be closen 
later. The function ¢(t) must satisfy the equation 


+00 
b(t) = ae MED) + B / e MEHMED (zp (x) dr. (1.2.415) 


which we consider in the space C(R!, [a, +00)) of continuous bounded functions 
on [a@, +00). 
We consider in this space the operator 


+00 
(Ag)(1) = B / eHH+HO—O pr) (x)dz, 


It is easy to check that 
+oo 
|All = B sup | ett HO) y(t) dr. (1.2.416) 
tea Ja 
We estimate the integral in this inequality. Let n = [t/t]. Then 


+oo TSO patkt 
/ et H—O (pdr = / eH HOO) nq) 
a pa PetKk—l)H 


TCO atkto 


2 max ewhllttl a2) / tod 
dX [a+(k—1)t9.a-+kt] a+(k—1)1 


n +oo 
< cM y eT PMO 4p > eo UF Wlk—n—2)t9 
k=1 k=n+2 


< MnC(Lu, vy To), 
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where, for u < v, 


C(u, Vv, T]) = To + a_i + a_i < +00. 
1—e-0-Mm ' 1 —e-0t+H)% 
Thus 
|All < BMx, C(t, v, t0)- (1.2.417) 
We require that 
BM,,C(L, v,%) <q <1. (1.2.418) 


Under this requirement, the equation 
¢ —Ad = ae 8 ME) (1.2.419) 
will be solvable in C(R', [w, +00)), i.e., the function $(#) is bounded: 


sup @(t) = c < +00, (1.2.420) 


tea 
which gives us the following estimate for y (1): 
vias cer™, (1.2.421) 


We shall assume that To is sufficiently small. Then 


1 1 2v 
C(u, Vv, T) = —— + —— + O(t%) = + O(t), 
v-p v+p v2 — po 
and condition (1.2.418) reduces to the relation 
2v 
pM] + vw) | <1 
2 
or 
208M, 
<4] v2 —- ————_.. (1.2.422) 
1— O(mM,,) 


Thus an estimate of form (1.2.421) holds under condition (1.2.422), and it 
only remains to find the constant c. This can be done by considering (1.2.415), 
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which implies 


+00 
c<a+ fe sup | e tI ROD) H(t) dt < a + BcM,,C(U, Vv, t) 
tea Ja 


and, finally, 


a (04 
———— ee 
1— 6M,C(u,v,%) ~ 1—@ 


oO 


Remark 1.2.21 If to is sufficiently small, relation (1.2.422) indicates the values of 
jt for which the desired estimate is valid for a given M,,. 

If the condition sup p(t) < M is satisfied, inequality (1.2.410) with 6 replaced by 
BM will hold and Corollary 1.2.33 can be applied. 


In the same manner, we can also show the next result (see, Coppel [150]). 


Corollary 1.2.34 (Coppel [150]) Let u(t) be a continuous function for alla <t < 
B, and suppose that for alla <t < B, 


p 
u(t) < ae %P-) 4 / be’ !lu(s)ds, (1.2.423) 


a 


where a > 0,b > 0, and y > 0 are constants and b < y/2. Then for alla <t < B, 


u(t) < oy — $)e8B-9 (1.2.424) 


where 6 = ./y? — 2by. 


To show the next theorem, we need the following lemma. 


Lemma 1.2.5 (Coppel [150]) Let g(t) be a non-negative locally integrable func- 
tion for t = a such that for some fixed t > 0 and for allt = a, 


1 t+t 
- | g(s)ds < m < +00. (1.2.425) 
t 
Then, for any y > 0. and for allt = a, 
t 
i. e!"9 9(s\ds < mt(l—e"")h," (1.2.426) 


a 


+0o 
/ eV ods < mrt — 27). (1.2.427) 
t 
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Proof The proof is left to the reader as an exercise. Oo 


Theorem 1.2.60 (Coppel [150]) Let u(t) be a bounded continuous function in J = 
[a, +00), let g(t) be a non-negative continuous function in J, and suppose that for 
allt € J, 


+00 
u(t) <ae VO + i be" g(s)u(s)ds, (1.2.428) 


where a = 0,b = 0, and y > 0 are constants. If there are numbers t > 0 and 
m = supe, f'* g(s)ds < +00 such that 


_  2bm a 
= l-—eY ; 
then there is a constant | € (0, y) such that 
=b : : 1 1.2.429 
qu) = bmi | T—o=me + Team | < ene 


and for allt € J, 


u(t) <——e #9) (1.2.430) 
1—q(p) 


Proof Since q(jz) is a continuous function for yz € (0, y) and lim, jo g() = go < 
1, there is a yz € (0, y) satisfying (1.2.429). 

Consider the operator K defined on the space C(J) of bounded continuous 
functions in J, for all t € J, 


+00 
K[u|() = i be~’''-5| g(s)u(s)ds. 


For u € C(/), |u|] = sup,<; |u()| = L, we find, by Lemma 1.2.5, 


t +00 
2bmt 
bLe~Y" g(s)ds + / bLeV g(s)ds < a loll. 
£ 


IKWl@| < i 


a 


ie., ||K[u] < qo|lu||. Consequently, K is a contraction and the comparison integral 
equation 


v(t) = ae ""™ + K[v](t) 
has a unique solution. Moreover, 


ut) SvQ=rO+ KPO +--+ KO +--+, 
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where r(t) = ae~’"—”, But since r(t) < ae" = R(t), we have 
u(t) < R(t) + K[RM) +++ + K'[R\() +o (1.2.431) 


Using Lemma 1.2.5, we conclude 
t +00 
K[R|(t) = i: abe-¥") e HS) g(s)ds + / abe e HS—®) (sds 
a t 


t +00 
= abe) ll e YM) a(s)ds a i eines 
a t 


1 1 


es —E———————— 
= Une F —e-wWt * l—e tpt 


is = q(u)R(0), 
(1.2.432) 


whence 


ul) < (Ut g(a) +o + gu) $+) RO = ee. 


qt) 
O 
Next, we consider integral equations of the form 
ins 1 k(t, s, y(s 
y(t) = = p(t) + i [- -f oe as dt +++ dtm, (1.2.433) 


where a < | and mis a natural number. The functions ¢, k are assumed to satisfy 
suitable continuity conditions and k(t, s,y) is assumed Lipschitz continuous with 
respect to y. 

Integral equations of this form or, the corresponding integral inequalities, may 
be used to demonstrate uniqueness and boundedness of the solution of integro- 
differential equations with an Abel’s type singularity, 


k(t, 8, y(s)) 


di, DIST, (1.2.434) 
(t—s)° 


m= wos f 


where w < 1 and m > 1. Here y(t) denotes the m-th derivative of y with respect 
tot. 


Lemma 1.2.6 Let the function x be continuous and non-negative on the interval 
[0, 7]. If 


x(t) < o(t) +m fe [- [ a as sdty+++dtm, O<t<T, 
(1.2.435) 
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where a < 1m > 1, M > 0 is a constant, and $(t) is a non-negative, non- 
decreasing continuous function int, 0 < t < T, then 


x(1) < P(E \-(@—m (MT — a)t'-™), OST <T, (1.2.436) 
where E\_p(z) is the Mittag-Leffler function defined for any B by 
+00 n 


Zz 
B=) TGG—BeD 


n=0 


and V(a) is the Gamma function defined for Rea > 0 by 


+00 
T'(a) = / w*ledw. 
0 


The exponential function, which is obtained when B = 0, is a special case of the 
Mittag-Leffler function. 

The Mittag-Leffler function has been studied in some detail in the literature; for 
references, see Erdelyi [205] (1955, Chap. 18). 


Proof For m = 1, by interchanging the order of integration, we get 


: = ) = ml — a) . m—a 
[ [- ff (h— 5) ——dsdt, ::- dt, = Td-e+ / (t—s) x(s)ds. 


Consequently, the inequality (1.2.435) is equivalent to 


x(t) < b(t) + [iw s)x(s)ds 


where the kernel k(t, s) given by 


T(1—a)(t—s)"-# 


aaa Ty a 


. 029 <4<T, (1.2.437) 


with a < 1 m > 1, is continuous and non-negative. 
Using Theorem 1.2.37, 


x(t) < y(t) 


where y(f) is the solution of (1.2.433) is given by 


yt) = 6() + A P(t, s)y(s)ds, OSt ST, 


108 1 Linear One-Dimensional Continuous Integral Inequalities 


where 


+00 
T69= > "Gs, 0StS7, 


n=1 


is the resolvent kernel of k(t,s) and k(t,s) are the iterated kernels of k(t, s) 
defined by 


KY (t, 5) = k(t, ), 


L 
KO (t,s) = / k(t, uk" Y(t, u)du, n> 2. 


Using mathematical induction, it can be shown that the iterated kernels satisfy 


M’T(1 -_ a)" (t— aaa 


(n) = 
ea od aaa) 


, n=1,2,- (1.2.438) 


Hence, we obtain for all ¢ € [0, T], 


wri) 7 
x) <o)t+>) —_— [ (t— yt! 9-1 (5)ds  (1.2.439) 
n=1 
< OD E\—@—m (MT (1 = a)t'™). (1.2.440) 
The proof is thus complete. Oo 


Note that if @ = 0, then (1.2.436) reduces to 
x(t) < $(t) cosh(M21). 


Note that in the case (t) = ¢, 0 < t < T, (1.2.436) is the best possible result 
since equality in (1.2.435) implies equality in (1.2.436). For a more general ¢(0), 
the best possible result is given by 


x(t) < as / E\~(q—m) (MT (1 — a(t — s)'"°-™ ) G(s) ds, (1.2.441) 
0 


where the right-hand side of (1.2.436) is the solution of the integral equa- 
tion (1.2.433) with kernel (1.2.437). 

We also note that if a < 0, Lemma 1.2.6 remains valid if m = 0, that 
is, if (1.2.435) involves a single, rather that repeated, integral and in this case 
Lemma 1.2.6 is an example of Theorem 1.2.38. If 0 < a < 1 andm = 0, the 
kernel k(t,s) = M/(t — s)* is weakly singular; Gronwall inequalities where the 
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kernel of the associated integral equation is weakly singular can be found in Dixon 
and McKee [187]. 

In what follows, Ry = [0, +00), J = [a, 6] are the given subsets of R and Z is 
the set of integers. Fora, B € Z, a < B. We denote by 


A={(t,) €P:ia<s<t< B}, 
and C(A, B) denotes the class of continuous functions from A to B. We use the usual 
conventions that the empty sums and products are taken to be 0 and | respectively. 


We shall also assume that all the integrals, sums and products involved throughout 
the discussion exist in the respective domains of their definitions. 


Theorem 1.2.61 (Pachpatte [500]) Let u(t) € CU,R4), a(t,s), D(t,s) € 
C(A, R+) and a(t, s), b(t, s) be non-decreasing in t, for each s € I and suppose 
that for allt €T, 


t B 
u(t) < c+ | a(t, syutsyas + f b(t, s)u(s)ds, (1.2.442) 


where c = 0 is a constant. If 


B Ss 
p(t) = / b(t, s) exp (/ a(s, a)d0 ds <1, (1.2.443) 


then for allt € I, 


t 
ues © exp ( i a(t, sds). (1.2.444) 
= i 
Proof Fix any T, a < T < f, then fora < t < T, we have 
t B 
u(t) < c+ | a(T, s)u(s) +f b(T, s)u(s)ds. (1.2.445) 


Define a function z(t), w < t < T by the right-hand side of (1.2.442). Then u(t) < 
a), @S tH 7, 


B 
2a) =c+ " b(T, s)u(s)ds, (1.2.446) 


and 


Z(t) = a(T, Hu(t) < a(T, z(t) (1.2.447) 
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for alla < t < T. By setting t = o in (1.2.447) and integrating it with respect to o 
from @ to T, we get 


T 
2(T) < z(a) exp (/ a(T, a)do) . (1.2.448) 


Since T is arbitrary, from (1.2.447) and (1.2.448) with T replaced by ¢ and u(t) < 
z(t), it follows 


T 
u(t) < z(@) exp if a(T, o)d0 : (1.2.449) 
where 
B 
za) =c+ / b(t, s)u(s)ds. (1.2.450) 
Using (1.2.449) on the right-hand side of (1.2.450) and (1.2.443), we have 
c 
z(a) < ——. (1.2.451) 
l-a 


Using (1.2.451) in (1.2.449), we get the desired inequality in (1.2.444). The proof 
is complete. O 


Note that in the special case when a(t, s) = b(s), b(t, s) = c(s), the inequality given 
in Theorem 1.2.61 reduces to the inequality in Corollary 1.2.2, in case u(t) and a 
therein are non-negative. 


Corollary 1.2.35 (Bainov-Simeonov [42]) Let u(t), b(t), and c(t) be continuous 
functions in J = [a, B], let b(t) and c(t) be non-negative in J, and suppose that for 
allt e€ J, 


t B 
u(t) < a+ bisyutsyas+ [ c(s)u(s)ds, (1.2.452) 


where a = 0 is a constant. If 


B s 
q= / c(s) exp (/ b(c)de) ds < 1, 


then for allt € J, 


u(t) <= “ a ([ bio) (1.2.453) 
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1.3. Linear One-Dimensional Systems of Integral Inequalities 
of the Gronwall-Bellman Type 


Greene [235] showed the following interesting inequality, called simultaneous 
inequalities, which can be used in analysis of various problems in the theory of 
some systems of simultaneous differential and integrals equations. 


Theorem 1.3.1 (Greene [235]) Let K,, Ky and tt be non-negative constants, and 
let f,g,h; (1 <j < 4) be continuous non-negative functions for all t = 0 with h; 
such that 


fH<k +f m(syfiooas + f ho(s)g(s) exp(tus)ds, (1.3.1) 
0 0 


t t 
g(t) <Ko+ i hs(s)f(s) exp(—jus)ds + / ha(g(ds. 1.3.2) 
0 0 
Then there exist positive constants cy, M, (k = 1,2) such that for all t > 0, 


f@ <Miexp(cit), g(t) < M2 exp(cot). (1.3.3) 


Proof This proof is due to Greene [235]. Suppose pz > 0. Let P be an upper bound 
for h;, then 


fOQ< ki + Pf foya + P| e" g(s)ds, (1.3.4) 


g(t) < Ky+ pf f(se ds + Pf g(s)ds. (1.3.5) 
0 0 
Define 


= t), = t). 
Sr nee) er = a a(t) 


Since f and g are continuous, fy and gr are attained on [0, 7]. Therefore, 


| (1 —PT)fp < Ky + (P/p)(e"? — Der, (1.3.6) 
(1— PT)gr < Ky + (P/m) —e fr. (1.3.7) 
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Using (1.3.4) in (1.3.2), we have for T < 1/P, 


P? (eX? —1)\(1—e*) P (et -1 

in a =) ae ent 1- PT K>, (1.3.8) 
P? (eX? —1)\(1—e*) P (l\—e #4? 

a a ee a ler < Ko + — | ——— ] K,. 
bb 1— PT bh \ 1-PT 


We examine the function contained in (1.3.8) and (1.3.9), 


_ P? (e#T — 1)d- e HT) 
A(T)=P+ 2 TA-PT) —PT) 


H(T) is continuous for 0 < T < 1/P,limy,,>+ H(T) = P and A(T) > P. 
Therefore, on the interval 0 < T < 6 < 1/P, H(T) has a minimum P and a 
maximum @. Then for T < T; = min(6, 1/a), 


1 1 1 
a Ss Se 1.3.10 
1—PT ~~ 1-A(T)T~ 1-aT ( ) 
Furthermore, there exists a 7> such that when 0 < T < 7», 
I ot (calle (1.3.11) 
1—HA(T)T wp \1—PT ) ~ 
and 
1 P (\-e" 
—— {| ——_—__} < 1. (1.3.12) 
1-—A(T)T pw \ 1-—PT 


Let T < min(T7;, T>) be fixed. Since 0 < 1 —a/T < 1, there exist constants 6; and 
y > O such that 


1+1/(l—aT) < 1/(1—aT)?', (1.3.13) 
P/uw+1/( —aT) < 1/(1—aT)”, (1.3.14) 
1+ P/w0 —aT) < 1/(1—aT)*, (1.3.15) 


1+2/(1—aT)? < 1/(—aT)’ (1.3.16) 
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where 8 = max(fj, Bo, 63). Thus using inequalities (1.3.13)-(1.3.16) in (1.3.6) 
and (1.3.7) implies 


fe Ki 2 1@) P (eT -1 2 K (1.3.17) 
oS 1=HO)T ” T=FO)T pe i=) Gary = 

» Ko 4 Ki P (l-—e #t K (1.3.18) 
=i -BOT 1H =P) > Gere - 


where K = max(K,, K2). 
We consider the interval [0, 27] and obtain from (1.3.1) and (1.3.2) 


P P 
(1 — PT )far < K, + PTfp + —(e“? — 1)g7r + ee" — 1) gor, (1.3.19) 
iv iv 


P P 
(1 — PT) gor < Ky + PTgrp + a —e Ml) Fe 4 aes —e) hr. 
(1.3.20) 


When (1.3.17) is used in (1.3.16), the function H(T) reappears as in (1.3.5) 
and (1.3.6). The inequalities (1.3.7)-(1.3.13) then imply 


for < Ke!" /(1—aT)’, gor < K/(1—aT)’, (1.3.21) 


whered = B+y. 
Proceeding in the same manner, we obtain for all integers n > 1, 


far < Ke!" /(1—aT)®, gap < K/(1—aT)”™. (1.3.22) 


For every t > 0, there exists an integer n such that (n — 1)T < t < nT and thus for 
allt > 0, 


f(t) < far < Kel" /(1 — aT)” 


K aé 


—. K aét 
g(t) < gnr < K/(1—aT)”™ < (-arys ary exp Toor!" (1.3.24) 


This result uses the identity (1—a7)~! = 1+a@T(1—aT)~! and the inequality (1 + 
1/n)" < e. A similar argument may be carried out starting with (1.3.1) and (1.3.2) 
to show that these bounds also hold for 4. = 0 when a, 6 and T are properly chosen. 
Estimates (1.3.23) and (1.3.24) provide the constants c; and Mj. Oo 
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Example 1.3.1 The system in Eqs. (1.3.1) and (1.3.2) 


fs Ki +P flods+ Pf eels, (1.3.25) 
0 0 


t 


20) <Ko+P [ emyiyds+P [esr (1.3.26) 
0 0 


arises in the study of kinetic model equations [234]. We would like to establish that 
the functions f and g are at most of exponential order so that the Laplace transform 
may be applied. Both the Gronwall inequality [574] and comparison theorem of 
Nohel [405, 431] provide bounds on f and g of exponential functions raised to 
exponential functions. The inequalities (1.3.25) and (1.3.26), on the other hand, 
establish that these functions are of exponential order. The sharp inequalities of 
this theorem are produced by the novel iteration carried out in the proof. 

The proof due to Greene has been simplified by many authors, see, e.g., Wang 
[635] and Das [163]. The next proof is due to Wang [635], where the Jones 
inequality (see, Theorem 1.2.1) will be used to show the inequalities. 


Proof Let P be an upper bound for h; (the assumption jz > 0 is not necessarily 
required here), then 


t t 
f@<kK, + pf Sf (s)ds + Pf e g(s)ds, (1.3.27) 
0 0 
1s t 
g(t) < Ky+ pf ef (s)ds + pf g(s)ds. (1.3.28) 
0 0 
Multiplying (1.3.27) by e~ and then adding to (1.3.28), 
t 
EMF) + 90) = KEM + Kat ff Plo + lM Os) + e6)ds 
0 
t 
<Kjeo "4+ Ky+ 2 | Ple f(s) + g(s)|ds. (1.3.29) 
0 


Applying the Jones inequality (i.e., Theorem 1.2.1) to (1.3.29), 


ef) + 8) 


1A 


t t t 
/ [-Ky pe Jels 2Pdr Jy Ae (Ky als Koel 2Pds 
0 


_ Kip elt 2P(Ki + Ka) + Kou opr 


~ 2P+y 2P +p 


Thus the conclusion follows. O 
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The next is the proof given by Das [163], in which the following inequali- 
ties (1.3.30) are proved instead of (1.3.3): 


F(t) < Met**loWds (4) < Melohisas (1.3.30) 
where 

h(t) = max (|i + h3|(0), [Ao + hal (1) 
and the h; (i = 1,2,3, 4) are not necessarily bounded on [0, +00). It is immediate 


that the bounds in (1.3.3) follow in view of the additional assumption of bounded- 
ness on the h; (i = 1,2, 3,4). 


Proof We note that (1.3.1) implies 


t 


e MEA) < Ki + / ‘€*hy (syf(a)as + / ho(s)g(s)ds. (1.3.31) 
Now we define 
F(t) =e “f(t) + gd). (1.3.32) 
Thus (1.3.31), (1.3.2) and (1.3.32) lead to 
F(t)<M+ i h(s)F(s)ds (1.3.33) 


where M = K, + Ko. 
Applying the Bellman inequality (Theorem 1.1.2) to (1.3.33) yields 


F(t) < Mexp ( / n(s)ds). (1.3.34) 


Inserting (1.3.34) into (1.3.32), gives us the bounds in (1.3.3). The proof is now 
complete. O 


As a further example, we now consider a generalization of an inequality of 
Greene (in R) which is due to Conlan and Wang [145]. 
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Theorem 1.3.2 (Conlan-Wang [145]) Let 
ue) = G) +A® / “bn {ul) +49) ho(t)u(t)dt}ds 
0 0 
+A) 7 * eha(s){v(s) + fals) i “hal)v@dtds, (1.3.35) 
0 0 
v(x) < kala) +f5(8) / ehs(s){u(s) +fo(s) / “Io(Ou(t)dtyds 
0 0 
+ fox) / he(s){v(s) +.fals) ; “haltu(Odt}ds, (1.3.36) 
0 0 


where kt is a non-negative constant, and the functions k;, f;, hi, u, v are non-negative 
continuous functions (R — R +). Then there exist constants c;,M; such that for all 
x>0, 


u(x) < M, exp(cix), v(x) < M2 exp(c2x). (1.3.37) 
Proof Set 
cals) = ula) + fla) | ha(tutod 
0 
Z2(x) = v(x) +0) [ ha(t)v(t)dt. 
Then, 


i Sn) <8O) 2A) if “n@uldds 
+ f(x) i: e*h3(s)z2(s)ds + fa(x) [ hy(s)z1(s)ds, 
0 0 
NO CT Cee e / e*hs(s)zx(s)ds 
0 
+ fol) / “ he(s)za(s)ds + fa) / " ha(s)za(s)ds. 
0 0 
Let fi.2(x) = max{f; (x), fo(x)}, etc. Then 
u@ <hO +fo® / menos / " eiaede 
0 0 


LO ZEW REO i * e**hs(s)z (s)ds + i ror ors 
0 0 
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This is now of the same form as that treated by Greene, and the proof follows exactly 
as in Greene [235] (see also Wang [639]). Oo 


Note that similar results have been obtained by Shinde and Pachpatte [589] by 
more complicated methods. 

The following system of inequalities can be considered as a simultaneously 
singular Gronwall-Bellman inequality (see, e.g., Dickstein and Loayza [185]). 


Theorem 1.3.3 (Dickstein-Loayza [185]) Let A > 0,B > 0,k > 0,T > 0,0 < 
1,02, B, By < 1. Consider 6, : [0,T) — R+ continuous functions satisfying 
for any t € [0,T), 


p(t) < A+ kt" / (t—s) 5 Pi w(s)ds, (1.3.38) 
0 


Win Sb ; we 5) 5 P26 (s)ds. (1.3.39) 
0 


Then there exists a constant C = C(a 1,2, Bi, B2,k,T) > 0 such that for all t € 
(0, 7), 


b(t) < C(A+ Bt #1), w(t) < C(B+ At 2), (1.3.40) 


Proof Consider $(t) = sup,<,$(s), W(t) = sup,<, W(s). Then (1.3.38)-(1.3.39) 
hold for d and Vv. Indeed, if t < ¢, then 


T 1 
aa (t—s)-“s Fi w(s)ds = ony (1 —z)-%z Fi (tz) dz 


A 


1 
pny (1 — 2)“ zF i (tz)dz 
0 


II 


ly ‘ — og) 781 TB ay d 
t fe s) “ls Pl ur(s)ds, 
so that, 
b(t) <A+kr™ Kc — 5) sPih(s)ds < A + kt™ fo — 5) 5 Pi w(s)ds 
0 0 
whence 
P(t) <A +kr™ ; iG — 5) sPiyp(s)ds < A+ kt™ i ¢ — 5)" sPiwh(s)ds. 
0 0 


A similar estimate holds for WV. It suffices then to prove (1.3.40) for d. Vv. This is 
why we assume that @ and y are non-decreasing functions. 
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First we prove (1.3.40) for ¢ small. To this end, define 


M = kmax [fa — 5)" 5Pids, fa — syns Peas ‘ 
Then from (1.3.38)-(1.3.39), it follows 
b(t) <A+Mt w(t), w(t) <B+Mt &6(t) (1.3.41) 
which gives us 
b(t) <A+ BMt*! 4 M7? FP g (0), (1.3.42) 
Fix t > 0 such that M?12-P1-f2 < 1/2. If t < t, then we derive from (1.3.42) 
p(t) < 2(A + BMt'*!). (1.3.43) 
Analogously, 
W(t) < 2(B + AMt'*2) 


which, along with (1.3.43), proves (1.3.40) for ¢ < t with C = 2. 
Consider now ft > t, we choose a, b such that 


a 1 1 
/ +f (las) side = rn, (1.3.44) 
r , 2k 


a 1 1 
(/ +f Ja — 5) 5 Pads < oT (1.3.45) 
0 b 


Then by virtue of (1.3.44)-(1.3.45), we deduce from (1.3.38) 
ot) <A+ wf” + [ + foc- 5) s~Pi w(s)ds 
<A+ sory vf) + kU — db) (at)? [ W(s)ds 
<A+ 70 +k — by)“ (ar) Pi [ w(s)ds. (1.3.46) 
Similarly, 


WU) < BH SHU) + RL — bY (ary / b(s)ds. (13.47) 
0 
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Set 
J= ap fee (1.3.48) 
7 e = ees _ ar —_ ) ates 
P=JOQ. v=a(4), (1.3.50) 

and 
fO= Cle (1.3.51) 


Then we derive from (1.3.46)—(1.3.47) that 


£0 sv+ Pf 
which gives us 


fi) < ev. 


This shows (1.3.40) for C > 0 and for all t > rt. Thus the proof is complete. O 


1.4 Linear One-Dimensional Henry Type Integral 
Inequalities and Their Bihari Type Versions 


In this section, we shall introduce some linear one-dimensional Henry type integral 
inequalities and their Bihari type version. 


1.4.1 One-Dimensional Henry-Gronwall-Bihari Integral 
Inequalities 


First let us define a special class of nonlinear functions. 


Definition 1.4.1 (Henry [272]) Let g > 0 be a real number and 0 < T < +o. 
We say that a function w : Ry — R satisfies a condition (q), if for all ue R+,t € 
(0,7), 


e “la(u)|! < ROa(e“u4), (1.4.1) 


where R(f) is a continuous, non-negative function. 
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Remark 1.4.1 If @(u) = u,m > 0, then 
e"lw(u)|? = eV a(e Fu!) (1.4.2) 


for any q > 1, i.e., the condition (q) is satisfied with R(t) = e™— 4", 


Let w(u) = u + au”, where 0 < a <1, m> 1. We shall show that satisfies the 
condition (q). 
We need now the well-known inequality 


(Al + Ap +++) +An)” <n (Aj +45 +-+> +44) (1.4.3) 


for any non-negative real numbers Aj, A2,--- ,A,, where r > 1 is a real number 
and n is a natural number. This inequality is a consequence of Jensen’s inequality. 
Using (1.4.3) with r = g and n = 2, we have 


e"[w(u)|4 = e"(u + au")? < 29 eU (ul + atu”), (1.4.4) 
2971 oI (eT 2) = Q49-| gant [oul as ae ay") 


= 2-1-4 fer" ul + aut”) > 21-1 e-4 [ut + atu?”| (1.4.5) 


and thus the inequality (1.4.4) yields the condition (q), i.e., (1.4.1), with R(t) = 
24-1 eu, 

A new approach to an analysis of nonlinear integral inequalities with weakly 
singular kernels is used in the proof of Theorem 1.4.1 concerning a nonlinear 
integral inequality. Linear inequalities investigated by Henry [272] are special cases 
of this nonlinear one. 


Theorem 1.4.1 (Medved’ [396]) Let a(t) be a non-decreasing, non-negative C'- 
function on [0,T), and F(t) a continuous, non-negative function on [0,T),@ : 
R+ — Ra continuous, non-decreasing function, w(0) = 0,@(u) > 0 on (0,T), 
and u(t) a continuous, non-negative function on [0,T) satisfying for all t € [0,T) 
and for a constant B > 0, 


u(t) < a(t) + fo s)>" F(s)@(u(s))ds. (1.4.6) 
0 


Then the following assertions hold: 


(1) Assume B > 5 and let w satisfy the condition (q) with q = 2. Then for all 
te [0,%], 


Nie 


u(t) < e {Q7*[Q (2a) + gi) ]}? (1.4.7) 


1.4 Linear One-Dimensional Henry Type Integral Inequalities and Their. . . 121 


where 
T(2B—1) f' 
gilt) = wf R(s)F°(s)ds, 
4 0 
with T. being the gamma function, Q(v) = uae (4). > vy > 0,Q7! 


the inverse of Q, and T; € Ro = (0,+00) such that Q (2a?(t)) + gi(t) € 
Dom (Q7') for allt € [0, T]. 

(2) Let B € (0, 5] and let w satisfy the condition (q) with q = z+ 2, where 
= uf (i.e.,B = =): Then for allt € [0, T;], 


u(t) < & {Q7 [2 (21a) + ga]} , (1.4.8) 


where 
t 
g2(t) = ries | F%(s)R(s)ds, 
0 


x= (“S| ve _ e+2 (1.4.9) 


° ee ers err sh 


where T, € Ro is such that Q (2%7'a4(t)) + go(t) € Dom (Q7') for allt € 
[0, T\]. 


Proof First we shall prove the assertion (1.4.7). Using the Cauchy-Schwarz inequal- 
ity, we obtain from (1.4.6) 


u(t) < a(t) + foe 5) F(s)e*w(u(s))ds 
0 


NIe 


<a(t)+ | fe yeas] : | [ Pore o%wioyas . (1.4.10) 


For the first integral in (1.4.10), we have 


t t 
[o-s eas = [ 72B-2 6At—0) dy 
0 


0 
t 2 2t 
a é 2B? — 
= ef ce eds = —— | of edo 
0 


er! 
< FP b- 0. (1.4.11) 
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Therefore, from (1.4.10)—(1.4.11) it follows 


i 
2 


2e ; poe Os 2 
u(t) < a(t) + [Fr res - | | F*(s)e-“*w(u(s)) as . (1.4.12) 
0 


Using (1.4.3) with n = 2, r = 2, we obtain 


eT (2B — 


u(t) < 2a°(t) + Ba ) if " FY(s)e5wo(uls))ds, (1.4.13) 


and applying the condition (q) for g = 2, we have 


v(t) < a(t) + K / " F(s)R(s)o(u(s))ds, (1.4.14) 
0 
where 
v() = (eu), a(t) = 20°(), K= ae (1.4.15) 


Now we shall proceed in a standard way. Let V(t) be the right-hand side of (1.4.14). 
Then 


wv) [oVO)' <1, 
which yields 


[e'() + KF’ (ORHO(VM)] [OVO] < e' [o@(M)] | + KP ORO, 


(1.4.16) 
1.e., 
AC AU) : 
oV(D) ~ alert) + KF OR] (1.4.17) 
or 
F2(V(0) < 2a) + KF’ (t)R(t) (1.4.18) 
dt ~ dt A, 


Integrating (1.4.18) from 0 to f, we obtain 


Q(V(t)) < Q(a(t)) + gi), (1.4.19) 
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where 
t 
gi(t) = x | F?(s)R(s)ds 
0 
and 
v0) < VO) < B"(Qa) + a9), 


Using (1.4.15), we obtain (1.4.7). Now let us prove the assertion (1.4.8). Obviously, 


B-1l=-a= Tp: Let p, g be as in the theorem. Noting that 1/p + 1/q = 1 and 
using Hoélder’s inequality, we obtain 


A 


u(t) < a(t) + [o- s)P" F(s)w(u(s))ds 


=a(t)+ [oc —s) “e’F(s)e *w(u(s))ds 


q 


a(t) + [e- sweras| : | [ rove rousytas| , (1.4.20) 


IA 


For the first integral in (1.4.20), we have 


t t ePt pt 
i (1— 8)? eds = e / re dt = / a eda 
0 0 0 


pi 


pt 


T(1—ap). (1.4.21) 


= 5 
pow 


Obviously, 1—ap = oy > Oandso P(1—ap) € R. Thus it follows from (1.4.10) 


and the condition (q) that 
: 
u(t) < a(t) + eK, | PU)R(JOLE PU") : (1.4.22) 
0 
where K, is defined by (1.4.9). Now using (1.4.3) form = 2,r = q, we obtain 
t 
ul(t) < 29 1a%(t) + 27 'e%K4 / F4(s)R(s)w(e ®u4(s))ds, (1.4.23) 
0 
which yields 


v(t) < P(t) + 271 KS / " F4(s)R(s)o(v(s))ds, (1.4.24) 
0) 
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where 
v(t) = (e"u)*, o() = 27 a). (1.4.25) 


Now let V(t) be the right-hand side of (1.4.24). Then w(V(t))[@(V(‘))|~! < 1, 
which yields 


[b'(0) + 291 KIF()R(Ho(v(0)] OVO) 


< ¢'(t) [o(@M)] | + 20 | KIFA(DR(O), (1.4.26) 
1.€., 
V'() ¢'(t) 4 
27" K1F 14 (1) R(t), 1.4.27 
aVO) ~o@@) 2 BP ORO ne 
or 


“2vio) = 2160) + 20" KSF"()R(). (1.4.28) 
Integrating (1.4.28) from 0 to t, we obtain 
Q(V(D) < AGM) + 20, (1.4.29) 
where 
gal) = 271K! | PHO\RO\S 
which gives us 
v() < VW) < 27120) + 210). (1.4.30) 


Using (1.4.27), we can obtain (1.4.8). Oo 


As a consequence of Theorem 1.4.1, we have the following result of the linear 
case. 


Theorem 1.4.2 (Medved [396]) Let 0 < T < +00,a(t),F(t) be as in Theo- 
rem 1.4.1, and let u(t) be a continuous, non-negative function on [0,T) such that 
fora constant B > 0, 


u(t) < a(t) + / = s)®-| F(s)u(s)ds. (1.4.31) 
0 
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Then the following conclusions hold: 


(1) If B > 4, then for all t € [0,T), 


u(t) < V2a(t) exp eae / F?(s)ds + j (1.4.32) 
0 


(2) If B= = for some z > 1, then for allt € [0, T), 


1 —1 t 
u(t) < (27 ')4a(t) exp |x: f F4%(s)ds + j : (1.4.33) 
q 0 


where K, is defined by (1.4.9),q=z+2. 


The method used in the proof of Theorem 1.4.1 enables us to prove the following 
theorem concerning the inequality (1.4.31), where a(f), F(t), and u(t) are integrable 
on [0, 7). 


Theorem 1.4.3 (Medved [396]) Let a(t), b(t) be non-negative, integrable func- 
tions on [0,T) for 0 < T < +00, and let F(t), u(t) be integrable, non-negative 
functions on [0, T) such that, for a. e. t € [0,T), 


u(t) < a(t) + vo | (t—s)P'F(s)u(s)ds. (1.4.34) 
0 
Then the following assertions hold: for a. e. t € [0, T), 
(1) If B > 1/2, then 
u(t) < &&(1)'””, (1.4.35) 


where 


O(t) = 2a°(t) + 2Kb*(t) [eore exp [x [ Pevrevar] ds, 
0 


P2p — 1) 


(2) If B = 1/(z+ 1) for some z => 1, then fora. e. t € [0,T), 


u(t) < e(wo) (1.4.36) 
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where 
t t 
W(t) = 24! a2(t) + 29! K2b1(1) / a‘(s)F4(s) exp [2 tae i boner] ds 
0 s 


and q = z+ 2, and K, is defined by (1.4.9). 


Proof First we shall prove the assertion (1). Using the same procedure as in the 
proof of the assertion (1) of Theorem 1.4.1, we can show that 


v(t) < 2a7(t) + ror ; D 2) [ F*(s)v(s)ds, (1.4.37) 
where v(t) = (e‘u(t))?. From [388] (Theorem 1.4), we obtain the inequal- 


ity (1.4.35). Using the procedure from the proof of the assertion (2) of Theo- 
rem 1.4.1, we can show that 


u(t) < 2 1a4(t) + 247! K1B4(t) i " Fs) v(s)ds, (1.4.38) 
0 


where v(t) = (e‘u(t))4 and the inequality (1.4.36) is a direct consequence of [388], 
Theorem 1.4. Oo 


The following result is an analogue of Theorem 1.4.2 (see, e.g., [111]). 


Theorem 1.4.4 (Brauer [111]) Assume that a non-negative and locally bounded 
function h = h(t) satisfies that for all t = 0, 


A) <C.04+)+0 fo- 1) “(1 +t)’ A(t)dt (1.4.39) 
0 


for some a € (0,1), b > 0, positive constants C, and Co. 
Ifa+b >, then for allt = 0, 


A(t) < CU +08) (1.4.40) 


for a constant C > 0 independent of t. The same conclusion (1.4.40) holds true in 
the limit case a + b = 1 under the weaker assumption 


hit) <C\i+)+C i te t) ¢t h(t) dt (1.4.41) 
0 


provided that Cy > 0 is sufficiently small. 
Proof If a+ b = 1, then we deduce from (1.4.41) that 


h(t) < Ci +1) + C2K(a,b) sup h(t), 


O<t<t 


1.4 Linear One-Dimensional Henry Type Integral Inequalities and Their. .. 127 


where 
t 1 
K(a,b) = / (t—t) “1 ’dt = i (1 —s) 4s ds. 
0 0 
Consequently, 
Ci 
sup h(t) < —————~(1 + t 
a I2enay 


provided that C, < 1/K(a, b), which gives us (1.4.40). 
In the case a + b > 1, using (1.4.39), we write b = bj + n fora +b, = 1 and 
n > 0, and we fix t; > 0 such that 


C(1+t,)7" < ——. 
21 +h)" < KGB 


Now splitting the integral in (1.4.39) at t, > 0 yields 


h(t) < CUA +1)4+ OK(a,b,)\1 +t)" sup A(t) 
O<t<t 


for some constant C > 0 independent of t. Hence the conclusion follows. Oo 


Now we shall prove a result which is a modification of Theorem 1.4.3 (Henry 
[272], Lemma 7.1.2). 


Theorem 1.4.5 (Medved [396]) Let a(t) be a non-negative, non-decreasing C! 
function on [0, T] for 0 < T < +00, and F(t) a continuous, non-negative function 
on [0,T). Moreover, let u(t) be a non-negative, continuous function on [0,T) such 
that for all t € [0, T) and for constants B > 0, y > 0, 


u(t) < a(t) + / “( — 5)!’ F(s)u(s)ds. (1.4.42) 
0 


Then the following assertions hold: 


1 1 . 
(1) fp > : andy > 1—- ap where p > 1 is a real number, then for all t € [0, T), 


44 t 
u(t) < 2!-%a(t) exp | SKeL! / F"(sye®ds + ‘|. (1.4.43) 
q 0 
where 


pa @b=Y pm [Merry 1 


,L= +==1, 
46-1 peyv-2)p Dp q 
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(2) Let B = —. for some real number m => 1,y > 1— re where k > 1 is a real 


number, p = "2, q = m +2. Then for all t € (0,7), 
kr Dp t 
u(t) <2 * a(t) exp | — / e"F'"(s)ds +t}, (1.4.44) 
kr 0 


II 


where r > 1 is such that 1/k + 1/r = 1, 


— E =)" Ee 1) + oy 


pio Kkay—)) 


and—a@ =B-1= 5. 


Proof Let us first prove the conclusion (1). In fact, from (1.4.42) it follows 
t 4 t 3 
u(t) < a(t) + | (f- 92ers] | 22 )e Pas 
0 0 


t 1/2 
< a(t) + e'K2 / P= PENeu(9)?s| (1.4.45) 
0 


where K = (26 — 1)/4°-!, which yields 


u’(t) < 2a°(t) + 2e"K / " P!-2F2(5)(e-Fu(s))2ds (1.4.46) 
whence 
v(t) < c(t) + 2K [ ' 27-22 (s)u(s)ds, (1.4.47) 
where 
c(t) = 2a°(t), v(t) = (eu(d))’. (1.4.48) 


Thus from (1.4.48), it follows 


v@) <c@ + 2K : 2-269 F2 seu (s)ds 
0 


1 


< c(t) + 2K i sor-ane-rasl” | i Fsyer(o(sy"as} (1.4.49) 
0 0 
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where g > 1, 7 + : = |. For the first integral in (1.4.49), we have 


t elt 
(2y—2)p ,—ps 
/ s e Pds< por “aap | (Av — 2)p + 1). 


Obviously the assumptions on p and y yield 


1 
(2y —2)p+1> [2(1- =) -2]o+ l= 
2p 
whence 
T(2Qy —2)p+ 1) ER. 


Noting that the definition of L be as in Theorem 1.4.5, from (1.4.49) we derive 


44 é 
v4(t) < 24 1c4(t) + = RAL! / F74(s)e®v4(s)ds (1.4.50) 
0 
which yields 
44 : 
v(t) < 27 'c4(t) exp | Save i, Fea (1.4.51) 
0 


Therefore, (1.4.43) follows from (1.4.48) and (1.4.51). Now let us prove the 
assertion (2). From the inequality (1.4.42), we obtain 


u(t) < a(t) + / ( meas ’ | / “He Fuld] ‘ 
0 


0 


1 1 

TQ —ep]?f ft 4 

< a(t) 4 e! ] | eo Nersts] q 
pi 0 


1 


x | [ evrnoteusyrras ‘ 


T(—ap]" P(kq(y — 1) + 1) 
pil—ap Kkay—-l-1 


<a +e| 


x i EFM) (eu(s)as > (1.4.52) 
0 
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where r is as in the theorem. We assume that y > 1 — - and thus we have xq(y — 
1)+1> Kq(=) + 1=0,ie., [(«g(y — 1) + 1) €R, this yields 


t 
v(t) <2" la" + Pf EFM s)u(6)d5 . (1.4.53) 
0 
where v(t) = (e~‘u(t))” and P is defined as in the theorem. Therefore, we obtain 
t 
v(t) < 2’ "a(t exp lP I a "(as (1.4.54) 
0 


which yields (1.4.44). Oo 


For the special case when a(t) = tf * (a > 0, a constant), B = 1/2, y = 
1/2, F = constant > 0, we have the following Theorem 1.4.6 whose proof needs 
the following lemma. 


Lemma 1.4.1 Leta <1, b>0, d< 1.iIfb+d <1, then 
t 
/ C= CST sea eh a, (1.4.55) 
0 
Ifb+d= 1, then 
t 
i (t —s)~*(s + 1) °s4ds < CH In(1 +2). (1.4.56) 
0 
Ifb+d> 1, then 
t 
/ C=" ei) sae ar (1.4.57) 
0 


Proof \f we set I := fit—s) (+1) sas, I := f? (t—s)-4(s + 1)Ps4ds, 


then 
t 
L201 +45" / (t—s) “ds = C140) °r 4 
t/2 
=Car, (1.4.58) 


t/2 
eu i (s + 1)~?s~4ds. (1.4.59) 
0 
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If t > 2, then 
t/2 t/2 1 
i (s+1)~°s4ds = / (s+ 1)°s~4ds +f (s+ 1) °s~4ds 
0 1 0 


t/2 1 
C i G+ 1y?“ds+ € / s “ds 
1 0 


= 
Ct+1)''4, if b+d<1, 
<{Cmh(t+1), f b+d=1, (1.4.60) 
C, if b+d>1. 
If t < 2, then 
t/2 1 
/ (s+ 1) °s tds < C | (s+ 1) °s“4ds < C. (1.4.61) 
0 0 


Hence it follows from (1.4.59)—(1.4.61) that 
Cr*(t+1)->4, if b+d<1, 
W<4Ct“*int+ 1), if b+d=1, (1.4.62) 
ct‘, if b+d>1. 


Thus from (1.4.58) and (1.4.62) it follows that 


aad a le a (ag) a a 
[e-9-+ 1)~?s~4ds <4 C94 + YP + Cr Inte + 1D), ff b+d=1, (1.4.63) 
0 
cl-4—4(r 1) + Cr, if b+d>1. 


The proof is thus complete. Oo 
Theorem 1.4.6 (Bae-Jin [38]) Assume that x(t) > 0 satisfies that the following 
inequality for all t > 0, 
t 
x(t) <Cr* +e i G= 9) xl s)ds. (1.4.64) 
0 


Then 


t 
x(t) < Ch + Cet? / s/? x(s)ds (1.4.65) 
0 


where a > 0,C > 0 are constants independent of t > 0 and e > 0. 
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Proof Let I := bolt — s)7/25-/2x(5)ds, I i= fiaa — s)7'/?2s-!/2x(s)ds. Then 
we derive that 


t t/2 
fac / (t—s)/?x(s)ds, =< cr? / s'/?x(s)ds. (1.4.66) 
t/2 0 
If we iterate (1.4.64) to I, then we obtain 
t 
i ies c/ (t— s)"/?x(s)ds 
/2) 


t Ss 
<Cef (t- ms CM + ef (s — 1) V2" 2x(z)dr ds 
t/2 0 


t t Ss 

= a (t— sy V2 5B ds + ce | i (t—s)2(5 — tr) 22 x(t)dtds 
t/2 t/2 JO 

= fii. (1.4.67) 


A straightforward computation yields 
qecre™. (1.4.68) 


On the other hand, Fubini’s theorem gives us 
t/2 et 
Lh= ce | (¢— sy 28 — tI) x(2)dsdt 
0 1/2 
t t 
+¢e | | Gt 
t/2 Jt 
t/2 t 
= ce | Vxcey( f G5 FP ge ty Vds)de 
0 t/2 
t t 
+¢e | x(a)  f (¢— (6-2) as) de 
t/2 T 


t 
< Ce i. t 2 x(t) dt (1.4.69) 
0 


where we have used the following estimates for t/2 < t <f, 


t t-T 
/ (t—s)72(s — 1) ?ds = cf g VP G=¢=2) "de <C 
a 0 
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and for0 < t < t/2, 
t t 
/ (=)? G2)" as = a} (¢—s)!/2(s —1)“/7'ds < C 
t/2 T 


with some constant C > 0 independent of t owing to Lemma 1.4.1. Hence 
from (1.4.68)—-(1.4.69), we conclude 


t 
Fscr* 4 Cet al t'/?x(r)dt. (1.4.70) 
0 


Combining (1.4.70) and the estimates of I and II, we can complete the proof. Oo 


1.4.2. One-Dimensional Ou- Yang and Pachapatte Type Integral 
Inequalities 


Now we begin to study the integral inequality of the form 
t 
u'(t) < a(t) +f (t— 8)?! F(s)w(u(s))ds, B > 0. (1.4.71) 
0 


The following result concerns the case r = 2 which was studied by Medved in 
[396]. 


Theorem 1.4.7 (Medved [396]) Assume that r = 2. Let a(t) be a non-decreasing, 
non-negative C! function on [0,T) for 0 < T < +00, F(t) a continuous, non- 
negative function, and w : Ro > R, dw(u)/du be continuous, non-decreasing 
functions such that w(0) = 0,@(u) > 0 on (0,T), and let u(t) be a continuous, 
non-negative function on [0, T) satisfying the inequality (1.4.71). Then the following 
assertions hold: 


(i) Assume B > 5 and let w satisfy the condition (q) (1.e., (1.4.1)) for g = 2. Then 
for allt € [0,T,), 


1 


u(t) <e ao [Azo +K / F(oR(as|| ‘ ‘ (1.4.72) 
0 
where 
T(2B - 1) ° do 
Kath) w= fi aay Pz vr (1.4.73) 


and T; € Ro is such that A(2a7(t)) + Kf, F?(s)R(s)ds € Dom (A~') for all 
be [0, T\]. 
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(ii) Let B € (0, 5] and let w satisfy the condition (q) (i.e., (1.4.1)) for g = z+ 2, 
where z= “F, ié., B = a: Then for all t € [0, T\], 


a 
2 


u(t) < ée yan [Aaa + ae [orovas|t / ; (1.4.74) 
0 
where 


c= [CaP p= ee 


So ye ee 1.4.75 
p\~Pp gel? gel \ 


and T, € Ro is such that A(24a4(t)) + 20-1 K4 { F4(s)R(s)ds € Dom (A!) 
for allt € [0,7]. 


Proof First let us prove the assertion (i). Following the proof of Theorem 1.4.1, we 
can show that 


v(t) < a(t) + K i " F2(s)R(s)eo(v(s))ds, (1.4.76) 
0 


T(2B — 1) 


v(t) = (eTu(t))?, a(t) = 2a?(t), ~K = Pal 


(1.4.77) 


Indeed, let V(t) be the right-hand side of (1.4.76). Then v(t) < ./ V(t). This yields 
w(v(t)) < o(/V(@) and 


V(t) 7 a’ (t) + KF?(t)R(t)o(v(0)) 
wo(/V(0) wo(/V(0) 
eae + KF’ (t)R(t (1.4.78) 
~ (a(t) " 
which readily implies 
d [do d [* do 2 
— — < — ———. : 1.4.79 
“ / eo : ey TRON (1.4.79) 


Thus we have 


“MVO) < < Nato) + KF? (t)R(t), (1.4.80) 
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where A is defined by (1.4.73). This yields 


V(t) < AT! | Acai) +K / PORE] (1.4.81) 
0 
whence 
v(t) < V(t) < yan! | Acai) + « [ Porous - (1.4.82) 
0 


Using (1.4.77), we may obtain (1.4.76). Now we shall prove the assertion (ii). 
Following the proof of the assertion (2) of Theorem 1.4.1, we can show that 


v(t) < b(t) + 21K! / : F1(s)R(s)@(v(s))ds, (1.4.83) 
0 
where 
u(t) = (eu(t))4, p(t) = 27 'a4(2). (1.4.84) 


Following the proof of the assertion (i), we obtain 


ie 


v(t) < }A7'(A(G()) + 27 KE / FRA (1.4.85) 
0 


which, together with (1.4.77), yields (1.4.74). Oo 


Remark 1.4.2 It is possible to prove a result of a type similarly as in Theorem /.4.7 
for an inequality which is an analogue of the inequality (/.4.71) with multiple 
integrals. We do not formulate such results here because their formulation would 
be technically very complicated. 


The nonsingular version of this inequality for r = 2,8 = 1 was studied by 
Pachpatte in [449], where a result published by Ou-Yang [442] was generalized. 
Applying the method developed in [396], we can prove the following theorem. 


Theorem 1.4.8 (Medved [396]) Let a(t) be a non-negative, non-decreasing C'- 
function on the interval [0,T| (0 < T < +00), let F(t) be a non-negative, 
continuous function on [0,T], 0 < B < 1,r > 1, and letw : Ry — Ry be 
a continuous, non-decreasing, positive function. Assume that u(t) is a continuous, 
non-negative function on [0, T] satisfying the inequality (1.4.71). Then 


t 
Agr(u(t)") < Agr(2% a4) + Ky / e SF4(s)ds, (1.4.86) 
0 
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or 


t 1/qr 
u(t) < Ag! [Aart + K; i: eros]! , (1.4.87) 


where B = 73,2 >0,q=3te=ltite, p= TH, e>0, 


er) 
z 


Agr(v) = [ i (1.4.88) 


aw(al/ra)a 
with 27-1a1(0) > vp > 0, and A is the inverse of Agr, a = a(t), 


29 1e pT 


K, = ——T(1 —- ap), 


“pi-ap- ap 


witha =1—B = 
for allt € [0,T;], 


Tae and V is Euler’s Gamma function, and T, > 0 is such that 


t 
A gr(2t 1a?) + K, [ e “F4(s)ds € Dom an 
0 


Proof Obviously, * a - = |. Using the Holder inequality, we obtain from (1.4.71) 
t 
u'(t) < a(t) + / (t—s) “ee *F(s)w(u(s))ds 
0 


t 1/p t 1/q 
<a(t)+ | (t— areas | EP FH) 0"(u(s) as . (1.4.89) 


Since (A + B)? < 27 -!(A4% + B*) holds for any A > 0,B > 0 and for 1 — ap = 


& 
arers 7 


pt 


t t 
/ (t—s) “eds = ef tT Pe Pdr < T(1— ap), (1.4.90) 
0 0 pre 


we derive from (1.4.89) that for all t € [0, T], 


u(t) < 2% 1a! + K, i e *F(s)w4(u(s))ds. (1.4.91) 
0 
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Let W(t) be the right-hand side of the inequality (1.4.91). Then u(t) < (W(t))!/"%, 
which yields w4(u(t)) < (w(W(t)!/2))4. Therefore, from (1.4.91) it follows 


Wi) Kye F4(No4(u(t)) ow’ (t) 
(WON) =~ WIM)? * @alM)" 
Le., 
d f¥® do - d f? do 
=| alot = Kee Ft) 4 =f CL (1.4.92) 
or 
La (W(t) < Kje-"F4(t) + cae (d(t)) (1.4.93) 
dt v aye dt v , - 


where A, is defined by (1.4.88) and a(¢) = 24~'a‘(t). Integrating (1.4.93) from 0 
to t, we can obtain (1.4.86). Oo 


1.4.3. One-Dimensional Henry Type Inequalities with Multiple 
Integrals 


In this section, we shall introduce some one-dimensional Henry type inequalities 
with multiple integrals. 


Lemma 1.4.2 Jf H(t) is a C!-function on [0,T), H(t) = 0 for all t € [0,T), and 
H(0) = 0, then for allt € [0,T), 


' H'(s) H(t) 
. 1.4.94 
comenco i 
Proof Integrating by parts on the left hand-side of (1.4.94), we obtain 
[ H'(s) oe H(t) [ 16) w'(V(s)) V'(s\ds > H(t) 
0 o(V(s)) o(VYO) Jo [o(V(s))P ~ @(V(t)) 
Oo 


The following theorem is a modification of Theorem 1.4.1. 


Theorem 1.4.9 (Medved [396]) Let a(t),a'(t),--- a” (t) (a = da) be non- 
negative, continuous function on [0,T) (0 < T < +00), F(t) G@ = 1,2,--- ,m) 
non-negative, continuous functions on [0, T), w as in Theorem 1.4.7, and let u(t) be 
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a continuous, non-negative function on [0, T) satisfying 


u(t) < a(t) + | (sR, (s)o(u(s))ds 
0 
Os. aie dsdtj ++ 
i i [ (t) — 8)?! Fa(s)eo(u(s))dsdty + 


t t tm—1 
+ i; i} ce / (ini — 8)" Fy (s)co(u(s))ds-+ dn, 
0 JO 0 


(1.4.95) 
where B; > 1/2 (i = 1,2,-++ ,m) and @ satisfies the condition (q) (i.e., (1.4.1)) 
for q = 2. Then for all t € [0, T,], 


u(t) < ey), (1.4.96) 
where 
x(t) = @ '(w((m + Na’) + GO), (1.4.97) 
G(t) =mo+ f Inds +--+ | [ , hm(s)ds-++dt,, (1.4.98) 
hid) = ndm+ DORM, = SSD. 


228i +m] ’ i= 1,2,--: 5m (1.4.99) 


and T, € Ro is such that w((m + 1)a?(t)) + G(t) € Dom (w™!) for all t € [0, T)]. 
Proof Indeed, the inequality (1.4.95) yields 


u(t) < a(t) + lf «- 92a | [ Roe tousy?as| ; 
0 0 
+ eee + if [ eee i (tm—1 — 5)?Pm—? 65 qs. . | ; 
0 Jo 0 


x [ / _ i "(se eo(u(s))°ds- an) 


<a) +én: i Fie *otuoyras], + 


NI 


Even 


+e'n 


| fof F2()e*oluls))2ds---an | (1.4.100) 
0 J0 0 
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where n; (i = 1,2,--+ ,m) are defined by (1.4.99) and we have used the following 


estimate 


i 
=f 


ty ti] 
/ aa (ti-1 — 5)?Fi-l oS qs... dty 
0 0 


ty ti—2 fi-1 
/ f prey oPi-| e29 dg... 
0 0 0 
et t ty tino ‘i 
—_T (2p; - »f / f evi dt, + 
276i 0 Jo 0 j 


e“T (2B; — 1) 


see P= 12,00 sm. 


Thus we derive from (1.4.100) and (1.4.2) 


u(t) < (m+ [eo + en / ‘P(e o%(u(s))ds fees 
0 


t ia tn-1 
+m f / f F2(s)e?*00?(u(s))ds de 
0 40 0 


which, by the property (q) (i.e., (1.4.1)) for g = 2, implies 


v(t) < (m+ Dla + i Fi (s)R(s)w(u(s))ds hiss 


+1 i : i: "i i Fal) R(s)eo(u(s))ds---dn 


where 


v(t) = (eu(t))?. 


Let V(t) be the right-hand side of (1.4.103) and 


a(t) = (m+ a(t), h(t) = ceni(m + DF?(OR(O). 


Then for all ¢ € [0, 1), 


V'() — (1) — hi (Nov) = Vid), 
V(t) — ho(No(v() = V2(d),--- 
Vin-2(t) — Am—1 (V0) = Vin-1 (0), 
Vin-1) = Min(Qo(v(t) < Mm(o(V(). 


dt, 


dt} 


(1.4.101) 


(1.4.102) 


(1.4.103) 


(1.4.104) 


(1.4.105) 


(1.4.106) 
(1.4.107) 
(1.4.108) 
(1.4.109) 
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Using (1.4.94) and (1.4.109), we have 


Vin—1 (0) m=1(8) 
mame av) ds S <[ hm(s)ds. (1.4.110) 


By (1.4.107), (1.4.94) and (1.4.110), we get 
Vin—2(t) [ Vv’ _»(s) if [ Vin—1(8) 
< ut ds < hm—\(s)ds + ——— ds 
o(V(0) ~ yp OVO) In 0 o(V(s)) 
t t t 
< / hm—1(s)ds +f / hy(s)dsdt,. (1.4.111) 
0 0 Jo 
Proceeding in this way, we can prove 
Vi) 6 [ [ 
ho(s)d. h3dsdt 
OOO) iy yee 


tn—1 
ff -f Im (8)dsdtm—1 +++ dty, (1.4.112) 
0 40 0 


V’(t) a’(t) V(t) — a(t) Vi(t) 
oVO) o@@ ~ ova ~~"? t+ av@ 


t t pt 
= hy (t) + | h2(s)ds + / / h3dsdt, + --- 
0 0 JO 


t qt tm—1 
+f f f Mim (8)dsdty—1-«+dt; = G(t) (14.113) 
0 J0 0 


whence for all t € [0, 7;), 


which implies 


v(t) < 27! (w(a(o) + Go) (1.4.114) 
where T; € Ro is as in Theorem 1.4.9. Therefore, using (1.4.104), we 
obtain (1.4.96). Oo 
Remark 1.4.3 The assertion for the case B; = = ,z = | for all j and its proof is 


similar to ae assertion (1.4.2) of Theorem /.4./. We do not formulate it here. The 
case B; > ai for a real number z > | is more complicated and we also do not 
formulate any result concerning this case. 
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Theorem 1.4.10 (Dixon-Mckee [188]) Let the function x be continuous and non- 
negative on the interval [0, T]. If for all0 < t <T, 


x(t) < 6) emf [- OD as cette ANS) 
0 JO 


(t; — s)* 


wherea < 1, m > 1, M > Ois constant, and $(t) is a non-negative, non- 
decreasing continuous function in t € [0, T], then for all0 < t < T, 


x(t) < 6Ei-@—m (MT (1 — a)!“ ™), (1.4.116) 
where E\_,(z) is the Mittag-Leffler function defined for any B by 


+00 


ge 
a 2. Td —B) +1) 


and (a) is the Gamma function defined for Rea > 0 by T(a) = ft w*le-wdwy. 
The exponential function, which is obtained when B = 0, is a special case of the 
Mittag-Leffler function. 


The Mittag-Leffler function has been studied in some detail in the literature, for 
references, see Erdelyi [205]. 


Proof Form = 1, by interchanging the order of integration, 


as x(s ) i rd =a a) ; m—a 
[ [- (As ———dsdt| «++ dt, = Tam re [ (t—s)” “x(s)ds. 


Consequently, the inequality (1.4.115) is equivalent to 


x(t) < b(t) + [iw s)x(s)ds 


where the kernel k(t, s) given by 


T(1—a)(t—s)"-* 


Co a 1 en 


O<s<t<T, (1.4.117) 


anda < 1, m => 1, is continuous and non-negative. 
Thus using Theorem 1.2.38, 


x() < yO 


142 1 Linear One-Dimensional Continuous Integral Inequalities 


where y(f) is the solution of (1.2.286) is given by for all 0 < t < T, 


y() = 6+ : P(t.s)y(s)ds, 


where for allO < t < T, 
+00 
T(t,s) = > k(t, 5), 
n=1 


is a the resolvent kernel of k(t,s) and k)(t,s) are the iterated kernels of k(t, s) 
defined by 


t 
KYO (,5) =k(t,s), kK(t,s) = i k(t, uk) (t, u)du, n > 2. 


Using mathematical induction it can be shown that the iterated kernels satisfy 


K(t,s) = MAE OREN ioe. Cais) 
ld —a+m)) 


Hence, we obtain for all 0 < t < T, 


< (MT(1—a))" 
x1) < oO + > ws! (f— sy" 1b (s)ds 
n=1 
< $(QE\—@—m)(MT (1 —@)t!-&™). (1.4.119) 
The proof is now complete. O 


Remark 1.4.4 If a = 0, then (1.4.116) reduces to 
x(t) < $(t) cosh(M21). 
Note that in the case ¢(t) = ¢, 0 <t < T, (1.4.116) is the best possible result since 


equality in (1.4.115) implies equality in (1.4.116). For a more general ¢(f), the best 
possible result is given by 


x(t) < “ i, "E,-e-m(MT(1 —a)(t—s)'-@™)b(s)ds, — (1.4.120) 
0 
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where the right-hand side of (1.4.116) is the solution of the integral equa- 
tion (1.2.286) with kernel (1.4.117). We also remark that if ~ < 0 Theorem 1.2.38 
remains valid if m = 0, that is, if (1.4.115) involves a single, rather that repeated, 
integral and in this case Theorem 1.4.10 is an example of Theorem 1.2.39. If 
0 <a < 1 andm = 0, then the kernel k(t,s) = M/(t — s)* is weakly singular; 
Gronwall inequalities where the kernel of the associated integral equation is weakly 
singular can be found in Dixon and McKee [187]. 


Chapter 2 
Linear One-Dimensional Discrete (Difference) 
Inequalities 


2.1 Linear One-Dimensional Discrete Gronwall-Bellman 
Inequalities and Their Generalizations 


It is well-known that discrete inequalities play a vital role in the continuing 
development of the theory of difference equations. It appears in the literature that 
none of the results deals directly with discrete inequalities that involves higher order 
differences. 

In this section, we shall introduce linear discrete Gronwall-Bellman inequalities. 
Recurrent inequalities involving sequences of real numbers, which may be con- 
sidered as discrete analogous of Theorem 1.1.1, have been extensively used in the 
analysis of finite difference equations. For an elementary introduction to application 
of such results to numerical solutions of ordinary differential equations, we refer to 
the book by Henrici [271]. 

Discrete analogues of Theorem |.1.1 have also proved to be very useful in the 
numerical solutions of partial differential equations. Before we mention some of the 
typical results in this direction, we prove the following basic result which can be 
found in [299]. 


Theorem 2.1.1 (Hull-Luxemburg [299]) Let m be a positive integer, uo, Uy, ... , Um 
a sequence of (m + 1) non-negative numbers, and Z, Z1,...,Zm @ non-decreasing 
sequence of (m + 1) real numbers. 
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Furthermore, let {f,} be a non-negative non-decreasing sequence and L > 0. 
Suppose that the following inequality is valid for 1 = 1,2,...,m, 


I-1 


uy < fit LY Cue —%) 
j=0 


i-1 
= {fi + Luo(zi — 20)} + LY \uj(Z4i — %). (2.1.1) 


j=l 
Then the next inequality holds for! = 1,2,...,m, 


1 
uy < {fi + Luo(zi — 20)}] [1 + L@&— 4-0) (2.1.2) 


j=l 
Proof Set hj = (z+1 — z%),j = 9, 1,...,m— 1. By hypothesis, we get 


I-1 
uy < fi + Lughy + LY ujhy. 
j=l 


Since 1 + Lho = 1, the inequality (2.1.2) certainly holds for / = 1. Suppose that it 
is true for / < n — 1. Then we shall show that it is true for / = n. Now since {f,,} is 
non-decreasing, we derive 


n—1 


Un < (fn + Lugho) + LYS ujh; 


j=l 
n—-1 J 
< (fn + Luho) + LY “hy(f + Luoho)| [C+ Lhi-1) 
j=l i=1 
n—-1 J 


<n + Luho) {1 +L ~hj [a+ Lh.-1)} 


j=l i=l 


n—-1 


< (fn + Luoho)| [C+ Lh;-1) 
j=l 


and 
n—-1 7Z 


14+L) hj [+ La) 
j=l i=l 


= 1+Lh\(1 + Lho) + Lhg(1 + Lho)( + Lh) +--- 
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+Lhy-1(1 + Lho) as @l + Lhn—2) 
< (1+ Lho){1 + Lay + Lhg(1 + Lhy) ++>- 
+Lhy—1(1 + Lhy)--- (1 + Lty_2)} 
= (1 + Lho)(1 + Lhy) +++ (1 + Lay—-1) 
=[]a +14). 


j=l 


This hence completes the proof. Oo 


By setting f; = e in Theorem 2.1.1, we arrive at the “convergence inequality” 
which Diaz [184] employed in developing an analogue of the classical Euler- 
Cauchy polygon method for the solutions of characteristic boundary value problems 
for a class of nonlinear hyperbolic equations. Similarly, in the investigation of 
convergence properties of several finite difference schemes for nonlinear parabolic 
equations, Lees [357] has used the following theorem. 


Theorem 2.1.2 (Lees [357]) Let u and f be non-negative functions defined on the 
integers 1,2,...,m. Let f be non-decreasing. If there holds that 


I-1 
uy <fit+ LkY ou; 1=1,2,...m, (2.1.3) 


i=1 
where u; = u(i),f; = f(i) and L and k are positive constants, then 
uy < fiexp(Lkl), 1=1,2,..,m. (2.1.4) 


Proof The theorem is readily derived by setting up = 0 and (z — 7-1) = k,k > 0, 
forj = 1,2,...,m. For, under these assumptions, by Theorem 2.1.1, (2.1.3) implies 


1 
uw < fi] [+ LA) < fiexp(Lkl). 


i=1 


The proof is thus complete. Oo 


Note that this theorem can also be considered as a corollary of Theorem 2.1.4, 
see Corollary 2.1.5 below. 

For other useful inequalities which may be considered as discrete analogues of 
Theorem 1.1.1, we refer to Hull and Luxemburg [299], Jones [305], Li [360], and 
Willett and Wong [648]. 

In the sequels, we shall introduce some notations. Let a € Np = NU {0}, Ny = 
{a+n: n€No}, Au(n) = u(nt+ 1)—u(n), nE No. 

One of the simplest discrete inequalities is stated in the following theorem. 
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Theorem 2.1.3 (Agarwal [10]) Let uy, f, and b, = —1 be sequences defined for 
alln € Ng satisfying the inequality for alln € Ng, 


Aun < dytty + fn (2.1.5) 
Then for alln € Na, 
n—1 n—-1 n—1 
Un Sua] [A+6)+ dof T] +00. (2.1.6) 
s=a s=a i=st+l 


Proof In fact, we may rewrite (2.1.5) as 
Ust+1 — (1 + ds)us S fs. (2.1.7) 


Multiplying (2.1.7) by []j— = al + bj), we have 


n—1 n—-1 n—-1 


wii [] A+4)-u][a+o) <A [] +50. (2.1.8) 


i=st+l1 i=s i=s+1 
Thus summation from @ ton — | yields 


n—1 n—-1 


to []0-+0)—e6 [Ta +) = or TI (1 + bj) 


i=n s=a j=st+1 


which implies (2.1.6). Oo 
Corollary 2.1.1 Let Au, < fy, then 


n—1 
Un < Ua + >- fo. 


sS=a 


Corollary 2.1.2 Let Auy < byun, then 


n—-1 


Un < Ug [ [a + bs). 


s=a 


Theorem 2.1.4 (Pachpatte [449]) Let un, dn, bn = 0, dn = 0 be sequences defined 
satisfying the inequality for alln € Ng, 


n—1 


Un <n +n), Dols. (2.1.9) 


s=a 
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Then for alln € Na, 


n—1 n—1 


Un Sa, + dn Y- dsas I] ( Si biqi). 


s=a i=s+1 
Proof Setting 
n-1 
Wr = yb Wa = 0, 
s=a 
we can obtain 


Un Say + GnWn; AWn = ban, 


Awn S Dada + bndnWn- 


Applying Theorem 2.1.3 to (2.1.12), we can obtain 


n—1 


Wn < (s bas) T] (+ biai) 


s=a i=s+1 


which, along with (2.1.11), implies (2.1.10). 
Corollary 2.1.3 (Sugiyama [612]) Jf for alln € Na, 


n—1 
Un San + > Dsus, 


where b, > 0,5 € Ng, then for alln € Ng, 


n—-1 
Un <a, + So bsas ME (1 a bi). 


s=a 
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(2.1.10) 


(2.1.11) 
(2.1.12) 


(2.1.13) 


(2.1.14) 


Corollary 2.1.4 (Sugiyama [611]) Let x(n) and f(n) be real-valued functions 
defined for all n € N, and suppose that f(n) < 0 for every n € N. If for all 


néeN, 


n—1 


x(n) < x0 + D> f(s)x(s), 


s=no 
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where N is the set of pointsno + k (k = 0,1,2,---), no < 0 is a given integer and 
x is a non-negative constant, then for alln € N, 


n—-1 


x(n) <x0 [I +f). 


s=n0 


Corollary 2.1.5 (Lees [357]) If b, => 0 and a, is non-decreasing for alln € Na, 
then (2.1.13) implies that for alln € Ng, 


n—-1 n—-1 
Un < ay | [C1 + bs) < an exp (Es). (2.1.15) 


s=a 


Corollary 2.1.6 (Beesack [51]) [fb, > 0 and ay is non-decreasing for alln € Na, 
then (2.1.13) implies that for alln € Ng, 


n—-1 n—-1 
Un < ay] [C+ by) < an exp (S), (2.1.16) 


s=a s=a 


Corollary 2.1.7 (Gronwall [239]) Under assumptions of Theorem 2.1.4, inequali- 
ties (2.1.9)-(2.1.10) implies that for alln € Ng, 


n—1 n—-1 


n—1 
Yo deus < Yo beas TT + bia). (2.1.17) 


s=a s=a i=st+1 


Proof Estimate (2.1.17) follows from (2.1.15) with g; = 1, and (2.1.9)-(2.1.10). 
Estimate (2.1.17) has been obtained in the process of proving Theorem 2.1.4. 9 O 


The next result is a consequence of Corollaries 2.1.3 and 2.1.4. 


Corollary 2.1.8 (Sugiyama [611]) Jf a non-negative sequence y,,n=0,...,N, 
satisfies 


n—1 


yo=0,  ynSA+BhY yj, 1<n<N, h=1/N, (2.1.18) 
j=0 
then 
max y; < Ae®, (2.1.19) 
O0<i<N 


where A and B are positive constants independent of h. 


Note that Corollary 2.1.8 plays an important role in proving convergence 
of numerical solutions of Volterra integral equations with a continuous kernel 
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[168, 174, 385]. However, it is ineffective to prove convergence of numerical 
solutions of Volterra integral equations of the second kind with a weakly singular 
kernel. For example, we consider the following nonlinear Volterra equation of the 
second kind 


u(s) = y(s) + [ k*(s, t, u(t))dt, a<s<b, (2.1.20) 


a 


where the kernel 


k*(s,t,u(t)) = (s — 1)" (In|s — t])’k(s, t, u(t)), -l<a<0, B=0,1, 
(2.1.21) 


is weakly singular and k(s,t,u(t)) is a continuous function on variables s, t, u, 
especially, there exists a positive constant L satisfying, for all t, s € [a, b], 


|k(s, t, u) —k(s,t,v)| < Llu—v]. (2.1.22) 


Moreover, for fixed s and ¢, we assume that k(s, t, u(t)) has high order derivatives 
on u, and let k,(s,t,u(f)) = AKs, t,u(t)). In order to get a discrete version 
of (2.1.20), we can apply the quadrature formula in Navot [426] and Lyness [372] 
of computing integrals with the end point singularity. 

Consider the integral 


b b 
I(G) = / G(x)dx = / (b—a)*(In |b — x|)’e(x)dx, (2.1.23) 


where —1 < a < 0,8 = 0,1, and G(x) = (b— a)*(In |b — x|)? (x), g(x) is smooth 
on [a, b]. Take the step width h = (b — a)/N, and x; = a+ ih,i = 0,--- ,N. If 
g(x) € C?"[a, b], then Navot [426] and Lyness [372] proved that the quadrature 
formula 

N-1 


Ou(G) = FGC)+h > Gla) BE a) +5-a)(inh)*]g(yn!F" 2.1.24) 


i=1 
possesses the following Euler-Maclaurin asymptotic expansion 
En(G) = Qy(G) — 1(G) 
m-1 By 2m—1 
= Daye’ (OM + DCB Cap + $a —poniy] 
ae j=l 


xg (byhite*! + O(n"), (2.1.95) 


152 2 Linear One-Dimensional Discrete (Difference) Inequalities 


where Bz; are Bernoulli numbers, and ¢(x) is the Riemann Zeta function. 
From (2.1.26) it follows that if g(x) € C?[a, b], then 


Ey(G) = O(#?**| In hl). (2.1.26) 


Taking s = x; in (2.1.20) and using the quadrature formula (2.1.24) for 


uta) = yea) + fdas — PR uD)at, 2.1.27) 
xo 
we obtain the following nonlinear discrete equations: find uj,i = 0,1,---,N, 
satisfying 
Uy = y(Xo), 


h 
uj = y(x;) + rae — xo)* (In |x; — xo|)PK(x;, x0, uo) 


i-l 


+ h xe = xj)” (in |X; = x;|)PK(x, x, uj) 


j=l 
— EF BE(-a) + F(a) (nh)? uh'F®, i= LN, 
(2.1.28) 
But by (2.1.25), the integral equation (2.1.20) can be expressed as 
i-l 
u(xi) = y(ai) + AY) wy(xj — x) Cn |x; — 91)? RC, 27, UC) 
j=0 
thajik (xi, Xi, u(x;)) + Ein ((xi _ t)* din |X; _— t|)Pk(x;, Es u(t)), 
i=0,1,---N, (2.1.29) 


where 


Wi = > wy = h°[Bo'(—a) — €(—a) (In h)*}], oj =1, for 1<j<i, 
(2.1.30) 


and the remainder satisfies an estimate 


|Eje((x; — t)* (In |x; — t|)P k(x, t, u(t)| = OCF | In Al). (2.1.31) 
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Letting e; = u(x;) —u; and subtracting (2.1.28) from (2.1.29), we obtain the error 
e; satisfies the equation 


eo =0, 


i-l 


e; =h a coy (x; — xj) (Un |x; — ])? [ai xj, uj) — ki 7, w)] 
j=0 


+ haji [k(xi, Xi, U)) — KO, Xi, Ui) + Exe, t, uO), 1<iK<N. 
(2.1.32) 
Thus it follows from (2.1.22) that for all 1 <i< N, 


i-1 
lei] < Lh > ei(xi—xj)* (In [x4 — 51)? fej] + Lheoiile;| + [Ei t,u@)|- (2.1.33) 


j=l 
Let h be so small that Lha,;; < 5, then we easily derive that 


& = 0, 
i-1 

lei] < 2Lh D(a; — x) (In |x; — x1)? le] + [Bie t,u())|, 1 <i <N. 
j=l 


(2.1.34) 


Let 


1<i<Nax< 


A= max max |2E;,(x%;,t,u(d)|, 
t<b 
By = 2LA(x; — xj) (In |x; —xj|)?, for i> j, -1 <a <0, B =Oorl, (2.1.35) 


then (2.1.34) can be simplified as 


|eo| = 9, 
i-1 
(2.1.36) 
le] < A+) Bile, 1 <i<N. 
j=l 


Thus the convergence and error estimate of the approximation equation (2.1.28) 
reduce to estimate {|e;|} satisfying (2.1.36). Unfortunately, if A and By in (2.1.36) 
are defined by (2.1.35), then the discrete Gronwall inequality (2.1.19) in Corol- 
lary 2.1.8 does not hold. 

However, instead of (2.1.19), we shall prove a new generalization of the discrete 
Gronwall inequality. 
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Theorem 2.1.5 (Lii-Huang [368]) [f A and By are defined by (2.1.35) and e; 
satisfies the inequality (2.1.36), then there is a positive constant c, independent of h, 
such that 


le;| < ch?**(Inh)?. (2.1.37) 


Proof Since eo = 0, successively substituting the right-hand side of (2.1.36) when 
i=n-—1,---,1 into 


n—1 


len| < A + Y- Brylejl. 


j=l 
we derive 
n—1 jo-l 
le,| <A+A > Bnj, +A 5 Banjo 5 Byrj, 
j=l p=l j=l 


n-1 Ja=i=!1 ja-l 


tetA DD Brit D5 Bio? Ban (2.1.38) 


Jn—1=1 jn—2=1 j=l 


In order to estimate {|e,|}, we shall use the following simple inequality: if a non- 
negative function f(x) is monotone on [0, 7], then 


n—l n 
YF < i flx)de. (2.1.39) 
i=1 


We divide two cases to discuss. 


Case 1: B = 0, 1.€:, Bi = 2Lh(x; = xj)™. 
Since x* is monotone and non-negative, using (2.1.39) and setting x = j2y, we 
get 


ol jal 
> Bin = 2EAt* Ye — 5)” 
j=l j=l 


< 2zh't of (jz — x)*dx = 2Lh't*B(L + a, 1)js**, (2.1.40) 
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where B(r, s) denote Beta function. Similarly, 


n—-1 dk-1 ja-l 
Fig =A YBa > Bini ++ > Bij, 
Jk=1 je-1=1 j=l 
< AGIA) Bd +o, 1)- BO + ow, k= 1 + @) + 1). 
(2.1.41) 
However, 
Td+a)l(m0 +a) + 1) 
BA+a,m0 +a) + 1) = —————_ 
( ( ) ) T(m-+ 1ld+ea)+1) 
Tam 
m+1 T((m+ 1) +a)) 
(2.1.42) 
By the Stirling formula, there exists 0, € (0, 1) such that 
TZ) = Ving te ter, 
Letting 
s=l+a, 
we derive that 
T (ms) m il = On Ont 1 
— ms 7 1 S_S _ 
Maat aa er exp (SE 12¢n+ Ds 
< et (<) (m+1)~°. (2.1.43) 
Ss 


Substituting (2.1.43) into (2.1.42), we obtain 
B(s,ms +1) < M(m+ 1)%, (2.1.44) 
where M = T(s)et (<)*. Therefore, inserting (2.1.44) into (2.1.41), we have 


A(2L(b — a)'M)k 3 RE 
(Cs 


Fix < (2.1.45) 
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where R = 2L(b — a)sM. Thus substituting (2.1.45) into (2.1.38), we obtain 


n-1 k +00 Rk 
lee] 8D eye eae (2.1.46) 
k=1 k=0 


where 
+00 RE 
H= — < ‘ 
d (ke) -+-0o 


and # is a positive constant independent of h. Now it follows from (2.1.26) that 
A = O(h?**), which readily yields that there is a positive constant c, independent 
of h, satisfying, 


max |e;| < ch’. (2.1.47) 
O0<i<N 


Case 2: B = lie., By = 2LA(x; — xj)* An |x; — xj|). 
Note that since ~@ > —1, we can find such an ¢ > 0, that ~w — ¢ > —1. However, 
by an inequality in [410], 


| In(i—j)h)| = —In(i—f)h) < SS 


we may derive 


[Bil < 2LA[(i — jay” 


eS ee pale. (2.1.48) 
Ei ee 


Setting 
L 
a) =a-€, l=, 
€€ 


and using the results of Case 1, we can prove that 


max |e;| < ch?+*(Inh)?’. 
O<i<N 


Thus the proof is complete. Oo 
From Theorem 2.1.5, we easily prove the following corollary. 


Corollary 2.1.9 If k(s,t,u) satisfies (2.1.22), then the solutions u; of (2.1.28) 
converges to {u(x;)} as h — 0, and there exists a constant c, independent of h, 


2.1 Linear One-Dimensional Discrete Gronwall-Bellman Inequalities and... 157 


such that when h is sufficiently small, the error satisfies the estimate 


max |e;| < ch? (In hy, (2.1.49) 


0<i< 
Remark 2.1.1 After Theorem 1.1.1 [239], many authors generalized Gronwall’s 
inequality and its discrete analogue (see, e.g., [47, 49, 410, 491, 648]). The discrete 
analogues of the generalizations of Gronwall’s inequality are often applied to 
the numerical treatment of differential equations and integral equations (see, e.g., 
[385]), however the numerical treatment of weakly singular integral equations seems 
to be difficult. 


From Corollary 2.1.8, we can prove the following theorem which can be regarded 
as a corollary of Theorem 2.1.4. 


Theorem 2.1.6 (McKee [393]) Let uy, py, and b, > 0 be sequences defined for all 
n € N, such that for alln € Ng, 


n—1 
Un < Ua + Y (Bsus + Ps): (2.1.50) 
Then for alln € Ng, 
n—1 n—1 n—1 
un <Ua | [A +b) + >> ps [] +). (2.1.51) 
s=a s=a i=s+l 


Gronwall [239] in 1919 introduced Theorem 1.1.1. However, in numerical 
analysis literature, we can frequently find the corresponding discrete form of 
Theorem 1.1.2. 


Theorem 2.1.7 (Mckee [393]) [fx;, j = 0,1,--- ,N, is a sequence of real numbers 
with 


bil <n Ll 48. i=1,2,---,N, (2.152) 
j=0 
where M > 0 is usually independent of h (= T/N) and 5 > 0, then 
|xi] < (AM|xo| + dye", i= 1,2,+++,N. (2.1.53) 
Proof We need only to show inductively that (2.1.52) implies 


|x; < (AM|xo| + 5)(1 + AM)! (2.1.54) 
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and then observe that 
i-1 gat xj . 
(1+ hM)! < (1 + (ih)—)' < exp (Min). 
l 


oO 


Indeed, in the numerical analysis literature, see, e.g., Henrici [271] or Linz [363], 
it is more common to find (2.1.53) replaced by the less sharp result 


I|xIloo < (AM|xo| + Je" = (hM|xo| + 8)e”", 


where ||x||oo = max) <j<v |x;|. 

The importance of this theorem is that it is invariably employed to demonstrate 
the convergence of the discrete solution of some discretisation algorithm to that of its 
corresponding operator equation. For example, we also refer to Henrici [271] who 
considered ordinary differential equations or Holyhead, McKee and Taylor [288] 
who considered first kind Volterra integral equations. 

We also note that recurrent inequalities involving sequences of real numbers, 
which may be considered to be discrete Gronwall inequalities, have been widely 
used in the analysis of finite difference equations. The book by Henrici [271] 
provides an elementary introduction to the application of such results to the 
numerical solution of ordinary differential equations. 

The following lemma, which is encountered frequently in numerical analysis, 
may be regarded as the discrete analogue, and improves Theorems 2.1.2 and 2.1.4. 


Theorem 2.1.8 (Dixon-Mckee [188]) Let x;, i = 0,1,...,N, be a sequence of 


non-negative real numbers satisfying 


i-1 
xo <6, x7 <5+Mh) x, 1=1,2,...,N, (2.1.55) 


J=0 


where 6, M are non-negative constants with M bounded independently of h (= 
T/N), then 


x; < Sexp(Mih), i=0,1,...,N. (2.1.56) 


Proof The proof is similar to that of Theorem 2.1.4. Oo 


Now we present different and rather special generalizations of Theorem 2.1.1. We 
shall consider essentially equations with an Abel’s type singularity, for example, 


"k(t, 
y(t) = / as +f, O<e<1, (2.1.57) 
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where k(t, s) and f(t) have sufficient continuity on their respective domains {0 < 
s < ft < T} and {0 < t < T}. Because the case when the exponent € is equal 
to ; is the one of most practical interest and partly because this case is helpful in 
understanding the general result in the following theorem. 


Theorem 2.1.9 (Mckee [393]) Jfx;, j = 0,1,--- ,N, is a sequence of real numbers 
with 


Ixo| < 4, mi cht ee ee i= 1,2,<4 N, (2.1.58) 


j=0 (—j)? 


where M > 0 is independent of h, 5 > 0 and T = Nh, then 


IIxIloo < (1 + h?M + hM2n + 2MT?) Meat (2.1.59) 


Proof Multiplying (2.1.58) by h2M ae —l., k > iand summing from 1 to 
(k—i) 2 


k — 1, we obtain 


k-1 k-1 i-l k-1 
1 1 
him) rc 2) hermes vey [ay] +n? >> -§ 
ai k= i=1 j=0 (k-i)? = i? i= (k— i)? 
(2.1.60) 
Thus we have, by (2.1.58) 
k-l k-1 1 
1 
lx] <h?7M >> rr a OD rae | eh Me hal +8 
i=0 = et (k=O? (k) 
k-l 1 
1 1 
<M YS ——_|xi| + 5(1 +h? M), 
i=1 (k—i)2 
since |xo| < 6 and h2M—_3 < h?M6, and so using (2.1.60), we obtain 
(k)? 
k-1 i-1 k-l 
1 
|e] < AM? eae ?M5.) ’ ——— + 6(1 + h?M). 
i=1 j= = (k-i)3 = =) (k—i)2 


(2.1.61) 
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Changing the order of the summation, then we derive from (2.1.61) that 


k—2 k-1 k-1 


1 é 1 ; 
xx] < ny | s ars al ba Oa omer + 8(1+h2M). 
j=0 i=j+l1 ~ ~ 7 


i=1 


(2.1.62) 


On the one hand, we know that by considering the summation as a Riemann sum, 
we have 


k-1 k-1 
1 1 tk d. 
=) </ —S—  et!?, (2.1.63) 
i= (kK —i)? m1 (Ke — ti)? 0 (t% —s)? 


where t; = jh. On the other hand, we also get 


k-1 l k-1 1 


2 


——— Sh > ———— 

nl; +i 1 J 

impr (k— i)? (G—j)? imp (te — ti)? (ti — G)? 
k-j-l 


1 kj 1 
=ny—4 sf 4 as 
i - iol 
=1 (tej — t)2t/; 0 (tj — 8)2s2 


1 
= i ee ac, 2 =. (2.1.64) 


Thus it follows from (2.1.62)—(2.1.64) that since % < T, 


k—2 
1 
[xe] < WM? S~ |x| + 2MbR + 8(1 + h2M) 
j=0 
k—2 i f 
< hM? x Y~|xj| + 2MbT? + 8(1 + h?M). 
j=0 


We now observe that Theorem 2.1.7 with (2.1.53) replaced by (2.1.54) can be used 
to give 


IIxIloo < {hi xx + S(1+h2M + amT}yleMn”, 
Since |xo| < 6, we obtain 


I|xIloo < 81 + 2M + AM? + 2MT?2)e7". 
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Next, we shall see how the ideas associated with the proof of Theorem 2.1.9 can 
be generalized to deal with the exponential e. 


Theorem 2.1.10 (Mckee [393]) If xj, j = 0,1,---,N, is a sequence of real 
numbers with 


Ixo| <8, |x] < Al “aR Gap bl +8: i= 1,2,---,N, (2.1.65) 


where M > 0 is independent of h, 5 > 0 and0 < € < 1 (independent of h), then 
Ilxlloo < (5 ae AM'T"—!-% 8) eMT"s (2.1.66) 


where M' = M, n= 1 and 


n—1 
M =M"|[B(kK-«),1-6), n>2, 
k=1 
n—2 
=s (n'-*M) > y! ae yr! , n>2, 


j=0 


andy = , and nis the smallest positive integer such that € < (n—1)/n, B(-,-) 
is the beta fanttions 


Proof Let {i;, j = 1,2,--+ ,n} bea finite set of integer variables such that 0 < i, < 
++ <i, < N and nis chosen to be the smallest positive integer such that 


w=-1=e=0. (2.1.67) 


These integer variables will play the analogous role of the “dummy” continuous 
variables {t;, j = 1,2,--- ,n} in the simple integration 


t th t2 
[fo fo Pendnde,---ar 
0 JO 0 


such that for any € € [1, 2], a finite n can always be chosen such that (2.1.67) is 
satisfied. 
ie shall first prove by induction on m that for any fixed € such that — <ex< 
a 1 (2.1.65) implies, for all m = 1,2,...,n, that 


im—1 
|Xi,,| s ee" M in Ge _ aia x; + ou, im = 1, 2, sees N, (2.1.68) 


i=0 
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where 
M, = MB((m— 1) -—€),1-9)My1, M-1=M 


oS : 


5m = = 61 ae i “M) +M =r bm—1. by =6. 


We note that form = 1, (2.1.68) is simply (2.1.65). Assume then that (2.1.68) holds 
for any m € {1,2,..., N}. 
Now using the inductive hypothesis, we derive from (2.1.65) that, 


imti- 1 


feel kM 


im=0 


Xin | + 6 
ow im )é m 


im+1— 1 1 


1 
— p-<y ————_|x, | + h'-*«u 5 
Xu (in41 _ im)€ Poa (int1)* Ha r 


imti— 1 
l-e l-e 
7 : . au oni im)€ i 7 ah % ‘ a) 
im+1— 1 1 im—1 
<p eM s {Hn "Ma > Gn "xi + du} 
in=l (in+1 _ im) i=0 


+6(1 + h'*M), 


whence 


im41—-2 inti 
m+1—(m-+ le y 
[Xin-+t| = h MMn 
i=0  im=i+1 


1 


ee a ee ee ea x 
im+1 = im)€ (im — i)— (m1) +me | i 
imtirl 
1 
+6(1 + h'*M) + h'<*M ee 
Fey (imt1 — im)€ 


where we have changed the order of the summation. 
Now as in the proof of Theorem 2.1.9, we can derive 


om | intial t 
hi-€ ~ 1 — hi-< > 1 = / 'm+1 ds 
; ; e . ‘aoa? (ai % £ 
(bins tin) 0 S) 


i,=l (im+1 — im) i=l (Cin 44 = 


1 


= 
= 1 —eE (ice) ‘ 
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whence 
imti—l 1 imfi—i-1 1 
aa (in-+1 = im)* Cin = j)—n—-+me = (in-+1 -_j- Dei @—D+me 
imti7i-1 —m-+ (m+ le that 
>. — _ oe | ce hoe 
=1 ing ii — iy aaa 0 (int — ou ae 
du 


1 
— pomt(mt+lery: _ yp (rt De eS 
=h [CGim+1 i)h| i al _ u)eua i 1)-Fime 


= (inti — i)" F* B(m(1 — €), 1-€) 
where we have, as in Theorem 2.1.9, compared the Riemann sum with the area 


under the curve. 
Thus we conclude that 


in 41-2 
ing il <A" OHVMM SO ing — DO TMBOm(1 — €), 1 — ©) |x 
i=0 
M(t; l-e 
+6(1 + hi-€M) + Minis) ft) oh 
which implies 
im+1-1 
King l SAO HVE YO (img — DOP BOM — €), 1 = ©) La 
i=0 
M(t; l-e 
+5(1+ h'€M) + Mle) fe) Sn 
im+i-1 
= At }—Or+ De YB (m(1 _ €), _ 6)Mn > (ae _ jy rt Ne || 
i=0 
M(t; l-e 
+5(1 + h'*M) + Na) i) Bi 
inti-l 
= Aor Neng ed 2 (ee pres, | as bor. 
i=0 


The induction is then complete and in particular, we have 


in-l 
Ix;, | eS h’- M, Yilin = ns |x| ae Sns 


i=0 
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and since 


M(ti41 i 


Mm = MB((m— 1)(1—€),1-€)Min-1, Sm = (i+ h'*M)6 + 1 
=e 


bm— 1> 


m = 2,3,...,n, with M; = M and 6, = 6, we can prove trivially by induction that 


n—1 
M, =M,] [Bk -6),1-6-)=M’, n>2 with M =M, 
k=1 
eee _ Mie 
bn = O{(U +h “M) yoy +y" '= 8}, n>1, where y = —“_. 
0 l-e 


Furthermore, since t; = ih < T, we have 
1 rn—1—ne — i-j n—1—ne / 
[xi] < hM'T" 1 Y(t xd + 5 
=o! 
which yields, since (Gyr tore <lasn—1-—ne => 0, 
i=1 
|x; 2 hM’T"~!-"« > [xl fe 8. 
j=0 
Now applying Theorem 2.1.7 with (2.1.52) replaced by (2.1.53) to (2.1.66), we get 
Ix} oo < arr = |xo| + 5’) exp M’T" 1) 
= (hM'T" 1" § a 6’) expM’T""", 


The proof is thus complete. Oo 


In what follows, we shall study the inequality with another Abel’s type singular- 
ity, for example, for alln € N, 


i ‘ke 9) a, (2.1.69) 
0 


+1 +1 
(1 — gor +) mT 


where k(t, s) has sufficient continuity on the domain {0 < s < t < T}. This type 
of Eq. (2.1.69) is quite comparatione. We refer, for instance, to Atkinson [35] where 
n = 1 and Lighthill [361] and Noble [430] where n = 2. 

We shall present the next general result. 
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Theorem 2.1.11 (Mckee [393]) /f xj, j = 0,1,...,N, is a sequence of real 
numbers with 


|xo| < 6, Il <M a ap = s+ 8, P= 1,2,..4N, 21.70) 
joo jim rt 


where M > 0 is independent of h, 5 > 0, n € N (independent of h), then 


n+l 11 nN 
[L*lloo <8{ Denwry +n ): reve To —)} 
exp ((22* Oh. (2.1.71) 


Proof Let {ij, j = 0,1,..., n} be a (finite) set of integer variables such that 1 < 
ip < ... < i, < N. We shall first prove by induction on m that (2.1.70) implies, for 
allm = 0,1,...,n, that 


n+1 nol 
|x, | z n{(——— "en", m 


+8{1 + (nmt,,) +... + (amt,,)”|\. (2.1.72) 


We note that for m = 0, (2.1.72) is simply (2.1.71). Assume then that (2.1.72) holds 
for any m € {1,...,n}. We derive from (2.1.70) that 


im+1—1 t; 
IXingil <AM ee inl aa) 


in =0 CA _ bn’ mt 


J 
ntl 


fj n+l m ml n m 
SM oa a oy 
in =0 Gntey — bm” rt 


) 


im =I 
x Se ed + 8 + Ct, + + _ ee 
j=0 (t," —t," ert 


arising the inductive hypothesis (2.1.72). 
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Since fj, < ;,,4, and f;,, = inh, we obtain 


n=1\m j 
sail </?M them (13 ~) [8 
Piel = Myre (OP) TTBS ep 


imtia | im 
tity 
m Jd 


% > > n+l n+l ii n+l [il eee Ix; | aE ) 


im=0 j=0 (CAA , a tn" nT (i, " =i )nFi 


ee tat 
tim 


+3(1 + (nmt;,, ) a (nmti,)" )hM > ae r= 3 at 
im=0 Ca = Lm" yet 


int —2 


aD EY bse 
j=0 


2 Ke 1 ym yg 2 nym 
n Im 


in+1—1 pleat aS 
"y (0,,)"" =) ; 
x ys atl a ntl ntl ot 
imn=j+1 G", es "T(t, tees Ft 
imti-1 


+8(1 + (nmt,,,) +... 4+ (nmti,)" )h > a 
im=0 (G4. — tin 


But we now know that 


oe (i)! 
dl 

h 3 n+1 ntl atl n+1 in 

im=j+1 G4 = ty" y(t, ca yar 


. 1 

a suds 
r ntl n+1 n n+l ntl nm 
fj (t; ae —s nr )ntT(s n —% io )rFi 


if : du 1 
~n+i1 (1 =u) yntt ee 7 7) a 


IA 


n+ 


SS 
+ 
at 


n 1 m+ 1 


( ) ( ’ ): +1 =a 
n n n—(m+1) 
n+1° ‘n+1 n+1 (t." =1" aa 


and 


i, —l : 1 
ee ti, a1 lim-+1 suds 
So; " n+1 = Min +) 
0 
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whence 


m+1 je 1 
fj 


mygm+2 m : : 
Lineal < 2(— “y"M (7 *) I] B—, —) Xu Se Se 


mse = ee oe ar 
j=l =O Lae i" yon 


+64 (1 + (nmt;,,) +... + (nmt,.)") 


which implies that the induction is complete. In particular, when m = n — 1, we 
obtain 


n in—1 


Ixi,| < n=)" YT. nea wep Dh + >> (nur) 


j=l j=0 


But 4 < 4, < T and so we have 


in—1 


n+l nyzgn+ lan : 1 
[xin] < 4(——)"M Deny TED LBI+8 Lowry 


j=0 


Thus using Theorem 2.1.7 with (2.1.53) replaced by (2.1.54), we finally obtain the 
required result 


|x, | < 5 hA(—— Men 


j ‘ 
yt ea 


Z 


(ja 
xX ex — ; 
P n+1n+1 


The proof is hence complete. Oo 


The next theorem is the discrete form, due to Chu and Metcalf [135], of the linear 
generalization of Theorem 1.1.2. 


Theorem 2.1.12 (Dixon-Mckee [188]) Let x;, i = 0,1,...,N, be a sequence of 
non-negative real numbers satisfying 


i-l 


x < Gi thd kyr, i=0,1,...,N, (2.1.73) 
j=0 
where $; (i = 0,1,...,N) is a sequence of non-negative finite real numbers, and 


0 < kj, 0 < j < i < N, for some M bounded independently of h (= T/N). 
If there exists a continuous, non-negative function k(t,s) defined on the triangle 
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0<s<t<T such that 


K(t,s) > ky, 

for 
ih<t<(@+ 1h, jh<s<G4+Dh, 0<j<i<N, 

and 

k(t, s) > kyj, 
for 

t=Nh, jh<s<(G+)h, O</j<N, 

then 


x; < y(ih), i=0,1,....N, (2.1.74) 


where y is the unique solution of the integral equation 


y() = 00) + / k(t,s)y(s)ds, O<1<T, 


and $(t) is the step function defined on [0, T] by 


o)=¢, ih<t<(+Dh, i=0,1,...,.N-1 
o(t) =on, t=Nh=T. 


(Here and elsewhere we assume that 
y\D)=0 and [[D=1 
je@ j€0 

if © is the empty set; thus x) < po is assumed in (2.1.73).) 


Proof Since ¢;,i = 0,1,...,N, is a sequence of finite real numbers and 0 < ky < 
M for some constant M, 


i-1 


xj <®+Mh)°x, i=0,1,....N, (2.1.75) 
j=0 
where 
® = max ¢j. 


O0<i<N 
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Applying Theorem 2.1.8 to (2.1.75), we get, 


xj < B®exp(Mih), i=0,1,...,N, 


and consequently x;, i = 0,1,...,N, is bounded. 
We may now define a step function x(t) on [0, 7] as follows: 


x(t) =x; ih<t<(i+ Dh, i=0,1,..., N-1, 
x(t) =xy, t= Nh=T. 


For any t € [0, T], there exists a uniquei, 0 < i < N—1, such that ih <t < (i+ 1D)h. 
With this t, we have 


i-1 


x(t) =x < dj =F h > kx; 


j=0 


and 


t irl G+Dh t 
o(t) + / k(t,s)x(s)ds = 6 + )> [ k(t, s)x(s)ds + / k(t, s)x(s)ds 
J ih 


j=0 


irl G+I)h 


=o Sow 


i-l 


= Om + So kx >xX= x(t). 


j=0 


t 
k(t, s)ds + xf k(t, s)ds 
ih 


Similarly, if t = T, 
i-1 
x(t) = xy < oy +h kypxj 


j=0 


and 
o(t) + [ k(t, s)x(s)ds < xy = x(t). 
0 


Therefore, for every t € [0,7], using Theorem 1.2.38 (with x, @ bounded and 
continuous almost everywhere on [0, 7]), we obtain, for all 0 < t < T, 


x(t) < y(), 
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where 0 <t<T, 


t 
y=) + f kG.s)v(o)as 
0 
Letting t = ih, we conclude that 
xi < yh), i=0,1,...,N. (2.1.76) 


oO 


Mate and Nevai [392] proved the following finite difference inequality which is 
a discrete analogue of Theorem 1.1.2 and a generation of Corollary 1.2.7. 


Theorem 2.1.13 (Mate-Nevai [392]) Let f, g => 0 be functions defined on Z and 
let c > 0 be a constant. 


(i) Suppose that for all integers x = 1, 


x-1 


fx) <e+ Do fOs(, (2.1.77) 
t=1 
then for all integers x = 1, 
x1 
f(x) < cexp ( > 8). (2.1.78) 


t=1 


(ii) Suppose that for every integer x € Z, 


+00 
fa) <c+ > f(g) < +00, (2.1.79) 
t=x+1 
then for all integers x € Z, 
+00 
f(x) < cexp ( = 8). (2.1.80) 
t=x+1 


Proof To prove (i), we may write F(x) = c+ pate f (g(t). Then it holds for all 
x> 1, 


F(x + I) — FQ) =f@)g@) < F@)8Q). 
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That is,we have for all x > 1, 
F(x +1) < FQ@)(1 + g@) < F@e™ 
whence the result follows by induction if we note that F(1) = C. 


To establish (ii), we may write F(x) = c+ ae f(g(t). Then for every 
integer x € Z, 


F(x) — F(x +1) =f(e + Dg + 1) < F(x t Dg 4 1), 
whence 
F(x) < F(xt+ 1d + g(xt+ 1)) < F(xt+ Deke), 


that is, for all s > x, 


Ss 


F(x) < F(s)exp( Y> 8(0). 


t=x+1 


Noting that lims-,+40 F(s) = c, the desired result follows by making s > +oo O 
The next theorem is a slightly modified form of the above theorem. 


Theorem 2.1.14 (Mate-Nevai [392]) Letf, g => 0 be functions defined on integers, 
let C > 0,0 < € <1, and suppose that g(x) < ¢ forall x > 1. 


(i) Suppose that for all integers x = 1, 


fx) <C+ y YOs(). (2.1.81) 


t=1 


Then for all integers x = 1, 


Cc i == 
FQ) S > ep (280). (2.1.82) 


(ii) Suppose that for all integers x = 1, 


+00 
f@<Ct+ SFOs < +00. 


t=x 


Then for all integers x = 1, 


f@® < — exp (— - 8). (2.1.83) 


1 
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Proof The result is an easy consequence of Theorem 2.1.13. Indeed, (2.1.81) 
implies that 


4=1 


fA = gx) < C+ DS f(8O. 


t=1 
that is, 


x-l 


f@) <C/(l—2) + ¥ fOs/0 —- 2). 


t=1 


Therefore, inequality (2.1.82) follows immediately from part (1) of Theorem 2.1.13. 
Inequality (2.1.83) can be established similarly. Oo 


The next result is due to Lees [358]. 


Theorem 2.1.15 (Lees [358]) Let w(t) and p(t) be non-negative functions defined 
on the discrete set A = {2k,3k,..., Mk}, (k > 0). If C = 0, p(t) is non-decreasing 
and 


tk 
w(t) < p(t) +Ck >> w(s), (2.1.84) 
s=2k 
then 
w(t) < p(t) exp[C(t — 24)]. (2.1.85) 


Proof Let ft, be an arbitrary point of A,t; 4 2k. Let n(t) be that function on A 
defined by the formula 


w(t) = n(t) exp (C(t — 2k)), 


and set 


n(t2) = max (pf). 


2k<t<t} 
Then it follows from (2.1.84) 


to—k 


n(to) exp (Ce = 2k)) < p(tr) + Ckn(tr) Y~ exp (c(s - 2k)). (2.1.86) 
s=2k 
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Comparing areas, we see that 


to—k 


k > exp (cs - 2k)) < i: exp (C(s — 2k)) ds. 


s=2k 
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with the initial condition w(2k) = c,. By Taylor’s theorem, there exists a Tt, 0 < 
t < 1, such that 


Witth— WO = kW'() + (Kh /2)W"(t + th) 
= kw! (t) + (RP /2)c38[W(t + tk). 


Hence, over any interval in which y is non-negative, we have 
w(t+k)— vd) = ky. 
It is readily verified that yw is given by the right-hand side of (2.1.88). 
Therefore, 


t—k 


t—k 
V0) = WRK) = YO (ve+H-W9) =k VO 


s=2k s=2k 


t—k 5 
= ker > (vO) 


s=2k 
which implies 


t-k 


W(t) > c+ ker > (vis). (2.1.90) 


s=2k 


It suffices to prove that w(t) > w(f). In the contrary case, there exists a value of 
t > 2k, say t = t), such that w(t;) > w(t) and w(t) < w(t) for 2k < t < t,. Thus 
from (2.1.87) and (2.1.90), it follows 


ti—k 


0> Wh) —@(n) = ok D> {Iv — [o(s)}°} . 


s=2k 


This is impossible since [y(s)]° > [w(s)]° in the range 2k < s < t, — k. This hence 
completes the proof. Oo 


Agarwal and Thandapani [17] proved the following theorem. 


Theorem 2.1.17 (Agarwal-Thandapani[17]) /fu,f, g are non-negative functions 
defined on the non-negative integers, and if, for all x, s, t integers, 


w(x) < no + D> fls){uls) + D> guco}, (2.1.91) 


O<s<x O<t<s 
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then for all x, s, t integers, 


w(x) <mfl+ D> SU -9)) TT +/+ e0]} — 2.1.92) 
O<s<x O<t<s 
where 


g(s)= Do so [[ b+r© +20} > a(s). (2.1.93) 


O<t<s O<r<t O<r<t 


Proof We define m(t) as the right-hand side of (2.1.91). Then 


t-l 


Am(t) = f()tu@) + >> g(c)u(z)] 


t=0 
t—1 


< f(O[m(t) + Y5 g(e)m(x)]. 
t=0 
Define n(t) as 
t—1 
n(t) = m(t) + D> g(z)m(x), 
t=0 


then we have 


An(t) = m(t) + Ag(t)m(a), 


t—1 
m(t) < n(t)— m0 > g(t). 


t=0 
Thus we get 
t—1 
An(t) < f(d)n(t) + Onl) — nog) Y> g(x) 
tT=0 
or 


t—1 
n(t+1)—[1 +f) + s(]n® < —mg(t) )> 8). 


t=0 
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Multiplying the above inequality by []/_)(1 + f(s) + g(s))~! and summing over 
from 0 to t — 1, we get 


t-1 
nt) < ull — oO) | [A +f) + g6)). 


s=0 


On substituting the above estimate in Am(r) and summing over from 0 to t — 1, we 


obtain (2.1.92). Oo 
Theorem 2.1.18 (Jones [305]) Let x, f g, and z be real-valued function defined on 
an interval [a, b] with g and z non-negative and let |) < ™| < ++: < Tm bea 


sequence of numbers in [a, b]. If for all t € [a, b], 


x) <fO +e os 2(t;)x(Ti), (2.1.94) 
then for all t € [a, b], 
x) <fO+sO>\| T] d+ s@eaqeaf(a J. (2.1.95) 


TG<t Tj<tj<t 


Proof Let us define a function y € [a, b] satisfying the formula 


yt) =f) + 8 D> clay). (2.1.96) 
Obviously, the function 
yO =fO+8O>>1 T] Gt e@e@ af) (2.1.97) 


TG<t T<tj<t 


will do for all t € [a, t)] and at all points t where g(t) = 0. Let us assume (2.1.97) 
satisfies (2.1.96) for all t € [a, t;]. Then for all t € (t,, min{t)+41, b}], we have 


y) =fO + 84 D> ayn) + (na) 


Tji<Tk 


teu) ( T] (1+ a(s)atqdetnr(e) (2.1.98) 


Ti<Tk Ti <Tj<Tk 
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if g(t) 4 0, then our assumption implies 


Veaya@ =D { [] G+ e@eq)cafa 


Tji<TK Ti<Tk Ti<Tj<Tk 


and making the obvious substitution in (2.1.98), we observe that (2.1.97) is satisfied 
for all t € (t,, min{t, +1, b}]. If g(z;) = 0 for all k > i > k—p with eitherk—p =0 
or g(%_p) # 0, then 


yd=fOteO] YO CT] at a@ea) fa) 


Tk—p<Ti<t t<tj<t 


+ 2(tr-p)y(te-p) + DS ( [] A+ a@eaa)caf(a)) 


Ti<Tk—p Ti<Tj<t 


=fO+8O>>| [] A+ s@eq)cwf(a) 


T<t T<tj<t 


Hence we may conclude by induction that formula (2.1.97) is valid on [a, b]. 
Now let us define the function w = x — y. Clearly w(t) > 0 for all t € [a, Tt]. 
Assume w(t) > 0 on [a, t,] and let t be an arbitrary point in (t,, min{t,+1, b}]. Then 


w(t) = a) D> e(t)o(a) = 0, 


TST 


and it is immediate from induction that w > 0 on [a, b]. This fact, together with the 
previously established validity of (2.1.97), completes the proof of the theorem. O 


Corollary 2.1.10 (Jones [305]) Letu, n, 6, Ww be non-negative functions defined 
on the non-negative integrals. If for all x, t non-negative integers, 


u(x) < n(x) +O) D> w(Qu). 


O<t<x 


then, for all x, t non-negative integers, 


u(x) <m@) + $@) D> {weno TL 0+ wool. 


O<t<x t<s<x 


We shall treat a slightly more general case (an exact analogue to Theorem 2.1.17). 
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Theorem 2.1.19 (Conlan-Wang [145]) Assume that all functions are as in Theo- 
rem 2.1.17, and for all x, s, t integers, 


u(x) < h(x) + > F()(u(s) - pS g(s)u(s)). (2.1.99) 


O<s<x O<t<s 


Then for x, 8, t integers, 


w(x) < h(x) + D> HOG) + 81 T] (1+ sO + g@O]). 21.100) 


O<s<x O<t<x 


Proof Let 


2(x) = u(x) + D> gOu(o). 


O<t<x 


Then by (2.1.99), 


u(x) < 2(x) <h@) + Yo fdz(s) + Yo g(s)u(s) 


O<s<x O<s<x 
<h(x) + DO Fs) + g)c(9), 
O<s<x 
and therefore (2.1.100) follows immediately from Corollary 2.1.10. Oo 


Since Theorem 2.1.19 can be extended from R to R”, it follows that Theo- 
rem 2.1.17 can also be true in R”. Also, a very similar line of reasoning can be 
used to obtain a discrete analogue of Theorem 2.1.18. 


Theorem 2.1.20 (Agarwal [10]) Let un,dn,b, > 0 be sequences defined for all 
n € Ng such that for alln € Na, 


n—-1 


s—1 
Un < ant ) | Dots + > Catt | , (2.1.101) 
=a j= 
where cy > 0,5,j € Ng. Then for alln € Ng, 
n—1 
Un < dy + YASUE, (1 + Bi), (2.1.102) 


sS=a 


where As = dsb, + Deas Cyjj, By = by + = Cy. 
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Proof Put 


n—-1 


Ya = > Dsus + >. CsjUj 
j=a 


Then yy = 0, and (2.1.101) successively implies 


Un S an + Yn, 


nal (2.1.103) 
Ayn _ byUn + So cnt < An + Bryn. 


j=a 
By Theorem 2.1.3, (2.1.103) yields 


n—-1 


n—1 
Yn < IAs [] +B) 


s=a j=stl 


which, together with (2.1.103), implies (2.1.102). Oo 


Corollary 2.1.11 [f in Theorem 2.1.20, a, = a, then (2.1.101) implies that for all 
néENg, 


n—1 n—1 


un <a] [J 1tb.t+ doey]. (2.1.104) 
j= 


s=a 


Theorem 2.1.21 (Pachpatte [451]) Let u, > 0,a, > 0, pn = O,fn =. 8n = 0 be 
sequences defined for all n € Ny such that for alln € Ng, 


n-1 n-1 s—l 
Un Sn + Pn bz +> fps >> en (2.1.105) 


s=a s=a 


Then for alln € Ng, 


n—1 s—l 
Un San + Pn ba (« + Ps Y- ailfi TF g) 411 + pif + »)| : 


s=a i=a 


(2.1.106) 
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Proof Let m, denote the expression of between square brackets in (2.1.105). Then 
we have 


Un < an + Pn™n, 


n—1 


Amn = fauln + faPn S- giui. Ng = 0, 
=r (2.1.107) 


n—1 
Amy <fidn + faPn |» + > gi (aj + rm : 


Setting v, = m, + p Sas gi(a; + pimj), Ve = O, then (2.1.107) implies 
Aun < an(fn + 8n) “F Palfn + Bn) Un- 


By Theorem 2.1.3, we get 


n—-1 


n—1 
n< doa(e+e) [] 0 +pilitai), 


s=a i=s+1 


and from (2.1.107) it follows 


n—1 n—-1 
Am, < fn [. +Pnd_aslf + 8s) [] A+pfit+ | 


s=a i=s+1 
Thus Corollary 2.1.11 and Theorem 2.1.3 imply 


n—1 s-l 


1m < Yofefastps> alite) [] 0+pili+s)) 


i=a j=itl 


which, together with (2.1.107), implies (2.1.106). Oo 


Corollary 2.1.12 (Agarwal [10]) Let u, > 0,a, => 0, Aad, = 0,fn = 0, gn = 0 be 
sequences defined for all n € Ny such that for alln € Ng, 


n-1 n—-1 s—l 
Un < n+ > felts + dof Y git (2.1.108) 


s=a s=a i= 


Then for alln € Ng, 


n-1 s—1 
salts Dall +s +e), (2.1.109) 


s=a i=a 
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Proof In fact, (2.1.109) follows from (2.1.105) by setting p, = 1, replacing a, by 


an, which is larger, and applying (2.1.106). Oo 
Theorem 2.1.22 (Agarwal-Thandapani [18]) Let u(t),a(t),b@,fiO,i = 1, 
-,r, and gj,j = 1,-:-,r—1, be non-negative functions, defined for t € Ng, 


such that for allt € Na, 


1-1 


t-1 t—1 
u(t) < a(t) + d(0| D> fleu(n) + YO gin) D> A)u(n) 


y=a th=a n=a 


ty—1 tr—_2—-1 tr-1—1 


t-1 
feet > gi(ti) = Bo(2)+>* 8r—-1(t--1) > fultr)u(te) | 


=a =a t-—| =a t-=a 


(2.1.110) 
Then for all t € Na, 

u(t) < a(t) + bM)O(1), k= 1,--+ 7, (2.1.111) 
where 


s=a i=1 


t-l k t-l 
ao=>> as fils) + 100109 [| G+) - %@), 


t=st+l 


k 
My(t) = max nn Df. 810. 0] k= Qe yr, 


i=1 


M(t) = bOA(M, Q-+1(/) = 0, 8-() = 0. 


Proof This is a discrete analogue of Theorem 2.1.17. The proof is similar, so we 
omit it. O 


Theorem 2.1.23 (Pachpatte [468]) Suppose that the inequality for alln € Ng, 
there holds 


n—-1 
Ripe, c + Teas (2.1.112) 


s=a 


where uy, = 0, Aun = 0, fn = 9, Bn = 0 are sequences defined for alln € Ny. Then 
forallné Na, 


n—-1 s—l 
Un S Ua f+ Seq + fed). (2.1.113) 


s=a i=a 
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Proof Set my = Un, + sae gsAUs, My = Uy. Then we get 


Aun XS fatty, Am, < Ally + Bn Aun, 


(2.1.114) 
Am, < fn + fr8n)Mn- 


Thus (2.1.114) and Corollary 2.1.2 imply 


n—-1 


My S Ua [ [a +f + fogs), 


which, together with (2.1.114), yields 


n—1 


Aun < wasn | [+f +.48s)- (2.1.115) 


s=a 


Applying Corollary 2.1.12, we can obtain (2.1.113). O 


The next theorem can be shown by simple induction which is a discrete analogue 
of Theorem 1.2.38 of Chu and Metcalf. 


Theorem 2.1.24 (Agarwal [10]) Let u, and a, be sequences defined for alln € No 
such that for alln € Nq, 


n—-1 


Un Sy +) knstts, (2.1.116) 


s=a 
where ky; > 0,n € Ng, s € Ng. Then 
(i) Un < Wy, n € Ng, where wy, is the solution of equation, for alln € Ng, 


n—-1 


Wn = Gn t+ >> KknsWs. (2.1.117) 


s=a 


(ii) The solution Wy has the form, for alln € Na, 


Wr = Yn(n), (2.1.118) 
m=0 
where yo(n) = an, 
n—1 
Yost) = YS knsYn(s), 2 Ng, me No. (2.1.119) 


s=m+a 
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Proof In fact, in some cases we may estimate the solution w, of (2.1.117) as follows. 
Multiplying equalities 


Wi = aat+ Yo kywj, i€ Na, 


by k,;, summing over i from @ to n — I, this gives us for all n € Ng, 


n—1 n—-1 n—1| i-1 


2 kiwi = 2 knidi +S > S > knikigw- (2.1.120) 


i=a j=a 


Thus from (2.1.117) it follows 


n—1 i-l 


=a,+ 3 knit +S > S> knikigw. 1121) 


i=a j=a 


and by changing the order of summation, we get 


n—2 n—1 
= a, + y kniai + YOY) Knikiy | wy. (21,122) 
j=a \i=j+1 


Let A, =a, + . knia;, and assume that 


n—1 


ye iki < B;, JE Non, 
i=j+1 


independently of n € Ny. Since B,-; = 0, (2.1.122) implies the inequality 


n—-1 


Wr XS An + S > Bij. 


jHa 


Therefore applying Theorem 2.1.7 to the above inequality yields the required 
estimate (2.1.117). Oo 


The next result, due to Dixon and Mckee [188], is the discrete analogue of 
Lemma 1.3.6. 
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Theorem 2.1.25 (Dixon-Mckee [188]) Let x;,i = 0,1,...,N, be a sequence of 
non-negative real numbers satisfying 
MSO 1=0,1,...5m, 


inl ijl 


i-1 

x; 

x; < + Mh e™ 5 ) a?) Gop’ i=mm+1,...,N, 
I- 


im=0 im—1=0 j=0 
(2.1.123) 
where a < 1, m > 1, M > 0 is bounded independently of h, and ¢;, (i = 
0,1,...,), is non-decreasing sequence of non-negative finite real numbers, then 
x; < b:E\—(@—m (MT (1 — a) (ih) ™), i= 0,1,...,.N. (2.1.124) 


Proof We first proceed by mathematical induction to show that for all m > 1, there 
holds that 


i-l 


i-1 inl at T( —a) 
a2 600 YS Gg 1 hy. (2.1.125) 


ae — 
im=0 in,—1 =0 j=0 (i vy) Pg Cac Mm) jJ=0 
First, we consider the case m = 1. Interchanging the order of summation, we 
know 


i-1 ij-1 i-2 i-l 


Aj Die 
Gap LL Ga 


i; =0 j=0 j=0 i1=j+1 


We bound the inner summation on the right-hand side of the above equality by an 
integral as follows, 


i-l : i-1 i oe l-a 
Ye vf ao. 
(4 -j)° l-«a 


: — 7) 
i=j+l aajtie act Gai) 


which, since x; > 0, 0 <i<N, yields 


i-1 4-1 ae rd ~@) iH1 
di) ° . l-—a 
DE a Sana his 


i; =0 j=0 


and (2.1.125) holds when m = 1. 
Using similar arguments, we can also show that if (2.1.125) holds form = n, then 
it also holds for n + 1, and hence the induction is complete. Consequently, (2.1.123) 
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implies 


il 
MYV(1—-@) |) (q— : os - 

i <6) + ———— a or) — (+ 1)" x, 

ue Tld—-a+m) Li Gj yr xj 


which is of the form 


i-1 


XS bi+ AS) kix;, 


j=0 
where 
MY(1-—a@)T”" * a 
0 < kj < MM(l—ar"* = M 
Td-a+m) 
where M is bounded independent of h. 
Furthermore, 
MT (1 —@) os m—a MYT (1 —-@) _ 
ky = (nh aH ) 2 ee, 
t= Fata a me G+ DY) SF apgy fO H HED 
for 


th<t<(i+ Dh, jh<s<Gt)h, 0<j<i<N 


and 


MY (1 —a) oe MIL =a) time 
wpasaem(Y-+))) Fare am eI =H 


for 
t=Nh, jh<s<(G+Dh, 0<j<N. 


Applying Theorem 2.1.12 and employing Theorem 1.4.10, we conclude 
(2.1.124). oO 


Remark 2.1.2 If a = 0, m = 1, then (2.1.124) reduces to 


x; < $: cos h(M2(ih)). 


We also note that Theorem 2.1.24 remains valid for m = 0 if a < 0. For the case 
m = 0 and 0 <a < 1, we also refer to Dixon and McKee [188]. 
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The next inequality is the most used discrete inequality, which is the analogue 
of the celebrated Gronwall-Bellman-Ried inequality established by Jones [305] 
and Sugiyama [611]. On the basis of various motivations, this inequality has been 
extended and used in various contexts. The discrete analogue of Bihari’s inequality 
is due to Hull and Luxemburg [299] (see, Theorem 2.1.1). 

The following notations, the expression =. b(s) represents a solution of the 
linear difference equation Ax(f) = b(t) for all t € No under the initial condition 
x(0) = 0, where A is the operator defined by Ax(t) = x(t + 1) — x(#). It is 
supposed that )~~_!) b(s). The expression Wo c(s) represents the solution of the 
linear difference equation x(t+1) = c(t)x(¢) for all t € No under the initial condition 
x(0) = 1. It is supposed that [],2y c(s) = 1. 

In what follows, we shall assume that all the functions and their differences 
appearing in the inequalities are real-valued, non-negative and defined on No. 

We shall denote (m)" = m(m— 1)(m—2)---(m—n+ 1). 


Theorem 2.1.26 (Agarwal-Thandapani [17]) Assume that the following inequal- 
ity holds for allt € No, 


u(t) < p(t) +4) D> Ealtw), (2.1.126) 
Q=1 
where for allt € No, 
t-1 tl te—1—1 
Eo(t.u) = > fain) > far(n) +++ Yo fan(ta)ulta). (2.1.127) 
t;=0 ty=0 t=0 


Then for all t € No, 


t-1 n t—1 n 
u(t) <p) +40 IO) AEa(s.p) T] + D0 Aza @). (21.128) 


s=0 Q=1 t=s+1 Q=1 
Proof Define 
m(t) = )> Eo(t,u), m0) =0, 
Q=1 
whence 


Am(t) = b? AEQ(t, u) 


Q=1 
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where 


t-1 to-1—l 


AF g(t, u) = fait) )\far(n) +++ Yo faa(ta)ulta). 


t=0 t=0 


From the assumptions on the functions Am(t), hence m(f) is non-decreasing on No. 
Hence we have 


n 


Am(t) < )) AEa(t,p + am) 
Q=1 


< )o AEg(tp) + D> AEa(t, am) 
Q=1 Q=1 


< }o AEo(t,p) + m(t) )> AEg(t.9) 


Q=1 Q=1 
whence 


m(t+1)—[1+ > AEg(t,g)lm(t) < D> AEQ(t.p). 


Q=1 Q=1 


Multiplying the above inequality by Tie salt + >) AEo(s,q)]7! and summing over 
Q=1 


from 0 to t — 1, we get 
mo TT + DD AEg(s,q)]~! < Bor AEg(s,p)) i [1 + 2 AEg(t,q)I"', 
parr <i a= 
which gives us 
m(t) < pap AEQ(s,p)) I [1+ yy AEQ(t, q))- 
(=0 Q=1 ai 


Substituting this estimate in (2.1.126), we can obtain (2.1.128). Oo 


Remark 2.1.3 Letn = 1, q(t) = 1 in inequality (2.1.126), then the esti- 
mate (2.1.128) is the same as that in Sugiyama [611]. 


Remark 2.1.4 Let n = 1 in equality (2.1.126), then the estimate (2.1.128) is the 
same as that in Pachpatte [449]. 


Remark 2.1.5. Several particular cases of Theorem 2.1.26 have been considered by 
Pachpatte [462, 465, 469, 475], but results are not comparable. 
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Theorem 2.1.27 (Agarwal-Thandapani [17]) Assume the following inequality 
holds for all t € No, 


t—1 s—1 
u(t) < u(t) + >~ F(s)(u(s) +> g(r)u()). (2.1.129) 
s=0 t=0 


Then for all t € No, 


t—1 sl 
u(t) < wo + D/A - 4(9) [0 +/@ + 8@)| (2.1.130) 
s=0 t=0 
where 


t-1 sl _} Sal 
00 = Veo(T]atre tem) Yee. 
t=0 


s=0 t=0 


Proof As in the proof of Theorem 2.1.26, we define m(t) as the right-hand side 
of (2.1.129). Then 


t-1 


Am(t) = f()u) + >> g(c)u(r)] 


t=0 
t—1 


< f()[m@) +S g(c)m(0)). (2.1.131) 


t=0 
If we define 


t-1 


n(t) = m(t) + >> g(c)m(c), 


t=0 


then we have 
An(t) = m(t) + Ag(t)m(t) (2.1.132) 


and 


t-l 


m(t) < n(t) — uo > g(t). (2.1.133) 


t=0 
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Using (2.1.131) and (2.1.133) in (2.1.132), we conclude 


t-1 


An(t) < f(a) + gOn@ — wog(t) >> a(z) 


t=0 
or 


t-1 


n(t+1)—[L +f + gO|n() < —wog(t) ¥~ g(x). 


tT=0 


Multiplying the above inequality by Teo + f(s) + g(s))~! and summing over 
from 0 to t — 1, we get 


t-1 


n(t) < w(1- $0) T] (1 +/6) + 86)). 


s=0 


By substituting the above estimate in (2.1.131) and summing over from 0 to t — 1, 
we obtain (2.1.133). Oo 


Remark 2.1.6 For $(t) = 0 in (2.1.129), the estimate is the same as that in [447]. 
In fact, almost all the results obtained in [462, 465, 469, 475] can be improved 
uniformly using the same arguments as in the proof of Theorem 2.1.27. 


The next result is the discrete analogue of Willett’s inequality [647]. 


Theorem 2.1.28 (Agarwal-Thandapani [17]) Assume the following inequality 
holds for all t € No, 


t-1 


u(t) < pol) + >> pild( » vi(s)u(s)). (2.1.134) 


i=1 s=0 
Then for all t € No, 
u(t) < Enpo(t) (2.1.135) 
where 
E; = DiDj-1 +++ Do 


Do = @ 


t-1 t-l 


Djo =aoat+ (E-p)~ UjW I] ad + vjEj-1Pj)), J= 1,2; oa lhe 
s=0 t=st+l1 
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Proof Forn = 1, it follows from (2.1.134) that 


t-1 t—-1 
u(t) < pol) +) > vu(s)po(8) T] (1+ vie) + p1(2)) 


s=0 t=st+l 
= E;po(t). 


Now, assume that the assertion is true for some k such that 1 < k < n — 1, then for 
k + 1, we have 


k t-1 t-1 
u(t) < polt) + D> pit) D> vi(s)u(s) + peri) D> ve41(s)uCs) 


i=1 s=0 s=0 


whence 
u(t) < Exp * (t) 


where 


t-1 


PD * (t) = polt) + Peril) >, veri (s)u(s). 


s=0 
From the definition of E;, we have 


t-1 


u(t) < Expo(t) + Expr+i ( > ve+1(s)u(s)) 


s=0 


by using the fact that pa Ug+1(s)u(s) is non-decreasing for all t € No. 
Again by using Theorem 2.1.27, we obtain 


t—1 


u(t) < Egpo(t) + Expe+i > ve+1(s)Expo(s) 


s=0 


A 


t—-1 


+ I] [L + vg-i(t)Expe+i(t)] 
t=s+l1 


= D+ (Expo(t)) = Dg+1po(t), 


which implies the assertion by a finite induction. Oo 
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Corollary 2.1.13 (Agarwal-Thandapani [17]) Let, in inequality (2.1.134), 
pitt) = 1 for alli = 1,2,..,n andallt € No. Then for all t € No, 


u(t) < [Jno [polo + Y9( s hi(s) []p)) 
x rl (1+ Yat] 10) } 


t=st+l 


Corollary 2.1.14 (Agarwal-Thandapani [17]) Let the inequality (2.1.134) be 
satisfied for all t € No, where (i) po(t) is positive and non-decreasing; (ii) p;(t) = 1 
for alli = 1,...,n and non-decreasing for alln => i = 2. Then for all t € No, 


u(t) = Enpo(t) 
where 


Epo = a, 


t-1 


Exo = (Expr) | [[1 + he(s) Ex (pe(s))]. k = 1,2,....0 
s=0 


The proof of Corollaries 2.1.13 and 2.1.14 are similar to those of Theo- 
rems 2.1.26 and 2.1.28 respectively. 

Now we introduce some new discrete inequalities of the Bellman-Bihari type of 
finite difference equations which are due to Yang [656], and are in a new form in the 
sense that their right-hand sides are dependent on, not independent of (as is usual), 
the values of the involved known coefficient functions at the point n. 

For any real-valued function f(n) defined on the set N,. = {70,0 + 1,no + 
2,--+}, we define 


n—1 n—1—ng k-1 


Df) = DO fr +p). Tw = [fro +2), n=no+k,  (2.1.136) 


s=nQ p=0 s=no =() 


and for the convenience of the statement, we shall convent that all empty sums and 
empty products are equal to zero and one respectively such as 


no—1 no—l 


fs) =0, []f) = 1. (2.1.137) 


s=no s=no 
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Theorem 2.1.29 (Yang [656]) Let x(n) and p(x) be real-valued non-negative 
functions defined on N,,; and let f(n,s), g(n,s) and h(n, s) be real-valued non- 
negative functions defined on Ny. X Nn, which are non-decreasing inn when s € Nuo 
fixed. Suppose that the following inequality holds for alln € Ny, 


n—-1 n—1 n—-1 
x(n) < p(n) + Df (n,s)x(s) + D> a(n.) (Sm ) . (2.1.138) 


s=no S=n0 k=no 


Then for alln € Nuo, 


n—1 s—l 


x(n) = p(n) + S>M(n, 8){€(n,3) + pm)M(n, 0) T] vn. 


sS=n0 t=no+l 
s—l s—1 
+> M(n,NE(n.1)( I v(n,b) (2.1.139) 
t=no+1 k=t+1 


where 
M(n,s) = max{[f(n,s), g(n,s)], for every fixed neéN,,, 


s-l 
&(n, s) = p(s) + Do h(n, k)p(h), (2.1.140) 


k=no 


w(n,s) = 1+ M(n,s) + h(n,s). 


Proof Letting n = no in (2.1.140), we get x(n9) < p(no), which follows from the 
given inequality (2.1.138). Now fixing an arbitrary integer r > no in N, then we 
obtain from (2.1.138) that for all n € [no, r], 


x(n) < p(n) + L(n), (2.1.141) 


where 


n—-1 n—-1 
Lin) = Sf (r,s)x(s) + Yo g(r,5) (Sa 7) , Lm) =0 ~~ (2.1.142) 


sS=no s=no k=no 


whence, from (2.1.141) it follows that for all n € [no, r], 


n—-1 


AL(n) = f(r, n)x(n) + g(r, n) Soncr, k)x(k) 


k=no 


n—-1 
< M(r,n) [um + SOn(r, ALK) + E(r, » , (21.143) 


k=no 
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where &(r, 1) is defined by (2.1.140). Now we define a function 


n—-1 
v(n) = L(n) + SO A(r, L(A), v(m) = 0, (2.1.144) 


in 
which implies 
Av(n) = AL(n) + h(r,n)L(n). 
Using (2.1.143) and v(n) > L(n) from (2.1.144), it follows that 
Av(n) < M(r,n)[v(n) + (7, n)] + Ar, n)v(n), 
i.e., for all n € [no, r], 
v(n +1) < W(r,n)v(n) + Mr n)E (rn), (2.1.145) 


where w(r,n) and &(r,n) are as defined in (2.1.140). Substituting n = no0,no + 
1,...,7— 1, successively in (2.1.145), then we obtain that the following bound on 
v(n) holds for n € [no, r], 


n—1 


v(n) < p(m)M(r,m0) [] v5) 


s=not+l 


n—1 n—-1 


+ D2 mo, 9é(r.s) [] v0. (2.1.146) 


s=no+1 k=s+1 


In fact, we can easily prove (2.1.146) by induction. Since v(no) = 0, we derive 
from (2.1.145) that 


v(n + 1) < M(r, no)E(r, no) 


which implies (2.1.146) holds when n = no, no + 1. Suppose that (2.1.146) is proved 
for some integer n: no <n < r. Then by (2.1.145) and in view of p(no) = &(r, no), 
we obtain for all n € [no, r], 


v(n+ 1) < W(r,n)v(n) + M(r, n)E(r, n) 


= p(m)M(r,70) T] (rs) 


s=not+l 


n— 


1 n 
+ D0 M(r,s)E(r, of [] vw »] +M(r,né(r.n) 


s=notl1 k=s+1 
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= p(m)M(r,m) T] vs) 


s=not+l1 


+>) menses) ( I] we). 


s=not+1 k=s+1 


since the empty product introduced is equal to number one (i. e., (2.1.137)), the 
above inequality proves (2.1.146) holds. 

Now, substituting this estimate for v(m) in (2.1.143) and then substituting 
successively n = no,N90 + l,..., r — 1, and using L(no), we can obtain for all 
n € [no, r], 


n—-1 s-l 


L(n) = YOM(r, 3) {&(r.8) + plro)M(r,%0) T] wero 


sS=no t=no+1 


+ 2 M(r, DE(r,D)( I wir.w)}, 


t=no+l k=t+1 


Substituting this bound for L(n) in (2.1.141) and then letting n = r in the 
obtained inequality, in view of the arbitrariness of the choice of r in N,,, then the 
proof is thus complete. Oo 


Note that, if the function p(n) is non-decreasing on N,,, and does not vanish when 
n > no, then a much more simpler estimate for x(n) than (2.1.139) can be obtained. 


Theorem 2.1.30 (Yang [656]) Let the functions x(n), p(n), f(n,s), g(n,s) and 
h(n,s) be the same as defined in above Theorem 2.1.29; and let p(n) be non- 
decreasing on N,, and p(n) > 0 holds for all n > no. Suppose that the 
inequality (2.1.138) holds for all n € Nyy, then for alln € Nyy, 


n—-1 

x(n) < p(n) [ + 5°M(n,s) Tee: 0}. (2.1.147) 
s=no k=no 

where M(n, s) and w(n, k) are as defined in (2.1.140). 


Proof Obviously, the estimate for x(7) in (2.1.147) holds when n = no. Now we fix 
an arbitrary integer r > no in N, then p(r) > 0 and we derive from (2.1.138) that for 
all n € [no, r], 


x(n) n—-1 


oan Lie ya os 0. JT ch, yao 7 (2.1.148) 


sS=No0 k=no 
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Define the function L(n) by the right-hand side of (2.1.148), and follow the same 
argument as in the proof of Theorem 2.1.29, then we can prove the estimate for x(n) 
in (2.1.147) is valid. Because the argument used here is much more simpler than in 
Theorem 2.1.29, we leave the details to the reader. O 


Remark 2.1.7 In Theorem 2.1.30, if f(n,s) = g(n,s) = f(s), h(n, s) = g(s), then 
we derive Theorem 2.1 of Pachpatte [458] which, in turn, is a discrete generalization 
of an integral inequality given in Bellman and Cooke [75], p. 58. We note that the 
inequality (2.1.138) is more general than those inequalities discussed in Singare and 
Pachpatte [596], Theorems 1-3 and Pachpatte [468], Theorem 1. 


The next result derives a new discrete generalization of the Gronwall-Bellman 
integral inequality. These generalization should have wide application in the study 
of finite difference equations and numerical analysis. Theorem 2.1.31 concerns a 
very general form of linear Bellman type discrete inequalities in one independent 
variable. It is a discrete analogue of an integral inequality obtained by Yang in 
[661] and it has extended many discrete inequalities of Agarwal and Thandapani, 
Pachpatte, and Sugiyama. 

A very useful technique in the study of many problems concerning the behavior 
of solutions of discrete time system is to use recurrent inequalities involving 
sequences of real numbers, which may be considered as a discrete analogue of the 
Gronwall-Bellman integral inequality [75] or its generalizations. During the last 
few years, the area of applications of discrete inequalities has greatly expanded, 
and now encompasses not only many problems in the theory of finite difference 
equations and numerical analysis but also some questions of physics, technology, 
economics, and biological sciences. The discovery of new discrete inequalities and 
their new applications has attracted much interest from many authors (see, e.g., 
[17, 119, 656, 659, 684]). 


Theorem 2.1.31 (Yang [661]) Let x(n), p(n) be real-valued non-negative functions 
defined on Ny with p non-decreasing on Nn, and for j = 1,2,-++ ,m, let fi(n, s) be 
real-valued non-negative functions defined on Nn, X Nn, which are non-decreasing 
in n for every fixed s € Nyy. Suppose that the discrete inequality holds for all n € 


no» 


n—-1 sil Sm—1—1 


x(n) < p(n) + D2 fiasi) Y fasi.52)-+ SY) finSn—1s Sn) X(Sm).- 


(2.1.149) 


Then we have for alln € Nu, 


x(n) < p(n)W,,(n), (2.1.150) 
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where W,,(n) = Vin(n,n) and V,,(r, q) are defined by 


q-1 


Veg = [] 41+ CAG» ¢. 


s=no j=l 


q-l q-l q7l 
Vir.) = [J gmat) + Do fret ir, Vales) T] gmail), 

s=no sS=n0 t=s+l1 

k = 2,3,-++,m, 
(2.1.151) 
where 
3) 1+ eae q) —Si(r.q), if this expression > 0 on Nyy X Nu. 
r, = h— : 
Baad. 1+ eae q); otherwise for h=1,2,-:+,m—1. 


(2.1.152) 


Proof For every c € N,, and any real-valued non-negative function v(m) on N,,, we 
define 


n—-1 Sati] 
I(c.niv) =filen) Yo frsilersnei) D> figr(c. sn4a) 
Sh+1=N0 Sh+2=N0 
Sm—1—1 (2.1.153) 
* a Fin(C, Sm)U(Sm), A=1,2,---,m—1, 
Sm>N0 


Inle, Nn, v) = Inc, n)u(n). 
Thus it follows from (2.1.153) that 


n—-1 


Tp-1(c, ni v) = fe-1(c, 1) > Ic, 5k30), k=2,3,---,m 


SK=Nno 


and all Jj(c, n; v) are non-decreasing in v (that is, if 0 < x(n) < y(n) forall n € Nyy, 
then Ij(c,n; x) < I(c,n; y) for alln € Ny), j = 1,2,+++ ,m). 

Clearly, the estimate for x(m) in (2.1.150) holds when n = no, since it reduces to 
the known relation x(1o) < p(no) of inequality (2.1.149). Now, fixing an arbitrary 
integer n)(> no) from N,,,, then we derive from (2.1.149) for all n € {no; ni}, 


n—-1 
x(n) < p(m) + D> N(m, 51:2), (2.1.154) 


SL=no 
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where {70; 1} denotes the finite set consisting of the integers 1p, + 1,--- ,m,. To 
derive the upper bound on x(n) from (2.1.154), we define 


n—1 
Ki(n) = p(m) + YS Nu, 51:4), 
5, =N0 
n—1 
K,(n) = Ky-1(n) + > I(n1, 83 Kyp-1), for k = 2,3,---,m, andn € {no; ny}. 
Sk=no 
(2.1.155) 
Obviously, we have 
0 < p(m) = Kj(no), j = 1,2,--- ,m, 
(2.1.156) 


0 < x(n) < K\(n) < Ko(n) <--- < Ky(n), 1 € {no; ny}. 


We note that the following discrete inequalities for K;(m) can be established by 
induction: 


h-1 
AKy(n) + fat, n)Ki(n) < Df.) Kin) + fils, Kip), 


j=l 


forh = 1,2,---,m—1; n € {no;n, — 1}. (2.1.157) 


In fact, noting that the Jj(7,n;v) are non-decreasing in v, we can use (2.1.156) to 
derive from the first equality of (2.1.155) that for all n € {n9; 11}, 


AKi(n) = (m,n: x) < (m0; Ki). 


Adding fi (11,7)K1(n) to both sides of the above inequality, we obtain for all n € 
{no;n — 1}, 


AK (n) +fi(m,)Ki(1) < fi(m, Ki (n) + Lh(m, 7; Ky) 
n—-1 


= fi(m,n) } Ki(n) + > Ih(n, 52; Ki) 


= fim, n)Ko(n), 


which establishes (2.1.157) for h = 1. We now suppose that (2.1.157) holds for h = 
i, where 1 < i < m— 2. Then it follows from (2.1.155) that for all n € {no;n; — 1}, 


AKi4i(n) = AKi(n) + [41 (11,0; Ky) 
el 


Sf. n)Ki(n) + flrs.) Kin (nm) + Lepi(ni, 1: Ki). 
j=l 


IA 
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Adding f+1(71,)Kj41(n) to both sides of the above inequality and using (2.1.156) 
and the monotonicity of [j(n,,n; v) in v, we get for all n € {n9; n — 1}, 


AKi4i (1) + fit (m1, 0) Kini (1) 


< Sofi. n)Kizi(n) + fii.) Kini) + fips (n. 1: Ki) 
j=l 


n—-1 


i 
< Do film.) Kinin) + fitin) 4 Kigi(a.n) + > Tipo(m, sta; Kit) p> 


j=l Sj-2=N0 


which, together with (2.1.155) yields (2.1.156). 

Next, we shall derive the upper bound on x(7) from the relations (2.1.155), 
(2.1.156) and (2.1.157). We derive from (2.1.155)—(2.1.156) and the definition of 
In(m,n; v) that for all n € {193 n, — 1}, 


AK, (n) = AKm-1(n) = Tn(m1, n; Km—-1) 
m—2 
< Oflu.) Kn) + fn (1) Kn) + fin 1, Kn) 
j=l 


< \ofi(u. Kn). 


j=l 
Substituting n = 19,no + 1,--- ,m; — | in the last inequality, then we have for all 


n &€ {no;n; — 1}, 


m 


n—-1 
K,,(n) < Kmn(no) I] 1 + > flu.) 


s=no j=l 


= p(m)Vi(m, 7), 


where Vi(m,7) is given by (2.1.151). Now substituting this bound for K,,(n) 
in (2.1.157) with h = m — 1, we get 


AKn—1 (n) + fin-1 (ny , n)Km—-1 (n) 
m—2 

< DO fu.n)Kn-1(n) + fri. n)p(a)Vi (nn), 
j=l 


ie., for alln € {no;n — 1}, 


Kn-i(n+1) Sm—1(M1, n)Km—1(n) + fn—1 (M41, n)p(m)Vi (mn, n), (2.1.158) 
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where g,,—1 (1,7) is given by (2.1.152) with h = m—1. Substituting in (2.1.151) the 
numbers n = 9,9 + 1,--- ,m; — 1, or, more precisely, by using an easy inductive 
argument, we can obtain that for all n € {mp + 1; n;}, 


Kn—1(1) < p(n) V2(n1, n), (2.1.159) 


where V3(m1,7) is given by (2.1.151). Using this bound for K,,—1(#) in (2.1.157) 
with h = m — 2, we get 


Km—2(n + 1) < gm—2(11, 2) Km—2(0) + fn—2(m1, 0) p(m)V2(m1,n), — (2.1.160) 


for alln € {no;n—1}, where gin—2 (11, 1) is given by (2.1.152). By repeating the same 
argument as used above from (2.1.158) to (2.1.159), we have for all n € {np +1; 71}, 


Km—2(n) S p(m1)V3(n1,n). (2.1.161) 


Continuing in this way, after m— 1 applications of the same argument, we derive 
for all n € {no + 1; m1}, 


Ki(n) < p(m)Vin(11, 7), (2.1.162) 


where V,,(n;, 7) is defined by (2.1.152). Now taking n = n, in (2.1.162), we may 
prove Theorem 2.1.31. O 


We note that if all hypotheses of Theorem 2.1.31 are satisfied except the 
monotonicity of p(n), then we may replace p(n) by the monotonic function p(n) = 
max {p(no), p(no + 1),--- ,p(m)}, and then apply Theorem 2.1.31. 


Remark 2.1.8 Theorem 2.1.31 has extended a known discrete inequality due to 
Sugiyama [614]. A similar result to (2.1.149) (when m = 3 and all functions f;(”, s) 
are independent of m) can be found in Pachpatte [466], Theorem 6. We also note that 
the additional assumptions | — f\(n) > 0 and 1+ f,(n) —fo(n) = 0 for alln e¢ N 
were also required in [466]. 


In the next result, we shall introduce a more general case which is due to Yang 
[661]. To this end, define 


n—1 sj-l Sm—1—1 
In (ns v) = > fata, $1) S> fir(81,82) + > Fim(Sm—15 Sm)U(Sm)- 
s,=No S2=N0 Sm=N0 


Theorem 2.1.32 (Yang [661]) Let x(n), p(n) be the same as in Theorem 2.1.31 and 
let fix(n, 5) be real-valued non-negative functions on Nn, X Nn, non-decreasing in 
n for every fixed s € Ny, (here i = 1,2,---,r;k = 1,2,--- ,m). Suppose that the 
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discrete inequality holds for alln € Ny, 
x(n) < p(n) + D2 Jin(n;x). (2.1.163) 
i=l 
Then we have for alln € Nu, 
x(n) < p(n) | [U°™. (2.1.164) 
i=l 


where U(n) = GY (n,n), and here GY (r,n) are given (in the increasing order of 
the index i) by 


n—1 m 
GP(rn) =] 51+ Sia ; 
S=no k=1 


n—-1 


nl n-1 
GG, n) = I] Gim—jti(r, 8) + 3 Fim—j4i, GO (r, s) I] 6) m—j+1 (7, t) 
s=no s=no t=s+1 


(2.1.165) 


fori=1,2,-++,r,j =2,3,-++ ,m, where 


Win’, n) — Fin(r, n), if this expression > 0 on Nig X Nn; 


Gin(r, n) = (2.1.166) 
Win(7, n), otherwise, 
h-1 
Winlrsn) = 1+ S\Fy(rn), W=1,2.0+,m—1, — (2.1.167) 
j=l 


and 


i-1 
Fia(n,s) = fau(n, s) I] U (n), Fi(n, 8) = fi(n,s), 


q=1 
fori=1,2,+++,r, f=2,3,-++ 4m. (2.1.168) 


Proof First we may rewrite inequality (2.1.163) as for all n € Nyy, 


x(n) < Aj(n) + Jim(n; x), (2.1.169) 
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with 


Aj(n) = p(n) + Ye Fim (n; Xx). 


i=2 


Obviously, A; () is non-negative and non-decreasing on N,,,, so by Theorem 2.1.31, 
we derive from (2.1.169) that for all n € N,,, 


x(n) < Ai(n)U (n), (2.1.170) 


where U(n) = GS (n,n) and GW (r, n) is given by (2.1.165)—(2.1.168) with i = 
1. Obviously, (2.1.169) can be rewritten as for all n € N,,,, 


x(n) < Ao(n) + Jj, (nx), (2.1.171) 


with 


A2(n) = UM (n) 


p(n) ar nn ’ 


i=3 
where J5,,,(n; x) is obtained from J2m,(n; x) by changing the f2; (n, s) to the function 


UM (n)far(n, S). 
Now applying Theorem 2.1.31 to (2.1.171) yields that for all n € Nu, 


2 r 
x(n) < []U(@) ja ~ > tan (2.1.172) 


q=1 i=3 


where U?)(n) = G® (n,n) and GY(r, n) is given by (2.1.165)-(2.1.168) with i = 
2. If r > 4, we may rewrite (2.1.172) as for alln € N,,,, 


x(n) < A3(n) + J¥,,(1; x), (2.1.173) 
where 


2 r 
A3(n) = I] UM (n) ja + ia o| ; 


q=1 i=4 


where J},(n;x) is obtained from J3,,(n;x) by replacing f31(n,s) by the function 


fala, s) T]qa1 U (1). 
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Applying Theorem 2.1.31 once again to (2.1.173), we can get for alln € Nig, 


3 
x(n) < [] uC) 


q=1 


p(n) + Yan . 


i=4 


Proceeding in this way, we then obtain the desired bound on x(n) in (2.1.164). O 


Now we define 


n—1 sy-l sj—-1-1 


IP (nvv) = Yo AP as) & YO FP or) > AP (G-1, 5) 0(5). 


SL=nNo0 s2=N0 Sj=Nno 


The next result deals with a very general form of linear discrete inequalities of 
the Gronwall type in one independent variable. This is an analogue of an integral 
inequality established by Yang [657, Theorem 4]. 


Theorem 2.1.33 (Yang [661]) Let x(n), p(n) be the same as in Theorem 2.1.32; let 

2 (n, s) be real-valued non-negative functions defined on Ny, x Nn), which are non- 
decreasing inn for every fixed s € N,,. Suppose that for alln € Ny, the following 
discrete inequality holds, 


q i) 
x(n) < p(n) + )> SP x), (2.1.174) 
j=l i=l 


where r; are known positive integers. Then we have for alln € Nyy; 


q G 
x(n) < p(n) > (> 0%) (2.1.175) 
j=l \i=1 


where BY (n) = eb (n,n), and He (n,n) are defined inductively on the index j by 


n—-1 


HG n)= I] 


s=no 


j 
1+) FRC, of 
k=1 


n—-1 n—1 


He n)= I] Opiate s)+ oD Fag Os Aare a Ss) (2.1.176) 


s=ngo s=ngo 


n—-1 


(/) 
x I] Gi jets D) 


t=st+l1 
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forj=1,2,---,q, i=1,2,-+- 7; k =2,3,--- ,j, where 


(i) ce (r,n) — FO (r, n), if this expression = 0 on Nn X Nu, 
ain, (7,1) = 4 Gi) : 
Cy, (1.0), otherwise, 


(2.1.177) 


h-1 
cP(rn)=14 DFP Gn), h=1,25,j-1 21.178) 


i=1 


and 


i-1 Th 
0.9 =O (TI arn), FQ(n,s) =f (as), k= 2,300 h 


k=1 \m=1 


(2.1.179) 


Proof The proof can be done by using Theorem 2.1.32 and an inductive argument. 
To finish the argument, we only give a few steps here. First we may rewrite (2.1.174) 
as for alln € Ni, 


x(n) < Ex(n) + Y) Sf? (n;x), (2.1.180) 


i=1 
where 
q 
E\(n) = p(n) + Paw). 
j=2 i=l 


Applying Theorem 2.1.32 to (2.1.180) yields that for all n € Nr, 


x(n) < E\(n) ] [B)™), (2.1.181) 


i=1 


where BY (n) are given by (2.1.176) and (2.1.178) with 7 = 1. Second, we also 
rewrite the last inequality as for alln € N,,, 


x(n) < Ex(n) + 3 (11 Re i) IP (nx), (2.1.182) 


i=1 \k=1 
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with 


E,(n) = 3 p(n) + ITM: x) [aici 5. (2.1.183) 


j=3 i=1 


Now a Suitable application of Theorem 2.1.32 to the above inequality gives us 
for alln € Nyy, 


x(n) < E)(n) Il BS (n) 


k=1 


2 " q. 4 
= (I By i) pa) + 2 IP a;x) 


j=3 i=1 


Continuing in this way, we then obtain the desired bound for x(7) in (2.1.175). 0 


Remark 2.1.9 Many particular cases of (2.1.174) when 7; = 1 hold for j = 
1,2,---,qg have been studied by Pachpatte [469, Theorems 1-3] and Agarwal 
and Thandapani [17, Theorems 1-3]. However, present consequences for these 
special cases are not comparable with those known results. Further, the special 
case of (2.1.174) when r; = 1,7 = 1,2, was discussed by Yang [656], under the 
additional condition such that p(n) > 0 for all n > no. 


The next corollary is Theorem 3 proved by Yang in [661]. 


Corollary 2.1.15 (Yang [661]) Let v(n),c(n) : No ~ R+,No = {0,1,2,....} 
with c(n) non-decreasing. Let gi(n,s) : No x No ~ Ry Gi = 1,2,3) be non- 
decreasing in n for every fixed s € No. Then the discrete inequality for alln € Nyy, 


n—-1 n—-1 n—-1 


v(n) < c(n) + Dil, s)v(s) + 2 £210, 5)¥g3(s, )v(0), 


1=0 
implies for alln € Nyy, 


n—1 


v(n) < enya) [(1 + y@g2(n, 5) + ga(n,5)). 


s=0 


where y(n) := He + gi(n, s)), Here the empty sum and product are taken to 
be zero and one, respectively. 


We know that one of the most fundamental contributions to the mathematical 
theory of systems has been the formulation and characterization of the property 
of controllability, which was first done by Kalman [309] for linear, time-invariant, 
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discrete-time systems. Many studies on this subject have done for discrete time 
control systems in several directions, we may refer to, Freeman [218], Kalman 
and Bertram [309], Lin and Varaiya [362], Michel and Wu [401], Pachpatte [444] 
and Weiss [642], etc. Although the “Lyapunov technique” has been employed in 
one form or another in the development of conditions for stability and asymptotic 
stability of the discrete time control systems, in the late 1950s, Lyapunov’s method 
seemed to have been exhausted, and at about that time Popov introduced the 
frequency method, which is currently being used in differential control systems. 
Pachpatte [447] developed a theory which deals with the stability problems of a class 
of discrete time control systems of the more general type, by first establishing two 
fundamental finite difference inequalities which provide us a powerful technique to 
study the desired discrete time control systems. 

Now we introduce such two fundamental finite difference inequalities which can 
be used as a powerful tool to study of discrete time control systems of the more 
general type, these results are due to Pachpatte [475]. 


Theorem 2.1.34 (Pachpatte [475]) Let x(n), p(n), h(n), and q(n) be real-valued 
non-negative functions defined on No = {0} UN, satisfying the inequality for all 
ne No, 


n—-1 n-1 s—1 
x(n) < x0 + > p(s)[x(s) + h(s)] + D> p(s) (x aconto) (2.1.184) 


where xo is a non-negative constant. Then for alln € No, 


n—1 s—l 


x(n) <x0+ (| h(s) +0 T] (1+ 20 + 40) 


s—1 s—l1 
+ pond T] a+r + q()) |. (2.1.185) 
t=no t=t+1 


Proof Define a function m(n) by the right-hand side of (2.1.184). Then we have 


n—1 


Am(n) = p(n)[x(n) + A(n)] + p(n) Y> g(a) x(z), m(n0) = 20. 


T=n0 
which, along with (2.1.184), implies 


n—1 


Am(n) < p(a)h(n) + p(n) [»acn) +> g(cym(z)]. (2.1.186) 


T=n0 
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If we put 


n—-1 


v(n) = m(n) + Y~ g(t)m(t), v(t) = mn) = xo, (21.187) 


TSN0 


then it follows from (2.1.186), (2.1.187) and the fact that m(n) < v(n), that the 
following inequality holds for all n € No, 


vin+ 1)—[1 + p(n) + q(n)]v(n) € p(n)h(n). (2.1.188) 


-1 
Multiplying by Is (1 + p(s) + a(s)) to both sides of (2.1.188) and summing 
up from nop to n — 1, we obtain 


n—-1 n—-1 n—1 


v(m) < x0 PF] +P) +409) + Y> p()hs) T] (1+ p@) +4). 


S=ngo S=n0 tT=st+1 
Substituting this value of v(”) into (2.1.186), we have 


n—-1 


Am(n) < pn)|h(n) + x0 TT (1+ 0) + 46)) 


s=no 


n—-1 


1 
+) pyh(s) T] d +r) +4(0))| 


s=no t=s+1 


n— 


which implies 


n—1 sl 


m(n) < x0 + D> p(s)| Als) +0 [] A +p + a0) 


+( ¥ plone rl (1+) +40) 
1=no0 t=t+1 


Now substituting this value of m(n) into (2.1.184), we can obtain (2.1.185). Oo 


We note that a special form of Theorem 2.1.34 when h(n) = 0 was already 
established and employed in the analysis of finite difference equations in Pachpatte 
[447]. 

In what follows, unless otherwise stated, all the functions which appear in 
the inequalities are assumed to be defined and non-negative in their domains of 
definition. 

Next, we shall give some linear discrete Gronwall-Bellman inequalities and 
linear difference Gronwall-Bellman inequalities. 
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Leta,B € Z,Ny = {ne Z:n>at,Nug = {ne Z:a<n < B}, and let 
Xn = x(n) be a sequence of real numbers, defined for all n € Ng. 

Let ae x; and la be the sum and product respectively of the numbers 
xj, © Na,p, and assume that = xj = 0, a = 1. The first difference of 
the sequence x; is the sequence Ax, = X41 — Xn,n € Ng, and the k-th difference 


(difference of order k) A*x, is inductively defined by for all n € No, 
A¥xy = A(AR 1 xy) = A ang — A® lag. 


All sequences considered here consist of real numbers. 
For two sequences f;, g; € Ny, the following summation by parts formula holds 
for alln € Ng, 


n—1 n—1 


YS fid8i = fn8n —fa8a — >. si Af. (2.1.189) 


i=a i=a 


Moreover, for all n € Ny, 


n—1 
> Agi = 8n — 8a; (2.1.190) 
and for all n € Ng, 
n—-1 n—-1 n—-1 
1+>°f [[ G+ =[]a+A. (2.1.191) 
i=a j=itl jH=a 


provided that, 1 + f; 4 0,7 € No. 
Theorem 2.1.35 (Pachpatte [475]) Assume that the following inequality holds for 
allk € Na, 


k-1 


u(k) < p(k) + g() > Fu. (2.1.192) 


l=a 
Then for all k € Nag, 


k-1 k+1 


uk) < pk) +a) “fO~O [] + af). (2.1.193) 


l=a t=/+1 
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Proof Define a function v(k) on N, as follows 


k-1 
v(k) = YS ful. 
l=a 
Thus, we have 
Av(k) = f(k)u(k), v(a) = 0. (2.1.194) 
Since u(k) < p(k) + q(k)v(k), and f(k) = 0, from (2.1.194) it follows 
v{k + I)— 1 + qf (k))u(k) < pA. (2.1.195) 


Because 1 + g(k)f(k) > 0 for all k € Ny, we can multiply (2.1.195) by [JfL,(1 + 
q(Df(D))~! to obtain 


k-1 k 
A(T] A + 4f)"'v) = pof@T [A + aOfOy". 
l=a l=a 


Summing the above inequality from a to k — 1, and using v(a) = 0, we may get 


k-1 = k-1 1 ay 
TI(+40r0) v® < Yporof ] (1+ aero) 
l=a l=a l=a 
which yields 
k-1 k-1 
v(k) < Y“pOFO [] A+ af). (2.1.196) 
l=a t=/+1 


Therefore, the assertion (2.1.193) follows from (2.1.196) and the inequality u(k) < 
P(k) + g(k)u(k). O 
Remark 2.1.10 The above proof obviously holds if p(k) and u(k) in Theorem 2.1.35 


change sign on Nj. Further, the inequality (2.1.193) is the best possible in the sense 
that equality in (2.1.192) implies an equality in (2.1.193). 


The next result is another generalization of Corollary 2.1.4 which may be 
convenient in some applications. 


Theorem 2.1.36 (Pachpatte [469]) Let x(n), f(n), g(n), h(n) and k(n) be real- 
valued non-negative functions defined on N satisfying the following inequality for 


2.1 Linear One-Dimensional Discrete Gronwall-Bellman Inequalities and... 209 


alln EN, 


n—-1 n—-1 s—l t-1 


x(n) <0 + DFC) + YD 8 D> HEC x (YO kx). 


s=no s=no t=no T=N0 


(2.1.197) 


where Xo is a positive constant. If 1 + f(n) — g(n) = 0 for alln €N, then for all 
neéeN, 


n—-1 n—1| n—-1 


x(n) < x0 [JU +f) — (9) + YS eR) x T] +f - so). 


s=no s=no t=st+1 
(2.1.198) 
where for alln € N, 
n—1 
xo [ [UL +40) + 8(s) + h() Q(s)] 
RQ) = —— 2? —______________, (2.1.199) 
1+20 doh) [JD +40 + 80 + hOOO) 
in which for alln € N, 
n—-1 
xo | [1 +£(s) + a(s) + k(s)] 
O(n) = ———# (21.200) 
1x Y) AG) [J +40 +80 +k0) 
and 
n—-1 Ss 
Yoh) [JL + £0 - 80 +O] < 297. 


Proof Define a function m(n) by the right-hand side of (2.1.197). Then 


n—1 t-1 


Am(n) = fxn) + g—)(Y> Ax—O( YO k@)x(2))). 


t=no T=nN0 


m(no) = Xo, 
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which, in view of (2.1.197), implies 


n—1 t-1 


Am(n) < f(nym(n) + a(n)(Y> hm@( YS kzym@))). 


t=no T=nN0 
Adding g(n)m(n) to both sides of the above inequality, we have 


n—1 t-l 


Am(n) + g(n)m(n) < findm(n) + g(n)|m(n) + Y> nmO( > k(e)mx)) |. 


(2.1.201) 
If we put 
mi = 
v(n) = m(n) + Dron » k(c)m(c)), ioe 
v(19) = m(no) = Xo, 
then it follows that 
Av(n) = Am(n) + h(n)m(n)( 5 K(z)m(z)). (2.1.203) 


T=N0 


Using the facts Am(n) < f(n)m(n) + g(n)v(n) and m(n) < v(n) from (2.1.201) 
and (2.1.202) in (2.1.203), we see that there holds that 


t-1 


Av(n) < [f(n) + g(n)]v(n) + A(nyo(n)( > k(@)m(x)). 


T=N0 
Adding h(n)v?(n) to both sides of the above inequality, we have 


t-1 


Av(n) + b(n)v*(n) < [f(n) + gla)}v(n) + h(nyv(n)(v(n) + > k(x)m(2)). 


(2.1.204) 
Put 
t-1 
= + k ; 
u(n) = v(n) Xu (x)m(t) or 


u(no) = v(no) = Xo, 
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then 

Au(n) = Av(n) + k(n)v(n). (2.1.206) 
Using the facts 

Av(n) < [f(1) + g(n)Jv(n) + h(n)o(a)u(n) 
and 
v(n) < u(n) 

from (2.1.204) and (2.1.205) in (2.1.206), we see that the following inequality holds 


u(n + 1) —[1 + f(n) + g(n) + k(n)Ju(n) < A(n)w?(n). (2.1.207) 


Define 
e1(n) = Te +f(s) + g(s) +)", nies 
e1(m) = 1, 
then 
ei(nt 1) —e\(n) = -[f(n) +. g(n) + K(Jer(n + 1). (2.1.209) 


Multiplying by e;(” + 1) to both sides of (2.1.207) and using (2.1.209), we obtain 


u(n + Ne (n + 1) — u(njei(n) < hey (n + 1) x [wei (n + DP. 
(2.1.210) 


Because u(n) is monotone increasing, e;(”) is monotone decreasing, we know 
[u(njei(n + D> =z, 


for all values of z between u(n)e;(n) and u(n+ 1)e;(n+ 1). So if we apply the mean 
value theorem to the function F(z) = z~!/ — 1, we conclude that 


[u(n + Lei(n + 1)-1 = [uei()|-1 


i < [u(n)e\(n + 1)]-2 


x[u(n + l)ey(n + 1) — u(n)e,(n)]. 
(2.1.211) 
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Therefore from (2.1.210) and (2.1.211) it follows 
[win + Nein + 1-1 — [wer (n)|-1 = he" + 1). (21.212) 


Summing up both sides of (2.1.212) from no to n — 1 and substituting the values of 
e1(n) and e;(n + 1) from (2.1.208), we obtain 


n—-1 


xo | [IL +£(s) + a(s) + k()] 


u(n) < s=no 


=Q(n). (2.1.213) 


n—-1 Ss 


1—xo D5 A(s) | [I+ £0 + 8) + KO) 


s=no t=no 


Substituting this value of u(n) in (2.1.204), we obtain 


v(n + 1) —[1 +f (n) + a(n) + AMO] v@) < —h(n)v°(n). 


Now, defining 
n-1 
er(n) = | [ [1 + f(s) + a6) + A) Q(T, 
€2(no) = 1, 


and following the above argument with suitable modifications, we can obtain 


n—1 


xo [ [+ £) + gs) + AQ) 


v(n) < = R(n). 


n—1 Ss 


1+x0 dh) [JU +40 + 80 + hOOO) 


s=no t=no 


Substituting this value of v(m) in (2.1.201), we have 


mn + 1)—[1 +f) — gm) < g()R(n). 
Multiplying by you + f(n) — g(n)|"! to both sides of the above inequality and 


s=ng 
summing up from no to n — 1, we conclude 


n—1 n—1 


n-l 
mn) < x0 | [IL +f) - 8] + D5 eR) x [] 1 +£O-s0). 


s=no s=no t=s+l 


which, substituted in (2.1.197), implies (2.1.198). Oo 
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Theorem 2.1.37 (Agarwal [10]) Let u(k) be defined on Ng, then for allk € Na, 


k-1 k-1 
1+) ud) [] dtr) = Ta + u(I). (2.1.214) 
l=a t=/+1 l=a 


Corollary 2.1.16 (Agarwal [10]) Let in Theorem 2.1.35, p(k) = p and q(k) = q 
for all k € Ng. Then for allk € Na, 


k-1 


u(k) <p] [1 +4f(). (2.1.215) 
l=a 
Proof Estimate (2.1.163) follows from (2.1.163) and Theorem 2.1.35. Oo 


Corollary 2.1.17 (Agarwal [10]) Let in Theorem 2.1.35, p(k) be non-decreasing 
and q(k) = 1 for all k € Ng. Then, for all k € Na, 


k-1 


u(k) < pq] ](1 + af). 


l=a 
Proof In fact, for such p(k) and q(k), the inequality (2.1.193) implies 


k-1 k+1 


u(k) < p®q@(1+ YOrO T] d+ afm). 


l=a t=I+1 


Therefore the result follows from Theorem 2.1.35 immediately. O 


Theorem 2.1.38 (Agarwal [10]) Assume the following inequality holds for all k € 
Na 


u(k) < p(k) + q(k)) Ei(k, u), (2.1.216) 


i=1 
where 


k-1 h-1 -1 


Ej(k,u) = Y fal) > fil) ++ > fillu(l). (2.1.217) 


l|=a lh=a 


Then for allk € Na, 


k-1 


k-1 r r 
wk) < p®) + WY (YAEWp)) T] (1+ D2Azi(. @)). 2.1.218) 


l=a_ i=1 t=/+1 i=1 
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Proof Define a function v(k) on N, as 
vk) = AEM w. 
i=1 
which yields 
Av(k) = SAE, u), v(a)=0. (2.1.219) 
i=1 
Since u(k) < p(k) + q(k)v(k), and v(k) is non-decreasing in k, from (2.1.219) it 


follows 


Av(k) < Y\AE(k, p + qv) 


i=1 


= )-AE(k,p) + )(AE\(k, qv) 


i=1 i=1 


< UAE p) + vO) UAEK, 9). 


i=1 i=1 


The rest of the proof is similar to that of Theorem 2.1.35. O 


Definition 2.1.1 (Condition (c)) We say that condition (c) is satisfied if for all k € 
N,, the inequality (2.1.218) holds, where 


fil) =filkK), lsisr, fit) =f4oi) =--- =fil® = i(k), lsisr-l. 
In the next result, for all k € N,, we shall denote 
r—j+l 
G(K) = max 0, > g(WYfil) — gr 
i=1 
silk) — gyi), 1sisr—j}, 1<jsr 
where g,(k) = 0 for all k € Na. 


Theorem 2.1.39 (Agarwal [10]) Assume the condition (c) holds. Then for all k € 
Na 


u(k) < p(k) + g(kK)vi(k), IsjK<r, (2.1.220) 
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where 
k-1 r—j+l k-1 
Wilk) = (vO YAO + 8-H OW) T] 0+ 4), lei sr. 
l=a i=1 t=/l+1 


Proof Indeed, if the condition (c) holds, then the inequality (2.1.216) is equivalent 
to the system 


k-1 


wk) < PH+qHY KhOmO + sium), (21.221) 


l=a 


A 


k-1 
Yi G-1O0umO + g-OujO), 3<i<r, (21.222) 


l=a 


uj—1(k) 


k-1 
SY fn (Dur (D. (2.1.223) 


l=a 


u,(k) 


Define 


k-1 


v1) = D(a + g: Owl) 


l=a 


and u,;(k) = uj(k), 2 <j <r, then from (2.1.221)—(2.1.223) it follows 


Avi® < fi(p® + 4(Wri1®) + 120), (2.1.224) 
Av) < fiWOW® +4qWui(b) + gO, 3<7<r, (21.225) 
Au,(k)  < f(k) (p(k) + 9(k)vi(k)). (2.1.226) 


Thus adding up (2.1.224)-(2.1.226), we obtain 


i=1 


r i r r—1 
A(S ri) < POLLO + DOW + Vein 
i=1 i=1 


i=1 
< POY fil) + dO (Sli). 
i=1 i=1 


Now as in Theorem 2.1.35, we have 


YS vilk) < Wi). (2.1.227) 


i=1 


216 2 Linear One-Dimensional Discrete (Difference) Inequalities 


Adding up (2.1.224) and (2.1.225), 3 <j < rand using (2.1.227), we obtain 


r-1 r—1 ral 
A(Y i) < PWD FW + WY fiw) 
i=1 i=1 i=1 
r—2 r—l1 


+5 gil vi+1 © + 8-1) (Wilk) — Yi) 


i=1 i=1 
r—1 r-1 
< (PHP VW + 8--1WWi&) + d200(S v9). 
i=1 i=1 


Now similarly as in Theorem 2.1.35, we can get 


r-1 


YS vi(k) < Wo(k). (2.1.228) 


i=l 
Continuing in this manner, we finally get 


rar 
Y= vik) = Wik), 3.57 <0. (2.1.229) 


i=1 


Since u(k) = ui(k) < p(k) + g(k)vi(k), the result (2.1.220), 1 < j < r, follows 


from (2.1.227)-(2.1.229),3 <j <r. oO 
Theorem 2.1.40 (Agarwal [10]) Assume that the following inequality holds for all 
ke Na 
r k-1 
u(k) < pol) + > pik) giDu(D. (2.1.230) 
i=1 l=a 
Then for allk € Na, 
u(k) < F,(po(k)), (2.1.231) 


where 
F; = DDj-1 +++ Do, 
Do(w) = w, 


k-1 k-1 


Dw) = wt Fue) (YaOwO T] d+ a@F-i@@)). sir. 


l=a t=/+1 
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Proof The proof is by induction. For r = 1, inequality (2.1.230) reduces 
to (2.1.192) with p(k) = po(k),q(k) = pilk) and f(k) = qi(k). Thus from 
Theorem 2.1.35, it follows that u(k) < Dj,(po(k)) = Fi (po(k)), ie., (2.1.231) is 
true. Assume that the result is true for some j, where 1 < j < r— 1. Then, to prove 
for j + 1, we have 


k-1 j k-l 
Wh) = (pol) + Pt OY aii Du) + DpH au) — 2.1.23) 
l=a i=1 


l=a 
and hence from (2.1.231) it follows that 


k-1 


w(k) < Fi(po(®) + pix) gi+1(Du(d). 


l=a 


where we have used the definition of F; and the fact that ae qj+i1(u() is non- 


decreasing for all k € N,, and further 


k-1 


u(k) < Fy(po(k) + Fi(pi41®) Ygi+1 Ould) 
l=a 


k-1 


< Fi(po(k) + Fi i®)> gi+i Qu. 
l=a 


Therefore applying Theorem 2.1.35 to the above inequality, we conclude 


k-1 k-1 


W(k) < Fi(po(®) + Fi@+10)) a1 OF G0) T] (1+ aOR +1) 


l=a t=/+1 
= Fj+1(potk)). 
Corollary 2.1.18 (Agarwal [10]) Assume, in addition to hypotheses of Theo- 


rem 2.1.40, p(k) > 1 for allk € Nag, l < i < r. Then for all k € Ng, there 
holds that 


r k-1 


r k-1 r P ; 
u(k) < [p(k (ms + (aT ]oi0)- TT (6+ Vad it0in(9)). 
j=l j=0 j=l 


l=a i=1 t=I+1 i=] 


(2.1.233) 


Proof For such p(k), 1 < i < r, inequality (2.1.230) can be written as (2.1.192) 
with p(k) = [Tio pik), a(k) = [Tiny pilk) and f(k) = Y=) ail). O 
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Lemma 2.1.1 (Agarwal [10]) Assume in Theorem 2.1.35, p(k) = q(k), for all k € 
N,, then for all k € Ng, we have 


k-l 
u(k) < p(k) | [Cd + pf). (2.1.234) 
l=a 
Proof The proof is left to the reader as an exercise. Oo 


Corollary 2.1.19 (Agarwal [10]) Assume, in addition to hypotheses of Theo- 
rem 2.1.40, po(k) > 0 and non-decreasing; p(k) = 1,1 <i < rand non-decreasing 
when 2 <i<rforallk € Ng. Then for allk € Na, 


u(k) < G,(po(k)), (2.1.235) 
where 


Go(w) = w, 


k=1 (2.1.236) 
Gi(w) = wG-r(ed] (1 =F qjGj-1(0))); VS ge 2 


l=a 


Proof The proof can be done by induction. For r = 1, Corollary 2.1.17 implies that 
u(k) < Gi(po(k)). Let the result be true for some j, where 1 < j < r—1, then to 
prove for j + 1, we have (2.1.232). Since in (2.1.232), the part in brackets is positive 
and non-decreasing, we get 


k-1 


u(k) < G,(polk) + POY ai+1u()). 


l=a 


In the above inequality, using the definition of G;, we obtain 


uk) < Gi(polk)) + pj (K)G; oot) Yan 02 


l=a 


u(1) 
poll)’ 
which also yields 


Hi), POG u(d) 
pie po (1+ Dae OD) 


l=a 


= Glpii®)(1 + Sat) =a) 


Now applying Lemma 2.1.1 to the above inequality, we conclude that u(k) < 


Gj+1(po(k)). O 
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Remark 2.1.11 In Corollary 2.1.19, the requirement po(k) > 0 is not essential. In 
fact, if po(k) = 0 for some k, then we can replace po(k) by po(k) + € for any € > 0. 
The conclusion then follows by letting « — 0 in the resulting inequalities. 


Theorem 2.1.41 (Agarwal [10]) Assume that for all k,r € Ng such that k < r, the 
following inequality holds 


u(r) = u(k) — g(r) D> Ou), (2.1.237) 
I=k+1 
where u(k) is not necessarily non-negative. Then for all k,r € Na, k < 1, 
: -1 
u(r) = wk) T] (1+ ae) (2.1.238) 
I=k+1 


and (2.1.238) is the best possible. 


Proof Obviously, inequality (2.1.237) can be rewritten as 


u(k) < u(r) + g(r) S> fu. (2.1.239) 


l=k+1 


Let v(k) be the right-hand side of (2.1.239), then for all k,r € Nu, k < r, it follows 
that u(k) < v(k) and 


Av(k) = —q(r)f(kK + Du(k+ 1), vr) =u(7). 


Since g(r)f(k + 1) = O and u(k + 1) < v(k + 1), we get 


vk) < (1440+ D)vE+D, v6) =u) 


which readily yields 
vk) < T] (1 + g(r)f(D u(r). (2.1.240) 
l=k+1 
Thus (2.1.238) readily follows from u(k) < v(k) and (2.1.240). Oo 


Theorem 2.1.42 (Agarwal [10]) Assume that the following inequality holds for all 
ke No, 


k-1 
uk) < co +h! Per So (k- Du), (2.1.241) 
l=0 
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where cy > 0,c2 > Oandh > 0. Then for all k € No, 
u(k) < oI + hey? + 2c1(kh)'/?) (1 + hein). (2.1.242) 


Proof Clearly, from (2.1.241) it follows 


k-1 I-1 


u(k) < cy + he, (k— a + he, SU t) u(x) 
l=0 t=0 
k-1 I-1 
= pk Hoa DM? + act kD 1) ue) 
1=01t=0 
k-1 
= +A Peek? + here.) (k= D7" 
l=0 
k—2 k-1 
+h ( 3 k= 9-70 - ua) 
t=0 [=t+1 
k-1 
Scot+ hcies + here.) (k = nt? 
1=0 
k—2 k-t-1 
i nei >( > &-1- DY? V(r). (2.1.243) 
t=0 l=1 


Now consider the function @(t) = (k— 1 — 1) '/?t-'/7,0 < t < k—t (= 2), which 
is strictly convex on the given interval and attains its minimum at t = ee Thus, 


k—t-1 k—t-1 


eater 2, 90 } pda, 
l=1 


which is an immediate consequence of interpreting iad a sum as a lower 
Riemann sum, with the rectangle for the subinterval [Ss + 1] Gf k—T is 
even), or [==1 = i ety (if k — t is odd) missing. But 


k-t 1 _ 11 
wind = | (=a) "4, Wd = BGS. 5) =m. (2.1.244) 
0 


In the same manner, we have 


yk" aes = fe-7 V2 dy = 2K}/?, (2.1.245) 


l=1 
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Inserting (2.1.244) and (2.1.245) into (2.1.243), we can obtain 


k-1 
u(k) < eo(1 bh? 4. 2c, (kh)'/”) + S\(heim)u(r). 


t=0 
Therefore the result (2.1.242) follows by applying Corollary 2.1.18 to the above 
inequality. Oo 


Theorem 2.1.43 (Agarwal [10]) Assume that in Theorem 2.1.38, r = 2, p(k) = 
uo, g(k) = 1 and fi, (k) = fai (&) for all k € Ng. Then for all k € Na, 


k-1 I-1 
w(k) Swo(1 + Yin = vD)P]A +f) + fale), 2.1.246) 


l=a t=a 


where 
k-1 l ag 
v&) =D fo)(T]d +f + f2(z))) Sfro(t). (2.1247) 
l=a t=a t=a 
Proof The proof is left to the reader as an exercise. O 


Now if we define N(0, K) = {0,1,--- , K}, then we have the following result. 
Theorem 2.1.44 (Agarwal [10]) Assume that the following inequality holds for all 


KEN, 
k-1 
u(k) < p(k) + Yog(k. Du(d. (2.1.248) 
l=a 
Then for allk € Na, 
k-1 
u(k) < P(k)] [+ Q.d), (2.1.249) 


l=a 


where P(k) = max{p(t) : t € N(a,k)} and Q(k, 1) = max{q(t, 1) : t € N(a,k)}. 


Proof The proof is left to the reader as an exercise. Oo 


Theorem 2.1.45 (Agarwal [10]) Assume that the following inequality holds for all 
kKeEN, 


u(k + 1) <p + qu(k), (2.1.250) 
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where p and u(k) are not necessarily non-negative. Then for all k € Na, 


ip, if q 4 2 
u(k) < q*“u(a) + (2.1.251) 
(k-—a)p, if q=1. 


Proof The proof is left to the reader as an exercise. Oo 


Theorem 2.1.46 (Agarwal [10]) Assume that for allk,r—1¢N, withk <r—-1, 
the following inequality holds 


r-1 


u(r) = u(k)— g(r) fu, (2,1.252) 


I=k 
where u(k) is not necessarily non-negative. Then for allk,r —1 € Na, k < r—1, 


r-1 


u(r) > wi] [(1 — TO) (2.1.253) 


l=k 


as long as 1 — q(r)f(J) > 0. Furthermore, the inequality (2.1.253) is the best 
possible. 


Proof The proof is left to the reader as an exercise. O 


Theorem 2.1.47 (Agarwal [10]) Assume that the following inequality holds for all 
k € N(O,K) 


k-1 
uk) < co +h' er (k- Du), (2.1.254) 
1=0 


where 0 <a < 1,c,; > 0,c2 > O andh > 0. Furthermore, let v be the smallest 
positive integer satisfying v(1 — a) = 1. Then for allk € N(O,K), 


u(k) < ce (c; + he (Kno) exp (c, (KRY), (2.1.25) 
where 
v v—2 
c= (ard -a)) Twd-a), &= (lean )S a a7 
j=0 
Kh l-—a@ 
A= cis ) (2.1.256) 
l-a 


Proof The proof is left to the reader as an exercise. Oo 
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Now we begin to introduce the discrete inequalities involving difference. 


Theorem 2.1.48 (Agarwal [10]) Assume that the following inequality holds for all 
ke Na 


n k-1 
Atuk) < pk) +4) >> giDAU(. (2.1.257) 
i=0 /=a 
Then for allk € Na, 
k-1 k-1 
A"u(k) < pk) + kK) oi T] A+ ¢2(2)), (2.1.258) 
l=a t=/l+1 
where 
; (k- ay 
i(k) = one Eston = 
i=0 j=0 
n—-1 k-i- he 
+2 ae -1(k) 2 "y() (2:1.259) 
and 
n—-1 k-i- ‘k=1 10 
#2) = aa) + Dae) > gy (2.1.260) 


Proof Define a function v(k) on Nz as 
n k-l 
v(k) = DD ai A‘u(). 
i=0 [=a 
Then (2.1.257) can be rewritten as 
A”u(k) < p(k) + q(k)v(k). (2.1.261) 
From the definition of v(k), it follows readily 


Av(k) =) gilk)A‘u(k). 


i=0 
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Thus from the discrete Taylor’s formula and (2.1.261), we can derive 


k— 
Av(R) < qnlB((&) + q(v(W) + ree ” AiuCa) 
— 
l k—n+i 
— 7 1\(r-i-1) an 
+ eeioi = E-f- 0A u() 
n—-1 i (k a) 
< pan) + Oyo Ai — + q(k)gn(k)v(k) 
i=0 j=0 
k-i- es] 
Soe 1k) } > ————— (I) + qv), 
l=a 


which yields by using the non-decreasing nature of v(k), 
Av(k) < dilk) + da(kyu(k). 


The rest of the proof is similar to that of Theorem 2.1.35. Oo 


Corollary 2.1.20 Assume that in Theorem 2.1.48, A‘u(a) = 0,0 <i<n—1,p(k) 
be non-decreasing and q(k) = 1 for all k € Ng. Then for all k € Na, 


k-1 


A"u(k) < p(k). + $3(D). 


l=a 


where 


k— 
in) = Ev, 


i=0 
Proof The proof is similar to that of Corollary 2.1.17 and by using the equality 


n—1 k—i-1 


—J— 1) — 7) 
tn) + Yate) So Sy 


i=0 


oO 


Theorem 2.1.49 (Agarwal [10]) Assume that in addition to hypotheses of Theo- 
rem 2.1.48, qi(k) = q*(k),0 < i <n, and q(k) = 1 for all k € Ng. Then for all 
KEN, 


A"u(k) < p(k) + (BK), 1 <isnt+ (2.1.262) 
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where 


k-1 k-1 
Bi) = Ya" Oa T] (a*@ale) + a"(o) + nage) +n), 


l=a t=/4+1 
k-1 k-1 
Bi) = Y2(4° O60 + BA) T] (*@a@ +4 
t=/+1 


l=a 


+(n—i=l)q(t) +n-i), Reien, 


and $4(k) is the same as $,(k) with qi(k) = 1,0 <i<n. 


Proof Define 
n k-1 


vi(k) = DO Tg" DAU. 


i=0 l=a 


Then similarly as in Theorem 2.1.48, we may derive 
Auk) +q* uk) < g* Wgalk) + @* Hau) + g*(Kv2(k), (21.263) 


where 
k—i-1n-—1 


n® =n0+ PVE EW oc, 


l=a i=0 
Similarly as again in Theorem 2.1.48 on using v1 (k) < v2(k), we also get 


Av2(k) + v2(k) < a (kyba(k) + (G* (K)a(&) + 9" (k) + a(k))v2(k) + v3(k), 


where 
k—i—1n—2 


n® = n+ VEE oye, 


l=a i=0 


Using v2(k) < v3(k), we can derive 


Av3(k) + u3(k) <q" (A)balk) + (F" (Ka(k) + a" (kK) + 2g(k) + 1)us(k) + valk) 


where 
k—i—1n—3 


n= + OEM pone, 


l=a i=0 
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Continuing this way, we may get 


Avn(k) + unk) < g* (Kbalk) + (g* (Kalk) + 9*(&) 


where 


k-1 


Ung i(k) = valk) + YgDn(d) 


l=a 


so that from v,,(k) < Un+1(k), it follows that 


An+ilk) < 4" (k)balk) + (a" (A)a(k) + 97 (k) + gk) + (2 1))0n41(K). 

(2.1.265) 

Obviously, from the above definitions v,(k) < v2(k) < +--+ < U_+44(k) and v;(a) = 

0,1 <i <n+1. Thus, as in Theorem 2.1.35, (2.1.265) implies v,4)(k) < By(k) 

and (2.1.262) follows from A”u(k) < p(k) + g(k)vyj+1(k). Next, using v,4)(k) < 

B,(k) in (2.1.264), we get 

Avn(k) + Untk) < (q" (K)balk) + Bik) + (a" (Kak) + 9° (k) 
+(n— Iq(k) + (n— 2))un(k), 
which yields v,(k) < Bo(k). Continuing this way, we easily find v;(k) < 


Br-i42(K)ii = n+ 1,n,...,2. Finally, we can use v2(k) < B,(k) in (2.1.263) 
to obtain 


Avi(k) < q*(k)(palk) + Bulk) + 27 (kK)(G(k) — Dui(k), 


which implies v;(k) < By+1(k). Oo 


Remark 2.1.12 In Theorem 2.1.49, we need qg(k) => 1 only to prove the con- 
clusion (2.1.262). Therefore, instead of g(k) => 1, it is enough to assume that 
1 + g*(k)(q(k) — 1) = 0 for all k € Ng. Further, if there is no condition on q(k), 
then an immediate upper estimate can be obtained from the inequality 


Avi(k) < 4° (k)(pa(k) + Brlk)) + a" (Ka(k)u1 (Kk). 


Theorem 2.1.50 (Agarwal [10]) Assume that the following inequality holds for all 
kKENg, 


n k-1 


Atu(k) < pk) + ¥2 So gi(D Au, (2.1.266) 


i=0 l=a 
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where p(k) is positive and non-decreasing. Then for all k € Na, 


Aaru(e) = POE __ 
1— = POdsDe1(1 + 1) 
where 
k-1 
ek) =] [+ os)! 
l=a 
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(2.1.267) 


and $5(k) is the same as $1(k) with p(k) = 0, as long as 1 — a p(os(De7! (+ 


1)>0. 


Proof Since p(k) is positive and non-decreasing, inequality (2.1.266) implies 


n k-1 


Atu(k) "u()) 
<1 (1 Atul : 
oe =” 24 Ain 0) 


Let v(k) be the right-hand side of (2.1.268), then 


A"u(k) 
p(k) 


Av(k) = ogi A‘uk) 


i=0 


< gnlkyplkv2(&) + Daiwa ” Aula) 


i=0 
k—n+i 


1 — 7 1)(a-i-) an 
i ee i—1) A"u())) 


< pik)os(k)u"(k) + b5(k)u(k), 
which implies 
Ale) < PWdsWeMk + Y(ek+ Nv) 
Now since v(k) is non-decreasing and e(k) is non-increasing, we have 


ST dev) —§ AeMrO) 


—1 —_ 
—A(e(k)v(k)) =| CMvO? = COO)? 


Thus from (2.1.269) it follows 


—Ale(k)u(k))" < p(k) bs(kye“"(k + 1), 


(2.1.268) 


(2.1.269) 
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which, by using v(a) = 1, yields 


e'(k) 


k ————— ooo 
Be ie tol pDosDe( + 1) 


Therefore, substituting the above inequality into (2.1.268) readily implies 
(2.1.267). O 


In the following two results, we consider discrete inequalities involving higher- 
order differences. 


Theorem 2.1.51 (Agarwal-Thandapani [14]) Let u(t) > 0,p(t) = 0,q(t) = 
0, Alu(t) = 0,hj(t) > 0,7 = 0,1,--+,k, be sequences defined for all t € No 
such that for allt € Na, 


k t-l 


Afu(t) < p®) + a) Y~ Y- hi(s)Avu(s). (2.1.270) 
j=0 s=0 
Then 
t-1 t-1 
Ault) <p) +4 >) T] (1+ 42(0)), (2.1.271) 
s=0 t=s+1 
where 


k-1 j-l 
bi(t) = pltyhy(t) + 32 So Alu(Oyhi(t) fe ) 


j=0 i=0 


t—j—s 
+h i(t) 2 ee : ~") po) 
=0 
t—j-1 afi 
bolt) = qh) + ke i(t) 2 j ) a0. 
j=0 =0 


Proof Let0 <j < k—1. Then it is easy to verify 


k-1 t—k+j 
Aju(t) = )* ee) Avi) + Yo tae 7 Afu(s). (2.1.272) 


i=j s=0 
Set R(t) = a Sa. hj(s) A/u(s), then (2.1.270) can be rewritten as 


Aku(t) < p(t) + q()R(t) (2.1.273) 
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with R(O) = 0. From the definition of R(f), we obtain by using (2.1.272) 
and (2.1.273) 


k 
AR) = Y-Aj(t)Au(t) 


j=0 
k—1 k-1 ; t—k+j ass 
= h(n dA‘u(t) + Y~ h(t) b a Aiud) + >> i ) ot 
j=0 i=j s=0 


J 


< So Wuoyh, o(! , + h(PO + ORO) 


j=0 i=0 


t—j-1 
F ea » oe ) [p(s) + q(s)R(s)]. 


=0 
Since R(f) is non-decreasing, we conclude 
AR(t) < Gi) + ORO), 
or 
Rt+ I -TL+ HORM < oi. 


Multiplying the above inequalities by []{_o[1 + ¢2(s)]~! and summing over t from 
0 tot, — 1 € N, we get 


4-1 t-1 


Rt) [J+ e@0r' soa Tu + po(0)I", 


s=0 s=0 t=0 
or 
ty-—1 ty-1 
R(t) < d oils) [] +e, 
t=stl 
which implies (2.1.271) by using (2.1.273). Oo 


Corollary 2.1.21 (Agarwal-Thandapani [14]) /f in Theorem 2.1.50, A/u(0) = 
0,7 = 0,-+- ,k—1, and p(t) is non-decreasing in No, then (2.1.270) implies that 


t-1 t-1 
Afu(t) < p(t) [ + q(t) > o3(s) Y> [+ eto (2.1.274) 
s=0 t=st+l1 


where $3(t) = a hy) (;) pat) = do(t). 
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Remark 2.1.13 If we take k = 1, ho(t) = h,(t) = h(#) in the inequality (2.1.270), 
then we have 


t—-1 
Au(t) <p) +40 >> ¢s5(s) |] U + bo). 


s=0 t=st+1 


where 


t-1 t-l 


s(t) = h(t)(uO) + pO) + D> p(s]. 6(0) = hOlg + D5 40s). 


s=0 s=0 
which is not comparable with the result obtained in [444] whose generalization for 
any k can be stated in the next theorem. 
Theorem 2.1.52 (Agarwal-Thandapani [14]) In the inequality (2.1.270), let 
hj(t) = h(t) (0 <j <k), q(t) = 1. Then 


t-l t-l 


Aku(t) < pO) +g) Yh()(A() + Bs) T] (1+ A@ la) = 11), 


s=0 t=st+1 
(2.1.275) 
where 
J i) - a es 1 
A(t) = p(t) + 3 > wiu(o) + = > @-s—1)%p9), 
j=0 i=0 s=0 
t—1 t—1 
Bi) = YOM ACs) T] {1+ lhe )a(e) + he) + kate) + k= II}, 
s=0 t=st+1 
t—1 
Bit) = )“[h(s)A(s) + Be-1(5)] 
s=0 
t—1 
x [[ Ut th@ a(t) + A()(k 8 + Da(t) + (ki I}. 
t=st+1 
i=2,3,---,k 
Proof Let 


R(t) = = h(s) » Niu(s). 


s=0 
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Then, as in Theorem 2.1.51, we have 


AR (t) + AMR) S AMA + hOWORi(Y + HOR, 


where 
k-1 , t-j-l 
RY) =R + > A Yo t= 5 = 1) q(s)Ri6). 
j=0%" s=0 


Similarly to Theorem 2.1.51, we know by using Ri (t) < Ra(d), 


AR)(t) + Ro(t) SAMA) + [AMG + AO + qO]Ro(O + Ra, 


where 
k-2 , t-j-l 
Ra(t) = Rat) + YO = Dt —  — 1) gs) Ra(). 
j=07" s=0 


Noting that Ro(t) < R3(t), we get 


AR3(1) + Ral) < HOA) + (MgO) + (0) + 2g) + 1) R30) + Ral. 


where 
k-3 , t-j-l 
Ry) = R3() + DD A >> = 5 — 1)%q(9)Ra(s). 
j=0”’" s=0 


Continuing in this way, we finally derive 
ARK) SAMA] + [AOGD + HO + ka + (K— DIR, 
where 
Ri(0) = 0, PSL 2yectg ke ls 
Now, as in Theorem 2.1.51, multiplying the last inequality by | Geglt + 
h(s)q(s) + h(s) + kq(s) + (k — 1)]"! and summing over t from 0 to ft; — 1, we 


get Ry41(t1) < Bi(t,) for all t, — 1 € N, and hence 


AR«(t) + R(t) S AMA + [AMD + AO + K— Da + Kk — 2))RO + Bi, 
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which implies B;(t) < B2(t). Continuing in this way, we obtain 


AR\(1) < h(D[AD + BO] + ALG — URO, 


which yields the desired result. O 
Remark 2.1.14 For the case when q(t) < 1, we may obtain an estimate from the 
inequality 
ARi(t) S AMIAD + BD] + AOlGOIRi (CO. 
We note that the estimate in Theorem 2.1.52 can be improved uniformly, and to 
justify this, we may consider the case of Remark 2.1.13. 


Theorem 2.1.53 (Agarwal-Thandapani [14]) Let k = 1,4)(t) = M(H = 
h(t), q(t) = 1 in the inequality (2.1.270). Then 


t-1 t-1 


Ault) < pO) + 4 Dhol) + h(s)Gr()] T] + g@ hn) —h@)], 2.1.276) 


s=0 t=st+l 
where 
t—1 t—1 
i(t) = Ido) — vO] T] U + 4@) + A(x) + aa), 
s=0 t=st+1 
with 
t-1 stl 
W() = WO) GDL + AO] 46)( YA). 
s=0 TtT=0 


Proof Similarly to the proof of Theorem 2.1.52, we know 
AR (t) +AORi(D) < bo(t) + ADqGDRi(t) + AR2(0), (2.1.277) 


where 


t-l 


Ro(t) = Ri) + D5 g(s)Ri(s). 


s=0 


Thus we get 


ARo(t) < bo(t) + [AOI + qO|Ri(D + AOR2(0). 
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Now noting that 
t-1 s—1 
Rit) < Rot) — U0) 9) gs) (Do A(a)), 
s=0 t=0 
we obtain 
ARv(t) < [6 — WO) + LOGO + AO + OR, 
which easily implies R2(t) < $7(?). 


Substituting R2(t) < $7(f) in the inequality (2.1.277) and using the same method 
as in the previous theorems, we can obtain the desired result. O 


The next result concerns the following inequality 


n—1 k 
Atu(t) < p(t) + gO] YY E(t, Y) Alu) + E(t, Aw], 2.1.278) 
r=1 i=0 


where 


tl tr_-1—1 


t—-1 
E,(t,*) = Yo fiat) )) fol) ++ DO Serlte) * (ty). 


t;=0 ty=0 tr=0 


Theorem 2.1.54 (Agarwal-Thandapani [14]) Assume that the inequality 
(2.1.278) holds. Then 


s=0 Lr=1 


t-1 [n-1 
A‘u() <p) +4() >> » AE,(s, bs) + sess) 


t-1 n—-1 
x | [1+ Fase) + 86.09], 


t=st+1 r=1 


where og(t) and $o(t) are same as $,(t) and $2(t) with h(t) = 1, i=0,1,...,k. 


Proof Let R(t) be the part of right-hand side appearing in the bracket of (2.1.278). 
Then similar to Theorem 2.1.51 we have, 


n—1 k 


AR() = )° AE,(t, ¥> A‘u) + AE, (t, A‘u)] 


r=1 i=0 


n—1 k-1 i 
= > AE (t, Y* Wu) +S AE.(t, Abu) 
ai j=0 


r=1 
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n—1 n 


x AE,(t, bg + boR — p — GR) + ~ AE,(t, p + qR) 


r=1 r=1 


IA 


n—-1 


D5 AE. $s + GoR) + AEn (tp + gR) 


r=1 


IA 


n—1 n—-1 
< bp AE,(t, $s) + AEn(t n| + » AE,(t, $9) + AEn(t, 0 RW), 


r=1 r=1 


or 
n—1 
R(t+ 1) —[1+ 5 AEG, Go) + AER DIR} 
r=1 
n—1 
< oS AE,(t, bs) + AEn(t, p)]. 
r=1 
The rest of the proof is the same as that for the previous theorems. Oo 


Several particular cases of Theorem 2.1.54 have been discussed by Pachpatte 
[443-446]; however, the present result here, due to Agarwal [10] cannot be 
compared with his results. Nevertheless, as in Theorem 2.1.54 above, all his results 
can be improved uniformly, and in the next theorem, we shall give the improved 
version of Theorem 4 in [444]. 


Theorem 2.1.55 (Agarwal-Thandapani [14]) Jn the inequality (2.1.278), letn = 
2,k=1, p) = u(0). g) = 1. fil) = fr) = (0), and frn(t) = b(0). Then 


t-1 sl 


Au(®) < u(0){1 + Y°2 ~ dr0(s) als) []2 + a(t) + I}, 


s=0 t=0 
where 


t-1 


s-l Ss = 
di) = > (1+ b(s))(1 +s+ > dc) T] (2 + a(t) + b(z)) ‘ 
tT=0 tT=0 


s=0 


Proof For this particular case, let R,(t) be the right-hand side of the inequal- 
ity (2.1.278). Then Ri (0) = u(0) and 


t-—1 
AR, (t) = a(t)[u(t) + Au(t) +) d(s) Au(s)]. (2.1.279) 


s=0 
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Since Au(t) < R(t) and u(t) < u(O) + yy Ris), we can derive 
AR\(t) < a(t)R2(0), (2.1.280) 
where R2(0) = 2u(0) and 


t-l t-1 


Ro(t) = u(0) + Ri) + D> Ri(s) + D> DS)Ri(s). (2.1.281) 


s=0 s=0 
Therefore from (2.1.281) it follows 


t-1 


Ry(t) < Ry —u(O)[1 + t+ > d()]. 


s=0 
Similarly, 


t-l 


ARo(0) < a()Ro(0) + [1 + BO] Ral) — uO) + 1+ J d())). 


s=0 
or 


t-1 
Ro(t + 1) — [2 + a(t) + DD] Ro(t) < —u(O)[1 + DO] + 44+ > b(s)), 


s=0 
which yields 


t-l 


Ro(t) < u(0)[2— dro] | [[2 + a(s) + dG]. 


s=0 


Substituting the above estimate in (2.1.281) and summing over from 0 to tf; —1 € N, 
we can get the desired result. Oo 


The discrete analogue of Theorem 1.2.60 is given in the following theorem (see, 
e.g., [500]). 


Theorem 2.1.56 (Pachpatte [500]) Let u(n) be a real-valued non-negative func- 
tion defined on Zo.g = {n€ Za <n< fp,a,pBEZLE={(ns)e LVia<s< 
n < B}. Let a(n,s), b(n, s) be real-valued non-negative functions defined on E and 
non-decreasing in n for each s € Zy,p and suppose that for alln € Zap, 


n—-1 B 
u(n) <c+ 2 a(n, o)u(o) + * b(n, o)u(o), (2.1.282) 


o=a o=a 
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where c = 0 is a constant. If 


B s— 
rn) = S~ b(n, 8) T] (1 +a(s, 0) rae (2.1.283) 


1 
s=a o=a 
then for alln € Zap, 


n—1 


I (1 = a(n,o)). (2.1.284) 


o=a 


u(n) < 


Cc 
1—r(n) 
Proof Fix any m € Zq.p, a < m < B, then fora <n < m, we have 
n—1 B 
u(n) < c+ Yam, s)u(s) + 5) b(m, s)u(s). (2.1.285) 


s=a s=a 


Define a function z(n), a < n < mby the right-hand side of (2.1.285). Then u(n) < 
z(n),a <n<m, 


B 
2(a) =c+ )~ b(m,s)u(s), (2.1.286) 


s=a 


and 


a(n + 1) — e(n) = a(m, n)u(n) 


< a(m, n)z(n), 
1e., fora <n<™m, 
an+1)< (1 + a(m, n))<(n), (2.1.287) 
By setting n = o in (2.1.287)ando =a, a+1, --- ,m—1 successively, we obtain 
m-1 
am) < (a) [] (1 a a(m, 0). (2.1.288) 


Since m is arbitrary, from (2.1.288) and (2. 1.286) with m replaced by n and using 
u(n) < z(n), it follows 


n—-1 


u(n) < 2a) |] (1 + a(n, 0), (2.1.289) 


o=a 
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where 


L 
2(a) =c+ )° b(n, s)u(s). (2.1.290) 


s=a 


Using (2.1.289) on the right-hand side of (2.1.290) and (2.1.283), we may obtain 


z(a) < i 


(2.1.291) 


Therefore, inserting (2.1.291) into (2.1.289), we can get (2.1.283) and thus the proof 
is complete. Oo 


In what follows, we shall also assume that all the sums and products involved in 
our discussion exist on the respective domains of their definitions. 

The next result deals with a useful finite difference inequality similar to that of 
given in Theorem 2.1.13. 


Theorem 2.1.57 (Pachpatte [497]) Let u(n), a(n), b(n) be real-valued non- 
negative functions defined for all n € No and suppose that a(n) is non-increasing 
for alin € No. If foralln € No, 


+00 
u(n) < a(n) + > b(s)u(s), (2.1.292) 
s=n+l1 
then for alln € No, 
+00 
u(n) < a(n) [] [1+ 46)]. (2.1.293) 
s=n+l 


Proof First we assume that a(n) > 0 for all n € No. Therefore from (2.1.292) it 
follows 


BOD cir ae 3 pee” (2.1.294) 
a(n) 7 s=nt+l1 a(s) 


Define a function z(n) by the right-hand side of (2.1.294), then wn < z(n) and 


u(n + 1) 
a(n+ 1) 
< b(n+ Izn+ 1), (2.1.295) 


2(n) — z(n+ 1) = bn + 1) 
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which implies 
2(n) < [1+ b(v+ Dz(n + 1). (2.1.296) 


By setting n = s in (2.1.296) and then substituting s=n,n+1,...,m—1 (m= 
n + 1 is arbitrary in No) successively, we obtain 


2(n) <z(m) |] [1+ 46s). (2.1.297) 


s=n+1 


Noting that lim,,—+ +00 z(m) = 1 and by letting m — +00 in (2.1.297), we get 


m 


a(n) < [] [1+ 46)]. (2.1.298) 


s=n+1 


Using (2.1.298) in ae < z(n), we get the desired inequality in (2.1.293). If a(n) is 
non-negative, we carry out the above procedure with a(n) + € instead of a(n), where 
€ > Ois an arbitrarily small constant, and subsequently pass to the limit as € > 0 


to obtain (2.1.293). The proof is hence complete. Oo 


A sub-additive function is a function f : A — B, having a domain A and an 
ordered codomain B that are both closed under addition, with the following property: 


Wx y EAS + y) Sf) +f). 


A sub-multiplicative function is a function f : A — B, which satisfies 


Vx,y € A, f(xy) S fF). 


Another interesting and useful finite difference inequality is given in the follow- 
ing theorem. 


Theorem 2.1.58 (Pachpatte [497]) Let u(n), a(n), b(n) be real-valued non- 
negative functions defined for all n € No, let W(r) be a real-valued continuous, 
positive, non-decreasing, sub-additive and sub-multiplicative function on R+4 and 
H(r) be a real-valued, continuous, positive and non-decreasing function on R+. If 
foralin € No, 


+00 
u(n) < f(n) + cont ( > Howes) . (2.1.299) 


s=n+l1 
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then for all0 <n <n, n, ny € No, 


u(n) <f(n) + g(n)H (oH > W(f(s)) + > Howat). (2.1.300) 
s=n+l1 s=n+l 
where 
eg 
cn =| qaoy 0. (2.1.301) 


and ro > 0 is arbitrary, G7! is the inverse function of G and for all0 <n < 
ny, n,n € No, 


+00 +00 
o( > n(s)WEF(s)) + > A(s)W(g(s)) « Dom). 


s=nt+l1 s=n+l 


Proof Define a function z(n) by 


+00 
zn) = )> h(s)W(u(s)). (2.1.302) 
s=n+1 
Then from (2.1.299) it follows 
u(n) < f(n) + g(n)A(Z(s)). (2.1.303) 


Now from (2.1.302) and (2.1.303), we derive that 


+00 
2(n) < D> h(s)W(F(s) + 9(s)H((s))) 

s=n+l1 
+00 

< D> A(s)[W(F(s)) + W(g(s)) W(A(e(s)))] 
s=n+l1 
+00 +00 

< D5 ASW) + YS Wels) WAS). (21.304) 
s=n+l1 s=n+l1 


Define a function v(n) = € + y(n), where y(n) is defined by the right-hand side 
of (2.1.304) and € > 0 is an arbitrarily small constant. Then z(n) < u(n) and 


v(n) — v(n+ 1) = h(n 1)W(e(n + 1))W(A(e(n + 1))) 
<h(nt+ )W(e(nt+ 1))W(A(v(n+ 1))).  (2.1.305) 
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Thus from (2.1.301) and (2.1.305), we derive 


u(n) ds 
Goin) — G+) = fae 


_ Wa) = vn + DI 
~ W(H(v(n + 1)) 
< h(n + 1)W(g(n + 1). (2.1.306) 


Substituting n = s and taking the sum over s fromntop—1 (p > n+ 1 is arbitrary 
in No), we obtain 


p 


G(v(n)) — Gu(n+ 1) < SY > Als) W(e(s)). (2.1.307) 


s=n+1 


Noting that lim,.+.. v(p) = Maa h(s)W(f(s)) + € and by taking p —~ +00 
in (2.1.307), we get 


+00 +00 
v(n) < G "GID" h(sWF(S)) HE + D> (8) W(g(s))]. (2.1308) 
s=1 s=nt+l1 


Hence the desired inequality (2.1.300) follows from the fact that z(m) < v(n), « > 0 
in (2.1.308) and (2.1.303). The sub-domain 0 < n < n, is obvious. 


Theorem 2.1.59 (Pachpatte [497]) Let u(n), a(n), b(n) be real-valued non- 
negative functions defined for alln € No and L : No x Ry — Rx be a function 
which satisfies the condition for allu = v = 0, 


0 < L(n, u) — L(n, v) < M(n, v)(u— v), 


where M(u, v) is a real-valued non-negative function defined for alln € No, v € 
Ry. Iffor alln € No, 


+00 


u(n) < a(n) + b(n) Y> L(s,u(s)), (2.1.309) 
s=nt+l 
then for alln € No, 
+00 
u(n) < a(n) + D(n)e(n) I] [1 + M(s, a(s)b(s))], (2.1.310) 


s=n+1 
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where for alln € No, 


+oo 
e(n)= Y~ L(s,a(s)). (2.1.311) 
s=n+1 
Proof Define a function z(n) by 
+00 
en) = Y > L(s,u(s)), (2.1.312) 
s=n+l1 
then from (2.1.309) it follows 
u(n) < a(n) + b(n)z(s). (2.1.313) 


On the other hand, from (2.1.312) and (2.1.313) and the hypotheses on L, we can 
see that 


+00 
a(n) < >> [L(s,a(s) + B(s)z(s)) — L(s, a(s)) + L(s, a(s))] 
s=n+l1 
+00 
<e(n)+ S> M(s,a(s))b(s)z(s), (2.1.314) 
s=n+1 


when e(s) is defined by (2.1.311). Clearly, e(n) is real-valued non-negative and non- 
increasing inn € No. Now applying Theorem 2.1.57 to (2.1.314) yields 


+00 
a(n) < e(n) [| [1 + M(s, a(s))b(s)] < A(n + 1I)W(g(n + 1) W(AQ(n + 1). 
s=n+1 
(2.1.315) 


Therefore the desired inequality (2.1.310) follows from (2.1.313) and (2.1.315). O 


Theorem 2.1.60 (Pachpatte [497]) Let u(n), a(n), b(n) be real-valued non- 
negative functions defined for alln € No and L : No x Ry — Rx be a function 
which satisfies the condition for u => v = 0, 


0 < L(n,u) —L(n, v) < M(n, v)o 7! (u— v), 


where M(u, v) is defined as in Theorem 2.1.59, @ : Ry — R+ be continuous and 
strictly increasing function with (0) = 0, 6~! is the inverse function of @ and for 
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allu, v € Rx, 


g(r) < PW"). 


If for alln € No, 


“OO 
u(n) < a(n) + b(n) ( eG us) ; (2.1.316) 
s=n+l 
then for alln € No, 
+00 
u(n) < a(n) + b(n) (x [] h+mo, ro) (2.1.317) 
s=n+1 


where e(n) is defined by (2.1.311). 
Proof Define a function z(n) by (2.1.312), then from (2.1.316) it follows 


u(n) < a(n) + D(n)z(s). (2.1.318) 


Thus from (2.1.312) and (2.1.318) and the hypotheses on L and @¢, we derive 


+00 
an) < Y> [L(s,a(s) + b(s)o(e(s))) — Ls, a(s)) + L(s, a(9))] 


s=n+l 
+00 
<e(n) + DI M6s,a(s)) 6") $@(s))) 
s=n+l 
+00 
<e(n)+ D> M(s,a(s))$"(B())z(s), 
s=n+l 


when e(s) is defined by (2.1.311). Now following the same argument as in the proof 
of Theorem 2.1.59, we can get (2.1.317). Oo 


2.2 Systems of Linear One-Dimensional Difference 
Inequalities 


In this section, we shall introduce some results on systems of linear difference 
inequalities. 

First we begin with some systems of two discrete inequalities of Gronwall type 
which are due to Salem [564]. 
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It is well-known that there have been a number of works written on the discrete 
analogue of the Gronwall inequality and its nonlinear version due to Bhiari [465, 
473, 656, 661]. 

The expression he b(s) represents the solution of the linear difference equa- 
tion Ax(t) = b(t) for all t € No under the initial condition x(0) = 0, where the 
operator A is defined by Ax(t) = x(t + 1) — x(t). Also the expression Hi C(s) 
represents the solution of the linear difference equation x(t + 1) = C(#)x(t) for all 
t € No under the initial condition x(0) = 1. It is assumed that peer b(s) = O and 


Thao CGS) = 1. 


Theorem 2.2.1 (Salem [564]) Assume the following system of two linear inequal- 
ities holds for all t € No, 


t-l t-l 


mi) Sai) + pil) Yl, un(s) + nO) D | Els, uals), (2.2.1) 
s=0 s=0 


t-1 t—1 
ur(t) < ar(t) + pro(t) ¥ | E(s, ui(s)) + G2) D2 Els, ur(s)), (2.2.2) 
s=0 s=0 


where a,(t), a2(t), pi (t), p2(t),qi(t), and qo(t) are positive and non-decreasing 
functions, for all t € No, and 


t—1 ty-1 t—1—1 
E(t,u) = So fil) Do)» Yo faltn)u(tn): (223) 
t;=0 tn=0 tm=0 


fi(t;) are real-valued and non-negative functions, 1 <i<n, t; € No. Then for all 
te No, 


mt<adt+rdagdn+annd, 
u(t) < al) +rOdd + pow 


(2.2.4) 


where 


t-1 t-1 


g(t) = Jo (Els.ai(s)) + Els.) W)) T] A+ Epi), 


s=0 t=st+1 
tl tl 
Wilt) = (El, a2(s)) + E(s, pa(s)) Ws) T] + EC. a2). 
s=0 t=s+1 
(2.25) 
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and 
il il 
WO =D) Eb. ais) +2) T] A+ Erie) + pol) + (a) + a2): 
- —- (2.2.6) 
Proof In fact, inequalities (2.2.1) and (2.2.2) can be rewritten as 
wilt) < a(t) + pi(Ri() + 1 (DRo(0), (2.2.7) 
ur(t) < ar(t) + p2(t)Ri(t) + go(Ra(0) (2.2.8) 
where 
1 il 
Ri(t) = D> E(s,m(s), Ro) = D> E(s, u2(s)). (2.2.9) 


s=0 s=0 


Since R(t) and R2(t) are non-decreasing for all t € No, from (2.2.7)—(2.2.9) it 
follows 


AR (t) < E(t, a(t) + Elt,pi())Ri() + EG qi()Ra(t), (2.2.10) 
ARj(t) < E(t, an(t)) + E(t, pa())Ri(t) + E(t, qo())Ra(t). (2.2.11) 


We derive from (2.2.10) and (2.2.11) that 


Ri(t+)+R¢t+YD-PL+ EGO +m) 4+ a + e@))(Ri@ + R2(d)) 
< E(t,a,(t) + an(t))). (2.2.12) 


Multiplying both sides of the above inequality by dpm (1 + E(t, p(t) + po(t) + 


-1 
q(t) + qa (0)) and summing up from 0 to ¢ — 1, we can get 

Ri(t) + Ro(t) < P(A). (2.2.13) 
Thus from (2.2.3) and (2.2.4), it follows 


Ri(t+ 1) —LL + EC POMRO < EG a) + EGA O)VO. — (2.2.14) 


-1 
Multiplying both sides of the above inequality by Tico (1 + E(t, pi()) and 
summing up from 0 to tf — 1, we can get 


Ri) < fi). (2.2.15) 
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Similarly, from (2.2.12) and (2.2.13) it follows 


Ro(t) < Wi. (2.2.16) 


Hence the desired result (2.2.4) follows from (2.2.7), (2.2.8), (2.2.15), and 
(2.2.16). Oo 


Theorem 2.2.2 (Salem [564]) Assume the following system of two linear inequal- 
ities holds for allt € No, 


u(t) <aQ+ ri) Em) +a IEG), (2.2.17) 


r=1 r=1 
u(t) < a(t) + pr) DOE) +a) DIE (tw), (2.2.18) 
r=l r=l 
where 


(i) ay(t), ao(t), pi (0), p2(t), git), and q(t) are real-valued, positive and non- 
decreasing for all t € No, 


(ii) EX(t,u) = Dynofalt) Dpzofiele) + Dpzo Serta), 


(iii) f,i(t;) are real-valued and non-negative functions, t; € No. Then for all t € No, 


mt <a + pe + adr, 


(2.2.19) 
up(t) < ar(t) + prada) + 2O¥20) 
where 
t-1 t-1 
d2() = D(A) +A) 9) T] (1+A@@)). (2.2.20) 
s=0 t=st+1 


t-l t-1 


VO = Yo (Aa) +A@O)VO) T] (1+4@@)). 2.2.21) 


s=0 t=st+l1 
A(a(t)) = > AE"(t,a(). (2.2.22) 
r=1 
t-1 t-1 
v0) =A) +0) [] (1+ 401@) + pale) + 1) + 2(@))). 
s=0 t=s+1 


(2.293) 
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Proof The proof is similar to that of Theorem 2.2.1. O 


Theorem 2.2.3 (Salem [564]) Assume the following system of two linear inequal- 
ities holds for all t € No, 


u(t) < a(t) + pilt) > 2G uy(t)) + qi(t) > E5(t,u2(t)), (2.2.24) 


r=1 r=1 


u(t) < ap(t) + prlt) Y*Ei(t.ui() + af) Y Es(t,un()) (2.2.25) 


r=1 r=1 


where aj(t), a2(t), pi(t), po(t), qi(t), g2(), and E}(t,u,(t)) are defined in Theo- 
rem 2.2.2, and 


t-1 t—-1 tr_1—1 


Ex(t,u) = Yo gnltt) 2 ga(h)--- D> gr@ult), (2.2.26) 


t;=0 t=0 t,=0 


8,j(t;) are real-valued and non-negative functions, t € No, 1 <j <r. 
Then for allt € No, 


m(t)< ah) +d + addy, 
u(t) < a2(t) + po(t)b3(t) + q2(t) 3 (0) 


(2.2.27) 
where 


t—1 tl 
o3() = Y> Bilas) + Bia) v)) T] + Bi), 


s=0 t=s+l 


t—1 t—1 


a(t) = D> (Bo(an(s)) + Br(pr(s)) Ws) [] + Balt, a2e))). 


s=0 t=s+l 


By(a(t)) = )) AE} a), BrbO) = D> AES, CO), 


r=1 r=1 
t—1 t—1 

W(t) = YS A(ai(s), ar(s)) T] + AQ) + 212), p20) + (0), 
s=0 t=st+l 


A(a(t), b() = By (a(t) + Bo(b()). 
(2.2.28) 


Proof The proof is similar to those of Theorems 2.2.1—2.2.2 Oo 
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Theorem 2.2.4 (Salem [564]) Let the following system of two linear inequalities 
be satisfied, 


t—1 t—1 
u(t) <a) + pilt) )) HWa(s)) + YS A(wr(s)), (2.2.29) 


s=0 s=0 


t—1 t-1 
un(t) < ar(s) + prot) )) Ha(s)) + ga(t) Y) A (u2(s)) (2.2.30) 


s=0 s=0 


where aj(t), ao(t), pi(t), po(t), qi(t), and q2(t) are defined in Theorem 2.2.1, H is 
positive, continuous, sub-additive, and sub-multiplicative. Then 


u(t) < a(t) + poOdaO + Ova) (2.2.31) 
ur(t) < ar(t) + produ + DWs), (2.2.32) 


where 


t-1 


galt) = D> {H(ai(s) — pils) — ai(s)) + Aris) + Hq) JH (W(s))} 


s=0 


t-l 


Walt) = ) > {H(a2(s) — po(s) — ga(s)) + (A(P2l(s)) + H(qa(s)) )H(W(s))} 
s=0 


t-l 


G(2) + )“(A(s) + B(s))¢ 


s=0 


vi) =G" 


and 


A(t) = H(ai(s) — pis) — qi(s)) + H(a2(s) — pals) — g2(s)), 
Bit) = H(pi() + A(ai()) + Hr) + AQ), 


and 


rds 
G(r) = | ——.0<n<r, 
(”) [ a o<nsr 


as long as 


t—1 
G(2) + }“(A(s) + B(s)) € Dom (G"). 


s=0 
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Proof Indeed, inequalities (2.2.29) and (2.2.30) can be rewritten as 


uO) <S(AO-MOA-AO)+ MORO + UORO  — (2.2.33) 


and 
u2(t) < (a2(t) — p2(t) — gat) + pxDMRi + gaa()Ro(t), (2.2.34) 
where 
t—-1 
R(t) = D> A((s)) +1 
s=0 
and 
t-1 
Ro(t) = Y | H(un2(s)) + 1. 
s=0 
Then 


AR\(t) < Ha) — pil) — a (O) + Api) (Ri) + A(qi()A(R2(1)) 
(2.2.35) 


and 


AR2(t) < H(an(t) — pr(t) — qa(t) + A(p2(t)) A(Ri() + A(qo(t))A(Ra()). 
(2.2.36) 


Since R,(t) and Ro(f) are non-decreasing and R|(0) = 1, R2(0) = 1, then from the 
definition of G, it follows 


R+)+RA+Y — dg 

CARE N+ RED) -~ GRO + RO) = fo 
A(Ri(t) + Rod) 

~ Ri() + Rot) + A(R) + R(t) 


< A(t) + Bt). 
Summing up from 0 to tf — 1, we get 


Ri(t) + Ro(t) < vO. (2.2.37) 
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From (2.2.35) and (2.2.37), we have 
AR\(t) < Hlai(t) — pi — ai) + Hi) + Hla )H(WO), 
and summing up from 0 to t — 1, we can get 
Ri(t) < B4(0). (2.2.38) 
Also from (2.2.36) and (2.2.37), we can derive 
Ra(t) < Wald). (2.2.39) 


Hence (2.2.31)—(2.2.32) follow from (2.2.33), (2.2.34), (2.2.38), and (2.2.39). O 


Theorem 2.2.5 (Salem [564]) Let the following system of two inequalities be 
satisfied, 


t-1 t-1 


w(t) < ait) + Pi) YD er(s)un(s) + prt) D> en(s)ur(s) 


s=0 s=0 
t-1 t-1 


+pa(t) )e3(s)H(ui(s)) + pal) Yea(s)H(u2(s)), (2.2.40) 


s=0 s=0 


t—1 t-l 


un(t) < a(t) + git) > hi(s)ui(s) + qo(t) > ho(s)u2(s) 


s=0 s=0 
t-1 t-1 


+43(0) | hs(s)H(ui(s)) + gal) )) ha(s)H(ua(s)), (2.2.41) 


s=0 s=0 


where all given functions are real-valued, positive, non-decreasing, and continuous 
functions, H is defined in Theorem 2.2.4, and for allt € R, a, > pi +po2+p3+pa 
and ay = qi + dz + 93 + qa. Then 


t-l t-l 


u(t) < ar(t) + pilt) > e1(s)ai(s)Wo(s) + pr(t) ¥ | er(s)ar(s)¥a(s) 


s=0 s=0 


t-1 t—1 
+ps() > es(s)Go(s) + pal) D> ea(s)Gr(s) (2.2.42) 


s=0 s=0 
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and 


t-1 tl 
u(t) < ar(t) + gilt) ¥~ hy(s)ai(s)Wo(s) + g2(t) ¥- ha(s)ar(s)Wr(s) 


s=0 s=0 
t-l t-l 


+93(t) ) hs(s)bo(s) + gat) Y~ ha(s)Gr(s), (2.2.43) 


s=0 s=0 


where 


g(t) = H(a, — pi — p2 — p3 — pa) + (A(p1) + A(p2)) + A(p3) + A (p4)) A (Wo), 
$7(t) = H(az — 91 — 42 — 93 — Ga) + (A(Q1) + A(Q2)) + (93) + A(g4)) A (7), 


t-1 


Welt) = 4+ D> [Ai(s) + Bi(s)¥(s) + cr()A(W(s))]. 


s=0 
t-l 


W7(t) = 4+ SY [Ao(s) + Bo(s) + c2(s)H(W(s))], 


s=0 


t-1 
W() = GT") G(8) + DAs) + BOs) + €(s))¢ 


s=0 


Ai(t) = e1(a1 — P) + e2(a2 — Q) + 3H (a — P) + egH (a2 — Q), 
By(t) = eyP+ e2Q, 


i 


Ci (t) = e3(H(p1) + A(P2) + H(p3) + A(pa)) + e4(A (qi) + H(q2) + H(q3) + H(qa)), 
A2(t) = h(a; — P) + hy(ao ome Q) + h3H (a; — P) + haH (a _ Q), 

By(t) = hP + nQ, 

C2(t) = h3(A(p1) + H(P2) + A(p4)) + ha(A (qi) + A(q2) + A(q3) + H(qa)), 


— 


A(t) = Ai(t) + Ao), 
B(t) = Bi(t) + Bo(d), 
CH) =A) + Ca), 
P=pit+pot+p3t+ps, Q=u+o+4934 44, 


and 


c ds 
G(r) = ————= =f; 
(r) ie Hey 2 <5" 
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as long as 
il 
G(8) + }“(A(s) + B(s) + C(s)) € Dom (G™"). 
s=0 
Proof The proof is similar to that of previous theorems. Oo 


Now we begin to introduce some results on finite systems of inequalities. First, 


we introduce some concepts. Let the subscript i range over the integers 1,2,--- ,n 
and r be some fixed positive integer such that 1 < r < n. The subscripts p and q 
range over the integers 1,2,--- ,randr+1,r+ 2,--: ,n respectively. 


Definition 2.2.1 (Agarwal [10]) The function ¥(k, jz) is said to possess mixed 
monotone property if 


(i) fp(k, 4) is non-decreasing in u),--- , uu, and non-increasing in u,41,°+* , Uy for 
all fixed k € N,, and 

(ii) f,(k, 14) is non-increasing in u,,--- ,u, and non-decreasing in u,41,°-* Un. In 
particular, ¥ (k, j2) is said to possess non-decreasing property if f;(k, jz) is non- 
decreasing in u,--- , u, for all fixed k € Ng. 


Definition 2.2.2 (Agarwal [10]) The function v defined on N, is said to be a r 
under and (n — r) over function with respect to the system yu(k + 1) = F (k, w(k)) 
if vp(k+ 1) < folk, v(A) and vg(k + 1) = fy(k, v(k)) for all k € Ng. If v(k) satisfies 
the reverse inequalities, then it is said to be r over and (n — r) under function. 


Theorem 2.2.6 (Agarwal [10]) Let the function F (k, 1) possess mixed monotone 
property. Further, let there exist two functions v(k), w(k) defined on Ng such that 


up(kK+ 1) <filk, vk), ugk + 1) < falk, V(X), (2.2.44) 
w(k +1) <flk,o(k), walk +1) <fy(k. o(8), (2.2.45) 
Up(a) < wy(a),  Ug(a) = wa (a). (2.2.46) 


Then for allk € Na, 

Up(k) < Wp(k), — Ug(k) = wa(k). (2.2.47) 
Proof Define a function z(k): z)(k) = wp(k) — up(k) and zg(k) = wa(k) — vg (k). 
By induction, we shall show that z;(k) > 0 for all k € Ng. For this, from (2.2.44)— 


(2.2.46), z;(a) => 0. Let z;(k) => O for some fixed k € N,+1, then since F(k, j1) is 
mixed monotone, we have 


Up(k + 1) = Dk, v(k)) < folk, w(k)) = Wp(k i 1) 
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and 


walk + 1) S folk, o(k)) S falk, v(k)) < ug(k + 1), 


ie., z(kK +1) > 0. Oo 


Corollary 2.2.1 (Agarwal [10]) Let the function F (k, 1) be non-decreasing. Fur- 
ther, let there exist two functions v(k), w(k) defined on Ng such that 


v(k+1) <F(k vk), oktl>=F(ko&), va) < o(a). 


Then for all k € Na, v(k) < @(k). 


Corollary 2.2.2 (Agarwal [10]) Let the functions v(k), w(k) be r under and (n—r) 
over, r over and (n — r) under function with respect to the system w(k + 1) = 
F (k, (k)) respectively. Further, let the vector valued function F (k, [1(k)) possess 
mixed monotone property. If v(a) = w(a) = (a) = p°, where x(k) is the solution 
of the problem u(k + 1) = F (k, w(k)), then for all k € Na, we have 


Up(k) < Up(k) < Wyk), — Ug(k) S ugk) S wa (k). 


Theorem 2.2.7 (Agarwal [10]) Assume that the following inequality holds for all 
kKENg, 


k=1 
Hk) < otk) + BA) }COu(), (2.2.48) 


l=a 
where [1(k), y(k) are not necessarily non-negative. Then for all k € Ng, we have 


k k-1-1 


uk) < ok) +B) D> T] (1 +-Ck=1= 7B =1= t))c =e =1). 


l=a+1 t=0 
(2.2.49) 


Proof Define a function v(k) on N, as 


k-1 


vk) = DCO: 


l=a 


Then, similarly as in Theorem 2.2.6, we have 


vikK+1)<0+C(H)BA)V(K) + CHO), v(a) = 0. 
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Applying Corollary 2.2.2 to the above inequality, we know that v(k) < w(k), where 
@(k) is the solution of the problem 


v(k+ 1) = (14+ C(A)B(A))o(k) + C(K) (kK), =w(a) = 0. 
Thus it follows from some property of Green’s matrix on linear system that 
k k-l-l 
vk) <o() = DO TJ 0+ CK-1-1)BK-1-7))CUl- Del- 1). 
l=a+1 t=0 


Thus the result (2.2.49) now follows from the inequality w(k) < o(k) + Bk) 
v(k). Oo 


Remark 2.2.1 The inequality (2.2.49) is the best possible, however, at the cost of 
several matrix multiplications which may not be feasible. Thus from a practical 
point of view, it is not of much use. In the next two results, we shall provide explicit 
upper estimates, which are not the best possible. 


Theorem 2.2.8 (Agarwal [10]) Assume that the inequality (2.2.48) holds for all 
k € Ng, and ¢(k) is not necessarily non-negative. Then for all k € Ng, we have 


k-1 k-1 
ui(k) < pi(k) + max bi(k) ) (o()) [] @+8@), i=1,2,---.2, (2.2.50) 
Ssh l=a t=/l+1 


where 


ak) = Dl eirW)pr(k),  B(k) = max YP cjr(W)brs(K). 
~~ Er=l 


jr=l r= 


Proof Taking components of (2.2.48), we obtain 


uj(k) < pilk) + ) di (k)vj(k), (2.2.51) 
j=l 
where 
n k—-1 
vilk) = YOY Cer Dur). (2.2.52) 
r=1l=a 


Define v(k) = )77_,u;(k), then it follows that 


n n 


Av) = 7) er(url&) = D> 60) (pelk) + Ybrs(vs(b)) < e(k) + BUDA) 


j=Hlr=1 jr=l s=1 
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which, as in Theorem 2.2.4, yields 


k-1 k-1 
v(k) < Yoa() T] A+ A). 


l=a t=/+1 


Thus the result (2.2.50) now follows from (2.2.51). 


oO 


Theorem 2.2.9 (Agarwal [10]) Assume that the inequality (2.2.48) holds for all 


k € Ng, and ¢(k) is not necessarily non-negative. Then for all k € Na, 


k-1 k-1 
w(K) <p" + bY p*OcrO T] (1+ 2"@e*@), 


l=a t=/+1 
where 
ur(k) = imax u;(k), p(k) = max pi(k), 


n 


b*(K) = Yo max bi), e*(k) = max (}Yen(k). 
jel ~~ ~ 


r=1 


Proof First, taking maxima in (2.2.51) over 1 < i < n, we obtain 


u*(k) < p*(k) + YbF (Kul), 


j=l 
where bF (k) = max) <j<nbj(k). Next, from (2.2.52) it follows 


n k-1 k-1 


vik) < YOY cr (Du (D = Yoo(Du*(, 


r=1l=a l=a 


where cj(k) = )>)_, cjr(k). 
Using (2.2.54) in (2.2.53), we get 


k-1 


u*(k) < p*(k) + DBF) OGD 


j=l l=a 
k-1 


SP (D+ (KY UOT. 


l=a 


Thus the result (2.2.53) follows from Theorem 2.2.4. 


(2.2.53) 


(2.2.54) 


(2.2.55) 


(2.2.56) 


Oo 
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Remark 2.2.2. An explicit upper estimate for u*(k) can also be provided by the 
inequality (2.2.55) which has been considered in Theorem 2.1.39. 


2.3. Linear One-Dimensional Discrete Inequalities 
in Distributive Lattice 


In this section, we shall consider discrete inequalities in a partially ordered space. 
Many inequalities can be investigated along the general framework outlined below. 
We first introduce some basic concepts in a partially ordered space. 


Definition 2.3.1 A binary relation R in a set in X is said to be a partial order relation 
if R is reflexive, transitive, and antisymmetric, i.e., xRx for all x € X, xRy and yRz 
imply xRz, and xRy and yRx imply x = y. We denote a partial order relation by the 
symbol “<”, and say that “x is smaller than y” if x < y. The notation x < y means 
that x < y and x # y. A set X endowed with a partial order relation is called a 
partially ordered set. 


Remark 2.3.1 If X is a partially ordered set, then it is not always true that one of the 
relations x < y or y < x holds. 

Definition 2.3.2 If X is partially ordered by <, then an operator T : X — X is said 
to be isotone (monotone, or order-preserving) if x < y implies Tx < Ty. 


Definition 2.3.3 A linear space X with zero 6 is said to be a linear partially ordered 
space if X is partially ordered by a relation “<” and the following conditions hold 


O6<x>60<Ax for all X>0, (2.3.1) 
XY Sy, S22 PX +X. Sy + yo, (2.3.2) 


i.e., the partial order is compatible with the algebraic operations in X. 
Definition 2.3.4 In a linear partially ordered space X, the interval [u; v] = {xe X: 
u <x < v} is aconvex set. A closed subset K of a real Banach space X is said to be 
a cone if 

xE€K, x£O0>5Ax€K for all X>0, and -—x€éK 


where @ is the zero element in X. 


Example 2.3.1 In each of the space C, L’, Orlicz spaces, the set of non-negative 
functions is a cone. The set R". = {x € R": x; = 0,i= 1,--- ,n} isacone in R". 
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A cone K in a space X induces a partial order in X by setting 
xS<yooy-xek 


(also, x < y = > y—x € Int K, the interior of K). 


Definition 2.3.5 If A is a partially ordered Banach space with partial order “<”’, 
then Xt = {x € X : 6 < x} is called the positive cone of X. In this case, an operator 
S : X — X is said to be positive if S(X*) C X*. If S is a linear operator, then S is 
positive if and only if S is isotone. 


Let A be a non-empty subset of a linear partially ordered space X. An element w € X 
is the least upper bound of A if x < w for all x € A, and x < y for all x € A implies 
w < y. The least upper bound w of A (if it exists) is also denoted by 


w = supA. 


Similarly, we define the greatest lower bound v = infA. 


Definition 2.3.6 A linear partially ordered space X is said to be a lattice (or K— 
lineal) if any two elements x, y € X have a least upper bound, denoted by 


x Vy = sup{x, y}. 


If X is a lattice, we can prove that any two sequences x, y € X also have a greatest 
lower bound, 


xAy = inf{x, y}. 


In this case, any finite set {x;}_, of elements of X has a least upper bound V‘_, x; 
and a greatest lower bound Aj_ xj. 

The relations x V y and x A y define in the lattice X binary operations with the 
following properties. 


Lemma 2.3.1 (Bainov-Simeonov [42]) For all x,y,z € X, the following relations 


hold, 
XVX =X, (2.3.3) 
xXxVYy = yV x, (2.3.4) 
(AVy)Vz=xV(VV2), (2.3.5) 
XA (xVy) =x, (2.3.6) 


XAX=X, (2.3.7) 
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XAY=YAX, (2.3.8) 
(XAY)AZ=xXA(VAZ), (2.3.9) 
XV (XAy) =x. (2.3.10) 


+ oo 


Any element x of the lattice X has a representation x = x" — x, where xT = 
6 Vv x,x = 0 V (—x). The element |x| = xt + x is called the modulus of x € X. 
A linear normed space X is said to be a KB—lineal if it is a lattice and the following 
condition is satisfied 


x,y EX, |x| < ly] => [lal < |lyll (nonotonicity of the norm). 


In a KB-lineal X, we have ||x|| = |||x||| for all x € X. 

An example of a KB-lineal is the space C([a,b],R") with norm ||x|| = 
SUP; [a,b] x(1)| and positive cone CY = Cia), RY). 

A set X is said to be a distributive lattice if it is a lattice in which the following 
distributive law holds 


@VYAZ=AADVVAY, (2.3.11) 
(XAYVZ=AVIAVYVY). (2.3.12) 
Let E be a distributive lattice, and let Nom Xj be the greatest lower bound and Vin 1X 


the least upper bound of a system {x;},j € Zin, of elements of E. We use the symbol 
“<” for the order relation. For any x € E, 


0 0 
eV \/ San/\ Se 


j=l j=l 


We recall some facts in the following: 


i) x < yimpliesx\y=xandxvy=y; 
li) x<xVyandxAy <x forx,y € E; 
iii) x; < y;, i= 1,2, implies 


Xi AX. 2X LV LV V2, X11 AX2 SV AY2, XV %X2 LY V yo; 


: k+l, _ k k+1 
iv) Vi=ixi = (Vi=1%) VXk+1, “A 


iat = (AL1%) A X41 for any element x; € 
E,j=l,---,k+1. 


We have the following two results, due to Popenda [528], on discrete inequalities 
in distributive lattice. 
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Theorem 2.3.1 (Popenda [528]) Letx,a,b:N, > Eandforalln€N,, 


n 


Xnt1 < Gn V \f (bj Ax). (2.3.13) 
j=l 
Then for alln € Nj, 
n—1 
Xnt1 Sdn V (1 Abi) Vv \f (bjt A Qi). (2.3.14) 


i=l 


Proof For alln € Nj, we set 


n n—1 
Pr = VG A Xj), dn = (x A by) Vv V Gin A aj). 
j=l j=l 


Note that if p, is comparable with q, and 


Pn <n (2.3.15) 


then, by ili), dy V Pn < Gn V Gn. Hence, by (2.3.13) and the transitivity of the order 
relation, x,4 1 is comparable with a, V qn, and (2.3.14) holds for this 7, i.e., 


Xn+1 < an Vv dn- 
It thus suffices to prove (2.3.15) for alln € Nj. This part of the proof is by induction. 


In fact, forn = 1, we have p; = b} Ax; = qi. Now we assume that (2.3.15) holds 
for some n = k, and we consider p;+1. First, by iv), we get 


Piti =PeV (beri A X41), Get = dk V (bet A ak). (2.3.16) 


Noting the first part of the proof, we have x,+1 < ag V qx, whence, by iii), 


beg A Xep1 < beg A (ak V Qk). 
Applying to this inequality, the finite distributive laws, i) and iii) imply 
Deri A xXet1 S (bet1 A ak) V (be+1 A qk) < (bet1 A ak) Y dk, 
which, together with (2.3.16), leads to 
Xeti A Det1 S qk41- 


By the induction hypothesis, this gives us pet) = DEV (be+1 A X41) X< Gk V Wk+1- 
However, gx < 9x41 80 that peti < Ge+i- Oo 
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Theorem 2.3.2 (Popenda [528]) Let x,a,b:N, — E. Then for allt € Nj, 


(1) Xn41 < an A en (Dj A xj) implies Xn41 < dn AX) A by; 

(2) Xnt1 <a, A jn Oj A xj) implies Xn41 < x1 A Vi (aj A Bj); 

(3) Xnt1 <a, V a Dj A xj) implies Xn41 < an V (x1 A iL, bi); 

(4) Xp41 < an A (bj V xj) implies Xn41 < An A (1 V Vy bi); 

(5) Xnt1 <a, A = (bj V xj) implies Xn41 <n A (x1 V bi) A Aja (G V bj41); 
(6) Xn41 < anV (Dj V xj) implies Xnt1 < x1 V \/ (Bj V a); 

(7) Xnt1 < an V jn Dj V xj) implies Xn41 < dn V Vdy. 


Proof The proof is left to the reader. Oo 


Chapter 3 
Linear One-Dimensional Discontinuous Integral 
Inequalities 


3.1 One-Dimensional Discontinuous Gronwall-Bellman 
Integral Inequalities 


3.1.1 Linear One-Dimensional Bellman-Bihari Integral 
Inequalities for Discontinuous Functions-Linear 
Impulse Integral Inequalities 


It is well known that linear impulse integral inequalities arise in the study of impulse 
differential equations. To introduce such integral inequalities, we need now to give 
a brief description of the following class of impulse differential equations 


X()=f(t.x) if (t,x) #0, 
Ax =I(t,x) if (t,x) =0, 


(3.1.1) 


where f : Ry x Q > R",fd: Rex Q> RI: Ry x Q > R",Q is a domain in 
R’,teRixeQ. 

We recall that Eq. (3.1.1) describe processes and phenomena that at certain 
moments in their development (called instants of impulse effect) are subject to short- 
time effects and change their state jumpwise. The instants of impulse effect occur 
when the mapping point (t, x(t)) meets the hypersurface o defined by ¢(t,x) = 0, 
i.e., when (t,x(t)) = 0. At the instant of impulse effect t = 1;, the mapping 
point jumps instantaneously from position (¢;, x(t;)) to position (t;,x(t)), where 
x(t*) = x(t;) + Ax(t;)) = x(t) + I(t;,x(t;)). We assume that in an interval 
(t;, ti41] between two successive instants of impulse effect the solution x(t) of 
problem (3.1.1) coincides with the solution of the initial value problem 


¥O)=ft.yO), yO) =x), te <t < tian, (3.1.2) 
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and, x(t) is left-continuous at each instant of impulse effect, ie., x(t) = x(t). 
The most simple models to study are impulse differential equations for which the 
impulse occur at fixed times, given by an increasing sequence {f;}, t; < t;+1. For this 
case, problem (3.1.1) can be written as 


x'(t) =f(t,x), t x th; Ax= K(x), t= t (3.1.3) 
or as 
¥O=fG2), t# kh, 2Gf) = GW), (3.1.4) 


where W(x) =x+k(x), k= 1,2,---. 
A more general form than problem (3.1.1)—(3.1.2) is as follows 


x(t) =f(t,x), tA u(x); Ax =K(x), t = tex) (3.1.5) 


where t% : Q —> Ry and 0 < q(x) < (x) <--- forallx Ee Q. 

The instants ¢; of impulse effect for the solution x(t) of problem (3.1.5) occur 
when the mapping point (t, x(t)) meets some hypersurface o, with equation t = 
T(x), 1.e., when t; = T,(x(t;)) for some k. 

The theory of integral inequalities [10, 24, 66, 82, 338, 342, 388] and its numerous 
linear, nonlinear generalizations for continuous, discontinuous functions of one 
and n independent variables have been very important in investigating different 
qualitative characteristics of solutions, both for ordinary and partial differential 
equations (functional-differential equations, integrodifferential equations, impulsive 
differential equations, etc.) such as boundedness, existence, uniqueness, continuous 
dependence of parameters, stability, attraction, practical stability [66, 82, 388], 
etc. In the one-dimensional case, all the main results in the theory of integral 
inequalities for continuous functions are based on the solvability of Chaplygin’s 
problem [36, 543] for the integral inequality 


u(t) < b(t) + [x s,u(s))ds, (3.1.6) 


for establishing the estimate u(t) < og(t), where og(t) is the solution of Volterra’s 
integral equation 
t 
o(t) = d(t) +f K(t, s,a(s))ds (3.1.7) 


to 


as mentioned in [388]. 
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Similarly, for the discrete case like for the continuous case, Chaplygin’s problem 
solvability was investigated for the inequality 


u(t) < 6) + )) K (t,t, u(t). (3.1.8) 


The solvability of Chaplygin’s problem was studied in the works [568] in which the 
inequalities of a certain type were investigated 


ui) 00+ [ KG.suls)ds+ YY Wen Blue), G1) 


to <tk<t 


where u(t) is a non-negative piecewise continuous function with first kind disconti- 
nuities at the points {t;}, to < th <-++ ,limj++4o0 tj = +00. 

As described in [101], the solution of Chaplygin’s problem to (3.1.9), finds its 
numerous generalizations for functional variables (integrosum functional inequali- 
ties) in the multi-dimensional case in [568] in which the works [568] and [101] were 
devoted to the applications of the method of integro-sum inequalities for solving 
problems of boundedness, Lyapunov stability, Chetaev stability, attraction of the 
motion for perturbed impulsive systems of ordinary differential equations. 

In the sequel, we first recall the theory of the integro-sum inequalities (3.1.9), 
dwelling only on the most important results. We then formulate the conditions of 
solvability for Chaplygin’s problem for the integro-sum inequality of Wendroff’s 


type 


n—1 


wo <0) +f [ Homond+ Of Bioouerdny, B10) 
n j=l d n 


where x = (x1,xX2), G, C R’, w is some measure concentrated on the curves 
{Tj}, j = 1,2,-++ 00. 

Moreover, we introduce a new integro-sum inequality of the Bellman-Bihari type 
(also with retardation). 

As an application, we investigate a hyperbolic differential equation with impulse 
influence on hypersurfaces, described by {Ij}; it will be obtained in some exact 
estimates of solutions such as the equations and the boundedness conditions of 
solutions. 

We now introduce the main results on Gronwall-Bellman-Bihari type integral 
inequalities for discontinuous functions. 


Theorem 3.1.1 (Samoilenko-Perestyuk [571]) Let a non-negative piecewise con- 
tinuous function u(t) satisfy the inequality for all t = to, 


u(t) < C+ [ V(t)u(t)dt + oe Biu(a), (3.1.11) 


% to<tj<t 
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where C > 0, B; = 0, V(t) > 0, and 1; are the first kind discontinuity points of the 
function u(t). Then the following estimate holds for all t = to, 


t 


ut) <c [[ 0+8) exp( V(x)dr). (3.1.12) 


to<tj<t 


The next result may be viewed as a linear generalization with discrete terms. 


Theorem 3.1.2 (Samoilenko-Perestyuk [571]) Let u(t), g(t) be non-negative con- 


tinuous on R+, {go be increasing to +00, t, = 0. If 


u(t) < c+ | g(s)u(s)ds + > Bultk), (3.1.13) 


to <th<t 


where t > to, C, Bx = 0 are constants, then 


t 
ut) <c [] a+ pero f e(o)ds). (3.1.14) 
to<th<t 10 
Proof The proof is left to the reader as an exercise. Oo 


Remark 3.1.1 We formulate the result of Theorem 3.1.1 as in the last work [571, 
Lemma |, p. 12]. 


Remark 3.1.2 For applications of the results of Theorem 3.1.1, we refer to [571]. 


Theorem 3.1.3 (Borysenko [98]) Let V(t) be a non-negative piecewise continuous 
function at all t = to, with first kind discontinuities at the points t;, and satisfying 
the integral inequality, 


Vit) < C+ [ reovmmar + > BV; -0), m>0,mA1, (3.1.15) 


to 10<ti<t 


where ty < to <--- , limjs4o0t; = +00, C > 0, B; = 0, P(t) = 0, for all t > to. 
Then the following estimates hold for all t = to, 


va < [J] a+saic'™ + d-m) / “P(r)d(e)/—™, (3.1.16) 


to<tj<t 


if0<m<1, forall t= t, 


= 7 = m= 
V(t) <C I] ad + Bi)[1- (m— Ho! I] (1 +B) [ Pace) 1/¢ 7 


to<ti<t to <tj<t 


G17) 
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ifm > 1, for allt € [to, +00], 


cli-m 


[ cme ri eS 


Remark 3.1.3 For applications of Theorem 3.1.3, we may refer to [98, 569]. 


Theorem 3.1.4 (Perestyuk-Chernikova [569]) Let u(t) be a non-negative piece- 
wise continuous function at all t > to, with first kind discontinuities at all t = t; and 
satisfying the inequality for all t = to, 


ui C+ f Veqy@u(e)ate) + YY Bute). (3.1.18) 


to<tTj<t 


where constants C > 0,8; => 0, V(t) is a positive continuous function, ®(u) is a 


positive continuous non-decreasing function for all0 <u <U (i < +00). Then 
the function u(t) satisfies for allt; <t< t+ 1, 


u(t) < woof V(t)dt), (3.1.19) 


[ V(t)dt < WG 0), 


i 


where 


Se yw fo 
Y; =| Bay = + DY cz V(z)dt), 


“e 


“du. 
wow) = f ag 


Remark 3.1.4 For the applications of Theorem 3.1.4 with ®(u) = uv”, m = 1, we 
may refer to [568, 571]. 


Theorem 3.1.5 (Borysenko [100]) Consider the integro-sum equation of the fol- 
lowing form 


on = 00+ [ K(t,s,o(s))ds+ S* W(t.) Ux(o(t —0)), (3.1.20) 


to ty<t]<t 


where o(t), b(t), V(t, t{&) are continuous non-negative functions (k = 1,2,---) for 
all t > to, except for a(t), which has first kind discontinuities at the points t, and 


to<t}<-::, lm 4 =+0o0. 
i>-+00 
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The function K(t,s,u), which is non-negative at allt > s > to, is determined 
in the domain {(t,s,u) : t > s > to, |u| < k} and at fixed t and s, it is non- 
decreasing with respect to u; the functions [1,(0) are continuous non-negative and 
non-decreasing with respect to o. Then, for an arbitrary t € |to, +00], the estimate 
u(t) < og(t) exists where o4(t) is some solution of Eq. (3.1.20), continuous in each 
interval [ty, thai], k = 0,1,-++; u(t) is a piecewise continuous function with first 
kind discontinuities at t; points; this function satisfies the integro-sum inequality: 


u(t) = d(t) + / K(t, s,a(s))ds + > W(t, th) Ue(o (te — 9)), (3.1.21) 
where o(t, — 0) = lim,.,—0 o (2). 


Corollary 3.1.1 Consider a non-negative piecewise continuous function V(t), at 
t > to with first kind discontinuities at the points t;, and satisfying the integrosum 
inequality 


V(t) < Vi) + [ rcovecoae + x B:V(t, -—0), m> 1, 
0 


to<t<t 


where ty < th < +++ ,limj++o0f; = +00, V(t) is a positive monotonously non- 
decreasing function at t > to, Bj = 0, P(t) => 0. Then the following estimates hold 
for0<m< 1, forallt = to, 


VO) < VO I] d+ fi) + (1-—m) _ w'e)P(r)ae] 


10 <tj<t 
for allt = to, 
t 
Vi) < VO) I] (1 + Bi) exp( | P(z)dr) form=1; 
to<ti<t 0) 
ifm > 1, forall t = to, 


V(t) < VO) Ty ent {I —(m—1) TT 1 + Bd fo we" (2) pow] 


] 


with 


m—1 


[vr orcoae < [om - 1) [[ a+ p)) 


0 to<ti<t 
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Theorem 3.1.6 (Borysenko [100]) Let u(t,x) be a non-negative function which is 
determined in the domain 


D= { ‘7 Dig, Dig = ((t, x) a a = [th—1, te], x € [xj-1, xj], k = 1,2,-:- j= 1,2.) 
kj>1 


Moreover, let u(t,x) be continuous in D, with the exception of the points {t;, xi} of 
finite jumps: u(t;—0,x;—-0) A u(t; +0, x;+0) and satisfy the integro-sum inequality 


VQ) < Vex) + 4(tx) fh Se FE. mung, ndédn 


(3.1.22) 
of Leases Buti = 0, xi — 0), 


q(to, x0) = 1, where V(t, x) > 0, for all (t,x) € D, is non-decreasing with respect to 
(t,x): for allp < P,q <Q, V(p,q) < PP, Q) at (p,q) € D, (P,Q) € D; q(t,x) < 
1, for all(t,x) € D, the values B; > 0 for alli € N, the functionf is non-negative, 
where f(E,n) = 0, (&,) € Dy, for | ¥ p, for arbitrary 1 = 1,2,---,p=1,2,++°. 
Here (ti, xi) < (tit1, Xi+1); if ti < 41,X%i < Xi+1, for alli = 1,2,-++, where 
limi +00 fi = +00, limj++o0 x1 = +00. Then the following estimates hold: 


(1) if0<m< 1, forall (t,x) € D, 
u(x,t) < wt, xq(x, 1) | [ (0.x) 
roe /(i—m) 
<fi+a—m ff vee. maremre.magan] 


(2) ifm =, for all (t,x) € D, 
Hs. = venatedT]eoaderol f° [ re.mae. nazar] (3.1.23) 
(3) ifm > 1, forall (t,x) €D, 
ues.) < wedge [1—Om—H(T] 0.9)" | 
iff ve mane mpg mazan 


with 


l if w""E, ma%"E. mfE maédn < [(m—H(T] Oey 


where [| (t0, x) == TT¢to.x0)<(in)<(t20 (1 + Biq(ti.x)). 
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Now consider the Euclidean space R” with points x = (x!,x?,--- ,x"), x° = 
(x!0,.-+ ,x"°) with the order x° < x (x° <x'), foralli=1,--+,n. 
Define 
x xl 
i au = | -++duy--+duy, ) a, = ) Ak, 
xo xn oo. ripe Li. yey, eyn 
MI <xp<x X9 <x <XE ee << 


then we may introduce a space of F-continuous functions F' : R” — R” such that 


(A) F(x) = (Fi (x), Fo(x),-++ , Fn(x)), where Fj : R” > R" ,j = 1,2,--- 0; 
(B) FQ) <x; 
(C) limj,j++00 Fj(x) < +00, for allj = 1,2,-++,n. 


We consider the domain D C R”: 
D= Dyn = \r ea ey —1 Xa]. x" © Pe,—1,. Xe, ]. 47 = 1,2,-°- inl. 


We denote by {xx} = {Xn1,--+ , Xin} the points of finite jumps of the function u(x) : 
u(x; — 0) ~ u(%; + 0), for all i € N. Let us define as F* the space of functions 
f@ :f = 0:f = 0 only if x € Dy... %, atki A kj.i,j = 1,2,-++ nn. 

Theorem 3.1.7 (Borysenko [102]) Assume that a non-negative function u(x) 
determined in the domain D satisfies the inequality 


west) s wexdaceo[ f fou" pede 


+ / “1 [ g(t)u"(a(t))dr )ds| + > Biu(x; — 0), (3.1.24) 


x 
x9 <xj<x 


with m > 0, and where p(t), o(t) € F, {xx} are the points of finite jumps of u(x), W(x) 
is a non-decreasing function, w(x) > 0,f € F*, q(x) = 1, g(x) = 0, B; = 0. Then 
the following estimates hold 


(A) if0<m< 1, forallx € D, 
u(x) = wedge) [To°{1+a—m fro 


<[wr'oanvo) + [ g(t)w | (r)q"(o(z)) 


to 


«(Yaa re (3.1.25) 


3.1 One-Dimensional Discontinuous Gronwall-Bellman Integral Inequalities 269 


(B) ifm = 1, forallx€ D, 
u(x.) = w(x)g) []Q".2) exp ( / : Q(r)dz): (3.1.26) 
(C) ifm > 1, forall (t,x) € D, 
wean = woae) T]o°.9ft+0—m(T]o'.9)" fro 


x[wr'eoanv) + | g(t)w™ | (t)q™(a(t)) 


(LE) "ar ar (3.1.27) 


W(t) 


with 


[ fol w" ea"(e@) + i. aleyy'(yg"(o() (LO) "ae Jar 


0 w(t ) 
ma = m—1 
< [on )([]@.») | Ss (3.1.28) 
where 
[]@¢’°.9:= JT] G+ fiqe)). (3.1.29) 
fOqdPMO)V(pM) + sOdeM)Vv(oM) 
— DOBRO TE BODO 3.1.30 
a vow) en 


Now we introduce the class of functions F. 
Definition 3.1.1 W ¢€ F, aclass of functions, if and only if 
(a) W(a@B) < W(a)W(B); 
(b) W: [0, +00] > [0, +00], W(0) = 0; 
(c) W is non-decreasing. 
Theorem 3.1.8 (Borysenko [102]) Assume that v(x) is a piecewise continuous 
function with first kind discontinuities at the points xj : xX» < x < 


» limps+oo%wy = +00, f(x) = 0, for all x > x, satisfying the following 
integro-sum functional inequality 


v(x) < 9) + 4@) [ F(W(o(p(t)))dt + YD Biv 0), B.1.31) 


XQ<Xj<x 
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where x > xo,q(x) = 1, (x) is positive non-decreasing, B; = const. > 0, and 
p(s) € F. Then for all x € [xo,T], T < +00, the following inequality holds 


v(@%) < elxg(x)®; "| / | HOw" (oath (3.1.32) 


where for all x € |x;, xi+1], 


/ f(t)o7' (t1)W* (t)dt € Dom (®7'), Bo(E) = vot (3.1.33) 
§ dn 

0 (£) = | —~, i=1,2,--- 3.1.34 

(§) |, Wop i ( ) 

b= (1+ Bate Of fOIeOW*OMy), F= 120, B.135) 


and W*(v) = W(g(p(v)e(p(v)))). 
The next concept is another class of functions. 
Definition 3.1.2 The function f € F, a class of functions, if and only if 


(a) f(x) is positive, continuous, and non-decreasing for all x > 0; 
(b) for any t > 1,u > O implies t'f(u) < f(t'u); 
(c) f(0) = 0. 


The following theorem holds for the class of functions F. 


Theorem 3.1.9 (Borysenko [100]) Let the piecewise continuous non-negative 
function v(x) with first kind discontinuities at the points {x;} satisfy the 
inequality (3.1.31), where ©, q, p, satisfy the conditions of Theorem 3.1.8, function 
W € F\. Then, for an arbitrary x € [xo,x*], we have, for all x € [xi, xi41], 


v(x) < ooraner'( fo G(x)dz), ele ieee (3.1.36) 
where 


§ g 
Do =) Ww !(o)do, @; =i WwW !(o)do, i=1,2,---, 
1 1 


i 


he (1 ie pac)or( G(t)dt, GOS Oa(PO), 


xj 


x= supa: [ G(t)dt € Dom (7), i= 1.2.1 ; 
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Theorem 3.1.10 (Samoilenko-Borysenko [594]) Consider the  integro-sum 
inequality in the following form: 


u(x) < uo + a f F(s)Wi (u(p(s)))ds + ants) | g(s)W2(u(o(s)))ds 


+ >> Biu(x; —0), (3.1.37) 


XQ <Xj<X 


where f(x), g(x), p(x), 0(x) are non-negative continuous functions, for all x 
Xo, p(x) < x,0(*%) < xm) = La) = LW) € F,Wo(x) € Fi; uo 
const. > 1,8; = const. > O0,u(x) is a piecewise continuous non-negative 
function with first kind discontinuities at the points {x;}, which satisfies conditions 
of Theorem 3.1.8. Then the following estimate holds for all x = xo, 


Il 1V 


u(x) = qu (x)q2(x)Si(x)F"( ) w@dR), (3.1.38) 
where S; = Gi( Ve F(3)qi(P())ds), GEE) = ffwy'(o)do, i = 
1,2,°°; Q@é= i Wr l(v)dv, = 1+ B)S-1), F() = is W; '(s)ds, 


and F~', G*—" are the inverse of the functions F and G*, respectively, and 


[ reoatoyae € Dom (G;"!), i= 1,2,++: [vou € Dom (F~'), 


x0 


with U(x) = g(x) Wa(qi((2))42((@))) Si(0(). 


Theorem 3.1.11 (Borysenko [105]) Assume that a non-negative piecewise contin- 
uous function V(t) on following J = [to, +00], with first kind discontinuities at 
points {t)} 2 ty < t2 <-++ , limj++4o0 tj = +00, satisfies the integro-sum inequality 


t 
vin swt f qoveede+ Y avn —0) 
0 to<tj<t 
where W(t) is a positive monotonously non-decreasing function on J, q(t) = 0,a; = 


0,m > 0. Then the following estimates hold, for allt = to , 


vi<v@ T] (1 + aiv""(t)) exp [aca] #O<m<1, (3.1.39) 


10 <t<t 


vin < wo TY (1+ ay") exp [» / “alas. if m> 1. (3.1.40) 


10 <tj<t 1 
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Remark 3.1.5 In fact, Theorem 3.1.11 generalizes the fundamental results for 
discontinuous functions obtained by Bellman. 


Theorem 3.1.12 (Borysenko [105]) Assume that a non-negative piecewise contin- 
uous function V on J = [t), +00] with first kind discontinuities at the points {t;} 
satisfies the inequality 


Vit) < Va) + / G(t)V"(t)dt ++ Y> V"(t;—0), (3.1.41) 


to <tj<t 


where W(t) > 0,g(t) = 0,4; > 0,m > 0,m F 1, W(t) is non-decreasing on J. Then 
we have, for all t = to, 


Vn =< HH TY (1+ amv") [1 —om— 9 [Poaceae]. 


to<tj<t 


if0<m<1, (3.1.42) 


—m-—1 


Vo < VO T] (14am "@))f1-@m—o LT] a+ amv" ar 


19 <t)<t to<tj;<t 
ne —1/(m—1) 
xf a(r)w (e)dr] ifm>1, (3.1.43) 
10 
with 
—— 1 
/ q(t) (t)dt < —, (3.1.44) 
to m 
—W=1 m 1/(m—1) 
14+G; ti < 3.1.45 
IL ( + amp" "()) <(—*) (3.1.45) 


Remark 3.1.6 Theorem 3.1.12 generalizes the result for discontinuous functions 
obtained by Bihari [82]. 


Theorem 3.1.13 (Borysenko [105]) Assume that a non-negative function p(t), 
with first kind discontinuities at points {t;} : t) < t) < ++: ,limjs+o0f) = +0, 
satisfies the following integro-sum inequality 


t 


y(t) <C+ / g(s)p(s)ds + 7 4(s) / q(o)o"(a)dods 


+ >> Bwl;-0), if m>0, (3.1.46) 


to<t<t 
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where a constant C > 0, q(t) = 0, g(t) = 0,8 = const. => 0. Then the following 
estimates hold all t > to, 


g(t) < exp( i “g(vdt) [tc T] a +60) 


10 <tj<t 


> 


a I “g(o)exp((m= 1) i ‘godo)as] 


if0<m<\1:; (3.1.47) 


ot) =¢ T] A+ Bdexp( fae) + (dr). m= 1; G.1.48) 


19 <tj)<t 


eo) <C TT] (1+ Biexp| / “g(odr] 


10 <t;<t f 


x{1—(m—1) T] a+ 8)" 


to<tj<t 


x [ox exp ((m — 1) [ g(a)do) ds)” ifm> 1, 


to 


(3.1.49) 


with 


[ exp ((m— 1) [ g(o)do) ds = [on- 1) I] (i+ ee 


10<tj<t 


(3.1.50) 


Using the inductive method and the methodology of the integral inequalities theory, 
we may prove Theorems 3.1.2—3.1.13. We shall illustrate this method only by 
proving Theorem 3.1.13. 


Proof of Theorem 3.1.13 Suppose that t € [fo, t1]. Then 


g(t) <C+ / q(s)p(s)ds + i 


10 a) 


vif g(a)g” (a)do)ds. (3.1.51) 


Define V(t) := C+ fi q(s)(s)ds + fi a(s)U- g(a) p"(a)do)ds. 
Obviously, g(to) < V(to) = C, g(t) < V(t), for all t > t%. Thus 


& = q(do(t) + q() fi g(o)p"(a)do 
< qO[V(t) + fi, g(o)V"(o)do]. 


274 3 Linear One-Dimensional Discontinuous Integral Inequalities 


Let W(t) = V(t) + fi g(a)V"(a)do. Then W(t) = V(t) = C, V(t) < W(t), for 
all t > f. It is easy to verify that 


d 
& <4) W() + OWN, 


which yields that for all t > fo, if 0 < m < 1, then 


v0) <exp(f aterdr)[e™ +m f a0) 


. 1/(—m) 
x exp ((m =) i g(o)do )ds| ; (3.1.52) 
or if m = 1, then 
y(t) < Cexp( / (q(t) + g(z))dz), (3.1.53) 


or ifm > 1, then 


y(t) < cexp([ a(eidr) io +(1- m) [9 


ia 


x exp ((m aij i, g(o)do) ds (3.1.54) 


satisfying 


[vo exp ((m— 1) [ (odode < ((m— nom). (3.1.55) 


From (3.1.49)-(3.1.50) and (3.1.52)-(3.1.53), it follows that for all t ¢€ 
[to, t1], p(t) satisfies the inequalities (3.1.47)—(3.1.49). 

Using the scheme described in [98, 568, 571] for interval [t,, t@44],k = 1,2,---, 
and the estimates for the function g(t) on the interval [t,t], we may obtain the 
estimates (3.1.47)—(3.1.49) on all of interval J by using inductive method. Oo 


Now we introduce some new integro-functional inequalities of the Bellman- 
Bihari type. To this end, suppose that t(s) € E is a class of continuous functions 
t: R — R, such that t(s) < s, limjs|++00 T(s) = +00. The main result is due to 
Tovane [302]. 


Theorem 3.1.14 (Iovane [302]) Assume that a non-negative, piecewise continuous 
function g(t), for all t > to, with first kind discontinuities at the points {t;} (to < 
th < th < +++, limps+ooti(s) = +00), satisfies the following integro-sum 
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inequality for all t = to, 
y(t) <n(t) + i sGo(e(s))ds+ > Big"(H 0) 3.1.56) 


where n(t) is a positive non-decreasing function for all t = to, g(s) = 0, parameter 
m > 0, B; = const. > 0, then the function g(t) satisfies, for all t > to, 


y(t) < n(t) iM, (1 4 Bin""(1)) exp ( [ a s), if0<m<1, 
(3.1.57) 
y(t) < n(t) I] (1 + Bin" ‘(t)) ) exp (mf g(s) ar ds). ifm>1, 
(3.1.58) 


where v(t; — 0) = lim,_,- p(0). 


Remark 3.1.7 If n(t) = c = const. > 0,t(s) = s, 8; = 0, then a classical result 
of Gronwall and Bellman in [66] follows from (3.1.57)-(3.1.58). If 8; = 0, then 
the results in [24] are obtained; if m = 1,n(t) = c = const., t(s) = s, then 
the results in [571] can be obtained; if m = 1, then the result in [568] is obtained; 
if t(s) = s, then the results in [105] are obtained. For the discrete case, when 
n(t) = c, g(s) = 0,m = 1, the results in [10] are obtained. 


Theorem 3.1.15 (Iovane [302]) Assume that t(s) € E and a non-negative function 
y(t) satisfies the inequality, for all t = to, 


gM <¥O+q0 i. g(s)p"(t(s))ds + D> Biv™(t; — 0), (3.1.59) 


to <tj<t 


where {t;}, satisfying the conditions of Theorem 3.1.14, are first kind discontinuity 
points of the function y(t); w(t) is a positive non-decreasing function at all t > to 
and q(t) = 1, g(t) = 0, for all t > to, the parameter m > 0,m # 1, and B; = 
const. => 0. Then the function p(t) satisfies, for all t = to, if0 <m < 1, then 


eo < vo) [] a+ Bw" @a"@)) 


to <tj<t 


HED seg, 


x[1+ =m [ s(ov"")a"(ets))( 


(3.1.60) 
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or ifm = 1, then 


e() < wo TT (1+ Bimy"a)a"a)) 


to <tj<t 


x{14+d—m( T] a+ Awe)” 


to <tj<t 


t m /(—m) 
aI a(syw"'(sya"(e(s) (LE) ds\. ™ 3.1.61) 


t(s) 
with 
t as 1 
[ sow are "as < © 3.1.62) 
TT G+ Biv" \aq"(n)) < (1+ — (3.1.63) 


to<i<t 


Remark 3.1.8 If B; = 0,w(t) = c = const. > 0,q(t) = 1,t(s) = s, then the 
result given by Bihari in [82] follows from Theorem 3.1.15; if 6; = 0, then the 
result of Theorem 3.1.15 coincides with the result given by Akinyele in [24]; if 
q(t) = 1, t(s) = sin Theorem 3.1.15, then the result given by Borysenko in [105] 
follows. 


Theorem 3.1.16 (Iovane [302]) Assume that p(t) is a non-negative piecewise 
continuous function, with first kind discontinuities at the points {t;} : t) < t. < 
+++, LiMj++00 ti = +00, satisfying the following integro-sum inequality 


v(t) < nto) +400 | Flyetotsas 


+ [ p00 [ soocepar)as + a Bi" (i — 0) |, (3.1.64) 


to<tj<t 


where a constant m > 0, n(t) is a non-decreasing function, n(t) > 0, q(t) = 1, 
f(s) = 0, o(t) € E, g(t) = 0, B; = 0,1 = 1,2,---. Then the following estimates 
hold: if 0 < m < 1, then 


el) < nai) T] (1+ Bia™an™"(n)) 
es ( ' (E)g(o())n(o(€)) + gEa(e(E))n(e(E)) is): 
: n(a(é)) 


(3.1.65) 
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and if m = 1, then 


g(t) < nq) TT (1+ 4"(n"™")) 
afm f° FEC COMO) + sale) aEW) , 


. (3.1.66 
A n(a(é)) E|. G16) 


Before stating more general results, we give some definitions. 
Definition 3.1.3 A function wy : Q > R’ is said to be 


i) non-decreasing in Q if u,v € Q andu < v imply w(u) < (v); 
ii) monotonically increasing in Q if u,v € Q and u < v imply w(u) < y(v), while 
u <vimplies y(u) < W(v). 


Definition 3.1.4 A function F : Ry x Q — R’ is said to be quasi-monotonically 
increasing in R, x Q if for two arbitrary pairs of points (t,u), (t, v) € R+ x Q and 
any i = 1,--- ,n, we have that u < v and u; = v; imply F,(t,u) < F,(t, v). 


Let 0 < c < +00, B. = {u € R" |u| < c}, and let K(t, 5, u) be a function defined 
forala<s<t<B<+o,ue B,. 
For K(t, s,u), we introduce the following so-called Carathéodory conditions: 


(1) K(t,s,u) is continuous with respect to u € B, for all t and almost all s, and it is 
measurable with respect to s for all ¢ and u; 

(2) K(t,s,u) is non-decreasing in B, for all t and almost all s; 

(3) for all d € (0,c), there are function jg(t,s) and vg(t,t,s), summable with 
respect to s € [a, t] (a <s <t<t < B) such that 


sup |K(t,s,u)| < ta(t,s), sup |K(t,s,u) — K(t,s,u)| < va(t,t, s); 
lul<d |u|<d 

(4) lim,-j+0. Ce La(t, 8)ds) = 0 for either ¢ or t fixed; 

(5) lim,—;+04 ce vq(t, t, s)ds) = O for either t or t fixed; 


(6) lim,-;+0, ( iL vq(t, s)ds) = O for either t #4 t%} or t # tT; fixed, where the 
sequence {t,} is such thata < tT] < 2 <..., limpsio0% = B. 


After we have introduced the above concepts, we can prove the following lemmas 
hold. 
Lemma 3.1.1 (Azbelev-Tsalyuk [37]) Suppose that the following conditions 
hold: 


1) conditions (1)-(5) hold; 

2) a: [o, B) > R" is a continuous function, and |a(a)| < c; 

3) v : [a,B) — B, is the maximal (minimal) non-continuable solution of the 
equation, for allt € [a, B), 


v(t) = a(t) + [x s, v(s))ds; (3.1.67) 
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4) u: [a, B) > B-, is a continuous function satisfying the integral inequality, for all 


té [a, B), 


A(t) = u(t) — a(t) — [x s,u(s))ds <0, respectively (0 < A(f)). 


(3.1.68) 
Then for all t € [a, B), 


u(t) < v(t), (respectively v(t) < u(f)). (3.1.69) 


Remark 3.1.9 Lemma 3.1.1 still holds if we modify its conditions to: 


i) condition (5) is replaced by (6); 

ii) the functions a, u,v : [a, 8B) — R” (with |a(@)| < c) are piecewise continuous, 
and their discontinuity points from a subsequence of the sequence {t;} of 
condition (6); 

iii) for all y € (@, B), 


sup |u(t)| <c, sup |u(t)| <c. 
t€[a,y] relay] 


Using this remark we can readily prove the following comparison lemma. 


Lemma 3.1.2 (Simeonov-Bainov [593]) Suppose that the following conditions are 
fulfilled: 


1) conditions (1)-(4) and (6) hold; 

2) er eg is a sequence such that a < t) < tr <..., limg++4oo th = B; 

3) a: [a, B) > R" is a piecewise continuous function, and |a(a)| < c; 

4) We : [a, B] x [a, B] x Be > R", (t,5,u) > y(t, 5, u), k € Nj, are functions 
which are non-decreasing in B, for all t, s fixed, and piecewise continuous with 
respect to t for all s, u fixed; 

5) v : [a,B) — R" is the maximal (minimal) non-continuable solution of the 
equation, for all t € |a, B), 


v(t) = a(t) +f K(t,s, v(s))ds + ~ Welt, th, V(tg)); (3.1.70) 


a<te<t 


6) u: [a, B) > R" is a piecewise continuous function satisfying the inequality for 
allt € [a, B), 


A) =u —a(t)— f K(Q.s.u(s))ds— YY YalO.ti ule) 


a<t<t 


0 (respectively 0 < A(t); (3.1.71) 


A 
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7) forall y € (a, B), 


sup |u(t)| <c, sup |v(t)| <c; 
t€[a,y] t€[a,y] 


8) the sequence {t,} and the sequence of discontinuity points of the functions a, u, v 
form a subsequence of the sequence {Tx}. 
Then, for allt € [a, B), 


u(t) < v(t), (respectively v(t) < u(t)). (3.1.72) 


Remark 3.1.10 Lemma 3.1.2 still holds if in (3.1.70) and (3.1.71), the values u(t,) 
and u(t.) are replaced by v(t, ) and u(t, ), respectively. 

In estimating solutions of equations of the form (3.1.67) and (3.1.70), the 
following lemma is sometimes useful. 


Lemma 3.1.3 (Simeonov-Bainov [594]) Suppose that the following conditions 
hold: 


1) F: Ry x Q — R’ is a quasi-monotonically increasing function which is 
continuous inside the sets (tr-1, Tk] x Q, k € Ni, and for allk € Ni, and v € Q, 
the limit lim») (qv), +4, F(t, u) exists; 

2) We: Q > R", k € Ni, are non-decreasing functions in Q; 

3) v: (to, @) > R" is the maximal (minimal) solution of the equation for allt 4 T,, 


y! = F(t, v), 
u(r) = Ve = Ve(v(%)), 


such that v(t, ) = vo, (to, Vo) € Re x Q, and v(t*) € O if] € (to, @); 
u: (to,@) — R" is a continuous function for all t € (to,@), t # tT, which is 
left-continuous at the points tT, verifying 


i) u(t) € QO for allt € (to, @), and u(t) € O if % € (to, @); 
il) u(tq ) < Uo (respectively vp < u(tt )); 
iii) Du(t) < F(t,u(t)) (respectively F(t, u(t)) < Du(t)) for all t € (to,@), 
t x Tks 
iv) u(t’) < We(u(t,)) (respectively W(u(t,)) < u(t’)), where Du(t) is any 
Dini derivative of u. 
Then u(t) < v(t), (respectively v(t) < u(t)) for all t € (to, @) ( )(to, @). 


(3.1.73) 


4 


SYS 


By PC(R+,R"), we denote the class of piecewise continuous functions uw : 
Ri; — R" that have first kind discontinuities at the points t = %,k = 1,2,..., 
only and that are left-continuous at t = fg. 


Corollary 3.1.2 (Bainov-Simeonov [42]) Let t > 0, J = [to, +00), u € 
PC(J,R"), and for all t > to, t# T, T, > to, 


Du(t) < Au) + fF, 


3.1.74 
u(t) < Byu(t,) + fis ( ) 
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where f € PC(J,R"), A = (aj) € PCU,R™"), By = (b) € R™, fy € R", and 
forallt>t,i4#j,1<ij <n, % > to, 


ay = 9, 
L.7 
| bY) > 0. elle) 
If u(t) < vo, then for all t > to, 
t 
u(t) < W(t, t¢ vo +f W(t, s)f(s)ds + Ss W(t, Ty Mies (3.1.76) 
i) 


10<TK<t 


where W(t, s) is the Cauchy matrix of the impulse differential equation, for all t 
Tk, Tk > fo, 


| v(t) = A(t)v(0), (3.1.77) 


v(t) = Byv(t%;) = 0. 


Remark 3.1.11 The right-hand side of (3.1.76) coincides with the solution of the 
comparison differential equation corresponding to (3.1.74). 


Corollary 3.1.3 (Bainov-Simeonov [42]) Let u,a,b,fi, i= 1,---,n, and gj, j= 
1,--- ,n— 1, be non-negative continuous functions in J = |a, 6], and suppose that 
forallt €J, 


uo <a + 000 [ filrruiran + [ater ffteruterae) dn 
+f gi (ty) (cota) (/ _ 8n—1(tn—1) (/ falta) ~)) dni]. 
(3.1.78) 
Then for allt € J, 
u(t) < a(t) + bu (0), (3.1.79) 


where v is the first component of the n-vector function 


t 
V(t) = / Y(t)Y_'(s)B(s)ds 
and Y(t) is a fundamental matrix of the system 


Y(t) = AMY() (3.1.80) 
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and 
fibgi 0- O 
Pr Ot 10 
ASO oe (3.1.81) 
Se 2 ey 
fib 0 0+ 0 
B= (fiafia-++ fra). (3.1.82) 


Proof Define the functions z;,(f), k = 1,--- ,n, by 


aia / Felte)u(te) dt + ; PCC mC CT Ne” 


+f aa [ evsntissd-(f 8n—1(tn-1) 
x ( / a fuln)u(nn) ++) dtp. (3.1.83) 


With the above notation (3.1.83), (3.1.78) is equivalent to the system 


u<a+ bz, (3.1.84) 
zu(a) =0, k=1,---,n, (3.1.85) 
a = feu + gerer <febtr + gezegi t+ fea, k=1,-++,n—-1, (3.1.86) 
2, = fall < fnben + fad. (3.1.87) 
In the matrix notation, the relations (3.1.84)—(3.1.87) take the form 
Z(t) <AQZ(t) + BY), Za) = 0, (3.1.88) 
where Z = col[z1,--- ,Z,] and A, B are defined by (3.1.81) and (3.1.82), respectively. 
By Corollary 18.1 in [42], with B, = 0, Z(t) < V(t), where V(?) is the solution of 
the initial value problem 


V(t) =A(NV(t) + B(t), Va) = 0, (3.1.89) 


that is, 


Z(t) < V(t) = / Y(t)Y~!(s)B(s)ds 


where Y(t) is a fundamental matrix of (3.1.89). Oo 
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Remark 3.1.12 Theorem 2 in Young [680] is the particular case of Corollary 3.1.3 
when (3.1.79) coincides with (1.2.362) in Theorem 1.2.52, 1.e., for g, = fk, k= 
1,--- ,n—l,andb= 1. 


3.1.2 Projected Gronwall-Bellman’s Inequalities for Integral 
Functions 


As we have known, integrability is more important than continuity when we 
consider the equivalent integral equation of a differential equation. A question 
is to give an estimate for u(t) which satisfies the inequality (1.2.145) where 
the functions a(t), b(t), c(t), and u(t) may not be continuous. It is interesting to 
extend Theorem 1.2.24 to integrable functions. Without continuity of functions 
and monotonicity of a(t) in Theorem 1.2.24, we may discuss (1.2.145) with only 
integrability. In the proof of the following result, we need some techniques from 
[688] to overcome difficulties caused by lack of continuity and monotonicity. 
Before giving the next theorem, we first note that the following simple lemma. 


Lemma 3.1.4 Suppose that b(t) is monotonically non-increasing from R+ into R+ 
and that i b(s)ds < +00. Then b(t) > 0 as t > +00. 


Proof Note that 0 < b(t) < b(O) and b(t) converges to a non-negative constant as 
t —> +00, since b(t) is monotonically non-increasing and non-negative. It is certain 
that the constant equals to 0; otherwise, the integral fae b(s)ds = +00. O 


The following result is due to Zhang [687]. 


Theorem 3.1.17 (Zhang [687]) Suppose that a(t), b(t), and c(t) are functions 
defined on R+ and valued in R+, and that u: Ry — Ry is a bounded solution of 
inequality (1.2.145). If 


(i) a(t) is bounded, a* := lim sup;++ooa(t) < a(t), for allt = 0, 
(ii) b(t) is monotonically non-increasing, b(t) < b(0)e*', for all t > 0, where 6 is 
a real constant, and fas b(s)ds < +00, 
(iii) c(t) is integrable on |[0, +00), i.e., has c(s)ds < +00, and 


(iv) B= Je b(s)ds + a c(s)ds < 1, then for all t > 0, 


ult) sO 4 PO, [eer V000(6 + ye) a, 
(3.1.90) 
where a(t) := sup,, a(s)}. 
Proof Clearly, a(t) := sup,;,{a(s)} is monotonically non-increasing and a(t) = 


a(t). 
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Let 


s=|reRy iu) > ot. (3.1.91) 


Note that S may be empty in some cases. Obviously, the inequality (3.1.90) holds 
for allt € R+\S, by noting that u(t) > a*/(1—) for allt € Ry \S,a* < a(t) < a(t) 
for all t > 0, and for all t > 0, we have 


mut 
apy 


b(0) 
a 


i (a — a*)(s) exp (6+; 10-) ds > 0. 


It suffices to prove (3.1.90) holds for all t € S. 
Define a function 


FC eee forallt €S, 
v(t) = t=£ (3.1.92) 


0, for allt € R4\S. 


Clearly, v(t) is bounded, non-negative and the integrals 7 b(t — s)u(s)ds and 
fe c(s)u(t + s)ds exist for all t > 0. Also, for all t > 0, 


a* 
1-pB 
since for all t € S, the equivalence of (3.1.93) holds and for all t € R+\S, we have 


u(t) < a*/(1 — B) and v(t) = 0 by definition. Substituting (3.1.93) into (1.2.141), 
we obtain, for all t > 0, 


t a* +00 a* 
u(t) < a(t) +f b(t—s) (vo + ) as+ [ c(s) (v0 +s)+ ) ds. 
0 1-6 0 l= p 
(3.1.94) 
In particular, for all t € S, the equivalence of (3.1.93) holds and from (3.1.94) it 
follows 


u(t) < v(t) + (3.1.93) 


* 


v(0) + 


t a* 
3B <a) +f b(t—s) (v0 + a) 


+00 a* 
+f c(s) (oe +94 Ss) ds 


t +00 
<a(t)+ [ b(t — s)u(s)ds + / c(s)v(t + s)ds 
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a* t +00 
ar 3 (/ b(t — s)ds + i c(sis) 


£ +oo a*B 
<a(t)+ / b(t — s)u(s)ds + / c(s)u(t + s)ds + ——, 
0 0 Lp 
that is, for all t € S, 
t +00 
v(t) < a(t) -—a* + / b(t — s)v(s)ds + i c(s)u(t + s)ds. (3.1.95) 
0 0 


Indeed, (3.1.95) also holds for all t € R+\S because v(t) = 0 for all te R+\S. 
Note that 


lim v(t) =0. (3.1.96) 
t>+00 


In fact, with the assumption that y := limsup, ,1,, v(f) > 0, for all arbitrarily 
fixed 6 C (B, 1), we have lim sup, , ,,, v(t) < O7'y, that is, there exists a f > 0 
such that v(t) < 07! y for all t > fo. 

From (3.1.95), we derive for all t > fo, 


t—to 


to +0o 
v(t) < a(t)—a* + i b(t — s)u(s)ds + Oly (/ b(s)ds + / c(shs) ; 


It follows by taking t > ++oo and by Lemma 3.1.4 that 


+00 +00 
y<6'y (/ b(s)ds +f c(shs) =O yp <y 


which contradicts the assumption. 
Furthermore, let 


f(t) := sup v(s). (3.1.97) 


Clearly, f(t) is monotonically non-increasing and bounded. By definition 
and (3.1.96), we know that f(t) > v(t) and lim;.40f(t) = 0. Thus, f(t) is 
integrable on every compact interval and for every ¢ € [0, +00), there exists at, >t 
such that 


f(t) = v(t), tape uh, 
f(s) = (3.1.98) 
< f(t), S > th. 
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It follows from (3.1.95) and monotonicity of a(t) and b(t) that 


f(t) = v(t) 
t ty +00 
< a(t}) —a* + [ b(t) — s)f (s)ds + / b(t, — s)f(s)ds + i. c(s)f(t + s)ds 
t 


t q +00 
< a(t}) —a* + [ b(t, — s)f (s)ds + f(t) (/ b(t) — s)ds + iE coas) 
0 t 0 
t 
< a) —a" + [bin -syfoyas+ FOB 


t 
< a(t) —a* + [ b(t — s\f(s)ds + FOB. 


that is, for all t > 0, 


fO< ae is : pe DFO )ds 
: ee r er. i HFS hds, (3.1.99) 
= ~ 0 


or equivalently, for all t > 0, 


e F(t) < “O~ = ety 0) ah ef (s)ds. (3.1.100) 


Let 
R(t) = 7 e *F(s)ds, (3.1.101) 
0 


whose derivative clearly exists except for a set of measure zero. Then from (3.1.100) 
it follows that for a. e. t > 0, 


a(t) — a" ae oe RG), (3.1.102) 


d 
Ge top 1-8 


that is, a.e. tf > 0, 


d b(0) a(t) — a" 5, b(0) 
dt (x0 exp (-73)) < “1-B exp (-; 1) F (3.1.103) 
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where the monotonically bounded function a(f) is integrable. Integrating from 0 to 
t, we obtain, for all t > 0, 


(0) ‘ a(s) —a* b(0) 
Reo exp ( a) = T-8- exp (- OTA s) as. (3.1.104) 

whence for all tf > 0, 

R(t) < i ae exp (- 4. G= ») ds. (3.1.105) 
Therefore, it follows from (3.1.100) that for all t > 0, 

v9 <f9 < O- > AOE hg 20 eR 
a(t)—a* _s, b(0) — : b(0) 
< “=p .) + ao | (a(t) —a exp (6+ roy) ds 


(3.1.106) 


In particular, from the definition of v(t) in (3.1.92), we derive that for all tf € S, 


* 


u(t) = v(t) + is 
a(t) b(0) [ b(0) 
t)— ) t— 
=e t aap | GO- ew (6+ —Ve-9)) as, 

(3.1.107) 

which implies that (3.1.65) holds both for all t ¢ R+\S and for all t € S. This 
completes the proof. Oo 
Clearly, (1.2.144) is in a special form of (1.2.145) where a(t) = a+ 


exp(—at) )-7..) ait’, b(t) = bexp(—at), and c(t) = cexp(—y?). In this case, these 
functions possess continuity and monotonicity. In fact, we have the following result. 


Lemma 3.1.5 (Zhang-Deng [688]) Ifa > 0,a,a;,i = 0,1,---,m, are non- 
negative, and ag4, < aag/(k + 1),k = 0,1,---,m— 1, then a(t) = at 
exp(—at) )\7..9 ait! is monotonically non-increasing. 


Proof An easy computation yields, for all t > 0, 


a(t) = exp(—at) (- Se ait + x wt) 
i=0 i=1 
= exp(—at) (-3 Yaa! f+ ye + ban!) 
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m-1 
= exp(—at) (Kw + 1)aj+1 _ aa;)t! _ cant) 


i=0 
< 0. (3.1.108) 


This proves a(t) is monotonically non-increasing. O 


The next corollary deals with inequality (1.2.144) for the cases with continuity 
and monotonicity. 


Corollary 3.1.4 (Zhang-Deng [688]) Suppose that the bounded function u 
Ri — Rx satisfies inequality (1.2.144), where a > 0,y > 0,a,aj,b, and c are 
non-negative , i = 0,1,...,m,ax41 < aax/(kK + 1),k = 0,1,...,m— 1, and 


B := b/a+c/y <1. Then for allt => 0, we have 


u(t) < (L— Bp)! (: + exp(—at)() > wi) 


i=0 


5 Se, Oo a, oe YY 
== p)*bexp(-a) Pa ay (5) 
=0 j=0 J —B 


m b : b 
+(1 — B) 7b Y ajil( 1 exp (co + 1) : 
» 1-B 1—B 


(3.1.109) 


Proof By Lemma 3.1.5, a(t) := sup,.,a(s) = a(t) and a* := limsup,,,., a(t) = 
a. By Theorem 3.1.17, it follows that for all t > 0, 


i=0 


u(t) < (1— By" (« + exp(—at)() ° a) 


+a [ exp(—as) me ajs' exp (co + i ’ pe = ») ds 


i=0 


<(1—p)! (« + exp(—at)() a) 
i=0 


b b m t F b 
+q_p ey exp (co + T3 “—) Daf s' exp (-; “—s) ds. 


(3.1.110) 
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We can prove by induction that for all n € Z+, 


exp(— 00 Fon + aT (3.1.111) 


t 
; s" exp(—os)ds = — or 


ra 


Thus (3.1.110) follows from (3.1.109). Oo 


Now we can apply the above theorem to deal with the case where not all terms 
include an exponential function. 


Corollary 3.1.5 (Zhang-Deng [688]) Suppose that the bounded function u 
Ri — R¥ satisfies inequality (1.2.145), where a(t) = a+ao(t+o,)~, b(t) = b(t+ 
02)”, c(t) = ctexp(—?”) sin? 17, a, ay, b, and c are non-negative, 0; > 0,02 > 0,n 
and mare positive integers, and B := b/(m—1)o;~" +c/5 < 1. Then for allt = 0, 
there holds that 


atag(t+o1)" — bagoy”™ 


1-B  d-6p 


u(t) < exp (E(t + 01)) 


M1 (gy — 7-1)! = 
| x ie (—( + 01) exp (-€(¢ + 01)) + of" exp(—Eo1)) 


= (—D! 


_eyn-l 
+ pr (HCE + ov) -eK-ta)) (3.1.112) 


where € := bo,"/(1 — B), Ei(x) := [a t! exp(t)dt. 


Proof Obviously, a(t) and b(t) are monotonically non-increasing, and the derivative 
b/(t) = —mb(t + 02)~"! < 0. Hence, condition (ii) of Theorem 3.1.17 is satisfied 
for 5 = 0. Moreover, 


+00 +oo Cc +00 
i c(t)dt = i ctexp(—?’) sin? P'dt = 5 i exp(—f) sin? tdt 
0 0 0 
ran iad c 
=-— / exp(—t)(1 — cos 2f)dt = =. (3.1.113) 
4 Jo 5 


It is easy to verify that f,*°° b(s)ds + Ae c(s)ds = (b/(m— 1))on7-" +. c/5 < 1, 
By Theorem 3.1.17, for all t > 0, 


=A bor” t bo,” 


_4 + ag(t +01)" bago;,” 


<—7=6 G6, 


lA 


exp (E + o1)) L s "exp(—&s)ds. 
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Note that by induction, 


+00 i-l(,_1_ n—1 
/ s "exp(ds)ds = — exp(¢s) yee p a : me “oo +C, n>, 
i = 


where C > 0 is aconstant. Then we can obtain (3.1.112). Oo 


The above theorem can be applied to deal with inequality (1.2.145) where a(t) 
does not possess monotonicity. 


Corollary 3.1.6 (Zhang-Deng [688]) Suppose that the bounded function u 
R + — R+ satisfies inequality (1.2.145) with 


a, 0<t<l 
2(t—n) oe 1 4.5 
a))={ nada’ BSS Gy ES Deets (3.1.114) 
2(t—n—1) 1 
—— n+—-<t<n-+l, n=1,2,-:: 
n+a 2 


and b(t) = bexp(—at), c(t) = cexp(—yt),a > 0,y > 0,a,b,c > 0, and B := 
b/a+c/y <1. Then 


(a) when0 <t <1, 


l+a b 
ui) S7—gt Ta pig (exP009) — 1); (3.1.115) 


(b) whenn <t<n+1/2, 


1+an b 
UO) S mp + Ty (\ + SiC) explo: (3.1.116) 


(c) whenn+ 1/2<t<n+1-—n/(2n+ 2), 


u(t) < ea ideal eae a Z 5 (c +Si(n+ 3) + S(t) | exp(pt); 


+ ——_ 
n(1— B) (1 — B)’p 
(3.1.117) 
(d) whenn+ 1—n/(Qn+2)<t<n+1, 


1+a(n+ 1) 
Bo aces no=B 
+o (co+ 1 *) +575") + 00) expt: 


(3.1.118) 
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Fig. 3.1 Graph of a(t) without monotonicity 


where n = 1,2,--:+ (Fig. 3.1), 


n—1 


p= —a+b/(1—B), Co =—exp(—p) + 1— )\(1/i(exp(—p(i + 1) — exp(—pi)), 


i=1 


51(t) = (exp(—pn) — exp(—pr)) /n, 


S2(t) = (2/pn)(pt — pn — p+ 1) exp(—pt) + (1/pn)(o — 2) exp ( — p(n + 1/2)). 


S3(t) = —(1/(n + 1))( exp(—pr) = exp ( = p+ 1=n/Q2n +2). 


Proof When 0 < t < 1,a(t) = sup,,,a(s) = a+ 1. Whent > 1, we can easily 
calculate 


a+1 n+1 
; n<t< 
n ee oD. 
7 a—2(t—n-—1) OT! 2g ETP 4 
a(t) = i , _—_ (Ca+2)” (3.1.119) 
a+l1 n+1-—-n 
a ——_—__ <t<n+l, 
(n+ 1) (2n + 2) 
where n = 1,2,---, and a* := limsup,,,., a(t) = a < a(t), forall t > 0. By 
Theorem 3.1.17, we obtain the following estimates: 
(1) When 0 < ¢t < 1, we get 
l+a b : b 
u(t) < —— + | ex (-«- es) ds 
1-6 0=ByP Jo 1-8 
l+a b 
= — + — ~ (exp(pt) — 1). (3.1.120) 
fp gy 
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(2) Whenn < t <n+ 1/2, we obtain 


1+an b to . ; 
io: aap | @-< Jexp (—@- as) as 


l+an b ! ml 1 pitt 
= nl B) oF a | ered 9)d6 2s =| exp(p(t — s))ds 


u(t) < 


+ / exp(p(t — 0] 


l+an b 
< a 
Th Be = B Ap 


(3) Whenn+ 1/2 <t<n+1—-—n/(2n + 2), we have 


ON) A A sO pt RRs 2a Vi 
u(t) < nl) +o | a dex ( (a ip" »)a 


2(n i an b 1 
Sa . aw [ exp(p(t — s))ds 


(Co + S1(t)) exp(pt). (3.1.121) 


n+1/2 


n-1 i+] 
5 i exp(p(t — s))ds + ~ | exp(p(t — s))ds 


2n+1-—-s) f' ; 
a i exp(p(t — s))ds) 


_ 2n+1—-1 +an b (c 
ip  Ge=pepet 


n+1 
2 


+5 0) exp(pt). 
(3.1.122) 


(4) Whenn + 1 —n/(2n+ 2) < t <n +1, we conclude 


eerie ay b 
MOS Gara =p) Gey 


1+a(n+ 1) b : mal pitt 
= G+D0—f) aa aoetl i exp(p(t — s))ds + d : / exp(p(t — s))ds 


[as —a*)exp(—(a — ad — s))ds 


1 n+1/2 2(n Ae l—s n+1—n/(2n-+2) 
+- i exp(p(t — s))ds + ote») exp(o(t — s))ds 
NJIn n n+1/2 
1 t 
+ / exp(o(t — s))ds 
n+ 1 Jn+1—n/Qn+2) hie ) 
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1+a(n+ 1) b n+1 
< ——— + 0 + 81 (— 
< GE nd B t Topo TS 
n+1—n 
+32 (5) + ss(} exp((t). (3.1.123) 
The proof is thus complete. Oo 


We note the above theorem can be also applied to deal with inequality (1.2.145) 
where functions u(t), a(t), b(t), and c(t) are not continuous (see, Figs. 3.2 and 3.3). 


Corollary 3.1.7 (Zhang-Deng [688]) Suppose that the bounded function u 
Ry — Rx satisfies inequality (1.2.145), where 


a(t) = —- +4, te [n,n + 1), n=0,1,2,-:-, (3.1.124) 
n+l 
b, t=0 
ae (3.1.125) 
aexp(—n@), te(n—1,n], n=1,2,---, 
r c(t+o3)*, te(mm+l1), or t=>k+1, m=0,1,-+-,k, 
c= 
0, t=m, m=0,1,::-,k, 


(3.1.126) 


and a > 0,03 >0,k €Z,k > 1,a,b,c = 0, and B := b/a + (c/(k—1))o4* < 1. 
Then 


eis se a ee LS OT 
-@+D0-8) pee+n0—-B? | pd—-Be 


forallt € [n,n+1),n=0,1,2,---, where p = —a + b/(1 — B), and 


n—-1 


Gi) Sono) 
“ee P+ a 
Aw 
a+l }————o 

a+4+} EE 

a+ u , EE 
nel 

- a m “ A—— > ¢ 


Fig. 3.2 Graph of a(t) without continuity 
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bi) 


0 I 2 3 n n+l 


Fig. 3.3 Graph of b(t) without continuity 


Proof Note that b(t) = Bexp(—an), [."* c(t)dt = sila c(t + 03) *dt = (c/(k — 
1))o}~*, and a* := limsup,_,4..5 a(t) = a < a(t), for all t > 0. Obviously, B < 1 
when bd and c are chosen small enough or when a and 03 are chosen large enough. 
By Theorem 3.1.17, for all t € [n,n + 1),n = 0,1,2,---, 


2. i 
u(t) < a ia = wp i (a(s) — a*) exp ((a 26 ’ Bit s))as 
1+ a(n Ai 1) b i+] 
<= (@+)d-f) ~ cm, 


1 
Pot exp(p(t — s))ds 


n—1 


1 i+] t 1 
+5 [ exp(otr—s)yas + f — exp(otr—s)pas} 
i=1 L n 


1+ a(n? +1) b bc, i 
<@+D0-A) pees Das * pape 


3.1.3 The Gronwall Inequalities for Modified Stieltjes Integrals 


In this section, we shall introduce the Gronwall inequalities for modified Stieltjes 
integrals. Now we first introduce some basic concepts. 


Definition 3.1.5 A subdivision o of an interval [a, b] is defined to be a finite set of 
numbers x9,%1,°*+ ,X, with a = xy < x1 < +++ < x, = b. Any subdivision 0; is 
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said to be a refinement of o if o C 01. Let f and g be defined on [a, b] and let o be 
a subdivision of [a, b]. Let S,(f, g) denote the sum 


1 
So(f.8) =D) 5lfev) + fle) — 8). 


t 


The integral [ : f (s)dg(s) is defined to be “limit” of S, (f, g). More precisely, if there 
is a real number J with the property that for every ¢ > 0, there is a subdivision o of 
[a, b] such that for any refinement 0, of o, we have |S,,(f, g)—J| < e, then we define 
I to be the integral E f(s)dg(s). This integral is known as the mean o—integral. 
Another integral, the Dushnik-integral, which differs from the mean o-integral in 
that the term Sif) +f (x;-1)] is replaced by f(&;), where &; is any point that satisfies 
Xji-1 < §& < x;. We refer the reader to [277, 350] and [310] for further details on 
these two integrals. We shall use the symbol (m) . f(s)dg(s) and (b) 4 f (s)dg(s) 
to refer to the mean o- and the Dushnik-integrals, respectively. 

It is well-known that if f is a function with only discontinuities of the first kind 
and g is a function of bounded variation, then both the mean o- and the Dushnik- 
integrals exist. 

Let S denote the space of all real-valued functions defined on [a, b] with right- and 
left-hand limits at every point in [a, b]. Define a norm on S by || flloo = sup{|f(s)| : 
a <s <b}. Sis then a Banach space. 

The following lemma gives a representation for bounded linear functionals on S. 


Lemma 3.1.6 (Schmaedeke [578]) Let 1 be a continuous linear functional on the 
space S. Then there exist functions of bounded variation g and h such that for every 
f in S, we have 


b b 
I(f) = (m) / Fls)de(s) + ©) / F(s)dh(s). 


The proof of this lemma is a direct consequence of a theorem of Kaltenborn (cf. 
{310]) and we shall omit the details. 
Second, we shall recall some properties of the mean o-integral, which include: 


(i) for any functions f and g of bounded variation where g is right continuous, we 
have 


b 
lim, (7) / F(s)de(s) = 0, 
bat a 
(3.1.127) 


b 1 
sim Gm) [ F0shde(s) = 5170) +f0-V180) 


where Ag(b) = g(b) — g(b-). The first limit shows that the integral 
(m) 7 f(s)dg(s) is right continuous at tf. 
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(ii) another property is 


b 
(my [ FG)de(s) < supl|f(9)| :4 <5 < BV Ug: 0.2 


where V[g; a, b] is the total variation of g on the interval [a, b]. 


Before proving the next Theorem 3.1.18, let us show that 7’ is maximal in the 
sense indicated. Let g be an increasing function with Ag(t) = b > 2, where 0 < 
t <T and let 


0,0<t<t, 
t= 7 
FO tant 
Since g is increasing, we have g(t) > g(t) for all tf > t. By a direct computation, 
we have 


t 
0 O<t<t 
d = > — J 
cm | F(s)agts) g(t) — g(t) +b/2, 7 <t<T. 
Hence f(t) < (m) If s)dg(s), that is, (3.1.128) below satisfied with e = 0, 
however, (3.1.129) holds only for 0 < t < tT. 
The following result is about functions of bounded variation. 


Theorem 3.1.18 (Schmaedeke-Sell [580]) Let f and g be functions of bounded 
variation on [0, T] and let ¢ > 0. Assume further that f and g are right continuous 
and that f = 0 and g is increasing. If for all 1 < t < T, 


fos e+ m [ Fordg6) (3.1.128) 


then there exist constants T' > 0 and K > 0, depending on g but not on f, such that 
0<T7' <T7,0< Kandforall0<t<T’, 


f@ < Ke. (3.1.129) 


Furthermore, T’ is the maximal in the sense that either T’ = T or Ag(T’) > 2. 


Proof Since f and g are functions of bounded variation, there exist constants B and 
M such that | f(4)| < B on [0, T] and V[g; 0, 7] = M. 

We shall assume that the hypotheses of the above theorem hold throughout. First 
define T’ to be either the first point (in the natural ordering) for which Ag(T’) > 2, 
or if no such point exists, set T’ = T. In the interval [0, 7’], list all the points 
T,,T2,--- ,T, for which 1 < Ag(T;) < 2,i = 1,2,--- ,n. (Since g has bounded 
variation, there are at most a finite number of these.) Oo 
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Corollary 3.1.8 Assume that the hypotheses of Theorem 3.1.18 are satisfied and 
V[g; 0, 7] < 2. Then T' = T and (3.1.129) holds on0 < t < T. 


Corollary 3.1.9 Assume that the hypotheses of Theorem 3.1.18 are satisfied and 
that f is continuous. Then T' = T and (3.1.129) holds on0 < t < T. 


Lemma 3.1.7 If f(t) < Ke for all0 < t < t), then there is a tz > t; and a constant 
K' > 0 such that f(t) < K's for all0 < t < to. 


Proof Since g is right continuous, we can find a tf > f, such that 
V[g; t1, 2] = p < 1. Then for all t) < t < tf, (3.1.128) reduces to 


0) < 24m) [ Foydets) +m) [Forde 
<e+KeM + Bop. (3.1.130) 
By replacing the bounded B with (KM + 1)e in (3.1.130), we get 
f(t) < (KM + l)e(1 + p) + Bo”. 
By reiterating this, we conclude that for all t} < t < ty, 


f@ < (KM + 1)(1—p)"'e, (3.1.131) 


which completes the proof. O 


Lemma 3.1.8 [f f(t) < Ke for all0 < t < t and V[g;t,t] < p < 1 forall 
ty <t < ty, then there is a constant K’ > 0 such that f(t) < K's for all0 < t < ty. 


Proof This follows from the observation that the estimates in Lemma 3.1.7 
are uniform for ft} < ft < ft). Since g is right continuous, we should note 
that the hypotheses on the variation in Lemma 3.1.8 can be satisfied even if 
Vig; 1,4] = 1. Oo 


Lemma 3.1.9 /f f(t) < Ke for all0 < t < t and Ag(ti) < 2, then there is a 
constant K’ > 0 such that f(t) < K’e for all0 < t < ty. 


Proof Indeed, we need to compute a bound for f(t;). If 0 < t < t, then we have 


A 


fltt) < e+ (m) [ Fls)de(s) 


II 


san) / Fs)de(s) + (m) : “f(s)des) 


IA 


é+ KeV[g; 0, t] + im) [ Forde) 
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Now let t > ¢,. From (3.1.125) it follows that 


f(t) $¢+ KMe + 5Ift) +A VIAR). (3.1.132) 


Since f(f,) < Ke, (3.1.128) reduces to 


flr) < (KM +K + De+ sft Ag(h). 


or 


KM+K+1 


fi) < 


The proof is thus complete. Oo 


Now consider the interval [0, 7;]. Since g has bounded variation, we can find a 
real number p and a partition of the interval [0, 7)],0 = to < t) <--- < t, < T; so 
that 0 < p < | and 


V[gsti-1,t] <p, i= 1,2,-+-,m, 


Vig; tn, t| < Pp, tn St< T\. 


Now apply Lemma 3.1.7 successively to each of the interval [t-1, 4] and 
Lemma 3.1.8 to the interval [¢,,, 7). We can conduce f(t) < Ke onall0 <t < 7). 
Now applying Lemma 3.1.9, we get f(t) < K’e on 0 < t < 1). By repeating this 
process for each of the intervals [T,, T>],--- , [T,, 7’), we complete the proof of the 
theorem. O 

We should note that the final constant K > 0 is finite and it can be computed 
directly by applying (3.1.131) and (3.1.133) a finite number of times. 

It should be clear from the above that if T’ = T and Ag(T) < 2, then the 
inequality (3.1.129) can be satisfied on the closed interval 0 < t < T. 


Proofs of Corollaries 3.1.8—3.1.9 The first corollary is obvious since for every 
t,0 < t < T, we have Ag(t) < V[g;0,7]. To prove the second corollary, we 
simply refer back to Lemma 3.1.9 and note that if f is continuous, we do not need 
the assumption that Ag(t,) < 2, to get the desired conclusion. Oo 


Remark 3.1.13 The topology that occurs when Ag(T") > 2 for the mean o-integral 
does not arise for the Dushnik-integral. We can show that if, for all 1 < ¢t < T, 


f(t) <e+(b) / Fls)dg(s), 


where f, g and ¢ are as given in Theorem 3.1.18, then there is a constant K > 0 such 
that f(t) < Ke, O<t<T. 
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The argument for the Dushnik-integral differs in only one point from that given 
above, i.e., inequality (3.1.132) now takes the form 


f(t) < e+ KMe + f(t )Ag(n), 
which hence implies that 
f(t) < (KM + KAg(t) + De, (3.1.134) 


regardless of the size of Ag(t,). 


Remark 3.1.14 Iff satisfies an inequality of the form, for all | < t < T, 


YO se + tm | [/olkorde0) (3.1.135) 
then this reduces to case studied in Theorem 3.1.18 by replacing (3.1.128) by 
Fol se+ cm [ “| fls)ldv(s), 
where v(t) = (m) fi k(s)dg(s). 


Remark 3.1.15 The failure of Gronwall’s inequality when Ag(T’) > 2 is related to 
the eigenvalue problem 


af(t) = (m) [ F(s)de(s), 


that is, if we define the operator, for all 0 < t < T, 


Ufo / f@de(0), 


then we can show that A > 0 is an eigenvalue of U if and only if there is a T’,0 < 
T’ < T, such that Au(T’) = 2A. This subject was further studied in [579]. 


3.1.4 Linear One-Dimensional Gronwall-Bellman Integral 
Inequalities for Volterra-Stieltjes Integrals 


We note that Hildebrandt [278] studied linear differentio-Stieltjes integral equations 
involving Wall’s theory of harmonic matrices [635] and the concept of the Young 
integral [277, 676]. This type of integral allows us to integrate any function of 
bounded variation with respect to another and to distinguish between the value of 
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a function at some point and the right and the left-hand limit at this point (e.g., 
if we regard the integral as a function of the upper limit). Thus Hildebrandt [278] 
derived a necessary and sufficient condition for the existence and uniqueness to both 
homogeneous and non-homogeneous equations 


Y(x) =%+ [ aawrey, 
¥(x) =u) + [ aare) 


where x varies in the closed interval [a,b], Y and U are n-dimensional vector 
functions, A is an n x n matrix function, defined also on [a, b]. 

In this section, we introduce the results due to Groh [238] which deals with 
the case of only one dimension. Clearly, in this case Hildebrandt’s results have an 
especially simple and explicit representation. Using this, Groh [238] was able to 
solve a nonlinear differentio-Stieltjes integral equation 


yo) = yo +f Fs.y)am(s), > € fab] (3.1.136) 


with a continuous Lipschitzian function f and a function m, of bounded variation 
on [a,b]. Because of the discontinuities of m, the usual proof of existence and 
uniqueness for the classical explicit first-order differential equations via Banach’s 
fixed point principle is not applicable; in general the corresponding operator is 
not contractive. Indeed, this problem is solved by introducing an appropriately 
weighted norm in generalization of the well-known very effective norm || f|| = 
sup{e~**| f(x)|; x € [a, b]}, first introduced by Morgenstrn [417], which allows 
us to obtain the global solution in the case m(x) = x, (see, e.g., [638]). Another 
approach to solve Eq. (3.1.136) was given in Das and Sharma [165] in which an 
assertion about local existence was proved. In [164], they investigated applications 
in deterministic control theory, see, e.g., Rishel [558]. 

MacNerney [367] extended the work of Wall [634, 635] about harmonic matrices 
to a more abstract setting by using of product integral methods. This approach 
allows also to establish a nonlinear integral operation [377]. We refer to Neu- 
berger [428], Cox [158], Ingram [301], Helton [264], Herod [273], Bitzer [82], 
Lovelady [367], Helton [268], Hinton [284], Reneke [557] and Gibson [229] for 
further development in various directions. For Stieltjes integral equations based on 
various types of integrals, we consult MacNerney and Herod [273, 376], Helton 
and Stuck [270]. Using another integral concept, Kurzweil had developed in the 
fiftieth also a general theory of differential equations with possibly left continuous 
solutions, see [325, 326], also [581] and the further work of Schwabik. In this case, 
there are connections between Kurzweil’s and the present approach, compared to 
the local existence theorem [326]. 
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To prove the continuous dependence of the solution to (3.1.111) on the initial 
data, the classical Gronwall lemma [270], (see also Theorem 3.1.19), is not appli- 
cable. Groh [238] replaced the exponential function by a suitable discontinuous but 
“harmonic” [637] function and derived in this manner an appropriate generalized 
Gronwall inequality of the type described by Herod [274] for general linear Stieltjes 
integrals. As for other types of integrals, see also Hinton [284], Schmaedeke and 
Sell [579], Schwabik [581], Helton [264], Wright, Klasi and Kennebeck [652], and 
Kroll and Smith [322]. For the purely discontinuous case, we refer to Jones [304], 
Willett and Wong [648], and Chandra and Fleishman [129]. 

From a detailed analysis of the above linear and nonlinear equations (which allow 
right- and left-hand discontinuous), we point out that there are some defects: the 
existence and uniqueness of solutions depend on sometime troublesome conditions 
for the function m or the functions m and f, respectively. This gap will be omitted if 
we use another version of these equations. Thus we can solve uniquely the equation 


ve) = 0+ f 


without any conditions, and the existence and uniqueness of a solution to the 
nonlinear equation 


x 


ai —O)dm(s), forall x € [a, bl, 


y(x) = yo + [16 y(s—0))dm(s), for all x € [a, b], 


requires only the usual Lipschitz condition on the function f. We also note that 
equations of this often type occur in the theory of stochastic equations, based on the 
integral calculations of It6, see, e.g., Doléans-Dade [189], Gihman and Skorohod 
[246]. 

If we first use the linear equations only with right continuous functions instead 
of arbitrary functions of bounded variation, the situation is much simpler and some 
proofs are more elegant. For example, we may give a very short proof of Gronwall’s 
lemma in this case (see, e.g., Theorem 3.1.19) which is due to Groh [238] and also 
the connections between the solutions of both versions of the homogeneous equation 
are more transparent. 

Concerning mechanical interpretations of some Stieltjes integral equations, we 
refer to the monograph of Gantmacher and Krein [223] and the nice appendix of the 
Russian translation of Atkinson’s monograph, written by Kac and Krein [306], and 
Langer [351] and Reid [553], Denny [178] and Honig [289]. For classical nonlinear 
Volterra integral equations, see Miller [402], Mamedov and ASirov [380]. 

We shall only deal with real-valued bounded functions and especially with 
functions of bounded variation on the closed interval [a,b]. For such a function 
g of bounded variation and all points x € [a,b], we denote the differences 
g(x) — g(x—0), g(x + 0) — g(x), and g(x + 0) — g(x— 0) by A~ g(x), A* g(x), and 
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At g(x), respectively. We make the convention g(a—0) = g(a) and g(b+0) = g(b). 
Clearly, the A~, A* and A* are linear operators. Furthermore, let |g|(x) be the total 
variation of g on the segment [a, x]. 

Finally, let m be a fixed function of bounded variation on [a, b]. Without loss of 
generality, we always assume m(a) = 0. 

We assume additionally that the function m is non-decreasing on the interval 
[a,b]. Consequently, 1 + Atm(x) > 0, but we suppose, in addition, that 1 — 
A~m(x) > 0 for all x € [a, b]. Then the equation 


h(x) = 1+ [ h(s)dm(s), forall x € [a, bl, (3.1.137) 


a 


has a unique positive solution. With the help of this function, we may formulate an 
appropriate analogue of Gronwall’s lemma, (see also, Theorem 3.1.20), due to Groh 
[238]. 


Theorem 3.1.19 (Groh [238]) Let c be a non-negative constant and y a function of 
bounded variation on [a, b| satisfying for all x € [a, b], 


O<yt)<ct+ [ sera) (3.1.138) 


Then for all x € [a, b], 
yx) S ¢- h(x). (3.1.139) 


Proof Obviously, here the function h plays the role of the exponential function in 
the classical case. For the proof, we can use the same method as in the argument 
solving the homogeneous equation 


x 


y(t) = yo + ‘| y(s)dm(s), for all x € [a,b], (3.1.140) 


a 


with respect to an arbitrary real initial value yo. 

After consideration of a continuous m, we have to deal with functions m, 
which have finitely many discontinuities. The general case can be treated by 
approximation. We omit this procedure, but we only give a very simple proof with 
respect to the special case of both right continuous functions y and m. 

We simplify our considerations. To this end, we assume the right continuity of the 
function m on the interval [a, b]. Also we assume 1— A~m(x) > 0, 1+ A7m(x) > 0 
for all x € [a,b]. Especially, we are interested in an analogous form of the relation 
e*e-* = 1, where we interpret e* and e~* as solutions to the equations y(x) = 
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1+ re y(s)ds and y(x) = 1 — i y(s)ds, respectively. For this matter, we consider 
the equations 


yey =n f v(ordin) G.1.141) 
¥(x) = n- / “5(s)dm(s), (3.1.142) 
w(x) = n+ / “ie Chains), (3.1.143) 
w(x) = 7— if *Wo(s — 0)dm(s), (3.1.144) 


with the common initial value 7 € R. Applying the above results, we obtain the 
(positive) solutions to these equations for all x € [a, b] in the following form: 


yx) = ne" /T [tL — A-m(rye*™, (3.1.145) 
y(x) = neo Te + A-m(t)]e 4, (3.1.146) 
w(x) = ne" nt + Avm(t)Je4 7, (3.1.147) 
W(x) = TT — A-m(t)]e4—”™™ (3.1.148) 


From this it follows that y(x) = W(x)~!, w(x) = F(x)! (x € [a, b]). For that 
reason, Eqs. (3.1.141) and (3.1.144) as well as (3.1.143) and (3.1.142) are in a 
natural way adjoint to each other (compare with [278, Sect. 12, pp. 370-1)). 

As a nice application we give as indicated previously a very simple proof of 
the Gronwall lemma above with respect to right continuous functions m and y (m 
non-decreasing). 

Let h and k be the solutions to the equations 


A(x) = 1+ [ rerancs (for all x € [a, b]) 
and 
k(x) =1-— fe k(s —0)dm(s) (for all x € [a, b}) 


respectively. For a non-negative constant c and all x € [a,b], we assume that 0 < 
y(x) < c+ f* y(s)dm(s). Setting z(x) = f* y(s)dm(s), we have y(x) — z(x) < c. We 
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multiply by the integrating factor k(x — 0) and integrate both sides, and obtain 


ioc — 0)dm(s) — / 2(s)k(s — 0)dm(s) < cf k(s — 0)dm(s), 


where we have used the fact that m is non-decreasing. It thus follows 
i k(s — 0)dz(s) + / 2(s)dk(s) < c(1 — k(x)). 
In this case, the integration by parts is very simple (compare for example with [Sztz 
20.9, p. 132][284]). Using z(a) = 0, we have 
R(x)z(x) < c(1 — k(x), y@) — € < 2(x) < (K(x)! — 1) = c(h) — 1), 
and, finally, the desired result 
y(x) < c-h(x) (for all x € [a, b]). 

With the help of solutions to (3.1.143) and (3.1.142) for 7 = 1, we can verify the 
version of Gronwall’s lemma from above in the same fashion. Oo 


The result of Hildebrandt [278] has the following form. 


Lemma 3.1.10 ([278]) Equation (3.1.140) has a unique solution if and only if the 
relation 1— A” m(x) 4 0 holds for all x € [a,b]. Then the solution can be expressed 
by, for all x € [a, b], 


y(x) = yoe™ iat + Atm(r)je oO / iat — A7m(t)]eo—™, 


T<X TSX 


(3.1.149) 


Clearly, in case of 1 — A7m(x), 1 + Atm(x) > 0, for all x € [a, b], the solution 
y is (strictly) positive on the whole interval [a,b] whenever yo > 0. Because this 
assertion is one of the crucial points of the following considerations, we repeat here 
some ideas of Hildebrandt’s proof [278]. First, let us consider Eq. (3.1.117) with a 
continuous weight function m. Employing the formula 


d 
/ m”(s)dm(s) = (m"*!(a) — m"*"(c))/n-+ 1, 
(a<c<d<bin=0,1,2,...),  (3.1.150) 


we obtain, by a term by term integration, that x > yye”™, for all x € [a, b], is the 
solution to (3.1.140), (compare with [634, p. 74]). Now we consider the case of only 
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one discontinuity of m at a < x; < b. On the interval [a, x,), we have y(x) = ye 
again, while the point x;, we have 


x 


yO = yw +f yio)ams) 


a 


x,—0 Xx] 
=y+f vUsddm(s) + J y(oydn(s 


a x1 


= yx — 0) + yor) A™ mx). 


Thus, it follows that the value y(x;) is determined uniquely if and only if the term 
1 — A™m(x) is non-vanishing. In this case, 


yr) = yor" /[1 — A~m(x)] 
= yoe™@) /[1 — A7m(x eA. 


Furthermore, 


yea +0) = 30+ f y(s)aim(s) + yorsya*m(a) 


= [1 + At m(x)ly@) 
= yoe™*) /TI a3 At m(x,)JeSt") /[ = A~m(x,)|e@e) 


without any new condition. Thus for x; < x < b, we have 
x 


v(x) = yolrr +0) + f y(s)dm(s). 


x;+0 
Noting that the continuity of m in (x;, b], we can derive 


y(x) = y(x1 4: (jeter) 
= yor) /[1 + At m(x Jet" /f1 — AT m(x Je". 
In the case of finitely many discontinuities of m, the assertion for (3.1.140) can be 
proved step by step. In general, we approximate the function m by suitable functions 


m, (k = 1, 2, ...) with the same continuous part as m and with those discontinuities 
of m, which are greater than 1/k. Now we solve the equations 


ye(x) = yo + [ orancs, for all x € [a,b] (3.1.151) 


and show that the limit of the sequence {y,} (kK = 1, 2,...) is a solution to 
Eq. (3.1.140). 
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The uniqueness of this solution can be shown with the step of some correspond- 
ing non-homogeneous equations, which have weight functions with only finitely 
many discontinuities. But for this as well as for the proof of the following general 
assertion about the non-homogeneous equation 


y(x) = u(x) + [ y(s)\dm(s), for all x € [a, b] (3.1.152) 


with arbitrary functions m and u of bounded variation, we refer to Hilderandt [278]. 
For convenience, we assume that 1 — A7m(x) > 0,1 + Atm(x) > 0, for all 
x € [a, b]. Then the equation 


h(x) = 1+ [ rsamy for all x € [a, b], (3.1.153) 


has a unique positive solution 4 and we can formulate the following assertion: 
Eq. (3.1.121) has a unique solution y, defined by the formula, for all x € [a, b], 


y(x) = h(x)[u(a) + [ ry taus + > A(t — 0) A7m(t)A7 u(t) 


a<tT<x 


— 35 hr +0)! Atm(r) At u(z)]. 


aST<x 


If we interpret the interval [a,b] as the time scale of some system, which is 
described, for instance, by the homogeneous equation (3.1.140), because of the 
relation y(x) = y(x — 0) + y(x)A7 m(x), we can say that this system is anticipative. 
At the points x with A~m(x) 4 0, we need for the further evolution of y information 
about the near future. 

After consideration of a continuous m, we shall deal with function m, which have 
finitely many discontinuities. The general case can be treated by approximation. We 
omit this procedure, but we refer to Herod [274] in a more general setting. Next, we 
only give a very simple proof of Theorem 3.1.19 with respect to the special case of 
both right continuous functions y and m. 


Proof of Theorem 3.1.19 Let hand k be the solutions to the following two equations 
h(x) =1+ / h(s)dm(s), for allx € [a, b] 
and 


k(x) =1- [we —O)dm(s), for allx € [a, b] 


a 
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respectively. For a non-negative constant c and all x € [a,b], we assume that 0 < 
y(x) < c+ f* y(s)dm(s), i.e. (3.1.138) holds. Setting z(x) = f* y(s)dm(s), we have 
y(x) — z(x) < c. Multiplying by the integrating factor k(x — 0) and integrating both 
sides, we obtain 


[ ste — 0)dm(s) — 7 2(s)k(s — 0)dm(s) < ¢ [ k(s — 0)dm(s), 


a 


where we have used the fact that m is non-decreasing. Thus it follows that 


i k(s — 0)dz(s) + [ 2(s)dk(s) < c(1 — k(x)). 


In this case, the integration by parts is very simple (compare, for example, with 
(283]). Using z(a) = 0, we have 


R(x)z(x) < c(1 — k(x), ya) — ¢ S zx) < cK)! — 1) = (A(x) — 1), 
which implies the desired result (3.1.139). 


With the help of the solutions to (3.1.156) and (3.1.166) for 7 = 1 (see below), 
we can complete the proof. Oo 


Let m be a function of bounded variation again. The function f, which is defined 
and continuous on the set [a,b] x R, satisfies a uniform Lipschitz condition: for 
allx € [a,b], v1, y2 € R, 


| f(x, 1) —f(@, y2)| < Lily — yal, 


with some positive constant L. 


Theorem 3.1.20 (Groh [238]) Assume that there exists a positive constant a such 
that for all points x € [a, b| with A~ m(x) ¥ 0, 


|A~m(x)|7! > a@ > L. (3.1.154) 


Then for every real yo and for all x € |a, b], the equation 


y(t) = yo + / ; f(s, y(s))dm(s), (3.1.155) 


has a unique solution y, which depends continuously on the initial data y(a) = yo. 


Proof We fix first the solution hg to the equation 


hg (x) = 1+ a J haisraimis, for all x € |a, b], 


a 
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which is positive due to condition (3.1.154) and the relation A7|m|(x) = |A7m(x)|, 
for all x € [a, b]. Furthermore, it is clear that we need to seek a solution of (3.1.155) 
in the set of all functions g which satisfy the conditions, for all points x € [a, b], 


m(x) = m(x —0) = g(x) = g(x— 0), 
m(x) = m(x + 0) = g(x) = g(x + 0). 


This means that every point of left continuity of m is also one of the function g and 
similarly with respect to right continuity. To define a space of such functions, let us 
introduce a new metric p,, on the set [a, b] by, for allx, y € [a, b], 


Pm(X,y) = |x— yl + |m(x) — m(y)]. 


We should note that the matric space ([a, b], Pm) is not complete and consequently 
not compact. Let us consider, for example, a point x € [a,b] with Atm(x) > 
0, A-m(x) = 0, and a sequence x, — 0, x, > x which converges in the usual 
sense from the right to the point x. Then this sequence is not convergent in the space 
({a, b], Pm) because there exist neighborhoods (x — 8, x] (0 < & < A*m(x)) not 
containing any point of the sequence {x,}. 

We denote by C,,,[a, b] the space of all real-valued bounded functions which are 
continuous with respect to the topology obtained by the metric p,,. Because of the 
completeness of the real axis R, the space C,,[a, b] with the supremum norm is 
complete itself (cf. [422]). But for considerations, we have to introduce another 
norm, which is defined for every y € C,,[a, b] by 


lIylla = sup{he(x)'|yQx)|; x € [a, B]}. 


Because of the positivity and finiteness of hy, this norm is equivalent to the 
supremum norm (see, e.g., [638]). Consequently, C,,[a, b] with the norm || - ||, is 
also a Banach space and we can apply Banach’s fixed point principle. To this end, 
we show that the operator 7, defined for every y € C,,|a, b] by 


(B)@) = y0+ / “f(s.y(s))dm(s), for all x € [a,b], 


is contractive on the space (C,,[a, b], || - lla). 
Indeed, let y and z be arbitrary functions in C,,[a, b]. Then, because of the 
Lipschitz condition and the definition of hy for every x € [a, b], we have 


|(Zy)(@) — (Tz)(@)| = 


i “LAs. y(s)) —F(s, 2(8))}dm(s) 


< / “ L£(s. ys) —F(s. 2(8)) lam (s) 
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27 / “ [y(s) — 26s) |dln|(s) 


lA 


Ly — lle i ha(s)d\m|(s) 


a" L lly — Zlla (a(x) — 1) 
a” 'Llly — 2llaha (x). 


IA 


Consequently, we have 


hg" (x) (Ty) @) — (T2)()| < a7" Ly — zlles 


which means ||Ty — Tz||¢ < a~!L||y —zl|a. Because of (3.1.154), we have a! L < 1 


and the operator T is strict contractive. It follows that there exists a unique solution 
to Eq. (3.1.155). 

Finally, let yo and zo be two initial values for Eq. (3.1.155) and y and z the 
corresponding solutions. By the Lipschitz condition, then for every x € [a,b], we 
have 


No -a =n ee “ [y() — 26s) d|m|(s). 


The solution of Eq. (3.1.155) is of bounded variation and we can apply the Gronwall 
inequality Theorem 3.1.19 to obtain for all x € [a, b], 


ly) — 2(x)|_ S lyo — zolAz@), 
where the function hi is the solution to the equation 


Ar(x) = 1+ i hy(s)d|m|(s), for all x € [a, b]. 


The function hz is bounded and therefore the solution y to Eq. (3.1.155) depends 
continuously on its initial value yo. Oo 


In order to give a very simple proof of the Gronwall inequality Theorem 3.1.19, 
we need to study other types of equations. 


w(x) = wo + [ w(s—0)dm(s), for all x € [a, b], (3.1.156) 
w(x) = u(x) + is w(s—O)dm(s), forall x € [a,b], (3.1.157) 


w(x) = wo + [1 w(s—0))dm(s), forall x € [a,b]. (3.1.158) 
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where the functions m and u are of bounded variation on [a, b], wo is a real and 
the function f is continuous and satisfies the above Lipschitz condition with the 
same Lipschitz constant L. Equation (3.1.156) has a unique solution w, which can 
be expressed by the formula 


w(x) = woe [1 + A~ m(x)Je 47") T[u + At m(r)]eA =", for all x € [a, b]. 


T<X 


(3.1.159) 


The convergence of the (possibly) infinite products follows from the absolute 
convergence of the series }°,_, A*m(t) (c.f. [537] or [315]). In the sequel, we 
consider only the essential difference between Eqs. (3.1.156) and (3.1.140) which 
occurs naturally at points x with A~m(x) 4 0. At such points, we have 

w(x) = [1 + A7m(x)]w(x— 0), w(x + 0) = [1 + At m()]w( — 0). 
(3.1.160) 


But to solve uniquely this equation (3.1.160), we need no further condition, contrary 
to the case of Eq. (3.1.140) in which the equations 


yx) = [1— A-mQ)]'yx— 0), ya +0) = [1 + Atm@)y(@) 


must hold. To simplify the discuss, we consider the solution of (3.1.157) in the case 
where 


1+ A-m(x), 1+ Atm(x) > 0, forall x € [a, 5]. 


In this case, the homogeneous equation 
ka) =1+ ie k(s—O)dm(s), — for all x € [a, b], (3.1.161) 


has a positive solution k and we can write the unique solution to the non- 
homogeneous equation (3.1.157) in the form 


w(x) = k(x) [u(a) + / “hs — 0)!du(s) — (a + 0)! At m(a) Atu(a) 
a > k(t +0) 'Atm(t)Atu(t)] — A7m() A u(x), for all x € [a, b]. 


a<T<X 


The proof of this assertion is similar to the argument in [278], which verifies the 
solution of (3.1.152), using the Dirichlet formula. 

To show the continuous dependence of solutions to Eq. (3.1.158) on the initial 
value wo, we need the following version of Gronwall’s lemma. 
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Theorem 3.1.21 (Groh [238]) Let c > 0 and w be a function of bounded variation 
on [a, b] satisfying the inequality, for all x € |a, b], 


0< w(x) <ct+ / w(s — 0)d|m|(s). (3.1.162) 
Then we have for all x € [a, b], 


w(x) <c-k(x), (3.1.163) 


where k is the positive solution to Eq. (3.1.164) with a = 1. 


Proof The proof is similar to that of Theorem 3.1.20. O 
Now we turn to the last Eq. (3.1.158) and have the flowing conclusion. 


Theorem 3.1.22 (Groh [238]) The nonlinear equation (3.1.158) has a unique 
solution w, which depends continuously on the initial value wo. 


Proof We may choose here on the set C,,[a, b] with the weighted norm 
[vel = sup hax)" wl: x € [a,d]}, 


where the weighted function k, is the positive and bounded solution to the equation 


kg(x) =1+a a ky(s—O)d|m|(s), forall x € [a, b| (3.1.164) 


a 


with a = 2L. We shall show that the operator U, defined by, 
(Uw) (x) = wo + [ t w(s —0))dm(s), for allw € CyJa, b], x € [a, b], 
is contractive. In fact, for all w, v € C,,[a, b] and all x € [a, b], we have 
|(Uw) (x) — (Uw)(x)| < [ I f(s, w(s — 0)) —f(s, v(s — 0))|d|m|(s) 


<Lw— vl f ky(s — 0)d|m|(s) 


= as Iw — vllaka (x), 


We consider the case of right continuous solutions and hence we assume the right 
continuity of the function m on the interval [a,b]. Also we assume 1 — A™m(x) > 
0, 1 + A> m(x) > 0 for all x € [a, b]. Especially, we are interested in an analogous 


aw, 


form of the relation e‘e-* = 1, where we interpret e* and e ~~ as solutions to the 


which implies ||Uw — Uv] < 27! ||w — vla. 
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equations y(x) = 1 + fj y(s)ds and y(x) = 1 — ff ¥(s)ds, respectively. For this 
purpose, we may consider the equations 


vey =n f v(ordin) (3.1.165) 
Y(x) = n- / “7(s)dm(s), (3.1.166) 
w(x) =n + / “ie Chains), (3.1.167) 
w(x) =7— [ — 0)dm(s), (3.1.168) 


with the common initial value 7 € R. Applying the results on Eqs. (3.1.140) 
and (3.1.156)-(3.1.161), we obtain the positive solutions to these equations for all 
x € [a, b] in the following form: 


y(x) = nen iat = A m(t)]eo—™™ 


TSX 


Hex) = ne | [f+ Am (ae, 


TSX 


w(x) = nen iat + A-m(t)]e 4, 


TSX 


W(x) = nem) iat _ A~m(t)|eA™ 


TSX 


which thus implies that y(x) = W(x)~', for all x € [a,b]. For that reason, 
Eqs. (3.1.140) and (3.1.168) as well as (3.1.166) and (3.1.167) are in a natural way 
adjoint to each other (cf. [278]). 

In the same manner as the proof of Theorem 3.1.19 with respect to right 
continuous functions m and y (m non-decreasing), we can complete the proof. O 


3.1.5 Linear One-Dimensional Gronwall-Bellman Integral 
Inequalities for Distributions 


In this section, we introduce some results, due to Rao [548], on linear one- 
dimensional integral inequalities of Gronwall-Bellman type for distributions. We 
need some lemmas. 


Lemma 3.1.11 Let f and g be two real-valued functions on the real line R such that 
both are of bounded variation on every compact subinterval of R. Then fg defines 
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a distribution, and the derivative of fg in the sense of distributions is equal to the 
locally summable function (fg)' given by, for almost all x, 


f' (gs) + f@e' (~) (3.1.169) 


that is, 


D(fg) = (Df)g + f(D). (3.1.170) 


where Df and Dg denote derivatives of the functions f and g, respectively, in the 
sense of distributions. 


Proof \f T is a distribution on R and ¢ is a C® function with compact support on 
R, by (7, y) we denote the action of T on g. 

Since f and g are functions of bounded variation on every compact subinterval 
of R, so is fg. Furthermore, fg is measurable and bounded in every compact interval 
and, hence, is locally integrable. Thus fg defines a distribution on R. 

Let D(fg) be the derivative of fg in the sense of distributions. Let y be a C*® 
function with compact support contained in an interval [a, b]. Then, by definition 


+00 b 
(D).) = -Va.0 == [ Uereoe" eax = - [alae @aee 
_ ; (3.1.171) 
Now for almost all x, 
(20)'(0) = (R)@9'E) + (EIA) +/)8'@))9O). ——GB.IT2) 


Hence 


b b b 
2 iy (fe) (29 dx = / Uf @e®) + f@)e @)o@)ar— / (feoy’(x)ds. 
< ‘ (3.1.173) 


Since y(b) = g(a) = 0 and noting that the support of g is contained in [a, b], we 
have 


b 
i (feo) (de = (feo) 0) — ee)(@ = 0. (3.1.174) 
Hence 
b +00 
- / (fe) (a)! (dx = / (Fe) +f We @)oWdr. 
1.€., 


(D(fg). ¢) = (fg +f8'.9). 
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Since the function f’ (x) g(x) + f(x)g’ (x) is a locally integrable function, it defines a 
distribution and its action on a C® function g with compact support is given by 


+00 
/ (Fe) +£@e @)eWdx. 
Hence 


D(fg) = f'g + fg’ = (Df)g +f(Dg) 


in the sense of distributions. This completes the proof. Oo 
The next result is due to Rao [547]. 


Theorem 3.1.23 (Rao [547]) Let y(t) and u(t) be non-negative functions of 
bounded variation with u(t) increasing and let K(t) be a non-negative function 
integrable with respect to u(t) onO < t < T, satisfying the inequality for all 
O<1tK<T, 


y(t) < C+ / " K(s)y(s)du(s), (3.1.175) 


where C => 0 is a constant. Then for all 0 < t < T, 
t t 
y(t) < cll + i K(s) exp ( / K(n)du()) dus). (3.1.176) 
0 Ss 


Proof Let x(t) = 7 K(s)y(s)du(s). Clearly, x(t) is a function of bounded variation 
and from (3.1.175) it follows 


y(t) < C+ x(0), Dx = K(t)y(t)Du. 
Hence 


Dx < K(t)(C + x())Du = K(t)x()Du + CK(t)Du, 


Dx — K(t)x(t)Du < CK(t)Du. (3.1.177) 


Multiplying both sides of (3.1.177) by exp(— ie K(n)du(n)) and using Lemma 
3.1.11, we obtain 


D| (exp ( - [ xcnauon))s] < CK(O| exp (- [ Kenau)]ou 
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Integrating the above inequality with respect to t between 0 and ¢, we get 
t t Ss 
[exo (- f kenduom) ty =a) = ¢ f KoI[exm (=f Kmauc) Jas, 
0 0 0 
1.€., 
t t 
x) <€ [ Ko exr( f Kedu) |auts, 
0 Ss 


since x(0) = 0. 
Using the fact that y(t) < C + x(t), we conclude that for all t € [0, T], 


vo scfi+ f “K(9[ exo ( / “K(n)du(n)) Jas) 


which completes the proof. Oo 


Theorem 3.1.24 (Rao [547]) Let y(t), f(t) and u(t) be functions of bounded vari- 
ation with u(t) increasing and let K(t) be a non-negative function integrable with 
respect to u(t) on0 < t < T. Furthermore, if the following inequality holds for all 
t € [0, T], 


y) < fl) + i K(s)y(s)du(s), (3.1.178) 
then for all t € [0, T], 
yf) <f) + / K(sIP()| exp ( i K(n)du(n)) Jdu(s). 1.179) 
Proof Let 
x(t) = [ K(s)y(s)du(s), x(0) = 0. (3.1.180) 
0 


In view of (3.1.178), we have 


yO) <fO +x). (3.1.181) 
From (3.1.179) it follows 


D(x) = K()y()Du < K()(f() + x()Du, 
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which gives, 

Dx — K(t)x()Du < K(t)f()Du. 
Multiplying both sides of the above inequality by exp [- 7. K (n)du(n)], integrating 


with respect to t between 0 and f, and using (3.1.181), we may obtain the required 
result (3.1.179). Oo 


Now we suppose that u is absolutely continuous on [0,7], where u’(t), which 
exists a.e., is non-negative or in particular, u(t) = t. Then we have the following 
remarks (see also Rao [547]). 


Remark 3.1.16 If the functions y,f and g are piecewise continuous on 0 < t < T 
and g is non-negative, then Theorem 3.1.24 reduces to a theorem of [305]. 


Remark 3.1.17 In Theorem 3.1.23, setting K(f) = L > O, a constant, f(t) and 
y(t) are non-negative integrable functions on 0 < t < T, we see that Lemma 1 of 
[45] follows. In addition to the above, if f(t) has bounded variation on [0, T], then 
Theorem 3.1.24 reduces to Lemma 2 of [45]. 


Remark 3.1.18 The choice that K(f) and y(t) are non-negative continuous functions 
on 0 < ¢t < T and f(f) is any continuous function on 0 < ft < T reduces 
Theorem 3.1.24 to Corollary 1.9.1 of [338], which is a generalized version of the 
celebrated integral inequality of Gronwall-Bellman type. 


Next, we shall introduce the integral inequalities of Gronwall-Bellman type with 
multi-distributions due to Guan and Liu [243]. The integral inequalities in the sense 
of Lebesgue-Stieltjes for the functions of bounded variations enable us to study 
the properties of measure differential large scale systems with multi-distributional 
derivatives (cf. [233]). 

We always assume that the function uj(f) is right continuous att = 0,j = 
1,...,m. Let BV() denote the set of all functions of bounded variation defined 
on/ C R and taking values in R. 


Theorem 3.1.25 (Guan-Liu [243]) Suppose that, forj = 1,...,mand for allt € 
[0, 7], 
(i) g(t) = 0, y(t) 2 0, and g(t), yO. f( € BV((0, T]): 
(ii) uj(t) are non-decreasing in t; 
(iii) hj(t) are non-negative and integrable with respect to u(t), and if forall t € 
[0, 7], 


m 


1) <£0-+ Yo 80 f W(ov(odiy(), (3.1.182) 
j=l 
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then for all t € [0, T], 
y(t) < Am(f) + Am(8mn) / hin(s)An(f) 


x exp ( / In (6)An (nn) du(s), (3.1.183) 


where A;(v) is defined inductively as follows: 
Aj(v) =v 
t t 
Acer(e) = Aulv) +Ax(a) f° u(orauteyesp ( [lB AnCerdAn (6) dw), 


k=1,...,m—1. 
(3.1.184) 


Proof Let for all ¢ € [0, T], 


x(t) = / hi(s)y(s)duj(s), i= 1,...,m. (3.1.185) 
0 


It is easy to see that x;(t) are functions of bounded variation, x;(0) = 0. Hence, in 
view of (3.1.182), we have 


yO) <fO+ D> gO (3.1.186) 
j=l 
and 
Dx; = hj(t)y(t)Duj. (3.1.187) 


When i = 1, from (3.1.186) and (3.1.187) we derive 


m 


Dx, = hi(yDuy < hi) | O + D> gx | Dur, 


j=l 


Dx, —h(DgiMx1(Duy, < h(t) | fO + Y- g(x Du,. (3.1.188) 
j=2 
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Multiplying both sides of (3.1.188) by exp(— fj 1(s)dui(s)) and using 
Lemma 3.1.11, we obtain 


D E exp (- iA in(sharodaun()) | 


m t 
<hi(0) [ro a wit exp (-/ in(s)ex)aun()) Duy. 
j=2 . 
Integrating with respect to t between 0 and ¢, we get 


exp (-/ in(s)eu(ain(s)) x1 (t) — x1 (0) 
0 
< [i fr +> Ho) x exp (- [ in(€)au(€)au(€)) dus (8), 
0 i= 0 
which yields 
nds f mo) [ro +> v0 exp ( / in(6)eu(6)au(€)) du (6). 
j=2 s 
(3.1.189) 
Since x;(¢) are non-decreasing, from (3.1.186) we derive at 


y) <fO+ a0 fr + Sst) 


j=2 


x exp (- / in(€)eu(€)du(€)) duy(s) + 2 gay 
s j=2 


<fO + elt [ I (s)f(8) exp ( / in(6)e1(6)au(6)) duy(s) 


m 


+ Tei + 2100 i in(s)g;(8) 


j=2 
= (/ n Ge Gani) duj(s)]x;(t) 


= Ao(f) + > Ao(g/)xj(0), (3.1.190) 


j=2 


where A2(f) and A2(g;) are defined as (3.1.184). 
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When i = 2, by (3.1.187) and (3.1.190), we get 


Dxz = ha(t)y(t)Du2 < ha(t) a ae Sater Duy 


j=2 


Dxz — hy(t)A2(g2)x2(t)Duz < h(t) an + a) Duo. 


i=3 


Multiplying both sides by exp ( a de ha(s)A2 (g2)dur(s)) and reckoning similarly 
from (3.1.188) to (3.1.189), we have 


x2(f) < / ha(s) fun + Sate) ( / in(6)Aale2)dia(®)) duux(s). 
j=3 : 


Using (3.1.190) and noting that x;(t),(7 = 1,2,---,m) are non-decreasing, we 
obtain 


J=3 


y(t) < Ao(f) + Arte.) [ ha(s) fun + Stent) 


X exp (/ hn(G)Aale2)du(®)) dup(s) + S > An(gi)xj(0) 


J=3 


2A PAG) / wis@iien ( / in(6)Aa( adie) duy(s) 


AY 


m 


+ )VAa(g)) + Art) i ha(s)An(g)) 


J=3 


x exp ( i in(6)Aal2)da(®)) dur(s)|y() 


Ss 


= A3(f) + Y°As(g/)xj(0), 


i=3 


where A3(f) and A3(g;) are given by (3.1.184). 
When i = m — 1, we easily see that 


y(t) < Am(f) + Am(8m)Xm- (3.1.191) 
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Hence, for i = m, by (3.1.187) and (3.1.191), 


Dxin = Am(O)y()Dum = hn [Am (f) ae Am (8m)Xm(t)] Dum, 


Duy — lim (HAm(8m)Xm()Dum < hn(HAm(f)Dum. 


Multiplying both sides by exp ( = to Iin3)Am(8m)dtin(s)) and integrating with 
respect to ¢ between 0 and f, 


Xm(t) < / hn(s)Am(f) (/ In 6)An(&nn(®)) duy,(s). — (3.1.192) 


Ss 


Therefore the estimate (3.1.183) now follows from (3.1.191) and (3.1.192). Oo 


Theorem 3.1.26 (Guan-Liu [243]) Suppose that, forj = 1,...,mand for allt € 
[0, T], 


(i) f(t) > 0, y(t) = 0, and y(t) € BV((0, T]); f(O), uj(t) are non-decreasing; 
(ii) g(t) = O and g,(t) (j = 2,...,m) are non-decreasing, g\(t) € BV((0, T]); 
(iii) hj(t) = 0 and are integrable with respect to u;(t), and if the inequality (3.1.182) 
holds, then for allt € [0, T], 


y(t) < Bn(f), (3.1.193) 


where B;,(v) is defined inductively as follows: 


Bo(v) 


VU 


B,(v) 


t 
VBx-1 (gx) exp (/ hx (s)Bi-(as)dtn()) » K=1,...,m. 
0 
Proof Since f(t) > 0 and is non-decreasing, from (3.1.182) it follows 
m t 
a) 1+ Yad f hiodedu(s, 
0 
j=l 


where z(t) = y(t)/f(t). Noting that g)(t) > 1, we have 


m 


a) sai] 1+ f m(2idn(s) + Yao f miorelspduy(s) 
j=2 
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Defining x1 (4) = 1+ ch hy(s)z(s)du;(s), we derive from the above inequality 


z(t) < gi) 0 + Yai / : most / 1.194) 
= 
Thus, 
Dry = In(f)()Dun 
< h(Oei(t) c () + Ya [ oto) Duy, 
= 
1.€., 


m 


Dx, — hi (tgi (x1 Du; < Ogi ( wo | neosots)} Du. 
- 0 


j= 


(3.1.195) 


Multiplying both sides of (3.1.192) by exp ( = Jo hi (s)gu(s)dui(s)) and using 
Lemma 3.1.11, we obtain 


D E exp (-/ in(shardain()) 


< hy (t)gi(t) exp (-/ in(o)eu()aun(s)) (5 «i | a) Duy. 
j=2 


Integrating with respect to t between 0 and ¢, we get 


HO) ee ( [ In (o)eu(sbdn()) + [ exp (- [ in @)au(€din(6)) ha(s)e1(s) 


x (5 ws) | nent) duj(s)], (3.1.196) 
j=2 


since x, (0) = 1. In view of (3.1.196) and (3.1.194), we obtain 


yt) < fn exp (/ ingidin(s)) 


[i+ [exw f mG eGan)nGe6) 


3. 


= 
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m 


x (5 ai(s) / | none dur(s)| + Y 930 i nioetodutoh 
j=2 


j=2 
= fg exp (/ ingudin(s)) +f exp[ (- [ean 


xhi(s)gi(9) (3 ai) [ nee] dun(s) | 
j=2 


+ exp (- / in(oigu(sdun()) LYM al } haortodntoh 


j=2 j=2 
Noting that g,(t) (j = 2,..., m) are non-decreasing, we can get 


m 


1 = BIN} 1+ Ya [ Horeorauio[ exp (= f morer(au)) 
j=2 a 0 


+f eo(- [ n@e@ane)) niente} , 
From the equality, 


[ew (- A in(@)au(€din(6)) nOn@imey= ies (- / in(o)eu(sdus()) 
0 0 0 


it follows that 


y(t) < Bi(f) [ + Yat | now ; (3.1.197) 


j=2 
Similarly to the above argument, from (3.1.197) we conclude 


a) < Bi(f)/FO) + 20 / ha (s)z(s)diea(s) 


m 


+ Valo f horerdu(s)] 
j=3 : 


< (B(f)/F)e0()[1 + / ha(s)z(s)dur(s) 


+2 gilt) | hj(s)z(s)duj(s)]. 
= J / J J 
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Using the fact 
t 
(Bi(Ay/FC))800) = gaBo(ar) exp (fsa (er)dtn(s)) = Bi(e). 
0 


we see that 


z(t) < Bi(g2) [ + [ ha(s)z(s)dur(s) + D> gi(0) i noone. 
j=3 


(3.1.198) 
Let x2(t) = 1 + fj ho(s)z(s)duo(s). Then 
z(t) < Bi(g2) a0 +> gilt) | on) 
j=3 
Dxy = ha(t)z(t)Duz < hp(t)[Bi (g2)x2 + Bi(g2) (3.1.199) 


«Dao [ ter Dw. 


Dx — hyBy(g2)x2Duy < ho(t)Bi(g2) b gi(t) : a) Duy. 
0 


j=3 


Multiplying both sides by exp ( a i Bi (g2)dur(s)). Using Lemma 3.1.11, and 
integrating from 0 to ¢, we can obtain 


x2(t) < exp (/ mB (g0)dun()) [ +f exp (- / inBs(g2)dun(8)) h2Bi(g2) 


x ( gj(s) i, | neon) anc} (3.1.200) 
3 


= 


By (3.1.200), (3.1.199), and noting that g(t) (j = 3,..., m) are non-decreasing, we 
obtain 


v0) < By 0) a ( / hpB (ha) 


{I +f exp (- [ te#icearain(e) hyB,(g2) 
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m S m t 
«| > ails) / nj(E)z(E)duy(E) | dua(s)] + D> gi(0 / hy(s)z(s)duj(s) 
z 0 ; 0 
j=3 j=3 


< 1Bi(sa)exp( [haBilsa)auats)) {1+ Loa [mioreGau(s 
i=3 


| exp (- f inB(ga)dun(s)) 


+ [ow (- p inBa(ga)dun()) IB (g2)dua(s)]}. 


= Bf) +> a / hj(s)z(s)du(s)} (3.1.201) 


i=3 


By induction, it follows that 
t 
0) 5 Br-i(){1 + 8m f hn()e(dim(} 
0 


Bn— m(t)4 1 hin dum 
< Bri(fent{1 +f hnlS)e(shdim(s} 
or 
2(t) S (Bm—1(F)/f)8m(t) [1 + vintyhm(s)z(s)dum(s)] 
= Bn—1(2m) EB + vintlm(s)z(s)dum(s) | : 
Let xm(t) = 1 + fj Mm(s)z(s)dum(s). Then 


z(t) < Bn—1(8m)Xm(0), 
DxXm = Nn (1)z(t)Dum < hin (t)Bm—1(8m)XmDUm (3.1.202) 


or 


Dx hnBmn-1 (8m)XmDUm <0. 


Multiplying the above inequality both sides by exp ( = 1K AmBm—1(8m)duUm (s)) and 
integrating from 0 to ¢, we get 


Xm(t) < exp (/ hnBn-1(Gn)din() . (3.1.203) 
0 
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Thus from (3.1.202) and (3.1.203), it follows that 


z(t) < Bin—1(8m) exp (/ hn Bn n)n()) 


¥(0) < Bt (8m) Xp ( ‘| hn Bin i(8n)en()) = Bf). 


which completes the proof. Oo 


Theorem 3.1.27 (Guan-Liu [243]) Suppose that, forj = 1,...,mand for allt € 
[0, 7], 


(i) y(t). f(@) € BV((0, T]), uj(Q) are non-decreasing; 
(ii) hj(t) are non-decreasing and integrable with respect to uj(t). 


Furthermore, if for all t € [0,7], 
y0) Sos > i hj(s)y(s)duj(s), (3.1.204) 
j=l 
then for all t € [0,T], 


yO) <fO+ >> / hj(s)f(s) x exp (5 / neon) du;(s). 
j=l a ed 


(3.1.205) 


Proof Let x(t) = 7", fy hj(s)y(s)duj(s). By (3.1.204), we get 


y(t) <f() + x0) 
and 
Dx =~ hDy(QDu; < Y~ AOL + xO)|Du; 
j=l j=l 
or 


m m 


Dx — Y~ hj()x()Duj < Y~ hy(Of (Dy. (3.1.206) 
1 


JF j=l 
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Multiplying both sides of (3.1.206) by exp(— fy Vin Ails)duj(s)), using 
Lemma 3.1.11, integrating from 0 to ¢, and noting that x(0) = 0, we get 


m 


D + (-/ a) ‘ < SHO exp (-/ a) Duj 
j=l J 


i] : 


j=l 


and 

x) =f misyreyexr | f Yry@ au) J ay. 

j=l’? S j=l 
Therefore, 
y¥Q) <fO+xO 
<f+ > f wiser [Ym au(e) | duis 
j=l °9 S j=l 

which yields (3.1.205). Oo 


Theorem 3.1.28 (Guan-Liu [243]) Suppose that, forj = 1,...,mand for allt € 
[0, 7], 


(i) y(t) = Oand y(t) € BV((0, T)); 
(ii) f(t) > 0 and f(t), uj(t) are non-decreasing; 
(iii) h(t) are non-negative and integrable with respect to u;(t), and if the inequal- 
ity (3.1.204) holds, then for all t € [0, T], 


tm 
vi) <f.ex | [Dna 
j=l 
Proof Since f(t) is non-decreasing, from (3.1.204) it follows 
m t 
at) <1+)> i hj(s)z(s)duj(s), 
jer? 
where z(t) = y(t)/f(t), which is a bounded variation function on [0, 7]. 
Letting x(t) = 1+ 7%, fj hj(s)z(s)duj(s), then x(0) = 1 and z(r) < x(A), 


Dx = a hj(t)z(t)Du; < > hj(t)x()Du;, 


j=l j=l 


326 3 Linear One-Dimensional Discontinuous Integral Inequalities 


m 


Dx — )~ hj(t)x(t)Du; < 0. 


j=l 


Multiplying both sides by exp(— fy x1 Nj(s)du;(s)), and integrating from 0 to 1, 
we have 


tm 


x(t) < exp / Y- hj(s)duj(s) 


j=l 
Hence 
tm 
a(t) x00) exp fy hi(orar(s) J 
0 44 
which implies that 


tm 


y() < f(D exp [ J hy(s)duj(s) 
j=l 


This therefore completes the proof. O 


Remark 3.1.19 If we suppose that u; are absolutely continuous on [0,7], where 
u’(t), which exists a.e., is non-negative or in particular u;(t) = ¢t. The functions 
y,f, gj and h; are piecewise continuous on [0, T], then Theorem 3.1.26 reduces to 
Theorem | of [182]. 


Remark 3.1.20 Tf the functions y,f, g; and hj are piecewise continuous on [0, T], 
then Theorem 3.1.25 containing m-linear terms is a generation of the results in [547]. 


Remark 3.1.21 Theorem 3.1.27 contains multi-distributional derivatives, which 
generalized the results in [547]. If the functions y(t), f(t), and hj(t) are piecewise 
continuous, m = 1, then Theorem 3.1.28 reduces to a basic Gronwall inequality. 


The following result is a new Gronwall-Bellman type integral inequalities for 
multi-distributions due to Oguntuase [436] and are in the sense of Lebesgue-Stieltjes 
integral for functions of bounded variation. These inequalities generalize some 
results of Guan and Liu obtained in [243], i.e., Theorems 3.1.25—3.1.26. 

We shall assume that the functions u;() is right continuous at f = 0, j = 
1,...,m. We shall let BV(J) denote the set of all functions of bounded variation 
defined on J C R and taking values in R. 
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Theorem 3.1.29 (Oguntuase [436]) Suppose that for j = 1,...,m and for all 
t, s € [0,7]: 


(1) Qj(t,s) > 0, y(t) = Oand Q,(t,s), y(), f) € BV[O,T], 

(2) uj(t) are non-decreasing in t, 

(3) Qj(t, s) and its partial derivatives 2 Oj(t, S) are continuous and non-decreasing 
in its first variable and that Qj(t,s) and 2O((t, S) are non-negative and 
integrable with respect to u;(t) and if the following inequality holds, 


yt) < f+ >> / Oj(t, s)y(s)duj(s), (3.1.207) 
j=l 
then for allt, s, t € [0, T], 
t RY 0 
y(t) < Am(f) + An(t) [ (ont S)Am(f) + / 3, mls: Ants?) 
0 0 os 


x exp ([ On(s, £)An(1)dn()) du,(s) (3.1.208) 


where A;(v) is defined inductively as follows 


Ai(v) = v, 


Ss 
0 


E 0 
Ax+i(v) = Adv) + f (atau. sane) + f 5, Ak (Ox(s, ©) Au(v)din()) 


t 
. ( i Ayes c))dtu()) rn 
: (3.1.209) 
Proof Let 


t 
x(t) = / Ox(t, s)y(s)duj(s), t, s€[0,T], i=1,...,m. (3.1.210) 
0 
Clearly, x;(t) are functions of bounded variation. We also observed that x;(0) = 0. 
Hence, in view of (3.1.210), inequality (3.1.207) reduces to 


m 


yt) <fO + Yo x0. (3.1.211) 


j=0 


Thus 


oO 
Dxi(t) = Qilt, Dy(QDui(t) + i 9 Lilt, sy()Dui(s). (3.1.212) 
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If we put i = 1 in (3.1.211) and (3.1.212), we obtain 


Dxi(t) = Qi(t,Dy()Duy(t) + / 7 Oult.s)y(s)Dui(s) 


m 


< (Q0.9(70 + x00) + / : “a1(0.5)( (9) +) 4)) Dail, 
j=l j=l 


which implies 


dai) (2.0m) + [ 20,0.596)) Duy 


m ta m 
< (Q10.9(F0 + Do) + [ = 91(0,5)( FO) + Yai(0)) Dan (0. 
j=2 j=2 
(3.1.213) 
Multiplying both sides of (3.1.213) by exp ( = - Or(t, s)duy (5)), we have 


(ono -(2.nmi + [’ Z01G.966)) Dui) exp (= f” a1¢e.sain(s) 
< (a1.9(f00 + 230) [ Fow.n(r0+ 2300)) 
xem (= fat. sidui(9))Du(. 
By Lemma 3.1.11, we have 
Denipexp(— faut. sidun(9) 


m 


< (Qu, d(FO + > 50) + / : “our (f(s) 3469) 
j=2 j=2 


xexp(- f Onlt, s)du (3) Duy(t). (3.1.214) 


Integrating (3.1.214) with respect to t from 0 to t, we have 


(1 x (0) exp ( = i. Oult, s)du(s)) 


= [ (Qu(s, (F() + > x00) + i Sous (FC) + eG) 


j=2 
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x exp ( = [ Or(s, t)duy(t)) du (5). (3.1.215) 


Since x; (0) = 0, we obtain 


m 


10 f (26.9(F9+ D4) + [ Zo6.0(s0 + Lv) 
j=2 


j=2 
xexp(— [Ou r)dui(t)) duai(s). (3.1.216) 


If we put (3.1.216) into (3.1.211) and use the fact that X;(¢) are non-decreasing, 
then we obtain 


m 


no </0+ [ (210.9(70+ 46) + [ Fa60(/ + Lx) 


j=2 
m 


x exp ( _ [ O1(s, c)du(t)) dua (s) + ETO) 
Ss j=2 


26%) Gees! Sowaeesl—| anomie ue 
0 0 Os 0 


m 


tO (14 f (216.9 + [ Zein) es(= f a1, nauro)dui9) 90. 


i) 


YQ) SAr(f) + ADO, (3.1.217) 


j=2 
where A2(f) and A2(1) are as defined in (3.1.209). 
When i = 2, it follows from inequalities (3.1.211) and (3.1.217) that 


Dx2(t) = Qo(t, Ny(ODu2() + : * ont 5)y(s)Dup(s) 


< (Q2(0.n(Aa(P) + Yo Aald)ai0) 
j=2 


t 9 m 
+ / = On(t,s)(Aa(f) + 2 As(Nu(9) Pua 


330 3 Linear One-Dimensional Discontinuous Integral Inequalities 


Dx2(t) — (221, 1)A2(1)x2(t) + / * ult s)Aa(1)x2(s)) Dua(0) 
0 


< (Qn(t.)Aa(f) + D> Aa(1)x() 


i=3 


is 0 m 
+ / = On(t.s)(Aa(f) + 2 A2( (9) )Oua. (3.1.218) 
Multiplying both sides of (3.1.218) by exp ( = i Or(t, s)du(s)), we get 


(Dxo(0) — (Qo(e, NAr(L)x2(0) + i © dalt,5)Ax(1)x0(0)) uxt) 


x exp ( — i Qv(t, s)Ap(1)dus(s)) 


< (Onl, )(A2(/) + DA2(Di) [ “nt s)(A2(1) + > Aa(1)xi(s))) 


j=3 j=3 
x exp ( = i On(t, s)Ap(I)dus(s)) Duz(1). 


By Lemma 3.1.11, we obtain 


D(x2(t) exp ( Ss / Or(t, s)Aa(1)dus(s)) 


< (2x10. (ao) +) Aaya) + ; “Fonte. (A2) + DAau(9))) 
j=3 j=3 


x exp ( — / Ov(t, s)Aa(1)du2(s)) Dus(0), (3.1.219) 


Integrating (3.1.219) with respect to t from 0 to ¢ and noting that x.(0) = 0, we 
have 


m 


ns [ (2x69 (4209 + LAstsio) + [ Ge26.0(4000 + LAthst0)) 


x exp (- / Ons: )A2(I)duua(t)) dur(s). (3.1.220) 
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Inserting (3.1.220) into (3.1.217) and using the fact that x;(¢) are non-decreasing, 
we obtain 


m 


y(t) < Ad(f) + Aa(1) / (Qo(s,s){Ao(f) +S Aa(1)xi6)] 


J=3 


m 


+ _ * ons t)(Ar(/) + 2 Ax((9)) 


xexp(— | Q2(s, t)A2(1)dua(z))dur(s) + Y> Ao(1)xj(0) 
Ss i= 
t S a 
<A(f) +A) f (Qa. + f° 5-026.042N) 
x exp ( = / On(s, r)A2(I)dua(z))dur(s) 
~ »D (42(1) +Aa(t) [ (Q2(s,s)Aa(1) + [ = Ons t)A2(1)) 
x exp (— | Ole t)A2(I)dua(t))dua(s)) xj) 


= Ax(f) + > A3(1)x(0), (3.1221) 


j=3 


where A3(f) and A3(1) are as defined in (3.1.209). 
If we set i = m — 1, then we easily obtain 


y(t) < Am(f) + Am()xm(P). (3.1.222) 


Next, suppose i = m, then (3.1.212) and (3.1.220) imply 
an) 
Dsn(0) = On(t)¥()Dun(®) + ff FOn(t.)9(6)Dunl) 


< (Onl. (An(A) + An(Dain()) + f° ZOn(ts) (An (tnt) Dun. 
(3.1.223) 


Thus, 


‘9 
Din(t) — (Qm(t.1)Am(1)%n(8) + i 5 Qm(t 8)Am(1)%n(3)) Ditm(0) 


an) 
< (Qn. Am A+ f LOn(t s)An(f)) Duin (3.1.24) 
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Multiplying both sides of (3.1.224) by exp (— 1 On(t, 8)Am(1)dum(s)) and 
integrating with respect to ¢ from 0 to ¢, and noting that x,,(0) = 0, we have 


t sg 
Xm (t) =} (Onis.sd4nc + f 35 Gms: Ant) 


x exp (- i On(t, 1)An(I)en(t)) duy(s). (3.1.225) 


Substituting (3.1.224) into (3.1.225) and noting that x,,(¢) is non-decreasing, we 
conclude 


is Ss 0 
yd) < An(f) + An(1) | (Onis S)An(f) +f 55 Onl: Ant) 


x exp (- [ On (t, 1)An(1)dn()) duy,(s). 


This completes the proof. Oo 


As an immediate consequence of the above theorem, we can observe that if we 
set O,(t, 5) = gj(t)hj(s), j = 1,2,...,m, then Theorem 3.1.28 reduces to the next 
corollary. 


Corollary 3.1.10 (Guan-Liu [243]) Suppose that for j = 1,...,m and for all 
t, s € [0, 7], 


(1) g(t) 2 0, y(t) = Oand g(t), yO. fO € BVO, T], 

(2) uj(t) are non-decreasing in t, 

(3) h(t) are non-negative and integrable with respect to u,(t) and if the following 
inequality holds 


m 


yO) <fO+ Yo ail : hi(s)y(s)duj(s). (3.1.226) 
j=l 
Then for allt € [0, T], 


v0) <Am(f) + Am(1) i gin 8)Fin(S)Am(f) exp ( / = (hn (Yen) dts 
: (3.1,227) 


Remark 3.1.22 Corollary 3.1.10 is essentially not the same as Theorem 2.1 in [243] 
in the sense that Corollary 3.1.10 contains Theorem 2.1 in [243] as a special case. 
Indeed, Corollary 3.1.10 is more general than Theorem 2.1 in [243]. 
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3.1.6 Gronwall-Wendroff Type Inequalities with Piecewise 
Continuous Functions and Discrete Continuous 
Variables 


In this section, we introduce some results, due to Blandzi et al. [378], on Gronwall- 
Wendroff type inequalities with piecewise continuous functions and discrete contin- 
uous variables, 

In 1997, Blandzi et al. [378] proved the following two inequalities. The first 
inequality involves piecewise continuous functions, whereas the second is similar to 
Gronwall-Wendroff-type inequality and involves discrete and continuous variables. 

Let a = (a@),--- a) be multi-index. By S;’” we denote a set of multi-index such 
that a € S{” ifn > a, > a > +--+ > a, > v. Furthermore, we assume that n > v 
andk<n—v-+l. 

Let two sequences of functions {fn(x)}°2,, {Wn(x)}P2, be given and a function 

g(x) defined on some set J. Assuming that the integrals involved exist, we define the 
integral operators for all x € J,a@ € Sy”, 


Ta. .>) = bas) [You dnt) ( Waal) Pe) 
xP (PO aie baloi) [Yau (e2dv a) dy) dri) a. 


Theorem 3.1.30 (Blandzi-Popenda-Agarwal [378]) Let u : R+ — R4 be 
continuous on every interval [(n — 1)h, nh), where h is a fixed positive constant and 
néN. Furthermore, let a; : [0,h] > R+, i € No be continuous, and c is a positive 
constant. Then for every solution u of the inequality, for alln € No, x € [0,h), 


u(x + nh) <c+ [ 3 a;(t)u(t + jh) dt, (3.1.228) 


the following estimate holds for all n € No,x € [0,h), 
u(x + nh) <c ( 1+ / y(t) elol@n—1(8)—an(s)] ds ar) elo nOdt (31.299) 
0 
where {1,}°°., is the solution of the problem 


x 
Trti(x) = ra (xe [an—1(t)—@n(1)] dt + an(s) rq (tes lan—1(s) -an(s)] as dt +a,(x), n=1,2,- 
0 


ri(x) = ao(x), x € [0,h). 
(3.1.230) 
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Proof Corresponding to the inequality (3.1.228), we consider the equation 


w(x+nh) = c+ [ Yai (w(t + jh) dt, forallne No, x € [0,4).  (3.1.231) 
O° 4 
j=0 


We shall show that for all n > 1, x € [0, A), the solution of (3.1.231) can be written 
as 


w(x +nh)=c (: 4 / y(t) elolan—1(9)—an(s)] ds ar) elo nl at, (3.1.232) 
0 
To this end, we note that the solution of the Volterra integral equation 
z(x) = d(x) + i wi(t)z(t) dt, for all x > 0, 
0 


where the function ¢ is differentiable, appears as 


20) = (0 (0) + [ . g' (Ne fo ¥oas ar) elo WOdt (3.1.233) 
For n = 0, Eq. (3.1.231) reduces to 
w(x) =c+ [ ao(t)w(t) dt, for all x € [0,h), 
and in view of (3.1.233), its solution is 


w(x) = cele war, 


For n = 1, Eq. (3.1.231) reduces to 


w(x +h) = we) + / “an (f)w(t + h) dt. 
0 


It is clear that the function w(x) is differentiable and its derivative is cag (x)elo ca a 
Furthermore, since w(nh) = c, for all n € No, from (3.1.233), we derive 


x : 
w(x + nh) = (c + cf cto (the! (9) a — Jo an(s) ds ar) elo alo at 
0 
Sd f x 
= e(1 +f ap (t)elolao(s—a1(s)] ds ar) elo a(t) dt 
0 


x 
— 9 bs (: + } r| (1) efoleo(s)—en (s)] ds ar) elo (tat 
0 
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203 


Thus, (3.1.232) is true for nm = 1. Now suppose that (3.1.232) is true forn = k, and 


w(x + kh) is a differentiable function, then for n = k + 1, we have 


x 


w(x + (kK + Ih) = w(x + kh) + i, O41 (t)w(t + (k + 1)h) dt. 
0 


To use (3.1.233), we substitute 6(x) = w(x + kh), and note that 
6! (x)e7 Jp ei (t at 


= (c ry (xe)el0 lak a] dtp fp (0) 


x 

4+¢ [ he / ry (felolen—19)—ax()] ds a| ax (x)elo %« “) on Io et Oat 
0 

= o(r (x)efo lax -aK D1 dt gfo en (0 at 


+c(x) / ° rpeloler—(s)—ax( N45 de 4 oy (x) elo [ox (t)—o4 41 (0)] dt 
0 
which, along with (3.1.230), yields 
Pb! (xje LO HHO — orp (pela lonO—m41 Ol at, 
Using the above relation in (3.1.233), we obtain 
w(x + (k+ 1h) = (c +c [ repr (telalex)—ax+1(0)] ds ar) elo HHO at 
0 


which is the same as (3.1.232) forn = k+ 1. 


The differentiability of the function w(x + (k + 1)h) follows from its explicit 
representation, and the continuity of 7,41, which is a consequence of the continuity 
of rz and the coefficients a,. The estimate (3.1.229) is now a consequence of the 


general remarks about monotonic operators. 


oO 


Remark 3.1.23 If we denote a_1(x) = a(x), ro(x) = 0, then the bound (3.1.229) 


also holds for n = 0. 


Remark 3.1.24 The solution of (3.1.230) can be represented by using the operators 
T,, and then an estimate of the inequality (3.1.228) may be defined only in terms of 
the coefficients ~; and the constant c. To see this, we multiply (3.1.230) by elo an(t) at 


and substitute y,(x) = rp (x)elo an—1() dt tg obtain for all n € N, 


no=2Osue / Ba(Dya(t)dt + onlx), (31.234) 
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where 
Gn(X) = On (xpel OM, Ba(x) = er omnoe, 


The solution of (3.1.234) can be written as 


n n—-1 
yor) = yi) + >) gi) + 5 DS DS Ta. B. 4) 
i=1 


i=1 west? J<alg 


+> YS ud. B.y1). 


k=1 west 


The above representation follows by induction and proper grouping of the 
elements. 


3.2 Linear One-Dimensional Discontinuous Generalizations 
on the Gronwall-Bellman Inequalities 


In this section, we introduce some results on linear one-dimensional discontinuous 
generalizations on the Gronwall-Bellman inequalities. 


3.2.1 Linear One-Dimensional Discontinuous Integral 
Inequalities of Volterra Type 


In the following Theorems 3.2.1—3.2.2, all functions are assumed to be real-valued 
and defined on a given interval J with zero at left endpoint. The domain of k(t, s) is 
taken to be the subset of J x J for which t > s. All functions are assumed Lebesgue 
measurable and all functions of one variable are assumed to be non-negative. 

We call such a function x(t) locally integrable on J if each t € J, its Lebesgue 
integral [} x(s)ds is finite. 


Theorem 3.2.1 (Willett [647]) Suppose that for all t € I, 
t 
u(t) < w(t) + wio [ u(s)u(s)ds, (3.2.1) 
0 


where vw, vwx and vu are locally integral on I. Then for all t € I, 


u(t) < w(t) + w(o( exp [ wwds)( vWeds). (3.2.2) 
0 0 


Proof For the proof of Theorem 3.2.1, we can refer to [647] or [137]. Oo 
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We state Theorem 3.2.1 here in order to simplify the proofs of the following 
theorems. 


Theorem 3.2.2 (Willett [647]) Suppose that for allt € I, 
n t 
u(t) < wo(t) + Ym f u;(s)u(s)ds, (3.2.3) 
i=1 ° 


where viw; (i = 1,2,-++ ,nij = 0,1,--- ,n) and vju (i = 1,2,--+ ,n) are locally 
integral on I. Then 


u < Eywo, (3.2.4) 


where E; (i = 0,1,--+,n) is defined inductively as the composition of i + 1 
functional operators, i.e., E; = D;Dj—1 +++ Do, where 


t t 
Dow = w, Djw = w+ (Ej-10j) (ex i nsEy-umds) f vjwds, j = 1,2,+++ ,n. 
0 0 
(3.2.5) 


Proof Forn = 1, the theorem reduces to Theorem 3.2.1, and hence is true. Suppose 
nis given and n > 1. The proof is by finite induction. Assume the following two 
statements (A) and (B) hold for i = k, where k is some integer between 0 and 
n-1(0<k<n-1): 
(A) Ejw; exists and v»,E£;w; is locally integrable,j = i+ 1,i+ 2,--+,n,O;m = 
i+ 1,i+2,-:-,n; 
(B) u < Eywo + 4, (Ewm) fy Umuds. 
(A) and (B) hold by assumption for i = k = 0, and we shall prove that (A) and 
(B) hold fori = k + 1 if k < n—2 and that the theorem is true if k = n—1.In 


either case, the theorem follows. 
Let w = E,w;. From the definition of E,4), we obtain 


t t 
Ex4iwj = Des iw = wet (Exwes) (exp / ores eceids) / Ug wads. 
0 0 
(3.2.6) 
It follows from (A) with i = k and the local integrability of vz +1 wo that Ex+1w; (j = 
k+ 1,k + 2,---,n,0) exists and that u»Expiwj)(m = k+1,k +2.) mj = 


k+1,k+2,--- ,n,0) is locally integrable. Hence, (A) holds fori = k + 1, and we 
may apply Theorem 3.2.1 with v = v;z+1 to (B) with i = k to obtain 


t t 
u< Wo + (Exwe+1) (exp / ors csids) / UE+1Wo ds (3.2.7) 
0 0 
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where 


n t 
we =Exwo+ >> (Ex) [ vauds, ifk<n—2, 
m=k+2 


=Ewo, ifk=n-1. (3.2.8) 


Obviously, u(a) > 0. Now we define a function r by the equations. Substituting 
from (3.2.8) for w5 in (3.2.7), rearranging the terms, and using the fact that ih Vmuds 
is a non-decreasing function of ft, we can, in the case k < n — 2, obtain from (3.2.7) 
inequality (B) withi = k+ 1. Ifk =n—1, wecan get (3.2.4) from (3.2.7), which 
is the conclusion of the theorem. Oo 


In the sequel, we shall introduce some inequalities, due to Willett [647], of the 
form 


u(t) < wo(t) + ic s)u(s)ds, for all t>0, (3.2.9) 
0 


where k(t, s) and wo(t) are known non-negative functions and u(t) is an unknown 
non-negative function. For example, we can refer to Bellman [63], Coddington and 
Levinson [137], Willett [647] and others. In order to obtain from (3.2.9) a genuine 
upper bound for u(f), i.e., an upper bound independent of u, it seems necessary 
to separate the variable ¢ in k(t, s) from the integrand involving u(s). This can be 
done by assuming that k(t, s) is directly separable, i.e., that there exist measurable 
functions v;(t) and w;(t) (i = 1,--- ,”) such that 


k(t,s) < Yo wi()vi(s), (3.2.10) 


i=1 


or by applying Holder’s inequality to Ais k(t, s)u(s)ds. The latter is the so-called L? 
case and is analyzed in [647]. 

We shall state as Theorem 3.2.1 the case when k(t, s) is directly separable with 
n = 1. A special case of this result was first established in Gronwall [239], and a 
result of nearly the same generality of Theorem 3.2.1 appears in [137]. Actually, 
we need only that some derivative of k(t, s) with respect to t be directly separable, 
but there seems to be no need to produce the details beyond the first derivative case 
since the procedure is clear. 

In the next theorem, we shall show how an inequality of the same form as (3.2.3) 
can be produced in the case that k(t,s) is differentiable and 0k(t, s)/dt rather than 
k(t, s) is directly separable. 
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Theorem 3.2.3 (Willett [647]) Suppose that inequality (3.2.9) holds and that 
Ok(t, s)/Ot exists in the domain of k(t, s) satisfying 


Ok(t, 8) 
ot 


< Yo wi()vi(s). (3.2.11) 
i=1 


Let r(t) be a non-negative measurable function such that for all t € I, 
k(t, t) < r(t). 


(We are assuming still that all functions of one variable are non-negative.) If vju 
andw; (i = 1,2,--- ,n), r, and rwo are locally integrable on I, then for allt € I, 


n t 
u(t) < we) + Dowie) / v;(s)u(s)ds, (3.2.12) 
i=l 0 
where 
t t 
wo (t) = wo(t) + / r(s)Wo(s) («x / ear) ds, 
0 S 
t it 
w(t) =| wi(s) (cx | H(e)dr) ds, i=1,2,---,n. (3.2.13) 
0 Ss 
Proof Define a differentiable function 6(t) on J by 


a= | k(t, s)u(s)ds. 


Computing the derivative 0’(t) and then using Eq. (3.2.9), we obtain 


t 
0 


6'(t) = r(wo(t) + ra) + : ao s)u(s)ds. 


Next, transposing r(t)@(f) and multiplying the inequality by exp (- i r(&) dé), we 


get 
(6 ee fre a) 


t t t ok 
< nwo exp (=f r06) ae) + (exo fre) a8) [Tee utes: 
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Now substituting for dk(t,s)/dt from (3.2.11) and integrating between zero 
and an arbitrary point of J. Inequality (3.2.12) follows from the monotonicity of 
to viuds, (i = 1,2,--- ,n), by substituting for O(f) in (3.2.9). Oo 


Inequality (3.2.12) is of the same form as inequality (3.2.3); hence, if the inte- 
grability assumptions of Theorem 3.2.2 are satisfied in this situation, Theorem 3.2.2 
can be applied to produce a bound on u(t). 

In 1971, Thompson [622] gave some inequalities related to the positive solutions 
of a Volterra equation of the second kind in which the equation considered is 


u(t) = f(t) + [iu s)u(s)ds (3.2.14) 


where k(t, s) is a Volterra type kernel, that is, k(t, s) = 0 for s > ¢. Unless otherwise 
stated, we shall assume f € rs (R+) and k(t, s) € i (R+), where 


L7 (Ry) = {h: he L’(Ry), AD = 0 forallte Ry}. 
Define k(t, s) = k(t, s) and for all n > 2, 
t 
kn(t, 5) = i k(t, o)kn—1 (0, s)do. 
By the resolvent kernel, we mean that H(t,s) = > j_, kj(t,s) and this series 


converges in L7(R4 x Ri). 
We now state the result due to Tricomi [625]. 


Theorem 3.2.4 (Tricomi [625]) Let f € L’?(R1),k € L?(Ry x R4), then the 
Eq. (3.2.14) admits a unique L* solution u(t) satisfying 


u(t) = f(t) + [ue s)f(s)ds, a.e.on Ry. 


Proof See, e.g., [625]. Oo 


We also need the following lemma in Beesack [50]. 


Lemma 3.2.1 (Beesack [50]) Let f € Li (Ry) and k € Li (Ry x R4) in 
Eq. (3.2.14), then 


u(t)>0, a.e. on Ry. 


Lemma 3.2.2 (Beesack [50]) Let v € L? (Ry) and 


v(t) < f+ [uw s)u(s)ds, a.e. on Ry. (3.2.15) 
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If u(t) is the unique L* solution of Eq. (3.2.14), then 
v(t) < u(t), a.e. on Ry. (3.2.16) 


Thompson [622] proved the following inequality. 


Theorem 3.2.5 (Thompson [622]) Let f; € L3. (Ry) and kj € L. (Ry x Ry), let 
u; be the unique L* solution of 


u(t) = fi(t) + [v0 s)u;(s)ds, (3.2.17) 


where i = 1,2,--- ,n. Ifforallt €¢ R+, 


F() =) fio), (3.2.18) 
i=1 
and for all (t,s) € Ry x Rx, 
k(t,s) = 9 kj(t,s), (3.2.19) 
i=1 
then the unique L? solution u of 
t 
u(t) = F(t) + , k(t, s)u(s)ds (3.2.20) 
0 
exists, and satisfies 
TO) <u(t) a.e. on Ry. (3.2.21) 


i=1 


Proof Since f; € L’,(R+) and ki € L4,(R4 x R4), then F € L?(Ry) andk € 
L?(R4 x R4), so by Theorem 3.2.4 , u(t) exists. The proof that xi u(t) < u(t) a. 
e. on Rx is by induction on n. 

The theorem is obvious for n = 1. Assume that it is true for? = 1,2,---,n—1. 
Let 


n—1 pn-l 


0) = DAO + [kde siw(o 
i=1 i=1 
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Therefore, 
n—1 t 
un(t) + 0) = fat) + DAO + / kn(t, 8)Un(s)ds 
i=1 7 
pn-l 
+f So kilt, s)u(s)ds, a.e. on Rx. 
0 j=1 
It follows from Lemma 3.2.1 that u;(t) > 0a. e. on Ry fori = 1,2,--- ,n. Thus 
n—1 tn 
un(t) + 0) < Sofi) + / S- kilt, 8) [un(s) + v(s)]ds, 
i=1 ee gat 
or 


Un(t) + v(t) < F(t) + i “Ke 8) (uns) + v(s))ds, a.e. on Rx. 
0 


Therefore it follows from Lemma 3.2.2 that u,(t)-+ v(t) < u(t). But by our induction 
assumption, we have 


n—1 


3 uj(t) < v(t) a.e. on Ry. 


i=l 
which implies 


n 


> u(t) <u(t) a.e. on Ry. 


i=1 


oO 


Remark 3.2.1 The literature on the Volterra type inequalities is quite rich, we refer 
to the books by Lakshmikantham and Leela [338], Martinjuk and Gutowski [387] 
and Walter [634], and the references therein. 


In the sequel, we first introduce some results of comparison theorems for the 
Volterra integral equations,although comparison theorems for ordinary differential 
equations (see, e.g., [1 16, 311]) are widely known and used. 

Now we shall give two comparison theorems for Volterra integral equations of 
the second kind 


yi(x) = fix) + /. K(x, t)y,(dt, i= 1,2. (3.2.22) 
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In the real case, these theorems give us sufficient conditions for the validity of 
the inequality y; < y2, where y; is the unique solution of (3.2.22). 

These theorems are simple consequences of well-known facts concerning inte- 
gral equations of the form (3.2.22). These facts are first briefly summarized; we 
refer to [403] and [219] for the details. As in [219, 403], we shall deal with 
Lebesgue square integral functions throughout so that all equalities and inequalities 
are of the almost everywhere kind. We also give an upper bound for | y;(x) | 
in (3.2.22) and deal with integral inequalities related to Volterra integral equations 
of the second kind. These results are closely related to the positivity of the operator 
L(y) = y — Ky, and include an extension to the L? case of the recent theorem of 
Chu and Metcalfe [135]. As pointed out in [135], this theorem includes the classical 
Gronwall inequality and some of its linear extensions. We should also note that it 
was pointed out by Bellman in [47] that such inequalities are closely related to the 
positivity of operators. 

For completeness, and because the following results are essential in the sequel, 
we state here the principal results for Volterra integral equations. 

Let I = [a,b], where —oo < a < b < +00. By a Volterra type kernel on J x J, 
we mean any complex-valued function K € L?(I x I) such that K(x,f) = 0 for 
a<x<t<b.By the resolvent kernel of K for the (complex) value A, we mean the 
function I’ given by the series 


+00 
PEGA = RD, (3.2.23) 


n=1 


where K“) = K, and for all n > 2, 
K%,1) = [xe s)K°)(s, ds = 7 K(x,s)K"-)(s,t)ds. (3.2.24) 
I t 


Each of the iterated kernels K is also a Volterra type kernel on J x J. The above 
series is, for each complex A, to mean square convergent on J x J, and T is, for 
almost all (x, t) € J x J, an entire function of A. Moreover, I’ is also a Volterra type 
kernel on J x J. 

Without loss of generality, we shall always take A = 1, and write T(x,4.1) = 
I'\(x, ). For each complex-valued function f € L?(J), the Volterra integral equation 
for all x € J, 


y(x) =f (x) + 7 K(x, t)y(t)dt, (3.2.25) 
has a unique L?-solution y given by the formula for all x € J, 


y(x) = f(x) + / “T(x of (dt. (3.2.26) 
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Whenever the function Ky defined by, for all x € J, 


Ki(x) = sup | K(x.) |, (3.2.27) 
ast<x 


is integrable over J, we may apply the method used by Bellman in [61] to obtain a 
bound for | y(x) |, as given in the next theorem. 


Theorem 3.2.6 (Beesack [49]) Let K be a Volterra type kernel on I x I, and let 
f € V’(D. If the function K, defined by (3.2.27) is integrable over I, and if y is the 
unique L?-solution of (3.2.25), then for alla. e. on I, 


Ly) | < LF) | +Ki (2) exp ( [x (ds) 
x i "1f@ | exp (- : Ky (oa) dt. (3.2.28) 
Proof Noting that from (3.2.25), we derive 
[9 ISLF0) | +410) f 190 Lae 


Hence, setting R(x) = f\* | y(t) | dt, we obtain, 


R'(x) — Ki (@)R@) S| F@) |. 


The rest of the proof follows more or less as in Theorem 3.2.10 below. Oo 


We note that by using the resolvent equation satisfied by I’, it follows that 
[TQ | <1 KO) | +Ki(x, d exp ( / Ki(s,1)ds) 
t 


x / "Ge liek ( — / “Kis. tds) du (3.2.29) 


almost everywhere on J x J, provided that for all (x,t) € I x J, 


Ki (x,t) = max | K(x, s) |, 


is integrable over J for almost all ¢ € I. 
We begin with a simple lemma which, in the case that f and K are non-negative, 
gives us an obvious lower bound for the unique L-solution of Eq. (3.2.26). 
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Lemma 3.2.3 (Beesack [49]) Let f € L’(1) with f > 0 on I, and K be a non- 
negative Volterra type kernel on I x I. If T is the resolvent kernel of K (for the value 
A = 1), and if y is the unique L?-solution of problem (3.2.26), then 


TQ, t) > K(x,t), a.e.onI x, (3.2.30) 


y(x) > f(x), ae.onl. (3.2.31) 


Proof It follows at once from (3.2.24) that all the iterated kernels of K are 
non-negative on J x J. Setting A = 1 in (.2.23), we obtain (3.2.30). The 
inequality (3.2.31) follows from (3.2.30) and the representation (3.2.26) of y since 
20. Oo 


We now apply Lemma 3.2.3 to prove our first comparison theorem for Volterra 
integral equations. 


Theorem 3.2.7 (Beesack [49]) Let fj € L (1), and let K;, i = 1,2, be Volterra type 
kernels on I x I, satisfying 


| fix) |< fo(x) a.e. onl, | Ky(x,t) |< Ko(x, 1) a.e. onI x I. (3.2.32) 


If y; is the unique L?-solution of the integral equation 


x 


1 =f0e "Kix. t)yi(Odt, (3.2.33) 


then | yi (x) |< y2(x) a. e. on I. 
In fact, 


y2™)—-ly@) |Z A@)-|fA@)| a.e.onl. (3.2.34) 


Proof Note that f: and K2 are real-valued, non-negative functions, whereas f,, Ky 
could be complex-valued. By Lemma 3.2.3, it follows that y2(x) > f2(x) = 0. Noting 
that 


jie =6O> / * Kole, Dya(dt 
Ino) | LAG) +f | Kix.) || yx | at 


< | Aico | +f Ko(x.t) | yi | at 


it follows that 


n®-|n@O FAO 1[AC 14 / * Ko(x,t){ya()— | y(t) at 
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Letting g denote the (positive) difference between the left-hand side and the right- 
hand side of the above inequality, we have g € L7(I), and 


yale)= Lye) I= 8t0) + (609-1) +f KoO.0(20- |v | Jae 
Since g + (f— | fi |) € L?(), it follows from (3.2.32) and Lemma 3.2.3 that 


yo(x)— | 1) [2 8@) + (AQ) 1A |), 


which gives us (3.2.34). Oo 


From now on, we shall deal only with real-valued functions. In this case, the 
following comparison theorem is sometimes applicable when Theorem 3.2.7 is not. 


Theorem 3.2.8 (Beesack [49]) Let f; € L?(1), and K;,i = 1,2, be Volterra type 
kernels on I x I, satisfying 


0<f(x), fix) <f@ a.e.onl, (3.2.35) 
0 < Ki(x,t) < Ko(x,t) a.e.onI xl. (3.2.36) 


If y; is the unique L?-solution of the integral equation (3.2.33), then 


y2(x) — yi) = fax) —filx) a.e. onl. (3.2.37) 


Proof Let T; denote the resolvent kernel of K;,i = 1,2. As in Lemma 3.2.3, it 
follows from the third of the inequalities (3.2.35)—(3.2.36) that 


0<T,@,9)<I2@,) ae.onIxl. (3.2.38) 
Using an obvious operator notation, we have y; = f; + I;f;, hence 


y-y =(Ah-fdt+ Toh -Tih 
= (f—-fA) + P2 -Ti)A +Ti(h —-fi). 
The inequality (3.2.37) now follows from (3.2.8) and the first two of the inequali- 
ties (3.2.35)-(3.2.36). Oo 


Corollary 3.2.1 (Beesack [49]) Under the hypotheses (3.2.35)-(3.2.36), (3.2.37) 
can be improved to 


yw—y = (p—-f)+ Ki(h—-fi) aeonl. (3.2.39) 


Proof This follows from Theorem 3.2.8 together with (3.2.30) of Lemma 3.2.3. O 
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In the same way, we observe that the conclusions of Lemma 3.2.1 and Theo- 
rem 3.2.7 can be somewhat improved. 


Remark 3.2.2 Keeping the hypothesis K > 0, we see that if f < 0 on J, then the 
conclusion (3.2.31) of Lemma 3.2.3 becomes y < f, or better, y < f+ Kf. Similarly, 
if the inequalities are reversed, then so also are the inequalities (3.2.37), (3.2.39). 


Remark 3.2.3 Since any initial value problem for linear differential equations can 
be reduced to a Volterra integral equation of the second kind (see, [625]), the above 
results can be used to obtain comparison theorems for such problems. 


Next, we discuss the positivity of Volterra operators. If K is a Volterra type kernel 
on I x I, we define the linear operator L on L?(I) by 


L(u) = u— Ku. (3.2.40) 


Following Beckenbach and Bellman [47], the Volterra operator L is said to be 
positive if L(u) => O implies that u > 0. Lemma 3.2.3 provides an immediate 
sufficient condition for the positivity of L. 


Theorem 3.2.9 (Beesack [49]) The operator L defined by (3.2.40) is positive if 
K(x, t) = 0, a.e.onI x1. 

For, if L(u) = f > 0, then f € L7(/), and u = f + Ku. Hence u > f > 0 by 
Lemma 3.2.3. 

Similarly, according to Remark 3.2.2, L is negative if K is non-positive on I x J. 

As pointed out in [47], the inequalities of Gronwall-Bellman are closely related 
to the question of the positivity of operators. The following result which includes 


these inequalities is a consequence of Theorem 3.2.9, and is a slight extension of 
Theorem in [135]. 


Theorem 3.2.10 (Beesack [49]) Let f € L*(I), and let K be a non-negative 
Volterra kernel on I x I, and 


u(x) < f(x) + a K(x, t)u(t)dt, a.e.onl, (3.2.41) 


then 
u(x) < y(x) a. e. on I, (3.2.42) 


where y is the unique L-solution of the Volterra integral equation y = f + Ky 
(Similarly, if the inequality is reversed in (3.2.41), then u(x) > y(x) a. e. on 1). 


Proof Set u— Ku = g,sou = g + Kuwith g € L’(/) and g < f. Then L(y — u) = 
L(y) — L(u) = f — g = 0 and the conclusion follows from Theorem 3.2.9. O 


We finally conclude remark concerning possible converses of Theorem 3.2.10. 
We may, equivalently, formulate such questions in terms of the operator L defined 
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by (3.2.9). In general, we may ask what conditions on K and wu will guarantee that 
L(u) = 0? If we consider only non-negative Volterra kernels K, it is clear that the 
condition u > 0 is not a sufficient condition for L(u) = 0, although it is necessary 
by Theorem 3.2.9. However, the simplest sufficient conditions for L(u) > 0 turns 
out to be 


u>0O, unon—decreasing onI, K=0, [ xe: thdt <1, (3.2.43) 
I 


these conditions are quite restrictive. 


3.3. The Singular Generalizations on the Gronwall-Bellman 
Inequalities-Henry’s Type 


In the contemporary theory of semilinear parabolic differential equations, PDEs 
are studied as evolutions in appropriate infinite dimensional Banach spaces. Linear 
operators defining linear parts of such equations are unbounded linear operators and 
it is impossible to apply all standard methods generally used in the theory of ODEs 
with finite dimensional state spaces. Special semilinear PDEs lead to so-called 
sectorial evolution equation whose linearizations are defined by sectorial operators 
(see, e.g., Henry [271] and Hale [251]). These equations can be written as Volterra 
integral equations with weakly singular kernels. Therefore there are problems 
with many modifications of estimates usually employed in the theory of ODEs 
on finite dimensional spaces. Among the basic tools of finite dimensional theory 
are the well-known Gronwall linear inequalities and also the well-known Bihari 
nonlinear inequality (see, e.g., [394, 395, 449]). However, the infinite dimensional 
theory requires solving integral inequalities with singular kernels. Henry [271] 
proposed a method to find solutions of such inequalities and proved some results 
concerning linear integral inequalities of this type. A modification of Henry’s 
theorem concerning more general linear integral inequalities was recently proved 
by Sano and Kunimatsu [572]. All these results have been proved by an iteration 
argument, and resulting estimates are expressed as integrals with singular kernels 
from functions defined by power series of a very complicated form which may be 
convenient for applications. 


3.3.1 The One-Dimensional Henry Inequalities 


In this section, we present a new method to solve nonlinear integral inequalities of 
Henry type and their Bihari nonlinear version. The present estimates are quite simple 
and the resulting formulas are similar to those in the classical Gronwall-Bihari 
inequalities. We also present results on integral inequalities containing multiple 
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integrals which are modifications of the results recently published in [395] (see, e.g., 
(394]). Some modifications of a result by Pachpatte [449] concerning the classical 
type of integral inequalities are also made here. 


Theorem 3.3.1 (The Henry Inequality [272]) Assume b > 0, B > 0 and let a(t) 
be a non-negative function locally integrable on0 <t<T (for some T < +00), 
and assume that u(t) is non-negative and locally integrable on 0 < t < T and 
satisfies 


u(t) < a(t) + » fu s)P"u(s)ds (3.3.1) 
0 


on this interval, then for all t € [0,T), 


u(t) < a(t) + [ (>: ee -9"'a()) ds. (3.3.2) 


Proof Let B¢(t) = b fo(t — s)’-'g(s)ds, t > 0, for locally integrable function ¢. 
Then u < a+ Bu implies u < Yi) Ba + B"u, and B’u(t) = Vs (bT'(B))" (t- 
syrb— !u(s)ds/T (np) —> 0asn — +0co for each t € [0,7). Then from (3.3.1) it 
follows 


t+oo n 
OTB) (OP (By | — s)"P-la(s)ds. (3.3.3) 


u(t) < a(t) + / Tin By 


oO 


Remark 3.3.1 In fact, the original form of (3.3.2) in Henry [272] should be the 
following 


u(t) < a(t) + 6 [ ee0- s))a(s)ds (3.3.4) 
0 


where 
d=[bT(p)]'?, Es@ = 52 /Penp + 0). E,(2) = Fa) 
n=0 


and E7,(z) = zP-1/T(B) asz > Ot, E,(z) = e2/B as z > +00, and Ep(z) ~ e*/B 
as z > +00. If a(t) = a, a constant, then 


u(t) < aEg(6t). (3.3.5) 
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Theorem 3.3.2 (Henry [272]) Assume B > 0,y > 0,6 +y > 1landa>0,b> 0, 
and let u be non-negative and t’~' u(t) locally integrable on 0 < t < T, and satisfy 
fora. e.t € (0,T), 


u(t) <at » fu- s)P—!s¥—u(s)ds, (3.3.6) 
0 
then 
u(t) < aE gy ((bT(B))'/"2) (3.3.7) 


wherev = B+ y—1 > 0,Egy(s) = Sear Cs" with Co = 1,Cm4i1/Cn = 


m=0 


T(mv + y)/T(mv + y + B) form = 0. As s > +00, we have 
Ez,(s) = O [oes exp (Es) (3.3.8) 
Y 
Proof If 


Bo(t) = » fo- s)P 16 (s)ds, 


then an easy induction from (3.3.6) shows 


u(t) <a a CrlbT (B)"t™ + Bu). (3.3.9) 
m=0 
Also 
B'u(t) = / K,(t, s)s’‘u(s)ds, (3.3.10) 
0 


where for y > 1, 


Kn(t,s) < Qnt® PY Vee— syrF, 
OQ; = b, On41/OQn = DT (B)/T(nB)/T (mB + B). 


If y € (0, 1), then we have 


K,(t,s) < O,(t— ay 3 Q, = b, 
Qn+1/Qn = bY (B)/T(nv)/T(nv + 8B). 


In either case, Qn41/Qn = O(n") as n > +00, so B"u(t) > 0 asn —> +00, and 


u(t) < aEp.y ((bT (B)]'/"2) . (3.3.11) 
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Now (z+ p)/T(@+q) = 2 4{1 + (p—@)(p + q—1)/2z + O(@)} as z > +00 
so if 


l(a F 1)B ae b)Cn41 


= B —2 
fosrsog. oO er), Be) 


5 = (By + v)/2v, 


Thus C,T'(nB + 8)(B/v)~"* converges as n > +00 and has an upper bound K for 
all n => 0. Then for any s > 0, 


+00 
B/vy 6-1 (6/v)"? np+6—1 1 
Ep,(s'/")s S 3 Fp +5) z D> : (3.3.13) 


The Laplace transform of the right-hand side of (3.3.13) is 
KA /[I = (B/vay*], 
therefore, the series is O(exp(Bs/v)) as s > +00 which proves the result. 


The estimate of Eg(z) and E, (z) as z — +00 follows from the fact that the 
Laplace transform 


+00 
/ e*Eg(z)dz = A"/(1- AF) 
0 


has a simple pole at A = 1 (see, e.g., Evgrafov [204]). For example, we can choose 
y € (0, 1) such that 1 — A~* 4 0 for Rea > y,A F 1, and then for all z > 0, 


y+iN 


1 1 
Eg(z) = ~&@ + — li Azy—11(1 — AP) dd 3.14 
p(2) B a Qni Preece y—iN ° /( a G 2 ) 


where the shift in the line of integration is justified by e“A~!/(1 — A~*) > 0 as 
Imi — +00 for Red bounded. Integration by parts in the integral on the right-hand 
side of (3.3.14) shows as z — +00, 


| E9(@) — 56 = 06°. 


oO 


The following result was established by Nagumo in [425], which can be viewed 
as a generalization of Theorem 3.3.2 for a special case whena = 0,8 = ly = 
0(B+y=1). 


352 3 Linear One-Dimensional Discontinuous Integral Inequalities 


Corollary 3.3.1 (Nagumo [425]) Given a non-negative function v(t) € C[0,}] 
such that v(0) = 0 and lim,_,9+ v(h)/h = 0. If v(t) satisfies for all t € (0, b], 


v(t) < [v0 isas, (3.3.15) 


then v(t) =0, forall te [0,d]. 
Proof For allt > 0, ¢€ > 0, t > e, let F(t) = i v(s)/sds for s € [e, ¢]. 
Then we have F’(t) = v(t)/t. If we add the condition F’(0) = 0, then since 
lim,_,9+ v(4)/h = 0, we deduce that F’(t) € C[0, bd]. By (3.3.15), we know that 
F'(t) = v(t)/t < F(t)/t for all t > 0, that is, for all t > 0, 

(log F(t))’ < 1/t. (3.3.16) 
Integrating (3.3.16) over [e, t] for any ¢ > 0 (tf > €) implies that 


F(t) < F(e)t/e. 3.17) 


By the L’ Hospital Rule and noting that lim,_, 9+ v(h)/h = 0, we deduce for all fixed 
t>0, 


F(t) <t lim F(e)/e =t lim F’(e) =0 
e>0t e>0t 


which implies for all ¢ € (0, b], 


v(t) = 0. (3.3.18) 


Combining v(0) = 0 and (3.3.18), we complete the proof. Oo 


In the same manner, we may prove the following result (see, e.g., Henry [272]); 
the proof is left to the reader. 


Theorem 3.3.3 (Henry [272]) Ifa, B, y are positive with B+ y-l=v>0,d6= 
a+y-—1> 0, and for allt > 0, 


t 
u(t) < af" + vf (t — s)-'s’"u(s)ds, (3.3.19) 
0 
then 
+00 
u(t) < at! °C, (br (B)y""” (3.3.20) 
m=0 


where Cy = 1,C,,4, = C, = (mv + 6)/T(mv + 6 + 8B). 
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Corollary 3.3.2 (Henry [272]) Under the hypotheses of Theorem 3.3.3, let a(t) be 
a non-decreasing function on [0,T). Then 


u(t) < a(t)Eg (g(t)T(B)r*) , (3.3.21) 


where Eg is the Mittag-Leffler function defined by Eg(z) = = nea 

In order to formulate the following singular Gronwall-Bellman inequality (see, 
e.g., Theorem 3.3.4) which can be viewed as a generalization of the above theorem 
(see, e.g., Amann [28]), we need to introduce some basic concepts. 

By a vector space, we always understand a vector space over K where K = R or 
K = C. If M is a subset of a vector space, we set 

M := M\{0}. 

If X is a topological space, by BC(X, E) we denote the closed linear subspace of 


B(X, E) consisting of all bounded and continuous functions. 
Let J be a perfect subinterval of R. Then 


Jan I= Je) € ocd: ssi 
and we set 
I= jes EJa: s<th, 
Assume that J is a perfect subinterval of Ry containing 0 and let 


Jp :=JN(0,T], TER. 


Given any a € R, by K(E,F,a) we denote the Fréchet space of all k € 
C(V%, L(E, F)) satisfying 


Allan = |lKll@rcer i= sup (t—s)*|[k(t,9|leen < +00, TeJ, 


O<s<t<T 


equipped with the topology induced by the seminorms {|]-||(«),7 : T € J}. Moreover, 
K(E, a) := K(E, E, a). Note that for all T € J, 


lle < TF ll llr, «> B, (3.3.22) 
so that 


K(E, F, B) > K(E,F,a@), a> B. (3.3.23) 
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Let 
lla) = sup (t—s)"||k(t, 9) [leer 
(ts) EIR 
and denote by 
KoolE, F,a) 


the Banach space consisting of all k € K(E,F,q) satisfying ||k||@) < +0, 
equipped with norm || - ||(). Note that 


Kx (E, F,a) ~ K(E, F, a) (3.3.24) 
and 
Koo(E, F,0) = BCVA, L(E, F)). (3.3.25) 


If wa < 0, each k € K(E,F,a) can be continuously extended over Ja by putting 
k(t, t) = 0 for all t € J so that 


K(E, F,a) > CU, L(E,F)), a <0. (3.3.26) 
If E = K, we canonically identify £(K, F) with F via 
L(K,F)aBoB-1eF. 
Then k € K(K, F, @) if and only if k € C(x, F) andT € J, 


sup (t—s)*||k(t,5)||eu.r) < +00, 


O<s<t<T 
In particular, we have an embedding 

BC(J, F) > Koo(K, F,0) = BC(J%, F) (3.3.27) 
by the identification 


CU,F) sue \ Ss) 7) € C(J%, F). (3.3.28) 


Let G be a Banach space. Assume that k € K(E,F,a) andh € K(F,G, B) with 
a, B € (—oo, 1), and set 


hx k(t,s) := ic t)k(t, s)dt, (t,s) E Ja. 
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It is easy to verify that 
hxk €K(E,G,a + B —1) (3.3.29) 
and 
[2 * kl \e+p—y.r < BIL—a,1—B)|All@rllAllr, TeJ, (3.30) 


where B is Euler’s beta function. It is a consequence of Fubini’s theorem that the 
operation * is associative. 

Assume that k € K(E,a) for some a € [0, 1). By an easy induction argument, 
we conclude that 


[PU = @)IAll@)" 


[keke * k(t,5) llew < (¢— sy"! (3.3.31) 
—_—_———_—_—_———_$—_—_—_— 


T'(n(i —@)) 
foralln € NandO <s <t<T. Set 
+00 
a (3.3.32) 
= ¥ 


J 


In the sequel, we shall prove the following generalized Gronwall-Bellman 
inequality. First, we give the following two lemmas. 


Lemma 3.3.1 (Amann [29]) The function w € K(E, @) satisfies the estimate , 
(¢—5)"|w(, 8)I Lee) S cla, ee tm 9) (3.3.33) 
for any givene >Qand0<s<t<T,Te J, where 
m:= V(1—a@)||k\|(@,7- 


Proof Let B := 1—a € (0, 1]. Thanks to (3.3.31), it suffices to prove, for all x > 0, 


+oo 4] 
x \/p 
xX c(B,ajeite”. (3.3.34) 
dX P(Bj) 


Stirling’s formula implies the existence of O(f) € (0, 1) such that 


T(t) = Or am ma t> 0, 
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from which we deduce for all j € N that 


rg+)? — Gra 55 yi? . 


(Bj) ep) phi 
Hence, by Holder’s inequality, 


+00 


xi a= x Ti+ 
LTE ~ GF TED 


ro Toe j(1+6)/20-f)) 71-8 
ap oy | 
dX, 2 (nByB/G-B) 


lA 


where 7 > 0 is arbitrary. Since the last series converges for n > 1/8, it follows that 


+oo x7! yxi/B =| B a 
Se . 
2 T(Bj) ~ Sol, (= 1/8 ) <c(B, ne 
for all x > 0 and 7 > 1/, which implies (3.3.33) for 7 := (1 + €)/f. Oo 


Now we easily prove the following existence and uniqueness theorem for abstract 
linear Volterra equations. 


Lemma 3.3.2 (Amann [29]) Assume that a, B € [0,1) andk € K(E,«a@). Then the 
linear Volterra equations 


u=atuxk, v=b+kxv (3.3.35) 


possess for each (a,b) € K(E, F, B) xb € K(F,E, B) a unique solution (u, v) such 
that 


u€ K(E,F, B), v € K(F,E, B), 
which are given by 
u=at+axto, v=b+axb (3.3.36) 


respectively, where w, the resolvent kernel of (3.3.35), belongs to K(E, a) and is 
given by (3.3.32). 


Proof We consider the first equation in (3.3.35). The second one can be treated in a 
same manner. 

Define w by (3.3.32) and u by (3.3.36), and observe that m € K(E,a) and u € 
K(E, F, B) by Lemma 3.3.1 and by (3.3.23) and (3.3.29), respectively. It is obvious 
that u solves (3.3.35). 
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Let T € J be fixed. By replacing J by Jr, it follows from (3.3.22), (3.3.23), 
(3.3.29), (3.3.30) and (3.3.31) that *k € L(Koo(E, F, B)) and that the spectral radius 
of this operator equals zero. Hence (3.3.35) has at most one solution ‘on J7’ for each 
T € J. This proves the assertion. Oo 


Remark 3.3.2 In the definition of K(E, F,a), we can replace the assumption that 
k € CX, L(E, F)). Then everything remains true if the following hold 


(1) supp<s<y<r 18 replaced by ess — supp<,<;<7 everywhere. 
(2) (3.3.26) is replaced by 


K(E, F,a) N CU, £L(E, F)) > C(x, £(E, F)), a <0. 


(3) CK, F) is replaced by Loo oc (J) in the interpretation of K(K, F, a). 
(4) BC is replaced by Loo in (3.3.25) and (3.3.27). 


Note that with this new definition of K(E, F, a), and by using obvious notation, 
K(F,G, B) * K(E, F,a) o K(E,G,a + B -—1)N CV, L(E, G)) 


ifa+B<1. 


By Lemma 3.3.2, we prove the following generalized Gronwall-Bellman inequal- 
ity. 
Theorem 3.3.4 (Amann [29]) Given a, B € [0, 1) and > 0, there exists a positive 
constant c := c(a@, B, &) such that the following is true. Ifu: J > R satisfies 
I! 1 u(o| € Loo toc(J, R) (3.3.37) 
and for a. e.t € ii 


u(t) < Ar? +B i (t— 1) u(t)dr, (3.3.38) 
0 


where A and B are positive constants, then a. e. t € J, 
u(t) < At? (1 + cBt! %eC FIMO) | (3.3.39) 


1/(-a) 
where jL(a@, B) := (ra - a)B) ‘ 


Proof Let E := F := R and k(t, s) := B(t — s)% for all (7,5) € Ji. Then we 
see that k € K(E,q) and ||k||@,r = B for all T € J. Let a(t) := Ar? and 
observe that (3.3.28) implies a € K(E, B) and ||a||(g),7 = A for all T € J. Since 
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u € K(E, B) by (3.3.37) and Remark 3.3.2, it follows from (3.3.29) and (3.3.23) 
that 


b:=a+kxu—ue K(E, B). 
Hence u = a—b+k * u, and Lemma 3.3.2 implies that 
u=(a—b)+@x(a—D). 


Observe that b > 0 by (3.3.38) and that k > 0 implies m > 0. Thus u <a+o *a, 
that is, for almost all t € J, 


t 
u(t) < APP +A / w(t —t)t Pdr. 
0 
By Lemma 3.3.1, we have 


w(t) < c(a, )BF “ett HO 3" ¢>0, &>0. 


Since for all t > 0 and v > 0, 


t t 
/ eO(t— 1)" r Pdr < en f (t—t) 1 Pdr 
0 0 
= B(1—a,1— By * Fe", 


the assertion (3.3.29) follows. Oo 


Corollary 3.3.3 Assume (3.3.37) and (3.3.38) hold. Then, for any given é > 0, 
there exists a constant c := c(e, a, 8, B) > 0 such that for a. a. t € J, 


u(t) < Act FeAt9x@.B)r, 


Remark 3.3.3 


(a) It should be noted that, in general, the constant c(a@,¢) in the estimate 
of Lemma 3.3.1—and, consequently, the constant c in Theorem 3.3.4 and 
Corollary 3.3.3 as well—tend to infinity if e — 0. Note that if a = 0, then 
€ = Ois possible and c(0, 0) = 1. In this case, the constant c of Theorem 3.3.4 
equals 1/(1 — a) and (3.3.39) is then a consequence of the classical Gronwall 
inequality. 

(b) Of course, the factor e'*9#“"—) in Lemma 3.3.] and in Theorem 3.3.4 and 


Corollary 3.3.3—where pw := m'/(—*%) in Lemma 3.3./—can be replaced by 
elutey(t—s). 


The following result may be found in Ye and Li [666], it is a corollary of a special 
case of Theorem 1.4.4 with 8 = 0 anda € (0, 1). 
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Corollary 3.3.4 (Ye-Li [666]) Let v(t) > 0 be continuous on [to, T]. If there are 
positive constants a,b anda < 1 such that for all t € [to, T], 


v(t) <a+b / co s)*~!v(s)ds, (3.3.40) 
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then there is a constant M > 0, independent of a, such that for allt € |to, T], 
v(t) < Ma. (3.3.41) 
Proof By iterating (3.3.40) and exploiting the identity 


fo sy * (5 — t)P ds = (t— gyre 1 T(a@)P(B) 
0 


T'(a +B)’ 
we obtain 
v(t) <at bf u- ya 4. bf )*'y(xjdehds 
< all 4 pean" +P [ { for sts r)*tds\u(c)de 


Cath EB ,T*(@) 
a 


=a(1+b){1 +b Om) 


[ (= 2)" v@adr 


which implies that 


n—1 B(T — to)* J [bT (a)}" Hoecd 
v(t) =P leeraaed + ——— Fina) [e- ey we dt, (3.3.42) 


Choosing n so large that na — 1 > 0, we conclude 
t 
v(t) <Ciat af v(t)dt (3.3.43) 
to 


where C;, C2 are positive constants depending only on T — f and b, but not on 
a and a. Thus (3.3.41) follows from (3.3.43) by the Gronwall-Bellman inequality 
(see, Theorem 1.1.2). Oo 


Recently, Ye et al. [665] gave the following inequality to prove the continuous 
dependence on parameters of fractional differential equations, which can be viewed 
as a general form of the above theorem. 


Theorem 3.3.5 (Tokuaka [624]) Let B > 0, and assume that a(t) is a non-negative 
function locally integrable on 0 < t < T for some T < +00 and let g(t) be a 
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non-negative, non-decreasing continuous function defined on 0 < t < T, g(t) <M 
(a constant), and assume that u(t) is non-negative and locally integrable on0 < t < 
T and satisfies 


u(t) < a(t) + g(t) i Ge s)Pu(s)ds (3.3.44) 


on this interval. Then for all0 < t < T 


t +0o n 
u(t) < a(t) + / ba ae oa) ds. (3.3.45) 
0 


n=1 


Proof Let By(t) = g(t) f(t — s)®!y(s)ds, for all t > 0, for locally integrable 
functions g. Then 


u(t) < a(t) + Bu(t) 


implies 
n—1 
u(t) < ) Bta(t) + B"u(s). 
k=0 
Let us prove that 
Bu(t) < § ae — s)"Pu(s)ds (3.3.46) 


and B”u(t) > 0 asn > +00 for each 0 <t < T. 
We know that this relation (3.3.46) is true for n = 1. Assume that it is true for 
some n = k. Ifn = k + 1, then the induction hypothesis implies 


* (g(P(B))* 


, Tapy 8 eed ds. 


(3.3.47) 


B"u(t) = B(B‘u(t)) < 29 [9 
0 


Since g(t) is non-decreasing, it follows that 


t Ss k 
But) < (g())**! i c= TP) (6-9 Iu(ear| ds. 
0 0 


P(kB) 
(3.3.48) 
By interchanging the order of integration, we obtain 
t Or k+1 
Blut) < (e@@)”™ 4 — s)\&*DB-li(s)ds, (3.3.49) 


0 T(k+ DB) 
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where the integral 


t 1 
[e-9Pte— of tas = @— aero f (1 — Plea 
T 0 


= (t= BEB, p) = EEO tee 


is evaluated with the help of the substitution s = t + z(t — T) and the definition 
of the beta function (cf. [526]). This gives us the relation (3.3.46). Since B’u(t) < 
boo oo (t—s)"®-!u(s)ds > 0 asn — +00 for any t € [0, 7), the theorem is thus 
nioved” Oo 


For g(t) = constant = b in the theorem, we obtain the following inequality, 
which can be found in Henry [272]. 


Corollary 3.3.5 Assume that b > 0, B > 0, and let a(t) be a non-negative function 
locally integrable on 0 < t < T for some T < +00, and assume that u(t) is non- 
negative and locally integrable on 0 < t < T such that for allt € [0, T], 


u(t) < a(t) +b if ie s)Pu(s)ds (3.3.50) 
0 
then for all t € [0, T], 
u(t) < a(t) + i; | b aoe yt ds. (3.3.51) 


Corollary 3.3.6 Under the hypothesis of Theorem 3.3.5, let a(t) be a non- 
decreasing function on (0, T]. Then for all t € [0, T], 


u(t) < a(t)Ep(g()T (B)t"), (3.3.52) 


k 


where Eg is the Mittag-Leffler function defined by Eg(z) = = CESVE 


3.3.2 The Volterra Integral Inequalities for Functions Defined 
in Partially Ordered Spaces 


In this section, we introduce the results due to Ronkov and Bainov [560], on the 
inequalities of Volterra type for functions defined in partially ordered spaces. 

Now we study Volterra type integral operators action on numeric functions 
defined in partially ordered topological spaces with a measure. Integral equations 
and inequalities for such operators have been considered. Note that Bainov et al. 
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[41] is the first contribution to consider linear integral equations and inequalities of 
Volterra type for functions defined in metric spaces. 

We shall consider complex functions defined in the partially ordered set T (T, <), 
employing the following notations: 

T, := {y: y € T and y < x} for the segment of the element x and 


1, if y<x 


xy) = 0, otherwise 


For its characteristic function, concerning the set T, we shall assume that the 
following conditions hold: 


(C;) T is a partially ordered connected topological space with positive measure 
LL. 

(C,) For every x € T, the function (x, -) is 4-measurable. 

(C3) If x is a generalized sequence of elements of T, convergent to x, then 
lly (%a,+) — x(x, -)||2 tends to 0. 

(C4) There exists element x) € T such that 


IIx(xo.Il2 = 0, 


where 
lloll3 = / Iv) Pawn). 
T 


Definition 3.3.1 The operator ¢ : L?(T) — L?(T) is called to be characteristic 
provided for all x € T, w € L7(T) and x(x,)w() = x(x, )¢W(-) hold. 


Remark 3.3.4 If ¢ is a linear characteristic operator, then for any x € T and every 
function y € L*(T), the equality y(x,-)@w(%) = x(x,)éW(x) holds, where 
Yr) = 10,000). 
Indeed, since 

XZ, VO) — GC) = 0) — G0) = 9, 
then 


X(z,:)b (GC) — -(-)) = 0 


whence, noting the fact that the operator ¢ is linear, it follows that 


Xz. JPG() — X(Zz. JOG) = 0. 
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Definition 3.3.2 We define the integral operator V in L7(T) as 
ve) = f x0.» I6F OHO) 
T 


a [ xx. KO OF (9d L(y) (3.3.53) 


where 


(1) The kernel K(x, y) € L?(T x T). 
(2) @ is a bounded linear characteristic operator. 


Remark 3.3.5 Obviously, V is compact operator acting from L?(T) onto L7(T) since 
it is the composition of the operator @ with a Hilbert-Schmidt operator, the latter is a 
compact operator from L?(T) onto L?(T) (see, e.g., [254, Chap. 15, Problem 135]). 


To prove the next theorem, we need the following lemma. 


Lemma 3.3.3 (Ronkov-Bainov [560]) The integral equation 
yg =AVo (3.3.54) 


possesses the trivial solution (here 4 is an arbitrary complex number). 


Proof Let the function g € L?(T) be a solution of the integral equation (3.3.54). By 
To we denote the following subset of 7: 


To := {x: x € T and y(x,-)o(-) = O}. 


We shall show that J) = T whence it follows that g = 0. Indeed, 
Well = f lean 
T 
= AP f Ike s)xe% v6e0)PdyeOo) = 0 
T 


because, in view of Remark 3.3.4, y(x,-)¢¢(-) = x(@,-)¢¢x(-), where 9,(-) = 
XX, -)@ = 0. 

Since T is a connected topological space, then in order to establish that Ty = T, 
it is sufficient to show that Tp is not empty and that it is closed and open at the same 
time. 

In view of condition (C4), an element x9 € T exists such that ||y(%o,-)||2 = 0 
whence ||9x7(%0,-)||2 = 0 i-e., x9 € T and therefore Ty is not empty. 

We shall show that 7p is a closed set. Indeed, let {x} be a generalized sequence 
of elements of 7p, convergent to x. But then 


He) x V2 = lex, +) - oO) xG Il f loo) Pau) 


xOlxy 
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and since by (C3), ||7(.-) — x(%w, -)||2 tends to 0, then ||g(-) (x, -)||2 = 0. Hence, 
x € To, which implies that 7p is closed. 

Now we show that 7p is open, too. 

Let z) € To. According to the condition (C3), for every 6 > 0, a neighborhood 
U(2o, 6) of zo exists such that if z € U(zo, 4), then 4(T,/T;,) < 6. We shall show 
that if 6 > 0 is sufficiently small, U(z, 5) C Tp. 

Let z € T and consider the function @,(y) := x(z, y)v(y). For the square of the 
norm of the function ¢,, the following holds 


lel = f 2E9109 Pano 
T 
2 
A? 3 Sy) |K(x, d d 
< iar [ xe f ev1KeslibeOrlano) dnc 
=a? [ ([ xe9x0.1Ke r6erlde0)) deco) 
2 
<P [ (f endeoyidno)) di 
Since z € To, then ||¢7(Zo, -)||2 = 0, and therefore, ||¢@7 (zo, -)||2 = 0 and 
/ K(x. )¢0O)|du0) = / K(x, 9) 90) |d10). 
T. ele, 
On the other hand, 
/ K(x. 9) 90) ld) 
T;/Tz 
‘ 1/2 ; 1/2 
= (J, Kearrawor) (J oorPauon) 
However, by Remark 3.3.4, we have 


i 90) Pdue(y) = / lx@.»)000)2du) = i lx.» 9.0) [2d e(y) 
T, T T 
< |Idgell2 < lIAIl2IIoell2. 


whence, 


eA SAP ff iG.2Pdn0))an0 Ile. 
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By assumption |K(x,y)|?> € L(T x T) and since the set of the functions of the 

form f(x,y) = }°"_, Xs(x)¥,(y) is dense in L(T x T), where X,(-) and Y,(-) are 

proportional of characteristic functions of measurable sets with finite measure, then, 

without loss of generality, we can consider that |K(x, y)|? = )7"_, X,(~)¥,(). 
Thus 


[C., IK(x. Pd) d(x) = [ (/., DE Xs) ¥o()d u(y) a(x) 


<f [eX oldule)) Cr+ w(Te/Ta) 
<C: WAT,/Ty) 


where 


s=l1,....n yeT 


Cy= max (Y,(x)|; C= of VOxeolane, 
s=l1 


Let 5 be a positive number so small that 5 - C|5|*||A||5 < 1. Then if z € U(zo, 8), 
then U(z,5) < 6 and hence ||g,||3 < 5-c- |Al*|[@l|5||@<||3 which implies that 


\|~z||2 = 0. Therefore, U(zo,5) © To, i.e., To is an open set. This completes the 
proof. Oo 


Theorem 3.3.6 (Ronkov-Bainov [560]) Let the function g be from L’(T) and for 
the space T, the conditions (C,)—(C4) hold. Then the integral equation 


g=g+Vo (3.3.55) 


possesses a unique solution p € L?(T), and 


+00 
= De 
n=0 
Proof Since V is a compact operator, then Lemma 3.3.3 implies that the spectral 
radius of the operator V equals 0, i.e., lim + +00 ||V"||!/" = 0. 

However, in this case the Cauchy criterion implies that the series air V" is 
convergent with respect to norm, and hence it is convergent. Its sum, as is seen by 
an immediate verification, is an operator inverse to the operator J — V, here J is the 
identity operator on L?(T). Therefore, the integral equation (3.3.55), which can be 
written as 


U—V)p=8 
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possesses a unique solution 


+00 
g=) V's 


n=0 


This completes the proof. Oo 
We shall use the following definitions. 


Definition 3.3.3 If f and g are two real functions from L7(T), thenf < g @ f(x) < 
g(x) for almost every x € T. 


Definition 3.3.4 The operator W : L?(T) — L?(T) is called monotone if Wf < Wg 
for f < g. 


Definition 3.3.5 The operator W : L?(T) — L?(T) is said to be characteristically 
monotone if, for every x from T and for any two real functions f and g from L?(T), 
for which (f(-) — g(-))x(@,-) < 0, the inequality Wf < Wg holds. Obviously, if W 
is a characteristically monotone operator, then W is monotone. 


Theorem 3.3.7 (Ronkov-Bainov [560]) Assume that following assumptions 
hold, 


(1) For the space T, conditions (C4) hold, 

(2) The kernel K(x, y) of the integral operator V is non-negative, while the operator 
¢ is monotone, 

(3) For some x € T and for two real functions f and g from L?(T), the following 
inequality holds 


(70-80)-VF0) x) <0, (respectively (f)-@)-W) x.) = 0). 
(3.3.56) 
Then 


($0) - GO) 1G.) $0, (respectively (FO) — PO) x(%,-) = 0) 


where ¢ is the solution of the integral equation (3.3.55). 


Proof We shall first show that the operator V is characteristically monotone. Indeed, 
ifh € L?(T) and h, = y(z,-)h(-) < 0, then in view of Remark 3.3.4, x(z,-)@h(-) = 
x(z,-)oh-(-) and since h,(-) < 0, and ¢ is monotone, then y(z,-)@h(-) < 0. On 
the other hand, Vh(z) = f; K(z.y)x(z,y)@h()du(y) and since K(x, y) > 0, then 
Vh(z) < 0. 

Now we shall show that inequality (3.3.56) implies that 


(VEC) — Va) — VFO) x@,-) < 0. 
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Indeed, if z < x, then (3.3.56) yields that (f(-) — g(-) — Vf(-))7@,-) < 0. But 
then, since V is characteristically monotone, Vf(-) — Vg(-) — V7f(-) < 0. Therefore, 
(Vf(-) — Ve(-) — V7F(-)) x(x, -) < 0. Analogously, by induction, it is easy to check 
that for everyn = 0,1,2,..., the inequality (V"f(-)—V"g()—V""F(-)) x(x, °) < 0 
holds. Summing by n = 0, 1,2,..., and taking into account that V’f — 0 and that 
g= Beli V"g is a solution of the integral equation (3.3.55), hence it follows that 
(f(-) — ¢())x(, +) < 0. The inverse inequality is proved analogously. Oo 


Theorem 3.3.8 (Ronkov-Bainov [560]) Jf under the conditions of Theorem 3.3.7, 
the inequality f (-) — g(-) — Vf(-) < 0 holds (or f (-) — g(-) — Vf(-) = 0), then 


+00 
fae » V"g (f=, respectively). 
n=1 
Proof The inequality f(-) — g(-) — Vf(-) < 0 implies that (Vf(-) — Vg() — 
Vf (-)) x(x, -) < 0 for every x € T. 


However, by Theorem 3.3.7, (f(-) — (-))7@, +) < 0 for any x from T and since 
the operator V is characteristically monotone, this implies that Vf < Vg, Hence 


f<etVi<et+Ve=¢@. 


The inverse inequality is proved analogously. Oo 


Corollary 3.3.7 (Ronkov-Bainov [560]) [f in the conditions of Theorem 3.3.7 
(Theorem 3.3.8), g = 0, then it follows that the inequality f — Vf < 0 (x(x, -)Uf - 
Vf) < 0), respectively) implies the inequality f <0 (y(x,-)f < 0), respectively. 
Then, since V is a linear operator, then the inequality f — Vf < h— Vh (his a real 
function from L?(T)) implies that f < h. 

We now give an example (see [560]). 

Example 3.3.1 Let T = [to,t1) (here tf; may be +00 as well). Consider in T the 
usual topology (with respect to which T is connected) and the Lebesgue measure 
denoted by yu. Let for any x € T, T, := [fo, t(x)), where ¢(-) is such a continuous 


function defined in T that for every x € T, the inequalities t(t9) < t(x) < x hold. By 
V we denote the operator defined in L?(T) in the following way 


t(x) 
vfla) < / K(x. fi (0))duy) 


where the kernel K € L?(T x T), 9 is an invertible real function with continuous 
derivative for which g(x) < x, while f, = f if to < tand/f; = Oif f% >t. 
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It is not difficult to verify that all assumptions of Theorem 3.3.6 are satisfied. Hence, 
the integro-functional equations 


t(x) 
i= o> i: K(x. ho) du) 
= g(x) + VA(x) (g +L°(7)) 


possesses a unique solution. By Theorem 3.3.7, if the kernel K is non-negative and 
under the assumption that f(y) < g(y) + Vf(y) for almost all y € [f, ¢(x)). In view of 
Corollary 3.3.7, if for two functions f;, f, € L’(T), the inequality f; — Vf; < f, — Vf 
holds, then f; < fs. 

Now consider the case when the operator ¢ is identity. Then 


Vile) = [ K(x. yf du) 


and, in view of Theorem 3.3.6, the integral equation 
oa) = 8 + [ KereOrduo) 3.3.57) 
Ts 


(here g denotes an arbitrary real function from L?(T)) possesses a unique solution 
g € L?(T). We shall try to obtain some explicit estimates for this solution which, by 
Corollary 3.3.7, will hold for the solutions f of the corresponding integral inequality 


f<etVf. (3.3.58) 


Similar estimates, when functions defined in R or R” are considered, are usually 
obtained with the help of differentiation. Here this technique seems inapplicable 
and we shall employ Theorem 3.3.6 which implies that the solution g of (3.3.57) 
is actually the sum of the Neumann series meee, V"g. The idea is to compare the 
terms of this series with the ones of an exponential series, whence the demanded 
estimate follows. 


Theorem 3.3.9 (Ronkov-Bainov [560]) Assume that 


(1). For the space T, conditions (C;)—(C4) hold, and, for the ordering in T, beside 
being transitive, it is assumed that it satisfies the requirement if x < y and 
y <x, thenx=y. 

(2). The diagonal D := {(x,x) : x € T} of the space (T”, =*, uw?) := (T,D, bl) x 
(T,X, 2) is a [o-null set. 

(3). The kernel K(x, y) of the integral operator V is a non-negative function from 
L?(T*), which, for a fixed y from T is a non-decreasing function of x. 
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(4). g(x) is a non-decreasing, non-negative function from L?(T). 
Then for the solution @ of the integral equation (3.3.57), it holds that 


p(x) < g(x) - exp ( [ K(x, vdieo) , (3.3.59) 


Proof By Theorem 3.3.6, the integral equation (3.3.57) possesses a unique solution 
y = >>*59 v"g. On the other hand, 


+00 7 
exp (| K(x,y)du(0)) = exp(V(1)(x)) = > = 


s n=0 


Hence, in order to obtain the estimate (3.3.59), it is sufficient to prove that the 
inequality 


n!V"g < g(V(1))" (3.3.60) 


holds for every natural n = 0,1,... (For n = 0, we obviously have an equality). 


V"g(x) = il KGydu) a Kone | Kin; EOn)aLOR) 


Yn—-1 


= a X,Y) XO, Y2)XOn-1,. Yn) + Ke, VK O1, 2) 
+++ K(Yn-15 Yn)8On)d Maly) 

= [ Xs Vou) X Ooi sets )% Veg a3 You) 2° KO, Yor) K eis ) 
+ K(Ya,—1 5 Ya, )8 Wa, dn(y), 


where q@ is an arbitrary element from the aggregate II of all permutations of 
{1,2,--- ,}. Then the monotonicity of g and K implies that 


V"g(x) < g(x) [ XO, You) X ar a )X Vani» Yon) ++ K(X, y2) +++ KO, Yn)dtn(y). 


Since the number of all permutations of {1,2,...,n} is n!, then 


nV" g(x) < g(x) fox AX Vou A (Very 00. AX Wan—1 > Yan )) ++ Ke, y2) + K(x, Yn) den). 


aell 


(3.3.61) 
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Now we shall show that the inequality 


D5 1G Yer ACen ar) XO a1» Yon) S KOI) AC 2) XO In) 3.3.62) 


aell 


holds almost everywhere in T”. 

Indeed, let x, y}, ,..., Y, be elements of 7. In view of condition (3.3.55), 
without loss of generality, we may consider that taken two-by-two they are different. 
However, if the left-hand sides of (3.3.62) is different from zero, then for some 
permutation a ¢€ IT, 


Yon < Yon <** Ya, < * (3.3.63) 


will be fulfilled. Since x, yj, ,..., y, are different from one another, then there 
will not be another similar permutation and hence 


2 XO, Yor Xan sa2 ++ XVen—15 Yon) = 1. 


aell 


Moreover, (3.3.63) yields that in this case the right-hand side of (3.3.62) also 
assumes the value one. 

This, in fact, proves that inequality (3.3.62) holds almost everywhere in 7”. Then 
inequalities (3.3.61) and (3.3.62) it follows that 


mv") < 9(0) J xGyn)xtey2) KG 92)) + x69 )K (In) dn) 
= 8(f KG. 2.dje(@)" = ety VAL)" 


ie., inequality (3.3.60) holds for every natural number n. This completes the proof. 
oO 


Corollary 3.3.8 (Ronkov-Bainov [560]) Jf under the conditions of Theorem 3.3.9 
for some function f € L?(T), inequality (3.3.58) holds, then it holds that 


fis) < acsdexp (J Ke» dye0)) 


since, in view of Theorem 3.3.8, f < g. 


Theorem 3.3.9 was proved under the assumption that the measure of the diagonal of 
the space T x T is zero. A sufficient condition for this assumption to be satisfied is 
provided by the following lemma. 


Lemma 3.3.4 (Ronkov-Bainov [560]) Let T = (T,=,) be a space of non- 
negative measure. If for any positive €, a sequence {U, ,} exists, consisting of sets 
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that are measurable with respect to js and such that 
T= Pe ens L(Uen) <€ 


for every n = 1,2,---, then the diagonal D = {(x,x) : x € T} of the space 
Tx T = (T,%, w) x (T, &, 2) is of zero measure. 


Proof Since T can be represented as a denumerable sum of sets having a finite 
measure, the T is a space with o-finite measure. First consider the case when u(T) < 
+oo. Let € be an arbitrary positive number and T = hes U., and U., € & and 
(Un) < € for every natural number 1. Without loss of generality, we can consider 
that Ue, O Uem = @ when n 4 m because, otherwise, we could have set 

Wei t= Vers We2 = Ue2/Uers We3 t= Ue2/(Ue1 U Vez). 

Consider the set Ee := US,(Ucn X Ucn). Obviously, E. is a measurable set 
with respect to the measure of the product w2 = pw x pw andD C E,. By E, we 
denote the following subset of T : Ey := {X : (x,y) € E,}. As is known (see, e.g., 
[199], L.IL7), 2(E.) = f> w(Ey)du(y) < €u(T) since (Ey) < € for every y € T 
because Ue, ON Uem = @ whenn 4 mand w(U_») < € for any n. Therefore, taking 
into account that (T) < +00 and € is arbitrary, it follows that (D) = 0. 

Now consider the case when the measure of T is not finite. Since D = UPS Den 
where Den := {(x,x) : x € Ucn}, and besides w(Ucn) < € for any n, then 
(Den) = 0, whence it also follows that 4(D) = 0. 

This completes the proof of Lemma 3.3.4. O 


In Theorem 3.3.9, the function g from the integral equation (3.3.57) was assumed 
to be non-negative and non-decreasing, while the next theorem gives us an estimate 
for the solution of (3.3.57) without these assumptions. 


Theorem 3.3.10 (Ronkov-Bainov [560]) Under assumptions (1), (2), and (3) of 
Theorem 3.3.9, if g is an arbitrary function from L?(T), then for the solution 9 of 
the integral equation (3.3.57), the following estimate holds, 


ooo sleol+ f IeorKesex([ Ke2du@)ano), 6.3.64) 
G ist, 
which implies immediately the weaker but simpler estimate 


oOo] < eel f leoniKe»deoy-exp(f Ke2du@). 6.3.65) 


Ty / Ty 


Proof For the solution @ of the integral equation (3.3.57), we get 


lo(a)| = le) + [ e()K(x. duly) , (3.3.66) 
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whence 
Jo] < leeol+ f [eK »)dH6 3.3.67) 
Noting that K(x, y) > 0, we get 
i [9)IK(»)dH0) = | [201K 9dn0) 


+f Ke. / leOd1K dd) Jase. 
(3.3.68) 


Obviously, gi(x) = te |g(y)|K(x, y)du(y) is a non-negative and non-decreasing 
function. Then the estimate (3.3.65) follows from Corollary 3.3.7 and inequali- 
ties (3.3.68) and (3.3.67). 

Estimate (3.3.64) can be obtained means of calculations analogous to those done 
in the proof of Theorem 3.3.9. Thus, if by g; we denote the solution of the integral 
equation 


gg =g9+Voi, 


then Theorem 3.3.6 implies that 9) = pani V"g,, and it follows from (3.3.68) and 
Theorem 3.3.7 that 


+oo 
[ Wonks. »yau0) <0 = Ver (3.3.69) 
Tx n=0 
However, 
V'g, = / K(x.y1)dp.01) / KOr.y2)du(2)« | KOn-1.92)4 40%) 
Ts Th Ty, 1 


: / K(yn, Yo) |¢(v0) |d2(00) 
Tyn 


~ hos K(x, y1)K (1.92) ++ KOn-1, yo)|800)| 
XX (x, yi)xXO1, 92) sans XOn=15 Yn) XOn—15 Yn) Xn» YO) dLnt10) 
= I... K(x, Ya, )K (Vays Yoo) ++ K Ways Yo, K Wa,» Yo) 180) | 


x(x, You Xa Yay) aaa XVan— Yo, Xa,» ¥o)dbn+1(y) 
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where @ denotes any element of the aggregate I of all permutation of {1,2,...,n}. 
Since for a fixed y, K(x, y) is a non-decreasing function of x, then 


nivgr sf Ks y)K(eyi) Kee yw)le00) 
qT 


x( > XO Vou) Xan» Vor) + * XVan—1» Yon) Xan» vo) )dptn1(0). 


aell 


On the other hand, since for almost everywhere in 7”, the following inequality holds, 


DY, LO Yee) XO Yan) >» 10g 1» Yorn) X O'ay YO) 


aell 
< 71, vo)(x@% Yar) _ 1090.Ye1)) (206+. Yea) 7 x00. Yex)) oe (264, 90) _ 1090s Yan)): 
(3.3.70) 


which can be proved quite analogously to inequality (3.3.62) of Theorem 3.3.9, then 
nivter < fi [eoodlkGas[ [KG KC 9) ++ Kayne 91) ~ ODI) 


(xG1.92) = x00. 92) «++ (26% yn) = 000.9n)) deny) Jaee(v0) 


= is IgQo) KG, (fon K(x, )due(z)) die(v0) 


whence 
OO ‘4 
ec) = DV s [te01K0.3)-ex0(f _, Keoadeto) duo, 


Therefore (3.3.64) follows from the above expression and inequalities (3.3.69) 
and (3.3.67). This completes the proof. O 


Corollary 3.3.9 (Ronkov-Bainov [560]) Jf under the conditions of Theo- 
rem 3.3.10, for some real function f from L?(T), inequality (3.3.58) holds, then 
there holds that 


FO) <|8001+ f IsO1K:)-exp(f Ke.2ddu(@)"dno 


Remark 3.3.6 If the ordering in T is linear, then there will be an equality in (3.3.70). 
Then, if by T we denote the real interval [a, B) (here B may be +00 as well) having 
the usual ordering and topology, and if 42 denotes the Lebesgue measure, then 
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assumptions (1) and (2) of Theorem 3.3.10 are obviously fulfilled. Let K(x, y) = 
K(y) be a non-negative function from L?(T). In this case, for every solution f of the 
integral inequality (3.3.58), it is possible to give a more precise estimate 


fe) s0)+ f goKoerp( fo Kadu@)'duo) 3.71) 


which, in this case, follows from the fact that, (3.3.70) is an equality and hence 


[ soK0)-e0( K(s,an@) an) 


X/T, 
+00 x 
=Yvr(f soKorauo)) = 09, 
n=0 a 
which, by Theorem 3.3.6, is a solution of the equation 
0) =f sorKordeoy + [ eoKOran0». 
However, inequality (3.3.58), since K(y) = 0, implies that 
x ix ba y 
[ toxoranoy s [ sorKordnoy + [ Kor f roxe@duerano) 
whence, by Theorem 3.3.8, 
[ foxoranoy = 900. 


The above expression and inequality (3.3.58) imply the estimate (3.3.71), which in 
fact is the well-known Gronwall-Bellman inequality (see, e.g., [338]). 


Chapter 4 
Applications of Linear One-Dimensional 
Inequalities 


4.1 Applications of Theorems 1.1.2, 2.1.13-2.1.14 
to Sublinear Perturbations of the Differential Equation 
y“) = 0 and of the Analogous Difference Equation 


In this section, we give some applications of Theorems 1.1.2, 2.1.13—2.1.14 to 
sublinear perturbations of the differential equation y”) = 0 and of the analogous 
difference equation, which is due to Mate and Nevai [392]. We recall that according 
to a result of Ghizzetti [225], for any solution y(t) of the differential equation 


n—-1 
y+ gy =0, forall t> 1, (4.1.1) 


i=0 


where 
+00 ; 
i | g:(x) |x" dx < +00, O<i<n-1, (4.1.2) 
1 


either y(t) = O for all t > 1 or there is an integer r with O < r < n—1 such 
that lim,,+.0y(t)/t" exists and # 0. Related results are obtained for difference and 
differential inequalities. A special case of the former has interesting applications in 
the study of orthogonal polynomials. 

The study of asymptotic behavior of difference equations was initiated by the 
following result of Poincaré [525] ( see also, [408, 433]). 


Theorem 4.1.1 (Mate-Nevai, Poincaré [392, 525]) Let n > 1 and let f be a 
function defined for integers k > 1 such that f(k) 4 0 infinitely often. Suppose 
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that f satisfies the recurrence equation 


n—-1 


fktn)+ > albfkt)=0, kE1, (4.1.3) 
j=0 
where limy—>+o04j(k) = aj (0 < j < n—1), and the zeros 61,+++ , f, of the equation 


(called characteristic equation) 


n—1 
z + Yad =0 
j=0 
all have distinct absolute values. Then for some | with 1 < 1 <n, 
lim f(k + 1)/f(k) = &. (4.1.4) 
k—>-+00 


This section indicates, in particular, that a solution f of the above equation 
does not oscillate provided all the ¢;’ s are different from 0. Unfortunately, the 
assumption on the absolute values of the zeros of the characteristic equation is often 
too restrictive. In particular, of special interest are perturbations of the equation 
Af = 0, where A is the forward difference operator, that is, 


Af (x) =f@+ 1) —f@), 
A°f = f, and A/t'f = A(A/f)(j = 0). The following result was shown by 
Chihara and Nevai [133]. 


Theorem 4.1.2 (Mate-Nevai, Chihara-Nevai [133, 392]) Suppose that f satisfies 
the difference equation 


A? f(k) = ae f(kK+ 24+ hfk+ D +a fh, k= 1, (4.1.5) 
where 
+00 
YS k(lax| + [be |) < +00. (4.1.6) 
k=1 


Then either 


f(kK) = 0, (4.1.7) 
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jor every large enough k, or 
lim k)/k" 4.1. 


exists and # 0 forr = 0or 1. 


Note that they used this result to give an elementary proof of a theorem of 
Geronimo and Case [224] on characterizing the support of measures associated with 
certain orthogonal polynomials (cf., Theorem | on p. 371 of their paper [133]), but 
the result analogous to Theorem 4.1.2 for differential equations is due to Bellman 
[64], Theorem 5 on p. 14 as follows. 


Theorem 4.1.3 (Bellman, Mate-Nevai [64, 392]) Suppose that f satisfies the 
differential equation 


f’'O+eOf =0, forallr> 1, (4.1.9) 
where 
+00 
/ t|g(t)|dt < +00. (4.1.10) 
1 
Then either 
fi) =0 (4.1.11) 
forallt = 1or 
lim f(t)/t (4.1.12) 
t—>+00 


exists and # 0 forr = Oor 1. 


In fact, later on, Atkinson [33] slightly generalized the above theorem by 
formulating a result about an integral equation involving Stieltjes integrals that 
implies Theorem 4.1.3 as well as the analogous result for the difference equation 


Af (k) + afk) = 0 (4.1.13) 
under the assumption 
+00 
Yo klax| < +00. (4.1.14) 
k=1 


However, Atkinson’s result does not imply Theorem 4.1.2 above, and it seems to 
have some difficulties in modifying Atkinson’s formulation in a natural way so 
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as to obtain a result that implies both Theorems 4.1.2 and 4.1.3. Bellman’s proof 
of Theorem 4.1.3 does not lead itself to generalizations in that it does not appear 
possible to apply his method to prove the result above ever in the case n = 2 because 
of the presence of the term g)(t)y’(t). 

The result of Bellman grew out of investigations by Haupt, who studied the first 
equation given at the beginning of Sect. 4.1, and proved that the assumptions there 
imply that lim, 400 y" (#) exists, but may be equal to 0; see [261]. Haupt’s result 
actually goes somewhat further the first equation at the beginning of Sect. 4.1 by 
replacing the O on the right-hand side by a function whose integral in the interval 
(1, t) has a limit as t > +00. Lemma 4.1.1 below is essentially the same as Haupt’s 
result for the homogeneous equation. After some slight modifications, the proof for 
Lemma 4.1.1 can be used to prove Haupt’s result for the inhomogeneous equation 
as well. 

Note that Haupt’s result was also proved independently but slightly later by 
Wilkins [645]. Another proof can be found in Belmann [62]. But approximately at 
the same time that Haupt proved his result, Boas, and Levinson [86] established 
this for the particular case n = 2. Nonoscillation results for the equation in 
Theorem 4.1.3 were also studied by Hille [280] and other. 

Under much stronger assumptions than those in Theorem 4.1.3, we can get 
results, due to Mate and Nevai [392], about the stability at infinity of solutions of 
systems of differential equations. We shall only state a very special case, related to 
Theorems 4.1.2 and 4.1.3, of a result of Yakubovic [653], see also Nemytskii and 
Stepanov [427]. 


Theorem 4.1.4 (Mate-Nevai, Yakubovic [392, 653]) Suppose that f satisfies the 
differential equation 


f+ ef) =0, forallt> 1, (4.1.15) 


where n > 1 and 


+00 
i: x"? | a(t)|dt < +00. (4.1.16) 
1 


Then there is a polynomial P(t) of degree < n such that 
lim |f(t)— P(t) | = 0. (4.1.17) 
t>+00 


In the sequel, we shall introduce the results of Mate and Nevai [392], which 
have generalized Theorems 4.1.2 and 4.1.3 for linear difference and differential 
inequalities of arbitrary order n, whereby we also strengthen the assertion for the 
case n = 2. The following results, due to Mate and Nevai [392], Theorems 4.1.5 
and 4.1.7, have applications for orthogonal polynomials similarly as Theorem 4.1.2 
does. Orthogonal polynomials satisfy a second-order recurrence equations, and it 
may occasionally be advantageous to rewrite this equation as a more manageable 
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higher-order recurrence equation. This was done in [429], where the original 
second-order recurrence equation was rewritten as a fourth-order equation. 

We first state the result generalizing Theorem 4.1.3. All integrals below are 
Lebesgue integrals, and all functions whose integrals are taken are assumed to 
be measurable (but not necessarily integrable); this assumption of measurability 
only applies to the functions themselves, and not to their derivatives, ever if 
those are integrated. For example, the measurability of f) in Theorem 4.1.5 and 
Lemma 4.1.1, and of f in Lemma 4.1.2, below, is a consequence of a well- 
known theorem of Lebesgue in integration theory, and is not covered by the implicit 
measurability assumption made above. 


Theorem 4.1.5 (Mate-Nevai [392]) Let n > 1. Suppose that the function f is 
differentiable n — 1 times in [1, +00) and f"~") is absolutely continuous. Suppose 
jurther that f satisfies the differential inequality 


n—-1 
FO! < SsiM|fO|, fora. e. in [1, +00), (4.1.18) 


i=0 


where g; = 0 and 


+00 : 
i gi(x)x” dx < +00, O<i<n-—1. (4.1.19) 
1 


Then either 
f(t) = Ofor allt > 1 (4.1.20) 
or there is an integer r with 0 < r <n—1 such that 


lim f(t)/t' exists and ¥ 0. (4.1.21) 
t>+00 


Theorem 4.1.5 is the immediate consequence of the following result. 


Theorem 4.1.6 (Mate-Nevai [392]) Assume that all the conditions of Theo- 
rem 4.1.5 hold. Then either 


f=90 (4.1.22) 
vanishes for all t = 1 or there exists an integer r with 0 < r < n—1 such that 
tim FOO =f (+00) exists for r<j<n-—1, (4.1.23) 
and 


fO(400) #0 and f(+00)=0 for r<j<n—1. (4.1.24) 
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Moreover, there exists a constant M > 0 such that 
If) —f (+00) | < M>* / gi(x)x” ldx (4.1.25) 
i=o°! 


holds for allt > 1andr<j<n-1. 


On the basis of the proof of this theorem below, it is possible to give an estimate 
for the size of the constant M in (4.1.25). In fact, writing 


n—1 


+00 
I(t) = yy gi(x)x dx, 
i=0°* 


and choosing a Tt) = 1 such that 
I(t)el < 1/2, 
we can show that (4.1.25) holds for all t > t) with 
M = 11 max{|f(m)| :0<i<n- 1}. (4.1.26) 
This estimate for M may be useful when making calculations with the differential 


equation (4.1.1) for given initial values f(t)),0 < i < n— 1. In fact, supposing 
that the value of r is known, we may calculate a t, > t such that 


f +00 as 1 
Myf gta ax < 5101. 
i=o°!r 
where M is given by (4.1.26). Then (4.1.25) with j = r implies that 


PO F400) | < 5 FC (4.1.27) 


holds for all t > ¢,. From this inequality it follows that f(t) 4 0 for all t > t,. 
Then we may be able to calculate numbers ¢, < t,-) < t--2 < +--+ < f such that 
fO@ F 0 for all t > t; (0 < i < r—1) simply by noting that f is monotonic for 
allt > t;41 and tends to too. This way may be feasible to calculate all zeros of f(t). 

In practice, however, we may not know the value of r. Even in this case, (4.1.26) 
can be used to disprove the hypothesis r = / for some / with 0 < / < n— 1. To this 
end, it is enough to find a t; > Tt such that 


! +00 ; 1 
uy | gi(x)x"” "dx < ; FO) | 
i=0 
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where M is given by (4.1.26), and then to find a t > t; such that 


Pe O=@)| 27" O) ke 


If now / = r, then (4.1.17) should be valid, in contradiction to the last inequality. 
This approach to disprove / = r is expected to work in case / < r, since 
lim;++4oof(#) = oo then, but it will clearly not work in case 1 > r, since 
then (4.1.26) it satisfied with / = j. 

To prove Theorem 4.1.7, we need several lemmas. 


Lemma 4.1.1 (Mate-Nevai [392]) Jf the assumptions of Theorem 4.1.5 hold, then 
lim,-+4.00f" (0) exists. 


Proof We first show that f(r) is bounded. To this end, observe that (4.1.18) 
implies for 1 < f < 1, 


pn-l 


[FOP () — FP (to) | < / da) [FO @) | dx. (4.1.28) 


0 i=0 


By Taylor’s formula with the integral remainder term, for all x > 1 andO <i < n—2, 
we have 


n—i—2 
P@= VK OE- Di 
j=0 
n—i—2 gn—1 
aaah pO 
= Peas a(x) + Ge orf (x— ss)" i= a (s)ds, 


where P,,—;-2(x) is a polynomial of degree < n — i — 2 in x whose coefficients 
depend only on f(1),k = 0,...,—2. Substituting this into (4.1.28) with % = 1, 
we obtain 


+00 2-2 


FPO = LF + a 2 sil2)|Pri-a(0) dr 


+f Loew fetid feria 


where we write +-oo for upper limit of the first integral, replaced x — s by x in the 
third term on the right-hand side, and omitted the factors 1/(n—i—2)! from there. It 
thus follows from (4.1.19) that the first integral on the right-hand side is convergent. 
In fact, by looking back on the definitions of the polynomials P,,_;—2, it follows that 
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this integral is 
n—2 
4) ale: 
i=0 


where the positive numbers c; depend only on the integrals in (4.1.6). Interchanging 
the integrals in the third term on the right-hand side and then extending the domain 
of integrating to +-oo in the inner integral, and writing c,_; = 1, we obtain for any 
t = 1, 


n—1 n—2 


| ' too 
ol s Dalal + f POD [ox eterae + a16))ds. 
i=o"* 


i=0 


Note that the integrals on the right-hand side are convergent in view of (4.1.19), 
since f—!) was assumed to be continuous. Hence we derive from Theorem 1.1.2 
that 


n—1 


t M72 ptoo 
sO s Valle f(D fv aede+ grids 
i=0 ' “i=0"8 


holds for every t > 1. Changing the limit of the outer integral to +00 on the right- 
hand side and then interchanging the order of integration, we obtain by (4.1.19) that 
for any t > 1, 


fom Se 


where c depends only on f‘(1) for i = 0,--- ,2 — 1 and on the integrals in (4.1.19). 
Thus the boundedness of f“"~))(t) is established. 

Integrating this inequality n —i— 1 times fori = 0, 1,--- ,m — 1, we obtain that 
there is a positive constant c’ depending only on f)(1) for j = 0,--+ ,2— 1 such 
that for all t > 1, 


[eon | sr adr, 04iarn=1, (4.1.29) 
Substituting this into (4.1.28), it follows from (4.1.19) that 


lim (FP) — FO (to) | = 0, 


ty >+00,t>+00 


ie., that lim; 400 f"~) (t) = f"— (+00) exists. This completes the proof. O 


We can now easily derive (4.1.25) with j = n — 1; thus if f~) (+00) ¥ 0, then 
Theorem 4.1.6 follows with r = n — 1. Indeed, making t > +00 in (4.1.28) and 


4.1 Applications of Theorems 1.1.2, 2.1.13—2.1.14 to Sublinear Perturbations. . . 383 


then replacing to by t, we obtain that for all t > 1, 
+00 nl 


PO =F (00)| =f PeiGy FC) Ide. 4.1.30) 
t i=0 


Estimate (4.1.25) with 7 = n — | now follows with the aid of (4.1.29). Thus 
Theorem 4.1.6 is established in case f~) (+00) 4 0. If, on the other hand, 
ff) (+00) = 0, then we obtain from (4.1.30) that 


+00 N71 


iO) = i] do sie) [FOC | dx. 
t i=0 


This motivates the following lemma, which is to support the induction in the proof 
of Theorem 4.1.5, this lemma will be applied with k = n—1,n—2,---,1. 


Lemma 4.1.2 (Mate-Nevai [392]) Let k > 1. Suppose f— is absolutely contin- 
uous and f* is essentially bounded on [1, +00), and for a. e. in [1, +00), 


+oo _& . 
Mol s [Law (re Las (4.1.31) 
f i=0 
where G; > 0 and 


+00 ; 
/ Gi(x)xtdx < +00, O0<i<k. (4.1.32) 
1 


Then limy-+ 4 0f *~) (t) = f&—) (400) exists and for allt > 1, 


+oo kl 


If* 9 —F"-(400)| <c / YoxGia) [FQ |dx, (4.1.33) 
t i=0 


where 


+00 
c = exp ( / Gud (4.1.34) 
1 


Proof It follows from (4.1.31) that for all s > so => 1, we have for all sEE, 


too kl +00 
Ir) < [ YiGie9 LF) e+ [Geo ir09 a 


where E C [1, +00) is the set of measure zero where (4.1.31) fails. The integrals on 
the right-hand side here are convergent in view of (4.1.32), since f“ was assumed to 
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be essentially bounded, and so f(x) = O(x*~‘). Hence we obtain by Theorem 1.1.2 
that for all seE 


59 FHI 
79) | < [ D616) L149 |ae-ex [~ Gud 


+00 k-1 
sef YG) [fC a 


9 i=0 


where c was defined in (4.1.34). Writing s = so and integrating, we obtain for all 
t> 21, 


+00 kl 


FD) —F-D(H) | <c [J me (x) |f(®) |dsdx. (4.1.35) 


If we assume that lim,.4..f“~)(t) exists, then (4.1.33) follows from (4.1.35) 
via (4.1.32) by making t + +00 and then interchanging to the order of integration. 
It still remains to show that lim,,+..f4~) (2) exists. First we shall show that 
f*— is bounded. To this end, note that (4.1.35) implies for all t > f > 1, 
too k-1 
IFO < [FP@)| +e [ / DiGi) 4G) |dias. 4.1.36) 
As f(t) is essentially bounded, we have, for all t > fo, 


|fOY() | < Aot + At, (4.1.37) 


with some constant Ao and Aj. Integrating this 0,...,k — 1 times, we obtain that for 
all t > fo, 


fF) | < Aot®! + Ait! + Apt? 0 <i<k-1, 


where A depends only on f (to) for j = 0,...,k—2 (note that fo > 1). Substituting 
this into (4.1.36) and making extensions of the domain of integration, we obtain 


+00 kl 


Fics Dt) | < | fe Yt) | tefl [ Diels 


+00 p+too k-l 
tof [ Ke PTL Aa) G(x) | fF (x) | dsdx 


< [f(t | + Aocd(to)t + (Ai + Ar)cJ(t0), (4.1.38) 
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where we have interchanged the order of integration in the second integral and then 
introduced the abbreviation 


+00 kl 
10) = fe 'Gienaes 
0  i=0 


this integral is finite according to (4.1.32). Thus inequality (4.1.37) leads to 
inequality (4.1.38), where, as we noted above, Az depends only on f“ (to) for 
j=O0,...,k—2; in particular, it is independent of Ap and A,. Estimate (4.1.38) is the 
same type of inequality as (4.1.37), with AgcJ(to) replacing Ag and | f“~) (tp) | + 
(A; + A2)cJ(to) replacing A;. Thus, in the same way as we obtained (4.1.38) 
from (4.1.37), we can use (4.1.38) to obtain a new inequality of the same kind. 
If fo is large enough so that c/(to) < 1, then we can iterate this procedure infinitely 
many times, we obtain for every t > fo, 


POL S (fa) | + Arco) 


j=0 
= ([fO) (to) | + Arcd(to))/( = cI (to)). 
This shows that f~!) (t) is bounded. 


It is easy to show that lim;++0/f kD (p) exists. Indeed, as we have just shown, 
for all x > 1, 


Fe) |G. 
Integrating this 0,--- ,k — 1 times, we obtain that for all x > 1, 
Feo) =o ae, 0222 ke1, (4.1.39) 
Substituting this into (4.1.35), then extending the upper limit of the outer integral 


on the right-hand side to +-oo, and then interchanging the order of integration, it 
follows from (4.1.32) that 


[FPO — fF () | = 0, 


1 
t>+00,t9>+00 


ie., that lim, 40 f~) (1) exists. This completes the proof. Oo 


Note that the integral in (4.1.34) is convergent in view of (4.1.32), and it is an 
easy consequence of the assumptions that esslim,-, +0, (#) = 0, but we shall not 
use this fact directly. 


Proof of Theorem 4.1.6 Applying Lemma 4.1.1 and then repeatedly applying 
Lemma 4.1.2, if possible, with k = n — 1,n—2,--- ,1 to the f in Theorem 4.1.6, 
we can conclude that either (i) lim;++o0f(t) 4 0 or (ii) there is an / with 
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1 <1 <n-—1 such that lim, 4.0 f(t) = 0 and lim,-. 4... f~) (1) exists and ¥ 0, 
or (iti) lim,++00f(f) = 0 and for all t > 1, 


+00 
If()| <K / x"! go(x) | f(@) | dx, (4.1.40) 


with some constant K > 0; this inequality follows from (4.1.33) in the last 
application (with k = / = 1) of Lemma 4.1.2. 

In cases (i) and (ii), (4.1.23) and (4.1.24) follow with r= n—1lorr=/—-1, 
respectively. As for (4.1.25), for j = n—1 this follows from (4.1.29) and (4.1.30), as 
was pointed out right after (4.1.30), and for r < j < n— 1 ( which can only occur in 
case (ii)), it follows from (4.1.33) and (4.1.39) with k = j + 1. In case (iii), f() = 0 
for all t > 1 follows from (4.1.40) via Theorem 1.1.5 with n(t) = 0 ( note that the 
integral on the right-hand side of (4.1.40) is convergent in view of (4.1.19), as f is 
bounded in the case considered). This completes the proof of Theorem 4.1.6. O 


In the sequel, we shall prove the analogues of Theorems 4.1.5 and 4.1.6 for 
difference inequalities. Although the proofs of Theorems 4.1.7 and 4.1.8 closely 
parallel that of Theorems 4.1.5 and 4.1.6, we shall give the proof in almost complete 
detail as there are several subtle differences that are difficult to appreciate without 
actually following the proof closely. It was only the final argument in the proof 
of Lemma 4.1.3 where we thought the methods of the proof of Lemma 4.1.2 can 
be carried over without using special technical tricks peculiar to finite differences; 
accordingly, we did not give this part of the proof of Lemma 4.1.3 in detail. 
While the proof of Theorem 4.1.8 is self-contained aside from the above-mentioned 
exception, it is still easier to follow it if we read the proof of Theorem 4.1.5 first, 
which contains fewer technical complications. 

In order to emphasize the parallel between the proofs of Theorems 4.1.6 
and 4.1.8, we tried to retain the notation above as much as possible. In particular, 
we shall continue to use s,t, and x for denoting independent variables, but now it 
is always assumed that these variables range over integers. The functions /, g, F, 
and G will now be defined only for integers. A will denote the forward difference 
operator, that is, 


Af) =f + D —f), 


Af =f, and Af = A(AIf) (j > 0). 


Theorem 4.1.7 (Mate-Nevai [392]) Let f be a function defined for integers such 
that f(t) = 0 for any integer t < t', where t' < 0. Letn > 0 be an integer and 
suppose that f satisfies the difference inequality 


n—1 n-i 


IA'O| < Digi) | AKO + D| (4.1.41) 


i=0 1=0 
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for every integer t => 1, where g; = 0 and 


+00 
Yogi(xx |! < +00, O<i<n-1. (4.1.42) 


x=1 


Then either f(t) = 0 for every large enough t or there is an integer r withO <r < 
n— 1 such that 


lim f(t)/t! existsand +40 (4.1.43) 
t>+00 
This theorem is an easy consequence of the following result (to derive (4.1.43) 


from (4.1.44) and (4.1.45), see, e.g., (4.1.53) below). 


Theorem 4.1.8 (Mate-Nevai [392]) Assume that all the conditions of Theo- 
rem 4.1.7 hold. Then either f vanishes for all large enough t or there exists an 
integer r withO < r <n—1 such that 


lim Alf (t) = Alf(+oo0) exists forr <j<n—1, (4.1.44) 
t>+00 
and 

A'f(too) #0 and r<j<n-—l. (4.1.45) 


Moreover, there exists a constant M > 0 such that 


ji +00 
| FQ) — Alf+00)| < MDI DE ai(xyx (4.1.46) 


i=0x=t—-nt+i 


holds for r < j < n—1 and for every large enough t. 


Similarly as remarked after Theorem 4.1.6, on the basis of the proof of this 
theorem, it is possible to give an estimate for the size of the constant M in (4.1.46). 
In fact, writing 


n—1 +00 
S(t) = 2 2, sa, 
1i=UxSt—-n+1 


and choosing a Tt) > n” such that 


1 
QneS (ter) < rt 
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we can show that (4.1.46) holds with 
M = 22nmax{ | A‘f(t)| :0<i<n—1}. (4.1.47) 


This estimate for M may be useful when making calculations with difference 
equations analogous to the first differential equation in this section. Similarly 
as (4.1.26) was useful in finding a zero-free interval [fo,-+oo) of a solution of 
that differential equation, (4.1.47) may be used to find an interval [f), +00) in 
which a certain solution of the analogous difference equation has constant sign. 
Also, (4.1.46) can be used to disprove the hypothesis r = / in (4.1.46) for some 
J with 0 < / < n—1, similarly as it was possible to use (4.1.26) to disprove the 
hypothesis r = / in (4.1.25). 

These applications of (4.1.47) may be of significance, for example, in describing 
the support of the measure associated with a system of orthogonal polynomials. If, 
for example, p;(x) is a set of polynomial defined by the recurrence relation 


Pro2(x) — W2pe+i(%) + PK) = Ae+1PKt2(X) + bepesei() + axpe(x) (4.1.48) 

for k > —1, where 
p-i(x) =0 and po(x) = 1, (4.1.49) 
then it is easy to check that for real a;,, by the assumption a; < 1 fork => —1 ensures 
that these polynomials form a system of orthogonal polynomials with respect to a 
certain measure da on the real line. The uniqueness of this measure is guaranteed by 
certain conditions on the coefficients a;,, by; for example, relation (4.1.6) guarantees 
uniqueness (because it guarantees that the support of da is bounded, which is a 


condition sufficient for uniqueness). We often consider the matrix 


B-1 ao 0 0 
ao Bo Qt) 0 


0 Oy By 2 +: 


a so-called Jacobi matrix, where a, = (1 — ax)/2 and By = —b,/2; these 
substitutions convert (4.1.48) into the formula 


XPk+1(X) = Oe 1PR+2(%) + Bepe+i(e) + onpr(x). 
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For example, condition (4.1.6) guarantees that this matrix is a bounded self- 
adjoint operator on the space 7? and its spectrum equals the support of the measure 
da. In fact, if ae) is the orthogonal expansion of function f(x) on the 
real line, then the coefficients of the expansion of the function xf(x) is given by 
AA, where A is the column vector whose kth component is A,. Determination of the 
spectrum of A is important in various applications, we may refer to, e.g., Dunford 
and Schwartz [199], Shohat and Tamarkin [590], and Stone [609] on Jacobi matrices 
and the related Hamburger moment problem. 

Condition (4.1.6) in Theorem 4.1.2 ensures that the spectrum of A consists of 
subset of the interval [—1, 1] plus finitely many points. It may be possible to give an 
estimate for the number of these points by using (4.1.47). What we need to do is to 
consider a solution of Eq. (4.1.5) for k => —1 with the initial conditions f(—1) = 0 
and f(0) = 1; then we have f(k) = p,(1) according to (4.1.48) and (4.1.49). If 
we can find an integer kg such that p,(/) = f(k) has constant sign for k > ko, then 
we can conclude that, for any k > ko, the number of zeros of px(x) and of px, (x) in 
the interval [1, +00) is the same. This follows from a simple property of the zeros 
of orthogonal polynomials (see, e.g., Szeg6 [616]). Thus p,(x) has at most kp zeros 
in the interval (1, +00) (see, Szeg6 [616]). In a similar way, we may also obtain a 
bound for the number of points in the interval (—oo, —1) that belong to the spectrum 
of A. Some of the details of the above argument can be found in Chihara and Nevai 
[133]. 

To prove Theorem 4.1.8, we need Theorems 2.1.14—2.1.15, which parallel 
Theorems 1.1.2 and 1.1.4 respectively. 


Lemma 4.1.3 (Mate-Nevai [392]) Jf the assumptions of Theorem 4.1.7 hold, then 
lim,+ 400 A” |f (2) exists. 


Proof We first show that A”~'f(t) is bounded. To this end, observe that (4.1.41) 
implies, for 1 < fo < f, 


t-1 
are) | 


x=10 


[AN Fon Fy) | 


II 


t—1 n—-1 n-i 


Yds IAFO+D]. 4.1.50) 


x=10 i=0 1=0 


lA 


It is easy to show that if A is a function defined on integers such that h(x) = 0 for 
any x < Xo, then 


x—k 


h(x) = >° Gas ') A‘n(s) 


s=—CO 
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holds for each positive integer k and every integer x. Thus, for 0 < i < n— 2, we 
have 


x—nt+i+l 
Ata = > (eae (4.1.51) 


Hence, for0 <i<n—2and0 </<n-—-i, 


x+1 


[A%@+D| = Do @+n-sy" Af) | 


sS=—00 
x+1 


| Pri-2(%, to) | + 0 @ +n)? [AYO |, 


s=lo 


IA 


where P,,-;-2 is a polynomial of degree < n — i — 2 in x whose coefficients depend 
only on A"~!f(s) for s < fo (all but finitely many of these are zero). Substituting 
this into (4.1.50) we obtain 


n—|1+00 


JA” FO] < [A FG) | + D5 > nail) | Pra, to) | 
i=0x=10 
n—2 t-1 x+1 
+923 ongi(x) > (x 4 ny | A"!F(s) | 
i=0x=10 s=lo 


t-l 


+9 gn-i)(l A" FO) | + | A" F@ + D1), (4.152) 


x=10 


where we changed the upper limit if the summation on x to +00 in the second term. 
It follows from (4.1.52) and the definition of the polynomials P,—;—2 that the sum of 
the first and second terms on the right-hand side here can be dominated b a constant 
K(to) > 0 that depends only on the sums in (4.1.42) and on A”~!f(s) for s < t0. 
After interchanging the two inner sums in the third term and then extending the 
summation with respect to x to infinity, we can see that this term is dominated by 


n—2 t¢ +00 
VS IA™ YO! YE nga tn). 
i=0x=10 x=s—1 


Finally, changing the variable x to s in the last term and making a simple 
rearrangement, we can see that this term is dominated by 


t 


3 | A" !£(s) | (gn—1(8 — 1) + 8n—-1(S)). 


s=to 
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Thus, (4.1.52) becomes 


JA" FO | < Ko) + SIA" F(5)| 


s=to 


n—2 +00 
x (x > ngi(x)(x + ny"? + gy—i(s — 1) + iro) , 


i=0x=s—1 


where 1 < f < ¢. It follows from (4.1.42) that the coefficient of A”~!f(s) in the 
right-hand side tends to 0 as s + +00. Choose t; => | so large that this coefficient 
is < ; for s > t,. Then it follows from the above inequality with t; replacing fo by 
virtue of Theorem 2.1.14 (i) that 


t—1 n—2 +00 
JA" | <2K(H)exp2 (J YY nga + my" + grils — 1) + &i-1(0)) 
s=t i=0x=s—1 


holds for s > t,;. Changing the upper limit of the outer summation to +00 on the 
right-hand side and then interchanging the summations with respect to x and s, we 
obtain by (4.1.42) that | A” 'f(#) | is bounded, i.e., there is a number c > 0 such 
that 


JA" "fM| Se 


holds for any integer t. Summing this n — i — 1 times fori = 0,1,...,2 — 1, we 
obtain that there is ac’ depending only on A”~!f(s) for s < 0 such that for all t > 1, 


|AFQO| <ct 1 +er*?, 0<i<n-1. (4.1.53) 
Substituting this into (4.1.50) it follows from (4.1.42) that 


lim |A"™ 'f() — A" 'f(o) | = 0, 


to—>+00,t>+00 


ie., that lim,s+4.A” f(t) = A”!f(+00) exists. This completes the proof of the 
lemma. Oo 


If A""'f(+00) # 0, then Theorem 4.1.7 easily follows with r = n— 1. To see 
this, we have to establish (4.1.46). Taking t — +0 in (4.1.50) and then replacing 
to by t, we obtain that for all t > 1, 


+oon—-1 n-i 


|A" 4) — A" "F(400)| < DOV gi | AFH 4D]. (4.1.54) 


x=t i=0 1=0 
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Equation (4.1.46) now follows with the aid of (4.1.53). If, on the other hand, 
A"|f(+00) = 0, then we derive from (4.1.54) that for all t > 1, 


+oon-1 n-i 
LA" FO] < SO ai) | AKO + DI 
x=t i=0 1=0 
+oon—1 
< PGF | Ave (4.1.55) 
x=t i=0 
holds, where 
Gi (x) = Dog —D. (4.1.56) 
1=0 


This motivates the following lemma, which is to support the induction in the proof 
of Theorem 4.1.8; this lemma will be applied with k = n—1,n—2,---,1. 


Lemma 4.1.4 (Mate-Nevai [392]) Let k > 1, and suppose that f(t) = 0 for all 
t <1’, where t’ < 0. Suppose, further, that A*f is bounded and for every t > t, 


+oo k 
|A‘VO| < \O> Gi@) | AF) | (4.1.57) 
x=? i=0 
holds, where t; > 0, G; > 0, and 
+00 
YGi@)x*! <+00, O<i<k. (4.1.58) 


x=1 


Then lim-+ 400 A*!f (t) = A*—!f(+400) exists, and there is an integer t, > 0 such 
that for every t = ta, 


+ook-1 
| Ak FD) — ANT F(400)| < DY“ xGi(x) | FQ) | (4.1.59) 
x=t i=0 
holds, where 
+00 
c = 2exp (2 3 Gi(x)). (4.1.60) 
x=tn+1 


Note that the sum in (4.1.60) is convergent in view of (4.1.58). 


4.1 Applications of Theorems 1.1.2, 2.1.13—2.1.14 to Sublinear Perturbations. . . 393 


Proof It follows from (4.1.57) that for any s and so with s > so => t;, we have 


+00 k-1 +00 
|A‘F()1 < DOIG) | ALO) | + D3) | AF) |. 
x=so0 i=0 x=s 


The infinite sums on the right-hand side are convergent in view of (4.1.58), since 
Pas g was assumed to be bounded, and so A‘f(x) = O(x*—‘). Choose ft) > t so that 
G(x) < 1/2 for all x > t). Then we obtain from Theorem 2.1.15 (ii) that for every 
s (and so) with s > tf (and s > so > t)), 


too k—1 


+00 
|A*F(9) | S22 > Gi) | A‘) | exp (2 D> Gi) 


x=s0 i=0 x=s+l1 


A 


+00 k-1 


cy) G(x) | AfQ) | (4.1.61) 


x=s0 i=0 


IA 


holds, where c is as given in (4.1.60). Writing s = so in (4.1.61) and then summing 
for s, we obtain that for any ¢ and fo with t > tf => h, 


t—1 +o0k-1 


| Ak) — AF (0) | < CY“ S“Y Gi) | ALO) | (4.1.62) 


S=tox=s i=0 


holds. If we assume lim,-, +o. A‘ f(t) exists, then (4.1.59) follows from here by 
taking t > +-oo and then interchanging the summations with respect to s and x. 

It will remains to show that lim,, +40 A*~!f(#) exists. This can be done by using 
arguments analogous to the ones described in the proof of Lemma 4.1.2. Instead 
of formula (4.1.35), we have to use formula (4.1.62), and the details can be easily 
worked out. The proof of the lemma is complete. Oo 


Proof of Theorem 4.1.8 Applying Lemma 4.1.3 and then repeatedly applying 
Lemma 4.1.4, if possible, with k = n—1,n—2,..., 1, to the f in Theorem 4.1.5, we 
can conclude that either (i) lim;++o. A” |f(t) 0 (this limit exists according to 
Lemma 4.1.3; it is not possible to apply Lemma 4.1.4 at all in this case), or (ii) there 
is an] with 1 < 7 < n—1 such that lim,,4.. A/f(t) = 0 and lim;s4o0 A’ | f(t) 
exists and # 0 (this is obtained through n — / applications of Lemma 4.1.4, with 
k = 1 in the last application, and with no more applications possible), or (iii) 
lim;++o0f(t) = 0 and for every t > f*, 


+00 
IFO | < KY ox"! GF) |F@)| (4.1.63) 


x=t 
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where Gj was defined in (4.1.56), K > 0 is a constant, and ¢* > 0 is an integer; 
this inequality follows from (4.1.59) in the last application (with k = / = 1) of 
Lemma 4.1.4. 

In cases (i) and (ii), (4.1.44) and (4.1.45) follow with r= n—1lorr=/—-1, 
respectively. As for (4.1.46), for j = n—1 this follows from (4.1.53) and (4.1.54), as 
was pointed out right after (4.1.54) (as we indicated there, the second summation on 
the right-hand side of (4.1.46) can start with x = fin this case). To establish (4.1.46) 
for r < j < n— 1 combining (4.1.59) for k = 7 + 1 with the analogue of (4.1.39) 
(which is not given above, but would occur in a detailed presentation of the end of 
the proof of Lemma 4.1.4), it follows that for every large enough f, 


+oo j 


| Af (2) = A!f (+00) | < MSY Gx 


x=t i=0 


holds, where G* was defined in (4.1.56) and M’ > 0 is a constant. This inequality 
gives (4.1.46) for r < j < n—1 as well. In case (iii), let tf > f* be such that 
x"!G*(x) < 1/2 for all x > fo; then f(t) = 0 for t > fo follows from (4.1.63) via 
Theorem 2.1.15 (ii) with C = 0 (note that the sum on the right-hand side of (4.1.63) 
is convergent in view of (4.1.42), as f is bounded in the case considered). This 
completes the proof of Theorem 4.1.8. Oo 


4.2 Applications of Theorem 1.1.5 to Terminal Value 
Problem of Differential Equations 


In this section, we present some applications of Theorem 1.1.5 to study certain 
properties of solutions of the following terminal value problem for differential 
equation 
u(t) = f(t, u(t) + pd), (4.2.1) 
U(+00) = Uo, (4.2.2) 
where f : Ry, x RR, p:R+ — R are continuous functions and u+o € R. 
Following theorem provides estimates for a solution of problem (4.2.1)—(4.2.2). 


Theorem 4.2.1 (Pachpatte-Pachpatte [510]) Suppose that 


If(t,u)| < b(t) | ul, (4.2.3) 
| Uo — O(t)| < a(t), (4.2.4) 
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where a(t) is decreasing continuous function defined on Ry and b(t) > 0 is a 


continuous function defined on R+ satisfying hie b(t)dt < +00 and Q(t) = 


+00 
i p(s)ds. 
If u(t) is a solution of problem (4.2.1)+(4.2.2), then for allt € R4, 


|u(t)| < a(nexp( / ae b(s)ds). (4.2.5) 


Proof If u(t) is solution of problem (4.2.1)-(4.2.2), then it can be written as (see 
[42], p. 80) for allt € R,, 


+00 
u(t) = Ugo -| [f(s, u(s)) + p(s)]ds. (4.2.6) 


From (4.2.6) and (4.2.3)—-(4.2.4), we derive 


+00 
|u(t)| < a(t) + i b(s) | u(s) | ds. (4.2.7) 


Now applying Theorem 1.1.5 to (4.2.7) yields the required estimate (4.2.5). O 

Next we shall prove the uniqueness of the solutions of problem (4.2.1)—(4.2.2). 
Theorem 4.2.2 (Pachpatte-Pachpatte [510]) Suppose that the function f 
in (4.2.1) satisfies the condition 


If(t,u)-—f(,v)| <bO|u—-v, (4.2.8) 
where b(t) is defined as in Theorem 4.2.1. Then the problem (4.2.1)—(4.2.2) has at 
most one solution on R+. 


Proof The problem (4.2.1)—(4.2.2) is equivalent to the integral equation (4.2.6). Let 
u(t) and v(t) be two solutions of problem (4.2.1)-(4.2.2) on R+. Thus from (4.2.6) 
and (4.2.8) it follows 


+00 
| u(t) — v(t)| < i b(s) | u(s) — v(s) | ds. (4.2.9) 


Now applying Theorem 1.1.5 to (4.2.9) yields u(t) = v(t), ie., there is at most one 
solution of the problem (4.2.1)—(4.2.2). Oo 


The next result shows the continuous dependence of solutions to prob- 
lem (4.2.1)—(4.2.2) on terminal values. 
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Theorem 4.2.3 (Pachpatte-Pachpatte [510]) Let u;(t) and u(t) be two solutions 
of Eq. (4.2.1) with the given terminal conditions 


Uy(+00) = Ujoo (4.2.10) 
and 
U2(+00) = U20 (4.2.11) 


respectively, where Uigo,Uioo € R. Suppose that the function f in (4.2.1) satisfies 
the condition (4.2.8) in Theorem 4.2.2. Then for all t € Rx, 


+00 
| u(t) — u2(t)| < | too — U200 jexp( | b(s)ds). (4.2.12) 


Proof By using the facts that u,(t) and u(t) are the solutions of prob- 
lem (4.2.1), (4.2.10) and problem (4.2.1), (4.2.11) respectively, we have 


+00 
Uy (t) — U2(t) = W109 — W200 — / [f(s, ui(s)) — f(s, u2(s))]ds. (4.2.13) 
We deduce from (4.2.13) and (4.2.8), 
+00 
| u(t) — ua(t)| < | Uc — U200 | + / b(s) | uy (s) — ua(s) | ds. (4.2.14) 


Now applying Theorem 1.1.5 to (4.2.14) yields the required estimate 
in (4.2.12). Oo 


We next consider the following differential equations 


w(t) = f(t,u(), 1), (4.2.15) 

u(t) = f(t, u(t), Mo). (4.2.16) 
with the given terminal value condition (4.2.2), where f : Ry x R*? > Risa 
continuous function and /, {io are real parameters. 


The following theorem shows the continuous dependence of solutions to prob- 
lem (4.2.15), (4.2.2) and problem (4.2.16), (4.2.2) on pure parameters. 


Theorem 4.2.4 (Pachpatte-Pachpatte [510]) Suppose that the function satisfies 
the conditions 
If(un)—fGv,w)| <bO|u-v|, (4.2.17) 
fu, w) —f(tv.W)| <cO|u— bol, (4.2.18) 
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where b(t), c(t) : R4 — R+ are continuous functions. If u\(t) and u(t) are the 
solutions of problem (4.2.15), (4.2.2) and problem (4.2.16), (4.2.2) for allt € Ry 
respectively, then for allt € R+, 


+00 
| u(t) — ua(t)| < B(exp( / b(s)ds), (4.2.19) 
where for allt € R+, 
oo 
B(t) = |w— pol i c(s)ds. (4.2.20) 


Proof Let z(t) = u,(t) — u2(0), for all t € Ry. As in the proof of Theorem 4.2.3, 
from the hypotheses, we derive 


+00 
| = / [tsi Ft). DFG, 0), 1) —FCials) te) 


+00 
< B+ / b(s) | z(s) | ds (4.2.21) 


where B(t) is defined by (4.2.20). Clearly B(#) is non-negative, continuous and non- 
increasing for all t €¢ R. Therefore applying Theorem 1.1.5 to (4.2.21) yields the 
required estimate (4.2.19). Oo 


4.3 Applications of Theorem 1.2.12 to Perturbations 
of Nonlinear Systems of Differential Equations 


In this section, we shall use Theorem 1.2.12 and the nonlinear variation of 
constants formula of Alekseev [25] to study the behavior of solutions of a nonlinear 
differential system of the form 


y(t) =f(t, yO) + g(t»), TO), (4.3.1) 


which will be studied as a perturbation of the nonlinear differential system 
x*() =f(t,x(9). (4.3.2) 


Here x, y, f and g are the elements of R”, an n-dimensional Euclidean space. 
Primes will always denote differentiation with respect to t. Let J be the interval0 < 
t < +oo and C(X, Y) denote the space of continuous functions from X to Y where 
X and Y are any convenient spaces. We shall assume that f € C(/ x R”, IR”), and 
j.(t, x) exists and is continuous on J x R” into R”, that g ¢ CU x R"” x R",R’), 
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and that T is a continuous operator which maps R” into R”. We denote by y(t, fo, yo) 
the solution of Eq. (4.3.1) through the initial point (to,x9) for f9 > 0. The symbol 
| - | will denote some convenient norm on R” as well as a corresponding consistent 
matrix norm. This result is chosen from [460]. 

It is well-known [150] that the derivative matrix 


7) 
on [x(t, to, Xo)] = ®(7, to, xo) 
x0 


exists, and satisfies the variational equation 
Z(t) = fclt, x(t, to, Xo)) z(t) (4.3.3) 
such that 
D(to, fo, X90) = E (identity matrix). 


Pachpatte [460] defined a new kind of stability as follows in terms of the behavior 
of solutions of (4.3.2) and the variational equation (4.3.3). 


Definition 4.3.1 The solution x = 0 of Eq.(4.3.2) is said to be exponentially 
asymptotically stable in variation if there exist constants M > 0, c > 0 such that for 
all t > to => O and |xo| sufficiently small, 


|x(t, to, xo)| < M|xole °™, 


|B(t, to, x0)| < Me, 


Definition 4.3.2 The solution x = 0 of Eq. (4.3.2) is said to be uniformly slowly 
growing in variation if and only if for every « > 0, there exists a constant M > 0, 
possible depending on €, such that for all t > fo > 0 and |xo| < +00, 


|x(t, to, X0)| < M|xole™, 


| P(t, to, Xo) | < MeS) | 


We note from [113] that a function z(t) is slowly growing if and only if for every 
€ > 0, there exists a constant M, which may depend on ¢, such that for all tf > fo = 0, 


|z(t)| < Me“. 
Theorem 4.3.1 (Pachpatte [460]) Suppose that for all t,s € 1, 


P(t, s, y)gls, y, z]| < p(s)(y| + Izl), (4.3.4) 
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where p(s) € C(U,R+) and Sr ps)as < +00. Furthermore, suppose that the 
operator T satisfies the inequality 


IDOI < i a(s)|y(s)lds. (4.3.5) 


i) 


where q(s) € CU, R+) and 1 ae q(s)ds < +00. Then for every bounded solution 
x(t) = x(t, to, x0) of Eq. (4.3.2) on I, the corresponding solution y(t) = y(t, to, yo) of 
Eq. (4.3.1) is bounded on I. 


Proof Using the nonlinear variation of constants formula of Alekseev [25], the 
solutions of Eqs. (4.3.1) and (4.3.2) with the same initial values are related by 


y() = xf) + 7 H(t, 5, (els, y9), BO)ae. (4.3.6) 


i) 


From (4.3.4)—(4.3.6) it follows 


b@l<e+ / p(s)|y(s)|ds + / r6s)l i g(x)ly(e)|dr]ds, 


to 


where c > 0 is the upper bound for |x(r)|. Thus applying Theorem 1.2.11 yields 


bl <e 1 + [ rove ( [vo+ a(o)\dr) as 


which implies the boundedness of y(t) on J, and hence the theorem is proved. O 


It is important to note that Theorem 4.3.1 implies not only the boundedness, but 
also the stability of y(t), if c > 0 is small enough. However, the above estimate does 
not prove the asymptotic stability. 

Recall that Brauer [111] proved that if the trivial solution of Eq. (4.3.2) is 
exponentially asymptotically stable, and if g(t, y, Ty) = g(t, y) = o(|y|) as |y| > 0 
uniformly in ¢, then the trivial solution of (4.3.1) also exponentially asymptotically 
stable. The next theorem is closely related to Theorem 4.3.2 given in [111] under 
more general conditions on the perturbation term g and on the operator T. 


Theorem 4.3.2 (Brauer [111]) Let the solution x = 0 of Eq. (4.3.2) be exponen- 
tially asymptotically stable in variation. Suppose that the perturbation g(t, y, Z) 
satisfies for allt € I, 


le(t,y.z)| < p(y! + Izl). (4.3.7) 
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where p(t) € CU, R+) and Sr p(s)as < +00. Furthermore, suppose that the 
operator T satisfies the inequality 


ITy()| < e* / g(s)ly(s)lds. (4.3.8) 


i) 
where c > 0, q(s) € CU,R+) and ies q(s)ds < +00. Then all solutions of 
Eq. (4.3.1) approach zero as t + +00. 


Proof Itis known that the solutions of (4.3.1) and (4.3.2) with the same initial values 
are related to the integral equation (4.3.6). Using (4.3.6), (4.3.7) and (4.3.8) together 
with the exponential asymptotic stability in variation of Eq. (4.3.2), we obtain 


S 


lv] < Mlyolen*" + ; Me~')p(s)[y(s) + y * g(x)ly(a)|dzlds. 


Multiplying both sides of the above inequality by e“, applying Theorem 1.2.12 with 
u(t) = |y(H|e“, then multiplying by e~“, we obtain 


b@] < Mlyole— + / Mp(s) exp ( / ‘(Mp() + gine") dr) as]. 


The above estimate yields the desired result if we choose M and |yo| small enough, 
and the proof of the theorem thus is complete. 


Brauer and Strauss [113] studied the perturbations of a class of unstable systems, 
namely those whose solutions grow more slowly then any positive exponential. 
Theorem 4.3.3 below demonstrates that the solution of Eq. (4.3.1) grows more 
slowly than any positive exponential. 


Theorem 4.3.3 (Brauer-Strauss [113]) Let the solution x = 0 of Eq. (4.3.2) be 
uniformly slowly growing in variation and let the perturbation g(t, y, z) satisfy for 
allt € I, 


lg(t,y,2)| < p(y! + IzI), 


where p(t) € CU, R+) and Sr p(s)as < +00. Suppose that the operator T 
satisfies the inequality 


IBO| < e ; a(s)ly(s)las, 
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where c > 0, q(s) € C(I, R+) and aa q(s)ds < +00. Furthermore, suppose that 
there exist constants M and k such that 


+00 s 
Mp(s) exp (/ [Mp(t) + a(ne"ae) ds <k, 


then all solutions of Eq. (4.3.2) are slowly growing. 


Proof The proof of this theorem follows by the similar argument as in the proofs of 
the above theorems, and hence we omit the details. O 


To close this section, we give a simple example to illustrate Theorem 4.3.2. 
Consider the differential equations 


v= et? (4.3.9) 


and 


y =e yp 4 glt.y, i. (4.3.10) 
Suppose that the perturbation term g and the operator T in (4.3.10) satisfy the 
hypotheses (4.3.7) and (4.3.8) of Theorem 4.3.2 with c = 5. The solution of (4.3.9) 
is given by 


x(t, to,.X0) = yoe +(t My (e Git) __ » (+t0)) 4 ¢ (t 0) 2 [> HSU, 


(4.3.11) 


where yo is a constant. Therefore from (4.3.11), it follows 
Ix(t, to. Yo)| < Mlyole72™), (4.3.12) 


if for a constant M > 0, 


IA 
S 


Ibole (3t 0) _ 6 (+I0)) 4 ¢ (t ‘0)] 


Here for all f > to > 0, 


P(t, to, Yo) = C72) fy2 (e310) — p-3(HFSIO)) 4 p30)“ (4.3.13) 
and 


|®(t, to, yo)| < Mew 2), (4.3.14) 
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since 


[y2(e7 3071) — @ 345t0)) 4 “3 0-10)]-3| <M, 


From (4.3.12) and (4.3.14) it follows that the solution x = 0 of Eq. (4.3.9) is 
exponentially asymptotically stable in variation. The solution y(t) = y(t, fo, yo) of 
Eq. (4.3.10) is given by 


y() = x(t) + / ®(1, 5, y(s))@(s, y(s), Ty(s))ds, (4.3.15) 


to 


where x(t) = x(t,to,yo) and ® are as given in (4.3.11) and (4.3.14). Now 
from (4.3.15), (4.3.12) and (4.3.14), in view of the conditions (4.3.7) and (4.3.8) 
on g and on the operator T, we obtain 


z s 
ly) < Mlyole72—) + i Me~3"p(s) (v0 +e} ; a([y(lar) ds. 
to 1 


Now, by following the similar argument as in the proof of Theorem 4.3.2, we have 
|y(t)| — 0 as t > +00, and the conclusion of Theorem 4.3.2 follows readily. 


4.4 An Application of Theorem 1.2.13 to Volterra Integral 
Equations 


In this section, we shall use Theorem 1.2.13 to Volterra integral equations. 
We first give an estimate of solutions of Volterra integral equation. 


Theorem 4.4.1 (Kong and Zhang [317]) Consider equation 


yx) = f@) + / k(x, s)y(s)ds, x € Ry. (4.4.1) 
0 
Suppose that 


1) k(x, s) (« = s) are non-negative and continuous on R+ x R+, and 


dk(x, 5) 
ox 


Yo ahs), 


i=1 


K(x,x) < m(x); 


2) f(x), q(x), Aix) (@ = 1,2,...,) are defined as in Theorem 1.2.13; 
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3) m(x) = 0 is continuous on R+. 
Then for all x € R4, 


ly(x)| S An(p), 


where 


P(x) = f(x) + [ f(s)m(s) exp (/ (das) ds, 


gi(x) = i qi(x) exp ([ (tt) ds,i=1,2,...,n, 


and A,,(u) is defined as in Theorem 1.2.13. 
Proof From (4.4.1) it follows 


peal < £6) +f kx. spl 
By a similar argument to Theorem 1.2.45, we obtain 
pay] sp) + Dae) [ hbyiv(las 
i=1 7 


Thus applying Theorem 1.2.13 to the above inequality yields the desired estimate 
of the theorem. Oo 


4.5 An Application of Corollary 1.2.15 to Nonlinear Integral 
Equations 


In this section, we shall consider the nonlinear integral differential equation 
t 
x(t) = f(t, u(t)) + i g(t, s, x(s))ds, (4.5.1) 
to 
and the corresponding perturbed equation 


v@ =s(.ue) + | 


i) 


g(t, s,u(s))ds + nian). f k(t, s, u(s))ds) (4.5.2) 
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for all t,t € Ry and x,u,f,g,h € R”. If we let x(t) = x(t t,x9) and u(t) = 
u(t; to, Xo) be the solutions of (4.5.1) and (4.5.2) respectively with x(t) = u(to) = xo 
and f : Ry x R" — R’, f.: R+ x R” > R" xR" g,k: Re x Ri xR’ R’, 
g,: Ry xR,xR’" > R”" andh: Ry xR; xR" > R’ are continuous functions in 
their respective domains. Then we know by [112] that 0x/0xo(t, to, xo) = (ft, to, Xo) 
exists and satisfies the variational equation 


X(t) = f(t x(t; to, X0))z(t) + / &x(t, 8, x(S5 to, X0))z(s)ds, z2(to) = 1 (4.5.3) 
and 


0 t 
>t fo, xo) + OC, tox0)fo.x0) f P(t, 5, x0) g(S, to, Xo)ds = 0. (4.5.4) 
0 i) 


Thus the solutions x(f) and u(t) are related by 


u(t) = x(t) : D(t, s, u(s))h (s u(s), [m. t, u(p)dt) ds. (4.5.5) 


Theorem 4.5.1 (Ferreira-Torres [211]) Let f,f.,g,9%,k,h, as above defined, be 
non-negative continuous functions. Suppose that the following inequalities hold: 


|D(t,s, u)| < Me"), (4.5.6) 
| D(z, 5, u)h(s, u, z)| < p(s)(\ul + |zI), (4.5.7) 
k(t, s,u)| < (s,s) |yI, (4.5.8) 


for0O<s<tu,z€R", M= 1anda > Oare constants. If p(t) and q(t, t) are 
continuous and non-negative and 


+00 +00 
/ p(s)ds < +00, f q(s, s)ds < +00. (4.5.9) 
to 10 


Then for any bounded solution x(t; to, xo) of Eq. (4.5.1) in Ry, then the correspond- 
ing solutions of Eq. (4.5.2) is bounded in Ry. 


Proof We have from (4.5.6)-(4.5.8) that Eq. (4.5.2) gives 


lu()| < Mlxol + / p(s)|u(s)|ds + / p(s) / g(t.t)|u(|di)ds. (4.5.10) 


i) 
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Hence by Theorem 4.5.1, we derive from (4.5.10) 
t S 
|u(t)| < M|xo| I! + / p(s) exp (/ p(t) + q(t, 0) aryas| . (4.5.11) 
to SO 


Hence by (4.5.9), we easily see that |u(r)| is bounded and the proof is now 
complete. Oo 


4.6 Applications of Theorems 1.2.36 and 4.6.1 to a Retarded 
Equation 


In this section, we apply Theorem 1.2.36 to study the following retarded equation 


a(t) S 
u(t) = e+ | F (su. [ K(u(e)\dr) ds, té [a,b], (4.6.1) 


where k > 0, b > 0, a(-) € C!({a, 5], R) is a non-decreasing function with 0 < 
a(t) <t, u(-) € C([0, 5], R), FC) € C((0, b]xIRxR, R) and K(-) € C([0, b]xR, R). 
The following theorem gives us a bound on the solution of Eq. (4.6.1). 

We are now in a position to prove the following result. 


Theorem 4.6.1 (Ferreira-Torres [210]) Suppose that a(-), B(-) € C!({a, b], R) 
are non-decreasing functions with a(t), B(t) € [a,t] for all t € [a,b]. Assume 
that u(-), a(-), b-) € C({a,b],Ro), Ro = (0,+00), (45) —> f(t,s) € 
C({a, b] x [a,a(b)],Ro) is non-decreasing in t for every s fixed, g(-,-) € 
C({a, b] x [a, B(b)], Ro), and (s, Tt) +> k(s, t) € C([a, B(b)] x [a, B(b)], Ro) is non- 
decreasing in s for every t fixed. Let W(-), ®(-) € C(Ro, Ro) be non-decreasing 
functions ®(-) sub-multiplicative with ®(x) > 0 for all x => 1. Define 


i ds 
oo= f oreway 72° 


B(t) 
n(t) = max | a(c). f g(t, oad , Tt € [a,maxa(b), B(d)], 


a 


and 


Ss a(t) a(t) 
ps) = / k(s, 1) ® (m0 + 6 i, exp ( I bf (r. oo) ene) de. 
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If for allt € [a, b], 


a(t) B(t) s 
u(t) < a(t) + vo | f(t, s)u(s)ds + / g(t, s)W (/ k(s, £)@u(r))dr) ds, 
(4.6.2) 


then there exists a tx € (a, B(b)] such that p(t) € Dom(G~') for all t € fa, te], 
G!(-) the inverse function of G(-), and 


a(t) a(t) 
u(t) < qi) + vo | exp (/ b(t) f(t, ou] S(t, s)q(s)ds, 


where 


Bit) 
4) =a) + fal.) W(G*WO))as. 


a 


Proof Let for all t € [a, b], 
Bi) s 
z(t) = a(t) + / g(t, s)W (/ k(s, £)@(u(e))de) ds. 
Then (4.6.2) can be restated as 
a(t) 
u(t) < z(t) + vo | f(t, s)u(s)ds. (4.6.3) 
Applying Theorem 1.2.35 to (4.6.3), we obtain 
a(t) a(t) 
u(t) < z(t) + bo | exp / b(t) f(t, t)dt | f(t, s)z(s)ds. (4.6.4) 
In order to estimate z(t), we define the function v(-) by 


v(s) = [ k(s, T)®(u(t))dt. 


a 
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We have that 2(x) = a(x) + [?™ g(x, 0)W(v(0))d0 and 
Ss a(t) a(t) 
y< | ks,celar)+b b(6)f (zr, 0)6 | f(r, de|d 
v(s) / (s,2) |: 1) + D(r) / oo(| (6)F(«, 8) Jie E)c(E) | : 
< i . 4 no + Ww(2))) 


a(t) a(t) 
+b(r) / oo( | Hoye) fs.dte eC + WoC) dv 


Ss a(t) a(t) 
< / Ks, [ni +010 f exp (/ DOF (t, oat) 8 


x@(1 + W(v(t)))dt. 


Let a < tx < B(b) be a number such that p(t) € Dom(G™') for all t € [a, tx]. Define 
r(-) on [a, so], where a < so < t, is an arbitrary fixed number, by 


s a(t) a(t) 
Oe / k(sp.1)® nc) +00 / exp ( I way 0yde) se 
x@O(1 + W(v(t))dt. 


Then, 
a(s) a(s) 
r'(s) = k(so,s)® ns + vs) | exp (/ DOF (s, oy) f(s, pat 
xO(1 + W(v(s)) 


a(s) a(s) 
< k(so,s)® 0 + vis) | exp (/ bO)F(s, ov) f(s, pe 
x@(1 + W(r(s)), 


that is, 


6) < (so, 5)® | n(s) + b(s) i ex [vere A)dO | f(s, €)n(€)dé) 
B+ Ws) ~ oO ue , P\ Je S77 
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Integrating both sides of the last inequality from a to s, and having in mind that 
G(r(a)) = 0, we get 


Ss a(t) a(t) 
GGr(s)) < / Keo. 298 | (+80) / exp ( I oye) fe. de. 


The choice of t, permits us to write r(so) < G~!(p(so)). Since so is arbitrary, we 
conclude that (the case s = a is trivial), for all s € [a, tx], 


r(s) < G!(p(s))). (4.6.5) 


To complete the proof, we observe that fora < s < t, the inequality B(a(s)) < ts 
holds. Hence, we can insert inequality (4.6.5) into inequality (4.6.4). 


Remark 4.6.1 Theorem 4.6.1 is new even in the particular setting studied in [177] 
with a(t) = B(t) = ¢, b(t) = 1, and f(t,s) = g(t,s) = f(s). Indeed, we may 
choose in Theorem 4.6.1 a sub-multiplicative function ®(-) that is not sub-additive, 
e.g., B(x) = x’ for all x > 0. This choice of ®(-) is not a possibility in Theorem 2.1 
of [177]. 


Theorem 4.6.2 (Ferreira-Torres [210]) Assume that functions F(-,-,-) and K(-,-) 
in Eq. (4.6.1) satisfy 

| K(t,u)| <k()P({u]), (4.6.6) 
|F(t,u,v)| <tlu| + |v, (4.6.7) 


with k(-) and ®(-) defined as in Theorem 4.6.1. If u(-) is a solution of Eq. (4.6.1), 
then for all t € [a, tx], 


a(t) 
jut) | <a@)+1f expla —s)) qa 
0 
for some tx € (a, a(b)] such that for all t € |a, te], 
p(t) € Dom (G"'). 


Here, 


a(t) x d 
gt) =k+ / G'p(s))ds, GO) = / sry EO 


Ss a(t) 
p= / Keo [00 i esotac) yn ie 


n(t) = max{k,a(t)}, 1 € [0,a(d)], 
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with G~'(-) representing the inverse function of G(-). 


Proof Let u(-) be a solution of Eq. (4.6.1). In view of (4.6.6) and (4.6.7), we get 


a(t) Ss 
lu(t)| <k+ 7; (Giza) it | K(x) (|u|) ds. 


Applying Theorem 4.6.1 with a(t) = k, a(t) = B(t), f(t,s) = t, b@) = g(t,s) = 
1, and W(u) = U, we conclude the desired estimate. O 


4.7 An Application of Theorem 1.2.37 to an 
Integrodifferential Equation 


In this section, we present some applications of the inequality (a,) in Theo- 
rem 1.2.37 to study certain properties of solutions of the integrodifferential equation 


4) =F (1.00 — H(t), i f(t,o,x(o — iio) ) (4.7.1) 


with the given initial condition 

x(to) =X0, (4.7.2) 
where f € C(/* x R,R), F € CU x R*, R), xo is a real constant and h € C'(J,J) is 
non-decreasing with t — h(t) > 0, h'(t) < 1, h(to) = 0. 


The following theorem deals with the estimate on the solution of prob- 
lem (4.7.1)-(4.7.2). 


Theorem 4.7.1 (Pachpatte [504]) Suppose that 
If(t.s,x)| < b(ts)[x], [F(x,w)| < a(@lal + Iw. (4.7.3) 


where a(t), b(t, s) are as defined in Theorem 1.2.37 and let 


M = max 


1 
max (4.7.4) 


If x(t) is any solution of problem (4.7.1)-(4.7.2), then for all t,n, t in I, 


Ix()| < [sol exp ( / = [Mats + h(n) + / “M°b(s + h(n).0 + h(e))do as). 


(4.7.5) 
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Proof The solution x(t) of problem (4.7.1)—(4.7.2) can be written as 


x(t) = xo + fr (s.x6 —h(s)), ec 0,x(o — h(o))\d) ds. (4.7.6) 


19 


Using (4.7.3)-(4.7.4) in (4.7.6) and making the change of variables, we have for all 
t,n,t inl, 


t—h(t) RY 
jl < bol+ f [Mats + memlaty| + [M2065 + hen), o + WCE) Ix(oy\do fas 


(4.7.7) 


Now applying Theorem 1.2.37 yields the required estimate in (4.7.5). Oo 

Next, we shall prove the uniqueness of the solutions of problem (4.7.1)-(4.7.2). 

Theorem 4.7.2 (Pachpatte [504]) Suppose that the functions f,F in prob- 

lem (4.7.1)-(4.7.2) satisfying 

| f(t, 5,x) —fis,y)| Ss b(t, s)|x — yl, (4.7.8) 

|F(t,x,x) — F@y,y)| < a®lx—yl + |x—-yl, (4.7.9) 

where a(t), b(t, s) are as defined in Theorem 1.2.37 and let M be as in (4.7.4). Then 
the problem (4.7.1)-(4.7.2) has at most one solution on I. 


Proof Let x(t) and x(t) be two solutions of problem (4.7.1)—(4.7.2) on J, then we 
have 


x(t) — x(t) a / {F(s.a(s _ nis). f f(s, 0,x(o — h(a)))do) 


to 


—F(s,x(s — h(s)), / ; f(s,0,X(0 — h(o)))da)\ ds. (4.7.10) 


Using (4.7.8), (4.7.9) in (4.7.10) and making the change of variables, we have for 
all t,, t in J, 


t—h(t) 
int) 30] sf [Mats + mmx) ~ 30) 
de / MiG hae ee — 3(0)|do |ds. (4.7.11) 


Applying Theorem 1.2.37 yields |x(t) — x(4)| < 0. Therefore x(t) = x(t), i. e., there 
is at most one solution of problem (4.7.1)-(4.7.2). Oo 
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The next result shows the dependency of solutions of problem (4.7.1)-(4.7.2) on 
initial data. 


Theorem 4.7.3 (Pachpatte [504]) Let x,(t) and x(t) be the solutions of Eq. (4.7.1) 
with the given initial conditions 


x1 (to) =X, (4.7.12) 
and 
X2(to) = x2, (4.7.13) 
respectively, where x,,X2 are real constants. Suppose that the functions f and F 
in (4.7.1) satisfy the conditions (4.7.8) and (4.7.9) in Theorem 4.7.2 and let M be as 
in (4.7.4). Then for all t,n,t in I, 
lx) — x2(D| < [1 — x2] 
t—h(t) Ss 
x exp (/ [Mars + h(n)) + / M?b(s + h(n), 0 + ie) is) : 
to 10 
(4.7.14) 


Proof By using the facts that x;(¢) and x(t) are the solutions of prob- 
lem (4.7.1),(4.7.2) and problem (4.7.12),(4.7.13) respectively, we have 


XxX) (t) =a Xo(t) = xX1— x2 + / {F(s,x1 (s ~~ h(s)), ic 0, XxX) (o ~~ h(a)))do) 


to 


—F(s,x9(s — h(s)), i fee~ h(o))))\. (4.7.15) 


Using (4.7.8), (4.7.9) in (4.7.15) and making the change of variables, we have for 
all t,n, t in J, 


t—h(t) 
In) —m0l shalt fo [Mats + he) ba(s) — 266) 


+ [woe + h(n),o0 + h(t))|x1(0) = x2(0) do ]as. 


(4.7.16) 


Now applying Theorem 1.2.37 to (4.7.16) yields the required estimate (4.7.14). O 
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In the same manner, we can also use Theorem 1.2.37 to study the similar 
properties as in Theorems 4.7.1—4.7.3 for the hyperbolic partial differential equation 


D,D2z(x, y) = Fa, y, 2(x _ hy (x), = ho(y)), Tz(x, y)). (4.7.17) 


with the given initial boundary conditions 


2(x, Yo) = a(x), 2(X0, ¥) = a2(y), a1) = a2(V0), (4.7.18) 


where 
x y 
Tz(x, y) = / / K(x, y, S,t, z(s — hy(s), t — ho(t)))dtds, (4.7.19) 
x0 “Yo 


under some suitable conditions on the functions involved in (4.7.17)—(4.7.19). 


4.8 An Application of Theorem 1.2.41 to Continuum 
Thermodynamics 


In this section, we shall apply Theorem 1.2.41 to study continuum thermodynamics. 
This section is chosen from Morro [419]. 

First, we introduce some notations. 

Henceforth Y, Z, A, and ® denote finite dimensional real normed vector spaces, 
subject to the requirement dimA <dimY+dimZ, while L(., -) stands for the normed 
vector space of all linear maps from a vector space of all linear maps from a vector 
space into another. The symbol | - | is adopted to denote the usual norm—|p| = 
(p, p)2—both in Y x Z, A and in L. A superposed dot designates (material) time 
differentiation. 

A material with hidden variables {yg, z9, ag U, V, o, f} on Y x Z x A, the 
vector a representing the set of hidden variables, together with an open connected 
neighborhood U x V of (yo, zo) and the maps 


ge C(UxA,®), feC?(UxVxA,A). 


A path is a bounded and piecewise continuously differentiable map # : R > 
Ux V; to save writing the symbol w will be used even in connection with the values 
of the path, i.e., the values of the physical variables (y,z) € U x V. The hidden 
variables are functions on the time ¢ € R; their growth is determined by the path a 
through the evolution function f, by, 


a(t) = f(x(t), a(t), t>t, alto) =a”. (4.8.1) 
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For the purpose we have in mind, we may disregard the behavior of the response 
function g. As to the evolution function f, instead, two assumptions are introduced, 
namely uniform Lipschitz conditions both in the physical variables w and in the 
hidden variables a. These assumptions are made precise as follows. 

I) These is amap A € L(A, A) and a positive constant 6 such that 


|f(x,a+ b) — f(x, a) — Ab] < b|b], ze UxV,a,a+beA, (4.8.2) 


and each eigenvalue of A + dI, has a negative real part. 
II) There is a positive constant € such that 


|f(« + @,a)—f(z,a)|<elw|, w,a+oEUxV,aca. (4.8.3) 
Thus it follows from I) and II) that 


f(x,-) € Lip(JA] +46), zweEUxV, 

f(.,a) <eLipe, aecA. (4.8.4) 
As usual, an equilibrium hidden variable E(w) € A is characterized by 
f(x, E(x)) = 0. Letting 29 = (yo, Zo), we assume that ag = E(x). 

We note that starting from a set of assumptions similar to I), Day [169] proved 
that the solution to the evolution equation (4.8.1) is asymptotically stable. Then we 
might ask if the assumption I) leads to the same conclusions. We shall show that 
this is so and, in addition, that a(t) is independent of w(t). To this end, consider the 
hidden variables a, a + b € A corresponding to the paths 2, x + w, namely, 

a(t) = f(w(1),a(), f= to; alto) =a", 
a(t) + b(t) = f(x) + @(1), a(t) + D(), FE fo; alto) + b(o) = a* + b*. 


Letting 


y =f(x +o,a+b) —f(x,a+b), 
r = f(z,a+ b) —f(z, a) — Ab, 


subtraction of the above two evolution equations allows us to write the one for the 
difference b as 


b=y+r+Ab. 


Accordingly, we find that 


d 
7 xP HAO] = exp(-tA)[y © + rO)- 


414 4 Applications of Linear One-Dimensional Inequalities 


Hence an integration yields 
b(t) = exp((t— 0 )AYbU0) + f expl(e=s)A)Ly(9) + rds 


whence, using I), I) and denoting by —m < —é the real part of the eigenvalue of 
A with the greatest real part, it follows that 


b(t) < exp(—m(t — to))b(to) + € [ exp(—m(t — s))w(s)ds 


10 


+6 [expe — s))b(s)ds 


where b = |b], w = |@|. Thus, by the identifications 
v(t) = b(t), (4.8.5) 


g(t) = exp(—m(t — to))b(to) + € [ exvieme —s))w(s)ds, (4.8.6) 


to 


k(t) = 6 exp(—mt), (4.8.7) 
A(t) = exp(mt), (4.8.8) 


we may apply Theorem 1.2.41 to obtain 


b(t) < exp(—(n — 8)(t — tp) )b(t0) + € / [exp(—m(t— s))co(s) + 


i) 


+8 exp(—(m — 8)(t—)) / CAO ais es) 


Owing to the cumbersome structure of (4.8.9), a less accurate estimate is desired. In 
this regard, a satisfactory result is obtained by considering | as an upper bound for 
the expressions exp(—m(t — s)) and exp(—m(s — u)) in (4.8.9); so we find the new 
estimate 


b(t) < exp(—(m — 4)(t — t9))b(to) 


4+—*_[m— 8 exp(—(m — 8)(t — 1))] / ‘w(u)du. (4.8.10) 
m—s to 
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It is worth noting that, starting from Willett’s estimate (1.2.304) and following 
along the same procedure, the counterparts of (4.8.9), (4.8.10) become eventually 


b(t) < exp(—m(t — to)) [1 + 5(t — to) exp(d(t — to))] b(to) + 


+e / exp(—m(t — s)) 


i) 


x ge + 6 exp(—d(t — to)) [ exp(—m(s — yon ds (4.8.11) 
and 
b(t) < exp(—m(t — to))[1 + 6(t — to) exp(S(t — t0)) b(t) + 


te[1 — u exp(—(m — 6)(t — t%)) + 2 exp(6(t — fo))] i w(u)du, 
m m 


to 


(4.8.12) 


respectively. 


4.9 An Application of Theorem 1.2.61 to Nonlinear 
Volterra-Fredholm Integral Equations 


The this section, we present some applications of Theorem 1.2.61 to study certain 
properties of the solutions of the nonlinear Volterra-Fredholm integral equation of 
the form 


t 


B 
a(t.s.x(s))as + f h(t, s, x(s))ds (4.9.1) 


a 


xy =f + f 


for all tf € 7, where x(t) is an unknown function, f € CU, R"), g,h Ee C(Ax Ax 
R”, R’). 

For the study of Volterra-Fredholm integral equations of the type (4.9.1), we refer 
to [32, 406, 485] and the references cited therein. 

The following theorem deals with the estimate on the solution of Eq. (4.9.1). 


Theorem 4.9.1 (Pachpatte [500]) Suppose that the functions f, g, h in Eq. (4.9.1) 
satisfy the conditions 
IfOl se, (4.9.2) 
Ig(t, 5,x)| < a(t, s)|x], (4.9.3) 
|A(t, s,x)| < b(t, )|x| (4.9.4) 
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where a(t,s), b(t,s) and c are defined as in Theorem 1.2.61. Let p(t) be as 
in (1.2.443). If x(t) is a solution of Eq. (4.9.1) on I, then for allt € I, 


x(t) < =o exp (/ a(t, sds) : (4.9.5) 


Proof Since x(t) is a solution of Eq. (4.9.1), from (4.9.1)—(4.9.4) it follows 


t B 
|x(t)| < c+ | a(t, syjsy|as + f b(t, s)|x(s)|ds. (4.9.6) 


Now applying Theorem 1.2.61 to (4.9.6) yields the required estimate 
in (4.9.5). O 


The next result deals with the uniqueness of solutions of Eq. (4.9.1). 


Theorem 4.9.2 (Pachpatte [500]) Suppose that the functions g, h in Eq. (4.9.1) 
satisfy the following conditions 


Ig(t, s,x) — g(t, 8, y)| < a(t, s)|x — yl, (4.9.7) 

|h(t, s,x) — A(t, s, y)| < b(t, s)|x — yI, (4.9.8) 
where a(t,s), b(t,s) are defined as in Theorem 1.2.6]. Let p(t) be as in Theo- 
rem 1.2.61, Then Eq. (4.9.1) has at most one solution on I. 


Proof Let u(t) and v(t) be two solutions of Eq. (4.9.1) on J. From (4.9.1), (4.9.7) 
and (4.9.8), we derive 


t B 
|u(t) — v(t)| < i a(t, s)|u(s) — v(s)|ds + / b(t, s)|u(s) — v(s)|ds. (4.9.9) 


Now applying Theorem 1.2.61 to (4.9.9) yields u(t) = v(?), e., there is at most 
one solution of Eq. (4.9.1). Oo 


4.10 Applications of Theorems 1.4.8 to the Volterra Integral 
Equation and Semilinear Evolution Equations 


In this section, we shall first use Theorem 1.4.8 to investigate the following Volterra 
integral equation 


P(t) = h(t) + fo — 5)! P(s, b(s))ds, (4.10.1) 


where h € C(R+, R"), P € C(R+ x R”, R"),0 < B <1. 
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By a solution to Eq. (4.10.1), we understand a continuous mapping ¢ : [0,b) > 
R” satisfying (4.10.1) for all t € [0, b). If b = +00, then we say that this solution is 
global. 


Theorem 4.10.1 (Medved [400]) Let h € C(R,,R"), P € C(Ry x R",R"), and 
for all (t,v) € Ry x R’, 
|P(t, v)|| < Fav), (4.10.2) 


where f € C(R+,R") and @ be as in Theorem 1.4.8. Assume that there exists an 
€ > 0 such that 


+00 71/B-I+e 
[ ory ere = +00. 


Then any solution to Eq. (4.10.1) is global. 


Proof Let B = 1/1 +2),z>0,@ =1-68,¢q = 1/B+e=14+7z2+6,p= 
(Q+z+e)/+e6),a@ = 1-6 = z/(1 +2). Assume that @ : [0,7) > R” 
is the solution of Eq. (4.10.1) with lim,;+7- ||6()|| = -++oo. By the assertion of 
Theorem 1.4.8, we have for all t € [0, T), 


Ag(OM|ID < Ag Ca max, inal") + Ky [cers (4.10.3) 
Sts 0 


where A, = Aj, with r = 1 (see, Theorem 1.4.8). The right-hand side of (4.10.3) 
is finite, 


le @ll4 do 
; a) = |; 
Jim Ag(lOOI = Jim fo aya 
+00 ,q-l +00 71/B—I+e 
—_ / ——dt => af ———-dt = +00 
: 0 w(t)4 0 w(t) !/Bre 
which is the desired conclusion. Oo 


Next, we shall study the evolution equation 
u(t) + Au = H(t,u), u(0) = uo (4.10.4) 
where —A is the infinitesimal generator of the analytic semigroup {S(t)} on a Banach 
space V, S(t) € L(V,E),t > 0,E is a Banach space densely and continuously 
embedded into V, and the nonlinear map H : R+ x E — V is continuous, satisfying 


the condition: for all (t, v) € Ry x E, 


H(t, v)|| < Fev), (4.10.5) 
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and w is as in Theorem 1.4.8. We shall study the mild solution to (4.10.4), ie., 
solutions of the integral equation 


u(t) = S(t)uo + [se- S)H(s,u(s))ds, 0O<t < +o0. (4.10.6) 
0 


We have the following result due to [400]. 


Theorem 4.10.2 (Medved [400]) Let 0 < T < +00,B € (0,1), and H : Ry x 
E — V be continuous satisfying the condition (4.10.5) with w as in Theorem 1.4.8, 
F : R4 — Rcontinuous. Assume that there exists an € > 0 such that 


+00 71/B—I+e 
/ ory uerett = +o. 


Then sup,<(o,r) ||¢@|lz < +00 for any u € C([0, T), E) satisfying (4.10.6), i.e., any 
solution to Eq. (4.10.6) is global. 


Proof Using Theorem 1.4.8, we obtain for ||u(t)||z the same inequality as 
we have obtained for ||¢(4|| in the proof of Theorem 4.10.1. If we assume 
SUP; <(0,7) |“ |lz = +00, this inequality leads to the contradiction. oO 


4.11 An Application of Theorem 2.1.15 to Quasilinear 
Differential Equations 


In this section, we employ Theorem 2.1.15, due to Lees [358], to investigate 
properties of certain finite difference approximations to mixed initial-boundary 
value for second order quasi-linear hyperbolic equations of the form 


Ou au du ou 
Fe aE = F(t A), (4.11.1) 


We shall consider finite difference approximation to Eq. (4.11.1) using as 
principal part the implicit finite difference operator L defined by 


Lo(x,t) = bax, t) = a(x, thax, 1) (4.11.2) 


where the barred subscripts denote backward difference quotients and the unbarred 
denote forward difference quotients. 

The fundamental problem concerning such finite difference approximations 
to (4.11.1) is to show that their solutions tend with diminishing mesh size to the 
solution (4.11.1). Actually, it is sufficient to prove that the difference equations are 
stable since the convergence of a finite difference scheme can be derived from its 
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stability in a way which has become standard (e.g., see Douglas [190], John [304] 
and Lax and Richtmyer [355]). 

The stability of the difference schemes considered are deduced from an energy 
inequality satisfied by the difference operator L. This energy inequality is a discrete 
analogue of the well-known energy inequality of Friedrichs and Lewy [220] for 
second order hyperbolic equations. The energy inequality for L states that any 
function ¢@ together with the first order difference quotients can be estimated 
in the mean square along time lines in terms of L@. It is the fact that the 
first difference quotients @ can be estimated in terms of L@ that enables us to 
treat difference approximations to differential equations which have nonconstant 
coefficients. 

Douglas [190] and Lax and Richtmyer [355] have established conditions for 
the stability of a wide class of difference approximations to hyperbolic equations 
amenable to Fourier Analysis or separation of variables technique. Their results do 
not apply to equations of the form (4.11.1). 

In this section, we shall consider semi-discrete approximations to Eq. (4.11.1), 
i.e., difference approximations in which only the derivatives with respect to x 
are replaced by difference quotients. In addition to establishing the stability and 
convergence of such semi-discrete approximation schemes, we show that in many 
interesting cases it is possible to derive an explicit error estimate. Semi-discrete 
approximations of this type have been investigated by Douglas [191] for parabolic 
equations. 

Let Q denote the rectangular region 0 < x < 1,0 < t < & and Q denote its 
closure. The set B = Q — Q is called the boundary of 2. We decompose B into the 
three segments B°(O <x<1,t=0),B'x4=0,0<t< to) and B(x =1,0<t< 
to). Note that B is not the set-theoretical boundary of Q. 

Let M and N be positive integers, and denote by D a lattice with mesh (h, k) fitted 
over Q, i.e., D consists of the points of intersection of the coordinate lines 


x=nk, n=0,1,--:,N, 
t=mk, m=0,1,---,M 


where h = N7! andk = toM_". The quantity 4 = kh! is called the mesh ratio of 
D. The mth row of the lattice D is defined to the set 


R(mk) = {(x,t)|(x,t) €D and t = mk}. 
Put 


Ro(mk) = R(mk) — {(x, (x,t) €D,x 40 and x41}. 
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The interior of D is the set D defined as follows: 


M 
D= |_J Ro(mk). 


m=2 


Let 0D = D— D and 0'D = B'(\ dD, (i = 0, 1,2). 
For function ¢ (x, t) defined on the lattice, we employ the following notation for 
their forward and backward difference quotients 


x(x, 1) =H" [Pe +h, 1) — o(x,0), 
bx(x.t) = h" [b(x, 1) — o(@—h,)] = bc(x— A), 
bx, t) =k! [o@,t+k) — od], 
gilx, t) =k" [6(x, 1) — (x, t-K)] = bx, 1-8). 


Difference quotients of the order higher than the first are formed by repeated 
application of the above formulas, for example, 


P(X, t) = [Px (x, Oli = [Pz 
=h [pe +h.) — 26.) + O(x-h, 9], 
bilx.t) = [Gx Ok 
= k7 [6 (x, 1) — 26(x,t— k) + Ox, t— 24)]. 
We shall not use subscripts to denote partial derivatives so that no confusion 


between partial derivatives and partial difference quotients can arise. 
We introduce a hyperbolic differential operator M defined as follows 


ee ( ria (4.11.3) 
ES ae ax. Dos heh. 


where a(x, f) satisfies the following two conditions. There exist constants 4; > 
0 (¢ = 0, 1, 2) such that 


0 < py < a(x,t) < fo, for all (x,H € Q, (4.11.4) 
la(x, t) —a(’,7)| < pllx—x|+|t—-¢]], for all (x,),@,1)€Q. 
(4.11.5) 


As an approximation to M, we take the implicit finite difference operator L defined 
by 


Lo (x, t) = bax, t) — a(x, bax, t), (4.11.6) 


4.11 An Application of Theorem 2.1.15 to Quasilinear Differential Equations 421 


which is called an implicit finite difference operator for the following reason: in the 
equation Lf = 0 in D the values of ¢ on Ro(mk) are defined implicitly in terms of 
its valued on Ro[(m—1)k], Ro[(m—2)k] and R(mk) () aD. Thus, if ¢ is prescribed on 
dD, the solution of the equation Lé = 0 in D requires the inversion of M—2 systems 
of N — | unknowns. It is readily verified that the matrix of each of these systems is 
of the tri-diagonal type; a matrix A = (aj) is tri-diagonal if aj, = 0 for |i—j| > 1. It 
follows from (4.11.4) that the matrices associated with the operator L have dominant 
main diagonal, and according to a theorem of Taussky [617] are nonsingular. Hence, 
for arbitrary ¢ on dD, the equation Lé = w has a unique solution ¢ on D for any y 
defined on D. 

It follows from Taylor’s theorem that the difference operator L is consistent [304, 
355] with the differential operator M, i.e., for any twice continuously differentiable 
function u on Q, we have as h,k > 0, 


|Lu — Mu| > 0, (4.11.7) 


at each point of Q. 

If wu is any twice continuously differentiable function defined on Q which 
vanishes along x = 0 and x = 1, then the energy inequality of Friedrichs and Lewy 
[220] states that there exists a constant C > 0 depending only on j4;, (i = 0, 1, 2) 
and T such that 


1 I 1 
/ |u(x, pPax+ f ee ee. pPac+ f ae t)|?dx 
0 0 Ox 9 Ot 


1 du " 1 du r t 1 i 
<C / |—(x, 0)| a+ f |—(x, 0)| a+ [ / |Mu|‘dxdt}. (4.11.8) 
0 Ox 9 «Of o Jo 


We shall prove that the difference operator L satisfies an analogous inequality. To 
this end, we need the following lemma which gives us a finite difference analogue 
of two differential identities used in the proof of the energy inequality (4.11.8). 


Lemma 4.11.1 (Lees [358]) Let $(x, t) and a(x, t) be functions defined on D. Then 
at each point (x, t) € D, we have 


1 k 
ogi = 5k + xh (4.11.9) 


; ak 
dads = brads]; — axdids — 512k — S43 (4.11.10) 


where a = a(x—h,t). 


Proof 1n fact, an easy computation gives us 


Kp7(x, Dk = 97,1) — 6° (x,t h) 
= $'(x,1) — 6, NO(x. tk) + ONO. t-— bk) — $18). 
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Hence, 


[6° (x. Dh; = 26 (x, Ngi(a, 1) — kGF(x, 1) 


which proves (4.11.9). 
Using the difference product rule 


In(xé(x)]z = n)Ex) + E(x — h) nel), 
we obtain 
Pads = [dads — [dialds 
= [Piady|i — axdidi — abRG:. 


Thus the identity (4.11.10) now follows by replacing a¢;z@z by $[¢2]; + 442 and 
using the identity (4.11.9). 


For any function ¢ defined on D, we introduce norms ||@]lo,,* ||Pllox and |l]|14 
as follows 


N 
Plo, = 2D, lo(nh, DP = h >> G?, (R(mk) = Ro(mk) |_)(1, mk), 


n=1 R(t) 


“Wbllon = 2207. Ublite = lle + llpelloe + lorllo- 


Ro(t) 


The next result concerns the energy inequality due to Lees [358]. 


Theorem 4.11.1 (Lees [358]) Suppose that $(x,t) is a function defined on the 
lattice D which vanishes on 0'D and 0°D. Then there exists a constant cy depending 
only on [4; (i = 0, 1,2) and to such that for all sufficiently small k, 


IPl3, < co few +k wt (4.11.11) 
s=2k 


where 


E(¢) =h) [6? + ¢7]. 


R(k) 


Proof Let D= D\(J[e?D — (1, k)]. At each point of D, noting that ¢ vanishes on 
0°D, we have 


biLo = biti — adidas. 


4.11 An Application of Theorem 2.1.15 to Quasilinear Differential Equations 423 


Using the identities of Lemma 4.11.1, we obtain the identity 
We Loe K 4g 2 
GLb = sIb; ki — ladibals + argids + salbel + 5b; + F5)- 


The last term on the right-hand side is non-negative since a > 1; in Q. Hence, 


GiLp = sle?h — [adidz|: + arbegr + Saleh. (4.11.12) 
Due to 
=1 
aoe ladda]: = > wdabel yp = 


s=2k 


multiplying (4.11.12) by hk and summing over all lattice points of D, we obtain 


2hk YS” bLp = hk [p?]; + 2hk Y* azgids + hk Y* alo2h. (4.11.13) 
D b D B 


Now 


n=1 


N 
hk Y 1167] = bY N1d7 (nh, 10) — $7 (nk, b)] 
B 


= |IPrllou — lIerllon- (4.11.14) 


Summing by parts, we obtain 


Me k =i wy ae: dik 


x=h s=2k 


1 
= h SIG? (a, t0)G(x, to) — $2 (&, a(x, 24)] 


x=h 


1 to 
—hk S~ Y~ a(x, 8) 62 (x, 5) 


x=h s=2k 


> illdellory —H2lldellon — eek D2 2. (4.11.15) 


B-R(to) 
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It follows now from (4.11.13), (4.11.14) and (4.11.15) that 


Prllory + HillPellor < Merlo, + Halloellon + 20k >— GLb 
D 


+uhk Y* $2 +2uhk ¥~|@s||di|. (4.11.16) 


D—R(to) D 
Since 
1 
2pwhk Y~|delldil < kd {Ildellds + llPelld.s} 
D s=2k 
and 


2nk Y) biLb <k Y {Ilgallos +* ILPIlG5} » 
D 


s=2k 


we obtain, for all k satisfying 


(+k <1/2, wks pi-1/2, 


1 
lalla. + Wdello, < 2max(1, p2)E(b) + 2k D> * |LOG, 
s=2k 


t-k 


+2(1 + 2u)k do {ldillos + ldellos}- 


s=2k 


Letting 


o(t) = IIdillo, + lIPello.. ¢ = 2(1 + 2p), 
t 
p(t) = 2max(1, 2)E(p) + 2k D> * |LOG... 
s=2k 
then (4.11.17) reduces to 


t-k 


w(t) < p(t) + ck a w(s). 


s=2k 


(4.11.17) 
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Applying Theorem 2.1.15 to the above inequality, we obtain 


w(t) = IlGall2,, + Idella, < (co/2) few +k> “Ite 


s=2k 
where 
co = 4max(1, 2) exp (2(1 + 242) (to — 2k)). 
Since 

IPllou S ldzllou 

we obtain 
t 
loli. S co few +k>> “ee, 
s=2k 

which completes the proof the theorem. O 


4.12 Applications of Theorems 2.1.17, 2.1.26—2.1.28 
and Corollaries 2.1.13—2.1.14 to Discrete Systems 


Consider first the two dimensional discrete inequalities 


t-l 


Ixi(| < [kil + >> | fils, x1(9),x2(8))| @ = 1,2) 


s=0 


which arises from the study of two dimensional differential systems using Euler’s 
method, if the following conditions hold, 


| fils, x1(s), x2(s))| < bi(t) + aa [x1 (| + ai2(t)|x2(9| 


where aj, @;2, b; are non-negative functions, then it follows from Corollary 3.2 in [2] 
that |x;(2)| < u;(t) where u;(t) and u(t) are the solution of the following discrete 
system 

Au;(t) = b(t) + ai (tur (t) + aiour(t), 

uj(O) = |k;|. (4.12.1) 
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Now from (4.12.1), we derive 


t-1 t—1 Ss 
w(t) = | [A + ar(s)) i + S2o(s) + an(s\ui(s)) [] a + cate) 


s=0 s=0 tT=0 


Now substituting this in the first equation of (4.12.1), and applying Theorem 2.1.26, 
we can find for u;(t) the exact form as in Theorem 2.1.27. 

Next following the same notations as in [452], we consider the linear stochastic 
discrete system 


Ynt1(@) =A(@)yn(@), Yo(@) = Xo (4.12.2) 


and the perturbed system including an operator T as 


Xnt1(@) = A(@)xn(@) + frl@, Xn(@), (Txn)(@)), 
x0(@) = Xo. (4.12.3) 


Let Y,,(@) denote the stochastic fundamental matrix solution of the homogeneous 
system (4.12.1) such that Yo(@) is the unit matrix. 

The following modified versions of Theorems 2—4 in [452] which require weaker 
conditions can be readily proved using the results in Theorems 2.1.17, 2.1.26-2.1.28 
and Corollaries 2.1.13-2.1.14. 


Theorem 4.12.1 (Agarwal-Thandapani [17]) Suppose that 
RAC)) are (@)fs(@, Xs(@), (Txs)(@))| < a;(@) Ixs(@)| + bs(@) | (Txs)(@)| 


where a,(@), b,(@) are non-negative random function defined for alls € N, w € Q. 
Furthermore, suppose that the operator T satisfies the inequality 


n—1 


\(Txn)(@)| = >> cs(@)|xs(@)| 


s=0 


where Cy(@) is a non-negative random function defined for alln € N, w € Q. 
Then for every bounded random solution x;(w) of problem (4.12.1) on N, the 
corresponding random solution x,(@) of problem (4.12.2) is bounded on N provided 
that 


n—1 


+00 
| [0 + aso) + bs) $9 cr(@)] < +00. 


s=0 t=0 
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Theorem 4.12.2 (Agarwal-Thandapani [17]) Assume 


[Yn(@)¥41(@) < Mee"), 
[Y,(@)| < Me™", 
[Fal %n(), (Txp)())| < n(@) |xn()| + by(@)|(Txn)()| 


n—-1 


|(Tx)(@)| < e@" YS es(@)|xs(@)| 


s=0 


where M > 0, a@ > 0 are constants and a,(w), bn(@), Cn(@) are defined in 
Theorem 4.12.1. Then all random solutions of problem (4.12.2) approach zero as 
n—> +0, 


+oo n—1 
K =| [[ + a.(@) + 6,(@) )> cr@)e"] < +00. 
s=0 t=0 


Theorem 4.12.3 (Agarwal-Thandapani [17]) In Theorem 4.12.2, let —a = € and 
K <c where c > 0 is a constant, then the conclusion of Theorem 2.1.10 follows. 


4.13 An Application of Corollary 2.1.10 to Finite Difference 
Equations 


To illustrate the usefulness of Corollary 2.1.10, we shall consider a simple applica- 
tion in the theory of finite difference equations. First, however, it is convenient to 
introduce some additional notations. 

Let p be a positive integer and let Q be a discrete increasing sequence of points 
in [—p, +00). For each t > —p, let t, denote the largest element in Q less than t 
and let a, = {t-t% >t > tp, tT € Q}. We assume that the number of points in 
a, is bounded for all ¢ > —p. If x is a function defined for all t > —p with values 
in R” (the space of n-dimensional column vectors), then x(@,) denotes the vector 
(x(1), x(v2), +++ ,x(vz))? in R™ where v;,--+ , vg is the largest subset of Q with 
T > Vp > V2 > +++ > Ve > Tp. || || designates any appropriate norm definable on 
R” for arbitrary m. If A is an m x m matrix, then ||A|| denotes the smallest number 
€ such that ||Au|| < &||u|| for all win R”. 

Consider finite difference equations of the form for all t > 0, 


x(t) = S) A(t, t.)x(ts) + F(t. x(@,)), (4.13.1) 


t—p<s<t 
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where the A(t, t;)’s are n x n matrices. F(t, g) is a function mapping into R” and 
define for all t > —p and g € R"®*) where b is the maximum number of points in 
any @,. Furthermore, we assume there exist a positive constant c and a function L(?) 
such that for all t > 0 and all ||g|| <c, 


IF@ eI < LOMe¢I. (4.13.2) 


It is clear that for each specification of x € [—p,0], there corresponds a unique 
solution of Eq. (4.13.1) defined for all t > 0. 

Now for an arbitrary value of t > 0, let v) > v2 > --- > vy denote the points 
in a. We define A*(t;) to be the (b + 1) x (b + 1) matrix of n x n matrices Aj(t;) 
where Aj;(t;) = A(t, vj), j = 1,-+- ,k, Aint i(t) = 1,0 = 2,--- ,k, and Ay(t;) = 0 
otherwise. We define the column vector x*(t) € R"@*” as 


(x(t),x(11), aaa X(Vx), 0, as 0)" 
and the vector F*(z;,.x*(t,)) € R"@*” by the formula 
F* t,x" (t)) = (F(t), x(a), 0,-+- 0)". 


It is easily verified that Eq. (4.13.1) is equivalent to the larger system of the form for 
all t > 0, 


x*(t) = A*(t))x* (t) + F* (4, x*(t)). (4.13.3) 


We shall prove the following boundedness result. 
Theorem 4.13.1 (Jones [305]) Let || [],<g, 5, A*(v)|| be bounded for all t = 0. 
Suppose that there exists a function g such that 


sup{] [4*() :vEQ, t>v>h, t= > 0} < g(t) (4.13.4) 


and that [Jeg ye, + g(v)L()) is bounded for all t = 0. Then all solution of 
Eq. (4.13.1) starting with sufficiently small initial data are bounded. If c = +00, 
then all solution of Eq. (4.13.1) are bounded. 


Proof Let vo = 0 if 0is contained in Q and otherwise let v9 = to. Let vy) < v2 <--- 
denote the positive elements of Q. We observe that for all ¢ € (0, v1], 


x" (t) = A*(vo)x* (Vo) + F(v0, x" (V0)), 
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and it follows easily from induction that in general for all ¢ > 0, 


(0) =] [A*odx* 0) + OCT] 4*0)) F023" 00). (4.13.5) 


t>vi Vje<t (>Vj>Vj 


Now let u be any real-valued function defined on [—p, ++oo) such that 
u(t) < ||] [A*@allu(vo) + g(t) 95 Lou). (4.13.6) 


Pvp vi<t 


Employing Corollary 2.1.10, we have 


u(t) < I] [A*@dllu@o) + 8) SOC T] G+ s0)£L@))L@))I1 [] A* Op luo). 


t<vj Vj<t vji<vj<t Yj>Vvj 


By our hypotheses, there exists a constant K; > 0 which bounds || Thee A*(v;)|| for 
all t > 0, so we have 


u(t) < Ki | [+ g@)L0,))u(r). 


Vi<t 


But then [],,-,(1 + g(v;)L(14)) is by hypothesis also bounded by some constant K2, 
so we may conclude that for all t > 0, 


u(t) < K,Kpu(v0). (4.13.7) 


It follows, of course, that |u(0)| < c/(K,K2) implies |u(t)| < c for all t > 0. Now 
returning to (4.13.5), it is clear that (4.13.2) and (4.13.4) imply that for ||x* (v9) || < 
c/(K,K2), we have 


IO < NT PA*@ dl) Ie oll + 8G) D5 LOD" Call. (4.13.8) 


vi vji<t 


which is an inequality of the form of (4.13.6). Thus we have by (4.13.7) that 
|x*(2) || < Ky Ko||x*(vo)|| for all ¢ => O and the proof of our theorem is 
complete. Oo 


A complementary result concerning stability which is essentially proved in the 
proof of Theorem 4.13.1 may be stated as follows. 


Theorem 4.13.2 (Jones [305]) Assume the hypotheses of Theorem 4.13.1, suppose 
Q is not bounded, and suppose g(t) > 0 as t > +00. Then all solution of (4.13.1) 
staring with sufficiently small initial data tend to zero as t > +00. Ifc = +00 then 
all solutions of (4.13.1) tend to zero as t > +00. 
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Proof In the proof of Theorem 4.13.1, it was shown that for all sufficiently small 
initial data and for all initial data if c = +-o0, 


"Ol < IP TAT @aI Ie" oo) 


+9(t) DCT] A+ s@Lo)L@)Lod) IT] A* all e* Qo) 


(4.13.9) 


Since our hypotheses imply that both terms on the right-hand side of inequal- 
ity (4.13.9) tend to zero as t > +00, Theorem 4.13.2 is proved. Oo 


4.14 An Application of Theorem 2.1.25 
to an Integro-Differential Equation 


In this section, we give an application of repeated integral inequality in Theo- 
rems 2.1.25. To this end, we consider the integro-differential equation 


YOQ=FRYO,VO), yO)=y, OStST, (4.14.1) 
where 
pi ktt,s,y(s)) 
w(t) => / “Cae O0O<a<l. (4.14.2) 


In the sequel, we assume that F’, k are sufficiently smooth to guarantee the existence 
of a unique solution y which has a bounded second derivative. 

We note that Brunner [114] has studied collocation methods for solving 
Eq. (4.14.1) where F(t, y, W) is linear. 

Applying an /-step linear multistep method to the differential part of prob- 
lem (4.14.1) gives us 


1 1 
1 
5 Wit = DF i. Ying A), (4.14.3) 


j=0 j=0 


where y; denotes an approximation to y(t;), f = th, 0 <i< N, Nh = T, and z; 
denotes an approximation to W(t). 
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To illustrate an application of Theorem 2.1.25, a simple product integration 
method is used to approximate y(t), 


i-1 
yah » wyk(ti, V, Yj), (4.14.4) 
j=0 


where 


G+ ds 


1 


and Euler’s method is chosen as the linear multistep method of (4.14.3). 
This permits us to define the discrete algorithm 


D"(y! —0. of: Rt _, RMI 
where 


Yi — Vis i= 0,, 
[OO], = 7 FH - FG yw), §=2,3,...,N, (4.14.5) 
em | = hing wit, Gy), i=2,3,...,N. 


We assume that the required starting values Yo, y; are accurate of order one. 
We observe that since i—j > 1, 


bul == ae f pa sg (4.14.6) 
vO bE jf) So A u/G-)y ~ U-oG- J" -_ 


Using the bound (4.14.6), it can be shown that the discretization (4.14.5) consists of 
order at least one, that is, there exist constants C;, independent of h, such that 


y(ti) — yi-1) 


OF |s= 
(6h = 


— F(t-1, y(ti-1), 24-1) < Gh, (4.14.7) 


where 


i-1 


2(t;)) =h > wyk(ti, tj, v(G)). 


j=0 


To demonstrate the convergence of the discretization (4.14.5), we shall consider the 
special case 


Fit.y™. VO) =fO + vO. 
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The more general case will follow in a similar manner, but notationally it is more 
complicated. 
The error y(t;) — y; satisfies 


(y(t) — yd — ((t=1) — vii) = (2-1) — i-1) + 167. 


Summing over 2 to k, 


k-1 k 
Ot) — ye) = hO@() — zi) +A OF + Hi. 
i=1 i=2 


Using the bound (4.14.6) and consistency, and assuming that the starting values are 
accurate of order one, and that k(t,s, y) is Lipschitz continuous with respect to y 
with Lipschitz constant L, x; = |y(t;) — y;| satisfies 


xo < Ch, 

Lh2-% i-1 k-1 oe 
i<Ch+ —_, j=1,2,...,N, 
: a Lee 


for some constant C > 0, by applying Theorem 2.1.25, the convergence of order at 
least one now follows. 


4.15 An Application of Theorem 2.1.30 to Finite Difference 
Equations 


In this section, we shall use Theorem 2.1.30 to study the following two finite 
difference equations 


n—-1 


x(n + 1) = A(n)x(n) + G[n, x(n), > h(n, s,x(3))], x(n) =z, neEeN 


s=no 
(4.15.1) 
and 


y(n+1)=A(n)y(n), y(no) =z, n EN, (4.15.2) 


where A(n) is an r xr matrix with det A(n) 4 0 and x, y, Gand / are r-dimensional 
vector-valued functions and zo is a constant r-vector. 


4.15 An Application of Theorem 2.1.30 to Finite Difference Equations 433 


Let | - | denote some convenient norm on the r-dimensional vector space R” as 
well as a corresponding consistent matrix norm. We denote by Y(n) the fundamental 
solution matrix of Eq. (4.15.2), and denote by Y~! the inverse of Y. Here we 
introduce the following conception. 


Definition 4.15.1 A real-valued r-vector function F(n) defined on N, here r > 1, is 
said to be slowly growing if the following relation holds 


1 
lim -sup In|F(n)| < 0. 
n—>+oo n 


Now we assume that the following conditions hold: 


(1) |¥(n)¥~!(s)| < f(v, 8), for all n and s € N, 

(2) |G[n, x, y]| < a(n) + b(n)|x| + c(v)|y|, for alln EN; x, y € R’, 

(3) |A(n, s,x)| < r(n,s) + g(n, s)|x|, for alln ands e N; x € RS, 

where a(n), b(n), c(n) : N > Ry and f(n,s), g(n,s) and r(n,s): Nx N > Ry 
are known continuous functions. Here f(n, s) and g(n, s) are non-decreasing in n for 


s € N fixed. Then by the well-known variation of constants formula, any solution of 
Eq. (4.15.1) may be written as 


n—1 n—1 


x(n) = ¥(n)¥~!(no)zo + D2 YY "(s+ G[s,x(s), ee x(0))], néeN, we R’. 


s=no s=no 


(4.15.3) 


Using the above conditions (1)—(3), then we obtain from (4.15.3) that for all n € 
N,z € R’, 


n—1 n—1 


|x(n)| = | ¥@)¥~'o) | |eol + DD LY@Y s+ DI x [Gls,x6), Do ACs, 4,.x)] | 


sS=n0 S=n0 


n—l n—l n—1 
< f(n,no)\z0l + Yo f(a,s + Yas) + DO f(a, 5 + De(s) (See 7) 


sS=no S=no S=n0 


nl n—1 n—1 
+ baie. + 1)b(s)|x(s)| + Yifas + 1)c(s) (Sew aa) ‘ 


sS=n0 s=no sS=n0 


Now applying Theorem 2.1.30 to the above inequality yields, 


|x(n)| < {f(n,n0)|zo| HU) }[1+ KM], neN,weR, (4.15.4) 
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where 


n—1 n—1 
In) = Yf.8 + Dabs) +e) Yor.9], 
n—1 n—1 
Kn) = Sf(n,s + 1065) J] [! 4+ f(n,k +10 + en, i], 


s=no s=no 


6(s) = max[b(s), c(s)]. 


As in [656], it is worth pointing out that we can easily observe from the inequal- 
ity (4.15.4) that, the following conclusions hold: 


1. If the functions f(n, no), [(n) and K(n) are bounded on N, then all of the solutions 
of the Eq. (4.15.1) are bounded. 

2. If f(n,no) and K(n) are bounded on N, and if a(n) = c(n) = 0 or a(n) = 
r(n,s) = 0 holds, then the trivial solution x(n) = 0 to (4.15.1) is stable in the 
sense of Lyapunov. 

3. If a(n) = c(n) = 0 or a(n) = r(n,s) = 0 holds, K(n) is bounded on N and 
f(n,no) > 0 as n — +00, then the trivial solution x(n) = 0 to (4.15.1) is 
asymptotically stable. 

4. If a(n) = c(n) = O or a(n) = r(n,s) = 0 holds, K(n) is bounded on N and 
f(n, no) = Ofexp(—én)] as n + +00, where 6 > 0 is a constant, then the trivial 
solution x(n) = 0 to (4.15.1) is exponentially stable with degree 5, see [468]. 

5. If the functions f(n, no), [(n) and K(n) are slowly growing on N, then all solution 
of the Eq. (4.15.1) are slowly growing. 


Remark 4.15.1 When a(n) = c(n) = 0 or a(n) = r(n,s) = 0 holds, then according 
to above conditions (2) and (3), we have, for all n € N, 


n—-1 


G|n, 0. Sch(n,s, 0)| = 0; 


s=no 


and hence x(n) = 0 is a solution of the Eq. (4.15.1). 


4.16 An Application of Theorem 2.1.34 to Discrete Time 
Control Systems 


We note that the direct or second method of Lyapunov has greatly advanced the 
study of stability of force-free difference or discrete time systems, which has been 
successfully extended to the study of the bounded-input bounded-output (BIBO) 
stability of arbitrary, nonlinear, time-varying, discrete control systems by Lin and 
Varaiya [362]. 
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In this section, we use Theorem 2.1.34 to study the stability and asymptotic 
stability behavior of the solutions of discrete time control systems of the form 


x(n + 1) = A(n)x(n) + f(n, x(n), o(n)), x(10) = Xo (4.16.1) 
with 
s-l 
o(n) = u(n) + )> k(n, 8, x(s)) (4.16.2) 


as a perturbation of the linear system 
y(n + 1) = A(n)y(n), yr) = Xo. (4.16.3) 


Here x, y, o, u,f and k are the elements of IR’, the r-dimensional vector space A(n) is 
arxr matrix with det A(n) ¥ 0, the functions f and k are defined on Nx R’ x R’ > 
IR’ and NxNxR’ — R’ respectively. The symbol |-| will denote some convent norm 
on R’ as well as a corresponding consistent matrix norm. We note by x,(n, no, Xo) 
the solution of problem (4.16.1)—(4.16.2) with x, (10,0, Xo) = Xo. Let y(n, no, Xo) 
be the solution of Eq. (4.16.3) and let Y(n) denote the fundamental solution matrix 
of the system (4.16.3) such that Y(mo) = I (the identity matrix). 

It is well-known that the bounded-input bounded-output (BIBO) stability and 
exponential stability, which may be defined for dynamical systems, are specially 
important. Next, we shall give their definitions. 


Definition 4.16.1 The system (4.16.1)-(4.16.2) is said to be BIBO ‘stable’ 
if for any solution x,(n,10,X0) of problem (4.16.1)-(4.16.2) with |o(n)| < 
c16 (c,=constant), for 6 > 0 andn € N such that |xo| < 6 implies 


|Xo (1, N9,X0)| < ¢ 6 (c = constant), for alln > no. 
If, further, limy—>+400 [Xo (n, 0, X0)| = 0, problem (4.16.1)—(4.16.2) is said to be 
asymptotically BIBO stable. 


Definition 4.16.2 The system (4.16.1)—(4.16.2) is said to be ‘exponentially asymp- 
totically stable’ if for any solution x, (n, no, x9) of problem (4.16.1)-(4.16.2) such 
that |xo| < 6 implies 


|Xq(n, No, Xo)| < che C0) 
forc > 0,6 > 0,a@ > 0,andn > no. 


Definition 4.16.3 The system (4.16.1)-(4.16.2) is said to be ‘uniformly slowly 
growing’ if 


|Xo(”, No, Xo) | < chet") | 


forc > 0,6 > 0,a > Oandn > no. 
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Definition 4.16.4 System (4.16.3) will be called ‘stable’ if for any solution 
y(n, no, Xo) of (4.16.3) such that |xo| < 6 implies 


ly(1, 29, X0)| < cé (c = constant), for 5 > 0, andn > no. 
If, further, lim, +00 |y(”, no, Xo) | = 0, system (4.16.3) is said to be ‘asymptoti- 
cally stable’. 


In order to deal with the subsequent discussion, we establish the following finite 
difference inequality, due to [475]. 


Theorem 4.16.1 (Pachpatte [475]) Let a(n,s) > 0 be defined forn,s € N and 
W(n, x, y) be a non-negative function defined for alln € N, 0 < x < +00, 0 < 
y < +00, and monotone increasing with respect to x and y for any fixed n € N, and 


n—1 


m(n) < h(n) + S° a(n, s)W(s,m(s), 6(s)), 


s=no 


where m, h are defined for all n € N. Suppose that r;,(n) is the solution of the 
equation 


n-1 
r(n) = h(n) + D> a(n, s)W(s, r(s), r(s)), (4.16.4) 
s=ng 
existing on N such that m;(no) < r(no), then there holds an inequality 
m(n) < rp,(n), ne N 
provided that 


o(n) <r,(n), nEN. 


Proof We assume that the inequality m(n) < r;,(n) is not satisfied for all n € N. 
Then there exists a 8 > no in N such that m(n) < r,(n) forn = np, n9n +1, ---, B- 
1, but m(B) > rp(B), i-e., 7,(B) — m(B) < 0. On the other hand, 


p-l 
r(B) —m(B) = > ~ a(B,s) [W(s, r(s). rn(s)) — W(s, m(s), rn(s))] = 0. 
s=ng 
We have thus obtained a contradiction, and the desired result follows. Oo 


Definition 4.16.5 We shall take the above Eq. (4.16.4) to be stable if h(n) < 6 
implies r_(n) < c,d (c, = constant), for 6 > 0 andn > no. 
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If, further, limy++o07rn(n) = 0, then this equation is said to be asymptotically 
stable. 


The next theorem investigates that the BIBO stability and asymptotic BIBO 
stability behavior of solutions of (4.16.1)-(4.16.2) depends upon the stability and 
asymptotic stability behavior of solutions of (4.16.3) and (4.16.4). 


Theorem 4.16.2 (Pachpatte [475]) Assume that the fundamental solution matrix 
Y(n) of (4.16.3) satisfies 


\Y(n)¥'(s + 1)| < av, 5), OS s<n< +00 (4.16.5) 


where a(n, s) = 0 is a real-valued function defined for all n,s € N. Let the function 
f in (4.16.1) satisfy an inequality 


| f(n, x(n), 0(n))| < Wa, |x(n)|, |o(1)|), for alln € N, (4.16.6) 


where o(n) is as given in (4.14.2) and W is the same function as defined in 
Theorem 4.16.1. Then BIBO stability (asymptotic BIBO stability) of system (4.16.1 )— 
(4.16.2) follows from the stability (asymptotic stability) of system (4.16.3) and the 
stability (asymptotic stability) of the equation (4.16.4) with h(n) = |y(n, no, Xo)| 
where y(n, no, Xo) is any solution of system (4.16.3). 


Proof Using the variation of constants formula, any solution x,(n,19,xo) of 
problem (4.16.1)-(4.16.2) is represented by 


n—-1 


Xq(, Mo, X0) = y(n, No, X0) + J) Y(n)¥~'(s + Vf (s, x(s, no, x0), 0(5)). 
— (4.16.7) 


Using (4.16.5) and (4.16.6) in (4.16.7) and applying Theorem 4.16.1, we see that 
the inequality 


[Xo (n,N0,X0)| < ra(n), n= no, (4.16.8) 
holds provided for all n > no, 
lo(n)| < ra(n), (4.16.9) 


where 7,(1) is a solution of Eq. (4.16.4) with h(n) = |y(n, no, x0)|- 
Since the system (4.16.3) is stable, we have for all n > no, 


ly(n, no, Xo)| < c6, 


whenever |xo| < 6. 
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Further Eq. (4.16.4) is stable so that we have r;,(n) < c16 for h(n) < cd. Thus, 
la(n)| < c16 
and 
|Xo (1, No, X0)| < c16, for alln > no 
whenever |xo| < 6, i.e., system (4.16.1)-(4.16.2) is BIBO stable. 
From the inequality (4.16.9) it follows that if instead of (4.16.3) and (4.16.4), we 


have the asymptotic stability, then the system (4.16.1)—(4.16.2) will be asymptoti- 
cally BIBO stable. This completes the proof of the theorem. O 


Necessary and sufficient conditions for BIBO stability of a different form 
of (4.16.1) have been obtained using entirely different techniques by Lin and Varaiya 
[362]. Specially, it is shown by these authors that a discrete time control system 
is BIBO stable if and only if there exist Lyapunov functions possessing certain 
properties. We note that Theorem 4.16.2 yields sufficient conditions for BIBO 
stability and asymptotic BIBO stability without using a Lyapunov technique. 

The next theorem shows that under some suitable conditions on the functions 
involved in (4.16.1)-(4.16.2), any solution of (4.16.1)-(4.16.2) is exponentially 
asymptotically stable. 


Theorem 4.16.3 ([475]) Assume that the fundamental solution matrix Y(n) of 
Eq. (4.16.3) verifies 


|¥(n)Y—!(s)| < Me", 0< s<n< +00 (4.16.10) 


where M and a are positive constants. Let the functions f and k in problem (4.16.1)— 
(4.16.2) satisfy 


|f(n, x(n), o(n))| < p(n)([x(n)| + Jo(@)|), 2 EN, (4.16.11) 
|k(n, s, x(s))| < e°"q(s)|x(s)|, n,s EN, (4.16.12) 


where p(n) and q(n) are real-valued functions defined for all n € N and 


sl 


+00 
B> > e170) n(s)[|u(s)le% + M|xole*” I] O(t) 


s=ng t=no 


sl sl 


+> Mpde“*?u@| T] em) (4.16.13) 


t=no t=t+1 
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where Q(n) = (1+ Me*p(n) + & °"q(n)), u(n) is the function given in (4.16.2) and 
B > 0 is a constant. Then any solution x, (n, no, x0) of problem (4.16.1)-(4.16.2) 
with x(no) = xo is exponentially asymptotically stable. 


Proof By using the variation of constants formula, any solution x,(n,10,%0) of 
problem (4.16.1)—(4.16.2) is represented by 


n—-1 
Xo(n, No, Xo) = Y(n)Y_'(no)x0 + > Y(n)Y—\(s + 1) 


s=no 


xf (8, Xo (8, 20, X0), 7(S)). (4.16.14) 
Using (4.16.10), (4.16.11) and (4.16.14), we obtain 


n—-1 
Lxo(n, m9, x0)| < |xo|Me@") + Y* Me" Yp(s) 


s=no 


x[|Xo(s, 0, X0)| + |o(s)|]. (4.16.15) 
Furthermore, using (4.16.2), (4.16.12) in (4.16.15), we have 


n-l 
[x0 (12, 20,0) < [vol Me“ 2" 4. > Me=*— p(s) 


s=no 

x [|Xo (s, 20, Xo) |e%* + |u(s)|e*] 
n—1 sl 

+ > Me™" p(s) & q(t)e *" |xo(t, maple . 
S=n9 T=N9 


Multiplying both sides of the above inequality by e*”, applying Theorem 2.1.35 
with x(n) = |x5(n, no, Xo) |e”, then multiplying by e~®”, we obtain 


n—1 


[xo (n, no, Xo)| < Me*"—") c + D> p(syet—™ {{u(s)|e* 


s=no 


sl s-l s—l 
+M(x)e™ |] O) + >> Mp(De**? uo) [| aro ; 


t=no t=no t=t+1 


which, in view of the assumption (4.16.13), implies 


|xX5(n, no, X0)| < Me?" (6 + B), 
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1.e., for alln > no, 


Xo (n, No, Xo) | < 8 Me7@ 0) | 


whenever |xo| < 6, where 5 =5+B. This proves the assertion of the theorem. O 


Theorem 4.16.4 below demonstrates that, under some suitable conditions on the 
functions involved in problem (4.16.1)-(4.16.2), any solution of problem (4.16.1)— 
(4.16.2) is slowly growing. 


Theorem 4.16.4 ([475]) Assume that the fundamental solution matrix Y(n) of 
problem (4.16.3) verifies 


|Y(n)¥~'(s)| < Me"), 0< 5 <n < +00 (4.16.16) 


where M and a are positive constants. Let the functions f and k in (4.16.1)-(4.16.2) 


satisfy 


If(n,x(n),o(n))| < p)(Ix@)|+lo@|),nEN 4.16.17) 
|k(n,s,x(s))| < e*”q(s)|x(s)|, n,s EN (4.16.18) 


where p(n) and q(n) are real-valued functions defined for all n € N and 


+oo sl 
B> Yo etl p(s) oie + M\xole” TT R() 


s=no t=no0 
sl sl 

+ > Mp(e"F |u(o)| I] reo] (4.16.19) 
t=no t=t+1 


where R(n) = (1 + Me “p(n) + e*”q(n)), u(n) is the function given in (4.16.2) and 
B > 0 is a constant. Then any solution xg(n,no, xo) of problem (4.16.1)-(4.16.2) 
with x(no) = xo is uniformly slowly growing. 


The proof of this theorem follows by the similar argument as in the proof of 
Theorem 4.16.3 with suitable modifications, and hence we omit the details. 

Now we give an interesting example to illustrate Theorem 4.16.3. 

Consider the nonlinear discrete time control system (4.16.1)-(4.16.2) as a 
perturbation of the linear discrete time system (4.16.3) with 


A(n) _— e! eee se sia 
—sin(e”+1—e") cos(e"+!—er) 


and the functions f and k in (4.16.1)-(4.16.2) satisfy the hypotheses (4.16.11), 
(4.16.12) and (4.16.13) of Theorem 4.16.3 with a = 1. Then the fundamental 
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solution matrix of (4.16.3) satisfies 


j=. aoe (4.16.20) 
Oa se 5): (4.16.21) 


We may easily verify the condition (4.16.7) of Theorem 4.16.3 with respect 
to (4.16.20) and (4.16.21), for @ = 1, and hence we have 


|Y(n)¥~!(s)| < Me", O< s<n< +00, sEN, (4.16.22) 


where M > 0 is a constant. 

It is well known that the solution x, (n, 10, x9) of problem (4.16.1)—(4.16.2) is rep- 
resented by Eq. (4.16.14). Using (4.16.14), (4.16.22), (4.16.11), (4.16.2), (4.16.12) 
and following the similar argument as in the proof of Theorem 4.16.3, we obtain for 
alln > no, 


lXo (1, No, X0)| < 8 Me~ 0) , 


whenever |xo| < 5, where 8 =S5+ B, and hence the conclusion of Theorem 4.16.3 
follows. 


4.17 An Application of Theorem 2.1.52 to High Order 
Difference Equations 


In this section, we present some applications of discrete difference inequalities in 
Theorem 2.1.52 due to Agarwal and Thandapani [14]. 
First we now consider the k + Ith order difference equation 


A‘*ly(t) = f(t, y(t), Av(),..., ASV) (4.17.1) 


and show that Theorem 2.1.52 is directly applicable to find the upper estimates for 
the solutions of (4.17.1) provided that 


k 
| f(t, uo, ui... ux) < do hj (OIujl- (4.17.2) 


j=0 
In fact, any solution of Eq. (4.17.1) also satisfies 


t-1 


A*y(t) = AO) + DF (s,9(9), Av)... A(9)), 
s=0 
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or 


k t-l 


|A‘y(0)| < |A‘VO)] + DS YS AAV]. 


j=0 s=0 


Hence from Theorem 2.1.51, it follows 


t-l1 t-1 
[Ay] < AO + > oF) T] 0+ e701. 


s=0 t=st+1 


where $F and # are the same as $1 (f) and ¢2(¢) with p(t) = |A*y(0)| and q(t) = 1. 


4.18 An Application of Theorem 2.1.57 to Difference 
Equation 


In this section, we present an application of Theorem 2.1.57 to obtain the bound on 
the solution of a nonlinear sum-difference equation of the norm 


+00 
u(n) = F(n) + > B(n, s, u(s)), (4.18.1) 


s=n+1 

where u, F:No >R, B: Ni xR- Rand 
|F(n)| < a(n), (4.18.2) 
|B(n, s, u(s))| < b(s)|u(s)|, (4.18.3) 


where a(n) and b(n) are as in Theorem 2.1.57. Let u() be a solution of Eq. (4.18.1). 
From (4.18.1)-(4.18.3), we have 


+00 
|u(n)| < a(n) + Y~ D(s)|u(s)). (4.18.4) 


s=n+l1 
Now an application of Theorem 2.1.57 yields 


+00 


lu(n)| < a(n) [[ [1 + d(9)]. (4.18.5) 


s=n+l1 


Thus the right-hand side of (4.18.5) gives us the bound on the solution u(n) 
of (4.18.1) in terms of the known functions. 
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4.19 Applications of Theorems 2.2.4—2.2.5 to Discrete 
Inequalities of Gronwall Type 


In this section, we shall use Theorems 2.2.4—2.2.5 to study some discrete systems. 


Example 4.19.1 We consider the following sum-difference system of Volterra type 


t-l 


ui(t) = Ci +) [Fi 8, ui(s), ua(s)) + Ki (ui(s) + u2(s))] (4.19.1) 
s=0 
and 
t-l 
ua(t) = Co +) [Fa(t.s.un(s), w2(s)) + Ko(ui(s) + u2(s))] (4.19.2) 
s=0 


where C, > 4, Cy > 4, and the functions F|, Fy, K;, and K» satisfy for any t € R, 
|F i(t, 5, ui (s), uo(s))| < e1(s)|ur(s)| + e2(s)|u2(s)I, 
|Fo(t, 8, ui(s), u2(s))| < Ai(s)|ui(s)| + h2(s)|u2(s)], 
|Ki(ui(s), u2(s))| < e3(s)H(|u1(s)|) + e4(s)H(\u2(s)|), 
|K2(ui(s), uo(s))| < h3(s)H(\ui(s)|) + A4(s)A(|ua(s)]). 


(4.19.3) 


Hence we get 


t-1 t-1 
lui(t)| < Cr + DS er(s)|ur(s)| + D> en(s)|u2(s)| 
s=0 


s=0 
t-1 t-1 

+ So es(sH(\ui(s))) + D5 ea(s)H(ur(s)|) (4.19.4) 
s=0 s=0 


and 


t-1 t—1 

Jur(t)| < Co + Yo mi(s)un(s)| + Yo ho(s)|u2(s)| 
s=0 s=0 
t—1 t-1 


+} 7 ha(s)\H(\ui(s))) + D7 ha(s)H(\ua(s))). (4.19.5) 
s=0 s=0 


The above two inequalities are exactly of the same form as (2.2.40) and (2.2.41) 
in Theorem 2.2.5, where p) = po = p3 = Pa = Qi = QM = G3 =U = 1. Thus we 
may us Theorem 2.2.5 to find the estimates for |u)(¢)| and |u2(t)| in terms of known 
functions. Oo 
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Example 4.19.2 Consider the following system: 


t-1 


u(t) = C3(t) + Sky (wi(s), u2(s)) (4.19.6) 
s=0 
and 
ur(t) = Ca(t) + 5 ks, ur(s)) (4.19.7) 
s=0 
where 


Ky (uy, uz) < A(\ui|) + A(|u2I). 


Hence we get 


t-1 t—1 
ln] < Cx + D2) A(ur(s))) + D2 A(ua(s)) (4.19.8) 
s=0 s=0 
and 
t—1 t—1 
luo(| < Ca) + D2 A(ua(s)!) + D5 H(u2(s))). (4.19.9) 
s=0 s=0 


The above two inequalities are exactly of the same form as (2.2.29) and (2.2.30) 
in Theorem 2.2.4 where aj = C3,da2 = C4, and pj = p2 = qi = q2 = 1. From 
Theorem 2.2.4, we get 


A() = A(C3() — 2) = H(Ca() — 2), 

B(t) = 4H(1) = Const., 
il 

w(t) = G! ) G2) + )°GH() + H(Ca(s) — 2) + H(Ca(s) — 2))p 
s=0 


t-l 


|ur(t)| < C3(t) +) {A(C3(s) — 2) + 4H (IW (s) + H(Ca(s) — 2)}, 
s=0 


t—1 
|u2(t)| < Ca) + D2 {A(Ca(s) — 2) + 4H (1) (5) + H(Ca(s) — 2)} 


s=0 


(4.19.10) 
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and 


"ds 
G(t) = ——., 0<n<r. 4.19.11 
O= | a O<mesr 4.19.11) 


4.20 An Application of Theorem 3.1.20 to the Bellman 
Equations 


We note that many problems within stochastic control theory lead to a so-called 
Bellman equation which allows us in principle to compute the minimal expected 
cost corresponding to the application of an optimal control policy. In case of the 
optimal control of one-dimensional nonconservative quasi-diffusion processes (see 
[237], and for classical diffusion processes [383, Sect. VI. 3]), the Bellman equation 
has the form 


(DnDj (x) + min{a(x, z)-"[b(x, (Dz v)(« — 0) + eC, I} = 0, 
oe (4.20.1) 
x€[a,b], v(a)=no, (Deva =m, 


where DyDF is Feller’s generalized second order differential operator with a non- 
decreasing right continuous function m and a (strongly) isotone continuous function 
p (see, [208, 236, 383]), De stands for the right derivation with respect to the 
function p, J is a compact set in R, and a > 0, b, c are continuous functions on 
[a,b] x J. 

In Lemma 6 of [383], it was shown that the function 


W(x, y) = ~min{a(x, z) |[b(x, zy + c(x,2)]} = 0, x € [a,b], yeR 
is continuous and satisfies the Lipschitz condition 
[YO yy) — VO, y2)| < Livi —y2], x€ [a,b], yi, €R 
where 
L = max{|b(, z)|/a(x, z); x € [a, b], z € J}. 


Integrating (4.20.1), we obtain the equation 


x 


(DF v)(x) =nm+ [ow (Dy v)(s —0))dm(s), x € [a, 5]. 


a 
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By Theorem 3.1.20, this equation has a unique solution z. Setting 


ne / 4OBO. 2e1eH, 


then we have solved in fact the Bellman equation (4.20.1). 


4.21 An Application of Theorem 3.1.23 to Differential 
Equations with Distributions 


In this section, we shall introduce an application of the Gronwall integral inequali- 
ties which is chosen from Rao [547]. 
Consider the differential equation 


Dx = F(t,x)Du, (4.21.1) 


where Dx and Du denote the derivatives of the functions x and u, respectively, in the 
sense of distributions, and F : [0, +00) x R” — R", R” the real n-vector space. Let 
u: [0, +oo) > R be a right continuous function of bounded variation on compact 
subintervals of [0, +00). 

Let S be an open connected set in R” and let J be an interval with left endpoint 
to => 0. A function x(-) = x(-, fo, xo) is said to be a solution of Eq. (4.21.1) through 
(to, Xo) on the interval J if x(-) is a right continuous function of bounded variation 
in S (i.e., x(-) € BVU,S)), x(to) = Xo, and the distributional derivative of x(-) on 
(to, w) for any arbitrary w € J satisfies equation (4.21.1). Assume that for each x(-) € 
BV(,S), F(t, x(t) is integrable with respect to the Lebesgue-Stieltjes measure du. 
Then, as in [545], x(-) is a solution of Eq. (4.21.1) through (fo, x9) on J = [fo, to + 5] 
if and only if it satisfies the integral equation 


x(t) = xo + [ Fo.x6yaus) (4.21.2) 


for allt ¢ J. 

Now, as an application of Theorem 3.1.23, we shall prove the uniqueness of the 
solution of Eq. (4.21.1) under the hypothesis that F is Lipschitzian. If possible, let 
x(t) and y(t) be two solutions of Eq. (4.21.1) through the same point (fo, x0), i.-e., 
X(to) = Xo = y(to). Let Z(t) = | x(t) — y(f) |. Clearly Z(t) = 0, and from (4.21.2), 
it follows that Z(t) < L i, Z(s)dv,(s), where v, is the total variation function of 
u, and L is the Lipschitz constant. Now applying Theorem 3.1.23, with C = 0 and 
K(t) = L, we may complete the proof. 
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4.22 Applications of Theorems 3.2.1-3.2.3 to a Linear 
Gronwall’s Inequality 


In this section, we shall apply Theorems 3.2.1—3.2.3 to study a linear Gronwall’s 
inequality. The result is due to Willett [647]. To apply Theorem 3.2.3, we consider 
the inequality 


i t 
u(x) <t+ 1 f e*u(s)ds + if u(s)ds, for allt > 0, 
0 0 


where A is a real parameter and the problem is to determine the asymptotic behavior 
of u as A — +00, in particular, to prove that u = O(1) uniformly for f restricted to 
compact subintervals of Ry = [0, +00). We have 


k(t, 8) = A?te 4-1, 
hence, dk(t,s)/dt = A?e~**. The application of Theorem 3.2.3 is straightforward 
and leads to the desired result. Indeed, we could have also put v)(t) = w)(t) = 
1, w2(t) = t and v2(t) = A?e~*" and successfully applied Theorem 3.2.2. On the 
other hand, the direct application of Theorem 3.2.1 in the obvious fashion, 
k(t, s) < max(1, Ape * 
or 


k(t, s) < (1 + 71) max(1,e*’), 


does not yield that u must be bounded as 1 — +00. 


Chapter 5 
Linear Multi-Dimensional Continuous 
Integral Inequalities 


5.1 Linear Two-Dimensional Continuous Gronwall-Bellman 
Integral Inequalities 


5.1.1 Linear Two-Dimensional Continuous Gronwall-Bellman 
Integral Inequalities and Their Generalizations 


Gronwall’s one dimensional inequality (Theorem 1.1.1) [239], also known in a gen- 
eralized form as Bellman’s lemma [61], has been extended to several independent 
variables by different authors. For example, in [140] Conlan and Diaz obtained a 
generalization of Gronwall’s inequality in n variables in order to prove uniqueness 
of solutions of a nonlinear partial differential equation. Walter [636] gave a more 
natural extension of Gronwall’s inequality in any number of variables by using 
the properties of monotone operator. By using the notion of a Riemann function, 
Snow [603] obtained corresponding inequalities in two independent variables for 
scalar and vector functions. It turns out to be that Snow’s technique in the scalar 
case can be employed to establish Gronwall’s inequality in n independent variables 
which coincides with the result given in [636] when a representation of the Riemann 
function is used. 

Integral inequalities originally due to Peano and Gronwall, and their various 
generalizations [51, 82, 351] have been extensively used in obtaining a priori bounds 
for solutions of differential and integral equations. An interesting and useful but 
apparently neglected generalization of Gronwall’s inequality in two independent 
variables is due to Wendroff [47]. Wendroff’s inequality which has its origin in 
the field of partial differential equations has recently evoked lively interest as 
may be seen from Snow [494, 495], Young [677], Ghoshal and Masood [228], 
Headley [262], Chandra and Davis [128], Bondge and Pachpatte [90] and Pachpatte 
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[477, 479], see also the monograph Walter [637], which are motivated by certain 
applications in the theory of hyperbolic partial differential and integrodifferential 
equations. 

Two independent variables Gronwall type inequalities of considerable interest are 
associated with the names of Wendroff [47], Snow [603, 604], Ghoshal and Masood 
(227, 228], Young [677], Chandra and Davis [128], and Bondge and Pachpatte [90], 
which were motivated by some applications in the theory of partial differential and 
integral equations. 

Inequalities similar to Theorem 1.1.1 but involving functions of several variables, 
which are originally due to Wendroff, may be found in Beckenbach and Bellman 
[47]. There are a number of ways to extend the above result. The following are some 
unpublished inequalities due to Wendroff, see also the book [47] of Beckenach and 
Bellman. 


Lemma 5.1.1 (Kasture-Deo [312]) Jf 
xX py 
u(x, y) < a+ [ i k(s, thu(s, t)dsdt, (5.1.1) 
x0 “Yo 


where a is a non-negative constant for all x > x9, y = yo, and k(s,t), u(s,t) > 0, 
then for all x = x0, y = Yo, 


u(x,y) < aexp( i K(s, #dsdt). G12) 
x0 “yO 


Proof Denote the right-hand side of (5.1.1) by v. Multiplying (5.1.1) by k(x, y), 
rearranging, and using v,y = ku, we obtain 


Uxy/V < k(x, y) < k(x, y) + (u,vy/v?). 


Hence 


(0/dy)(vx/v) < k(x, y). (5.1.3) 


Integrating (5.1.3) with respect to y from yo to y, and then with respect to x from xo 
to x and using v,(x, 0) = 0, v(0, y) = a, we may obtain (5.1.2). Oo 
Theorem 5.1.1 (The Wendroff Inequality [47]) Let u(x, y), a(x, y), k(x, y) be 
non-negative continuous functions for all x > X9,y = yo, and let a(x, y) be non- 
decreasing in each of the variables for all x > X9,y = yo. Suppose that for all 
X= X0,¥ = Yo, 


u(x, y) < a(x,y) + [ ie k(s, thu(s, t)dsdt. (5.1.4) 


x0 “Yo 
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Then for all x = x0, y = Yo, 


u(x, y) < a(x, y) exp ([ a k(s, Hava) ; (5.1.5) 


Proof Let X > xo and Y > yo be fixed. Then for all x) < x < X,yo < y < Y, we 
have 


u(x,y) < a(X, Y)+ a ([ k(s, thu(s, nat) ds = v(x, y). (5.1.6) 
xo \yo 


The function u(x, y) is non-decreasing in each variable x, y, and satisfies, since 
u(x,t) < v(x, t) < v(x, y), 


v(X0, yo) = a(X, Y), 
y 


ac y= / : k(x, )u(x, dt < | . k(x, t)dt v(x, y), 


yO 0 


(5.1.7) 


Xe y 
vas) saKry + ff KE. nv. ydatas 
xo J yo 
By Lemma 5.1.1, this implies, for all xo <x < X, yo <y<Y, 


v(x, y) < a(X, Y) exp Cs ([ K(s, nat) as) , (5.1.8) 


Setting x = X and y = Y and changing notation, we arrive at (5.1.5). O 
Corollary 5.1.1 (Wendroff [47]) (i) If for allx > 0,y = 0, 


u(x, y) < a(x) + bQ) + [ [ k(r, s)u(r, s)drds, (5.1.9) 
yo 4x0 
where a(x), b(y) > 0, a’(x), b'(y) = 0,u,k = 0, then 
u(x,y) < [a(x) + bO)] exp ( i; ‘ / ee s)drds). (5.1.10) 
yo ¥X0 
In particular, for x» = 0, yo = 0 and for all x = 0, y = 0, 


u(x, y) < [a(x) + bG)] + [ [ k(r, s)u(r, s)drds 


[a(0) + bO) laa) + bO)] y ops 
< esp (| i K(r, s)drds). (5.1.11) 
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(ii) If for allx = 0,y = 0, 


x 


C y 
u(x,y) < C+ af u(r, y)dr + bf u(x, s)ds, (5.1.12) 
0 0 


with a constant C = 0, then for allx = 0,y = 0, 
u(x, y) < Cexp (ax + by + abxy). (5.1.13) 


(iii) If for allx => 0,y = 0, 


y 


u(x, y) < a(x) +b) + af u(r, y)dr + of u(x, s)ds, (5.1.14) 


then for allx = 0,y = 0, 


u(x, y) < O(x, y) (5.1.15) 
where 


[a(0) + b(0) + foe?" On)dyiIla(O) + 600) + fo Ba (rr deren to tery 


Qe») = a(0) + b(0) 


(5.1.16) 
The next result is to establish a useful and sharper general version of the Wen- 


droff’s inequality in Theorem 5.1.1 and the two independent variable generalization 
of the integral inequality established by Pachpatte [445]. 


Theorem 5.1.2 (Pachpatte-Walter [445]) Letc, v, g, 8x. 8y. 8xy € C(R), where 
R is the first quadrant x > 0, y = O ora rectangleO < x < a, 0 < y < b, and 
c= 0, gr = 0, gy = 0, Sy = 0, on R, and the following inequality holds, for all 
(x,y) ER, 


xX py 
v(x, y) < g(x, y) +f / c(s, t)u(s, t)dsdt. (5.1.17) 
0 Jo 
Then for all (x, y) € R, 
x py 
v(x, y) < g(x, ye”, CQ, y) = i; i c(s, t)dsdt. (5.1.18) 
0 Jo 
Proof Let 


Du = Uy, J(u) = iN [ou t)dsdt, u°(x, y) = u(x, 0) + u(0, y) — u(0, 0). 
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Then 
u=u?+J(u), u=D(J(u)). 


Obviously, if v and w satisfy (5.1.17) and 


w(x, y) > g(x,y) + iA [ c(s, t)w(s, t)dsdt (5.1.19) 
0 Jo 


respectively; then v < win R. Now, let w be the function in (5.1.18),w = ge©, C= 
J(c). Since w® = g° and 


Dw = (Dg)e© + cge© + {non — negative terms} 


implies 
Dw = cw+ Dg, 
we get 
w= w? + J(Dw) > g° + J(Dg + cw) = g + J(cw), 
which is equivalent to (5.1.18). Oo 


Remark 5.1.1 We note that the bound obtained in (5.1.18) is sharper than the bound 
obtained in Wendroff’s inequality in Corollary 5.1.1 where g is given by g = a(x) + 
b(y), since no assumption on the sign of g is made, and in Wendroff’s bound, the 
term e© is multiplied by 


[a(0) + bO)Ila@) + bO)] 


oe > a(x) + bo) = 8. 


For example, if a(s) = b(s) = 1 +s, then 


(2+ y)(2+%) 


1 
5 = ae er Ge ey 


Remark 5.1.2 The proof of Theorem 5.1.2 can be used to prove the n-dimensional 
case; see [10, p. 148]. In this case, we have to assume that 


8x1. 8xpx.» 8xx30°' 5 Dg = Bx1...2%97 = 0. 


This remark generalizes Corollary 5.1.1 and Theorem 5.1.2 in several directions. 


In particular, in the bound given in Eq. (5.1.11), the first term on the right-hand 
side can be replaced by the smaller term a(x) + b(y). 
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We next establish the following two independent variable generalizations of the 
integral inequalities established by Pachpatte [445]. 


Theorem 5.1.3 (Pachpatte [445]) Let v, p, q, 8, 8x. 8y, Sxy € C(R) and p, q, gx. 
8ys xy = VonR, satisfy on R, 


v<gt+J(pv) + J(pJ(qv)). (5.1.20) 
Then on R, 
v <g+J(pge"*®), P=J(p), Q= JQ). (5.1.21) 
Proof The function ® = e’T satisfies (see the proof of Theorem 5.1.2) 
b=gt+J(pt+q)®), 
which, by repeated application, gives us 


O>gt+J[(pt+Qge+J((p+q®))I 
> gt J(p®) + J(q(g + I(p®))) (5.1.22) 


or, by putting w = g+ J(p9), 
® >w+ J(qw). 
If this inequality is multiplied by p, then J applied, then g added, the inequality 
w>g+J(qw) + J(pJ(qw)) (5.1.23) 


follows. Inequalities (5.1.20) and (5.1.23) imply v < w (see, e.g., [637, p. 130]), 
which is (5.1.21). Oo 


Remark 5.1.3 We note that, Theorem 5.1.3 is formulated in two dimensions, the 
extension to dimension n is immediate. 


In 1971, Nurimov [434] established the next result. 


Theorem 5.1.4 (Nurimov [434]) Assume that u(x, y), k(x, y), a(x, y), b(x, y) are 
non-negative and continuous on D = [0, xo] x [0, yo]. If for any (x,y) € D, the 
following inequality holds 


u(x, y) < a(x, y) + D(x, y) [ a k(t, s)u(t, s)dtds, (5.1.24) 
0 JO 
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then for all (x, y) € D, 


u(x, y) < a(x, y) + B(x, y) a i exp iN a k(r, z)b(r, z)drdz} a(t, s)k(t, s)dtds. 
aes -“ (5.1.25) 


Proof The proof is similar to that of Theorem 5.1.1. O 


By a reasoning similar to the proof of Theorem 5.1.2, we can easily prove the 
following two results. 


Theorem 5.1.5 (Nurimov [434]) Let u(x, y), a(x, y), k(x, y) be non-negative con- 
tinuous functions in R2_, and let a(x, y) be non-decreasing in each of the variables 
x,y. Suppose that for allx = 0, y = 0, 


+0o f-+oo 
u(x,y) < a(x%,y) + / / k(s, thu(s, t)dsdt, (5.1.26) 
x y 
and for allx = 0, y= 0, 
+00 pt+oo 
i / k(s, t)dsdt < +00. (5.1.27) 
x y 
Then for all x = 0, y = 0, 
+00 p-+oo 
u(x, y) < a(x, y) exp (/ / k(s, nasa) : (5.1.28) 
x y 


Theorem 5.1.6 (Nurimov [434]) Let u(x, y), a(x, y), k(x, y) be non-negative con- 
tinuous functions in R?., and let a(x, y) be non-decreasing in x, and non-increasing 
in y. Suppose that for allx = 0, y = 0, 


x ptoo 
u(x, y) < a(x,y) + / / k(s, thu(s, t)dsdt, (5.1.29) 
0 Jy 
and for allx > 0, y= 0, 
x pt+oo 
/ i k(s, t)dsdt < +00. (5.1.30) 
0 vy 
Then for all x = 0, y = 0, 


x +oo 
u(x, y) < a(x, y) exp ( / / k(s, dvd) . (5.1.31) 
0 dy 
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Proof The proof of Theorem 5.1.6 is carried out in terms of the following scheme. 


(1) By a single integration with respect to one of the variables (say, x), we reduce 
the integral inequality in question to a differential inequality in which the other 
variable (in this case y) is treated as a constant. 

(2) For the differential inequality obtained above, we apply some comparison 
results and arrive at the required result. We omit the detail of the proof. Oo 


Next, we shall establish some useful integral inequalities involving functions of 
two independent variables which can be used as powerful tools in the analysis of 
certain classes of partial differential and finite difference equations. 

In what follows, Ry = [0,+00),No = N U {0} are the given subsets of R. 
The first order partial derivatives of a function z(x, y) defined for all x, y € R with 
respect to x and y are denoted by z,(x, y) and z,(x, y) respectively. We use the usual 
conventions that empty sums and products are taken to be 0 and | respectively. All 
the functions which appear in the inequalities are assumed to be real-valued and all 
the integrals, sums and products involved exist on the respective domains of their 
definitions. 


Theorem 5.1.7 (Pachpatte [498]) Let u(x,y), a(x,y), b(x,y), c(x,y) be non- 
negative continuous functions defined for all x,y € R4. 
(a) Iffor allx,y € Ry, 


x +00 
u(x, y) < a(x, y) + b(, »f / c(s, t)u(s, t)dtds, (5.1.32) 
0 dy 
then for all x,y € Rx, 


x pt+oo 
u(x, y) < a(x, y) + bx, ye, »( | / c(s, t)D(s, dtd), (5.1.33) 
0 dy 
where for all x,y € R+, 
x +00 
e(x,y) = / / c(s, t)a(s, t)dtds, (5.1.34) 
0 dy 
(az) If for allx,y € Ry, 
+0o p+oo 
u(x, y) < a(x, y) + d(x, yf i c(s, tu(s, t)dtds, (5.1.35) 
x y 


then for all x,y € R4, 


+00 +oo 
u(x, y) < a(x, y) + bx, y)e(x, y) exp (/ / c(s, Hd(s, iad). (5.1.36) 
x y 
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where for all x,y € R, 


+0o p-+oo 
e(x,y) = i 7 c(s, ta(s, t)dtds. (5.1.37) 
x y 


Proof Since the proofs resemble one another, we only give the details of the proof 
for (a1), the rest of proofs can be similarly done by following the proofs of the above 
mentioned results with suitable changes. 

Define 


xX p+oo 
z(x,y) = / i c(s, thu(s, t)dtds. (5.1.38) 
0 Jy 
Then (5.1.32) can be restated as 


u(x, y) < a(x, y) + D(x, y)z(x, y). (5.1.39) 


From (5.1.38) and (5.1.39) it follows 


IA 


x +00 
z(x,y) i i, c(s, tfa(s, t) + b(s, Hz(s, t) |dtds 


+00 ptoo 
e(x,y) + / / c(s, t)b(s, t)z(s, t)dtds, (5.1.40) 
0 y 


where e(x, y) is defined by (5.1.34). Clearly, e(x, y) is non-negative, continuous, 
non-decreasing in x and non-increasing in y for all x, y € Ry. First we assume that 
e(x, y) > 0 for all x, y € R,. From (5.1.40) it follows that 


x +00 
UY) ory i / Aone jo! aa (5.1.41) 
e(x, y) 0 y e(s, t) 


Define a function v(x, y) by the right-hand side of (5.1.41), then v(0,y) = 


v(x, +00) = 1, en < v(x, y), u(x, y) is non-increasing in y, y € Ry and 


e(x, t) 


ree / GCDB ak 
: 


IA 


c(x, t)b(x, thu (x, t)dt 


IA 


+00 
u(x, y) i, c(x, t)b(x, t)dt. (5.1.42) 
‘ 
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Now, fixing y € R+ in (5.1.42), dividing both sides of (5.1.42) by v(x, y), setting 
x = s and integrating the resulting inequality from 0 to x, x € Ri, we get 


x +00 
v(x,y) < exp ( i i c(s, )v(s, N)dtds).. (5.1.43) 


Using (5.1.43) in we < u(x, y), we have 


x pt+oo 
z(x,y) < e(x, y) exp (/ / c(s, t)b(s, Ndtds).. (5.1.44) 
y 


Thus the desired inequality (5.1.33) follows from (5.1.39) and (5.1.44). If e(x, y) is 
non-negative, we carry out the above procedure with e(x, y) + € instead of e(x, y), 
where € > 0 is an arbitrary small constant, and then subsequently pass to the limit 
as € — 0 to obtain (5.1.33). Oo 


Theorem 5.1.8 (Pachpatte [498]) Let u(x,y), a(x,y), b(x,y), c(x,y) be non- 
negative continuous functions defined for all x,y € Ry. 
(b,) Assume that a (x, y) is non-decreasing in x € Ry. If forall x,y € Ry, 


x x p+oo 
u(x,y) < a(x, y) + / b(s, y)u(s, yds + i : c(s, t)u(s,t)dtds, (5.1.45) 
0 0 Jy 
then for all x,y € Rx, 
x pt+oo 
u(x, y) < p@, y)fac.y) +A(x, y) exp ( i i c(s, t)p(s, n)dtds) |, (5.1.46) 
0 Jy 
where for all x,y € R, 
P(x, y) = exp ( i D(s, y)ds), (5.1.47) 
0 
x p+oo 
A(x, y) = i: : c(s, 1)p(s, tha(s, t)dtds. (5.1.48) 
0 Jy 
(bz) Assume that a(x, y) is non-increasing in x € Ry. If for allx,y € R+, 
+00 +oo ptoo 
u(x, y) < a(x, y) + / b(s, y)u(s, y)ds + / / c(s, t)u(s, t)dtds, 
: if y 


(5.1.49) 
then for all x,y € Rx, 


u(x, y) <Alatx.y) + A(x, y) exp ( / aa f = c(s, p(s, t)dtds) |, (5.1.50) 
y a 
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where for all x,y € R, 
oo 
p(x, y) = exp ( / b(s, y)ds), (5.1.51) 


+00 +00 
A(x, y) = / i c(s, t)p(s, tha(s, t)dtds. (5.1.52) 
x y 


Proof Since the proof resembles one another, we only give the detail of the proof 
for (b,). The proof of (bz) can be done in the same way as that of (b;). 
Define 


Ea +00 
z(x,y) = i / c(s, thu(s, t)dtds. (5.1.53) 
0 vy 
Then (5.1.45) can be restated as 
u(x, y) < z(x,y) +f b(s, y)u(s, y)ds. (5.1.54) 
0 


Clearly, z(x, y) is a non-negative, continuous and non-decreasing function in x,x € 
Rx. Fixing y € Ry in (5.1.54) and using Theorem 1.1.4 to (5.1.54), we get 


u(x, y) < 2(x, y)p(%, y), (5.1.55) 


where p(x, y) is defined by (5.1.47). From (5.1.53) and (5.1.55), it follows 


u(x,y) < p(x, y)[aQ, y) + v(x, y)], (5.1.56) 


where 
x +00 
v(x, y) = / / c(s, t)u(s, t)dtds. (5.1.57) 
0 dy 
From (5.1.56) and (5.1.57), we derive 
x pt+oo 
z(x,y) < / i c(s, t)p(s, D[a(s, 1) + v(s, t)]dtds 
0 dy 
x +00 
= A(x, y) +f / c(s, t)p(s, t)u(s, t)dtds, (5.1.58) 
0 dy 


where A(x, y) is defined by (5.1.48). Clearly, A(x, y) is non-negative, continuous, 
non-decreasing in x,x € Ry and non-increasing in y, y € R;. Now, similarly as the 
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above argument, we conclude 


x p+oo 
v(x, y) < A(x, y) exp (/ / c(s, t)p(s, pads : (5.1.59) 
0 dy 


Using (5.1.59) in (5.1.56), we get the required inequality in (5.1.46). Oo 


The following result is the two independent variable version of the inequality 
used as tools in the study of terminal value problems for certain hyperbolic partial 
differential equations. 


Theorem 5.1.9 (Pachpatte-Pachpatte [510]) Let u(x, y), a(x, y),b(x, y) be real- 
valued non-negative continuous functions defined for all x,y € R4 and suppose 
that a(x, y) is non-increasing in all x,y € Ry. If forall x,y € Ry, 


+oo pt+oo 
u(x, y) < a(x, y) + ] / b(s, thu(s, t)dtds, (5.1.60) 


then for all x,y € Rx, 


+oo +oo 
u(x, y) < a(x, vexp( / / b(s, N)dtds). (5.1.61) 
x y 
Proof First we assume that a(x, y) > 0 for all x, y € Ry. From (5.1.60) it follows 
that 
+oo p+oo 

; ,t 
WON) 24 4 / / ag) ate (5.1.62) 

a(x, y) x dy a(s, t) 


Define a function z(x,y) by the right-hand side of (5.1.62). Then z(x, +00) = 
2(+o0, y) = 1, SY < z(x,y) and zy = b(x,y) $Y < btw, y)z(x,y). 

The rest of the proof can be completed by following the proof of Theorem 4.2.1 
given in [495] with suitable changes and closely looking at the proof of Theo- 


rem 5.1.4 given above. Oo 


5.1.2. Linear Two-Dimensional Continuous Generalization 
of Gronwall-Bellman Integral Inequalities 


The next result presents a generalization for systems of partial differential equa- 
tions of Gronwall’s classical integral inequality (i.e., Theorem 1.1.1) for ordinary 
differential equations. The proof is by reducing the vector integral inequality to a 
vector partial differential inequality and using a vector generalization of Riemann’s 
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method to obtain the final inequality. The final inequality involves a matrix function 
in the integrand which is a generalization of the scalar Riemann function. The 
proof includes a successive approximations argument to guarantee the existence and 
positivity property of this matrix function. 

The main result is obtained by reducing the vector integral inequality to a vector 
differential inequality and then integrating it by generalizing Riemann’s method to 
apply to vector hyperbolic PDE’s. As in [603], the method of proof shows the right- 
hand side of the final inequality is the corresponding vector Volterra equations and 
hence is the maximal solution of the original inequality. This method can be used to 
solve the corresponding type of vector Volterra integral equations. 

In 1972, Snow [604, 621] gave one of the Gronwall-Bellman integral inequalities 
involving two independent variables. His technique was to reduce the original 
inequality to a second-order partial differential inequality, which is then integrated 
by using Riemann’s method. 

The function V(s, t;x,y) in the next theorem is a matrix generalization of a 
Riemann function relative to the point P(x, y) for the self-adjoint operator L. There is 
such a function and region Dt on which V > 0 as proven in the following theorem. 


Theorem 5.1.10 (The Snow Inequality [604]) Let B(s, t) be a continuous matrix 
function. Then the matrix characteristic initial value problem 
L[V] = Vs; — B(s,t)V = 0 (5.1.63) 
Vis,y) = Vv, t) = 1, (5.1.64) 
where I is the identity matrix, has a unique solution V(s, t;x, y) for s and t near to 


P(x, y) and satisfying (s — x)(t — y) = 0. This solution is continuous and if B(s, t) is 
non-negative, so is V(s, t;x, y). 


Proof The proof is by a successive approximation’s argument. It is easily seen that 
the integral equation 


V(s, 1) = i+ | / V(é, n)B(E, n)d&Edn (5.1.65) 


is equivalent to Eq. (5.1.63) with conditions (5.1.64). Let T represent the transfor- 
mation 


v= “VEE. m)B(E, n)dédn, 


so Eq. (5.1.65) is V = 1+ TV. 
Let Vo(s,t) = J and define V,4; = I + TV,. Since TV is continuous if V is 
continuous, it follows immediately by induction that V,, is defined and continuous 
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for all n. Let || - || be any matrix norm. Then since (s — x)(t — y) > 0, we have 


IITVI| = II i | | VE. BE. n)dédn| 


IA 


: / IVE. n)II-IIBE. mllaéan 


IA 


1 
5 max lIVEE, nil. (5.1.66) 


if we restrict s and t to be close enough to (x, y). 
Then 


1 
|Vir — Vell = TOE — Ve-1)|| < = max ||Ve — Ve-i]| 
2 


IA 


+++ <2 max ||V; — Voll. 


Since Viz, = Vo + yo Veer — Vx), Vn+1 is the n-th partial sum of a matrix 
series dominated in norm by a convergent series, namely, max ||V; — Vo|| )-~=» 2“. 

Therefore the matrix sequence {V,} converges uniformly on the domain 
where (5.1.66) holds. Since each V,, is continuous, the limit function V(s, t; x, y) is 
also. To see that V is a solution to (5.1.65), note that 7 + TV = 1+ T(limV,) = 
I+limTV, = lim(Z + TV,) = lim V,+; = V. To see that V is unique, suppose W 
is also a solution. Then V— W = T(V — W) so 


1 
IV — WI] = 17 — W)I] = 5 max||V — WI 


which is possible only if ||V — W|| = 0; ie., V = W. 

Now suppose B(s,t) > 0. Then, if V > 0, TV > 0, since (s — x)(t— y) > 0. 
Since Vp = I = 0, it follows by induction that V,, > 0 for all m. But then the limit 
function satisfies V(s, t; x, y) => 0 also. O 


The next theorem is a general form of Theorem 5.1.10. 


Theorem 5.1.11 (Snow [603]) Suppose (i) @(x, y) and a(x, y) are continuous n- 
vector functions on a domain D and B(x, y) is a continuous symmetric, non-negative 
(i.e., bj = 0, alli and j), n x n matrix function on D. Let Po(Xo, yo) and P(x, y) be 
two points in D such that (x — x9)(y — yo) = 0 and let R be the rectangular region 
whose diagonal is the line joining the points Py and P. (ii) Let V(s, t; x,y) be the 
n X n matrix function satisfying the matrix characteristic initial value problem 


LIV] = V5. — Bis, DV = 0, Vis, y) = Vx,t) = 7, (5.1.67) 


where I is the identity matrix. (iii) Let D* be the connected sub-domain of 
D containing P and on which V(s,t;x,y) is non-negative. (See Fig.5.1 and 
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P,(X_ Yo) 


Fig. 5.1 Diagram showing the regions involved 


Theorem 5.1.10.) Then if (iv) R C D* and $(x, y) 


x py 
(x,y) < a(x, y) +f / B(s, t)(s, t)dsdt, (5.1.68) 
xo “YO 
where the inequality holds componentwise, then 
x py 
(x,y) < a(x, y) +f / V"(s, t:x, y)B(s, t)a(s, t)dsdt. (5.1.69) 
xo 4 YO 
Proof Let 
xX py 
u(x, y) = / if B(s, thd (s, thdsdt. (5.1.70) 
xo 4 y0 


Then uy, = B(x, y) and since B > 0 and (5.1.68) holds, 
Uxy = Bh < B(a+u) or Llu] = uy — Bu < Ba. (5.1.71) 


This is a hyperbolic vector partial differential inequality for u. The initial conditions 
for u are 


u(xo, y) = u(x, yo) = 0. (5.1.72) 
The operator L is self-adjoint. We note that for any u, v € C?, 


v! Liu) — uT L[v] = 0 uy — 0 Bu — ul" Uy + u' Bu. 
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Then all term here are all scalars and since B is symmetric, the second and fourth 
terms on the right-hand side cancel. Thus the right-hand side is 


(ul vy)x + ul vy + (UT uy)y — Vy Ux 


II 


—(uT vy), + (UT uy)y. (5.1.73) 
For Po and P as required in the hypothesis, we label the directed sides and corners 
of the rectangle R as shown in Fig. 5.2. 


Using s and ¢ as the independent variables in identity (5.1.73), integrating it over 
R, and using Green’s Theorem, we get 


[ feoree —u'L{v]}dsdt = [ [cer + (v" uy); }dsdt 


= -{ v usds + u’ v,dt 
C 


=— / v u,ds — ; u'v,dt (5.1.74) 
Co+C4 Ci +C3 


which holds for any functions in C?. For any u € C? which also satisfies the initial 
conditions (5.1.72), u = 0 on C3 and u = us, = 0 on C4. Thus (5.1.74) reduces to 


= i v u,ds — : uw’ v,dt. (5.1.75) 
C2 Ci 


Now suppose the vector v'(s, t;x, y) are the columns of the matrix V(s, t; x,y) of 
Theorem 5.1.11. Then L[v‘] = 0 and v‘(s,y) = v/(x,t) = e’, the i-th column of 


t 
C2 
P; P(x, y) 
c,| le, 
P.(% Jo) Ee ra 


Fig. 5.2 Directed path around R 
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the identity matrix. Thus v} = 0 on C; so (5.1.75) reduces to ff, v'’L[uldsdt = 
_ I O elusds = u;(P) where the subscript refers to the component of the vector. 
Using the matrix V, this becomes 


u(P) = [ [vo t; x, y)L[u]dsdt. 


For u defined by (5.1.70), since (5.1.71) holds and since V > 0 by Theorem 5.1.10, 
we get 


u(P) < / / V’ Badsdt. (5.1.76) 
R 


This gives us an upper bound for the integral term in (5.1.68) so that (5.1.69) 
follows. Oo 


The matrix V is a generalization of a scalar Riemann function and when 
gd, a, and B are scalars, it reduces to the Riemann function relative to the point 
P(x, y) for the operator L. We note that by the method of proof, if equality holds 
in (5.1.68), there would have been equality in (5.1.71) and (5.1.76) regardless of the 
non-negativity of V, so the right-hand side of (5.1.69) is the solution to the Volterra 
integral equation corresponding to (5.1.68). Since the right-hand side of (5.1.69) is 
a solution of the inequality (5.1.68) and is an upper bound for all such solutions, it 
is the maximal solution of (5.1.68). 


Corollary 5.1.2 If é(x,y) < his te B(s, t)(s, t)dsdt, B > 0, and (x — x0) - 
(y—yo) = 0, then g(x,y) 50. 


Proof Let a be the zero vector in Theorem 5.1.11. O 


Corollary 5.1.3 If a is a constant vector, then $(x,y) < V7 (xo, yo: x, y)a or by the 
symmetry of V in its variables, &(x, y) < V" (x,y; x0, Yo)a. 


Proof For a constant vector a, (5.1.69) becomes 
x py 
o< r+ f / B(s, t)V" (s, tx, y)dsdt\ a. 
xo 4 y0 


By (5.1.63) and the symmetry of B, the integrand is V1(s, t; x,y). Integrating and 
using conditions (5.1.64) which V satisfies, we get the desired result. Oo 


Corollary 5.1.4 If inequality (5.1.68) is reversed, then so is inequality (5.1.69). 


Proof Since B => 0, we still have V > O. Hence reversing inequality (5.1.68) 
reverses (5.1.71) and (5.1.76), so (5.1.69) is reversed. Oo 


Lemma 5.1.2 (Ghoshal-Ghoshal-Masood [226]) Let a(s,t),b(s,t) and H(s,t) 
be continuous matrix functions. Then the matrix characteristic initial value 
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problem (5.1.68) under (5.1.82) and (5.1.83) has a unique solution V(s, t; x,y) 
for all s and t near to X(x,y) and satisfying (s — x) - (t — y) = 0. The solution is 
continuous, and if a,b, H are non-negative, so is V(s, t). 


Proof Now Eq. (5.1.68) together with conditions (5.1.82) and (5.1.83), is equivalent 
to the Volterra integral equation 


V60=i2 / ale, VG. n)dn + / b(E.») VE, y)dE 
y x 


i i / H(é.n)V(é.n)dédn (5.1.77) 
since 


M(V) = Vu — (aV); — (bV): + cV = 0,H = —c. 


oO 
Let T represent the transformation 
t Ss Ss t 
TV = / avan+ [ pvag + [ / HVdédn, (5.1.78) 
y x x dy 
so that the integral equation (5.1.77) can be written as 
V=I+TV. (5.1.79) 


Let Vo(s,t) = J, and define V,4; = 7 + TV,. When V is continuous, TV is 
also continuous under the assumptions stated in the lemma, and so by induction 
V,, is defined and continuous for all n. Let || - || be a matrix norm. Nothing that 
(s—x)-(t—y) = 0, we get 


t - is t 
TVI| < / all - |Vllan + / lolliviag + i i Il) IVE. nda 
y x x dy 


<|/ al|dn + if “|iolldé + i / \eldgadn| - max IVE, 


< a-max ||V(&, 7)|I, (5.1.80) 
where 0 < a < Jif s and ¢ are close enough to (x, y). Then 


Viv —V,|| = ITV, — Vn—1)| = a-max ||V, — V,—1|| Ses a” -max Vi — Voll. 
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Now V,41 = Vo+ ya —V,,) is the n-th partial sum of a matrix series, which 
is majorized by the following convergent geometric series (in matrix norm) 


-+-o0o 
max ||V; — Voll >a’. 


r=0 


It is obvious that the matrix sequence {V,} converges uniformly in the domain 
where (5.1.75) holds. Each V,, is continuous and so is the limit function V(s, f). 
Now owing to the continuity of the operator T, we have 


I+TV =1+T{limV,} =1+TlimV, 
= lim(/ + TV,) = lim(V,41) = V. 


So that V = [+ TV. This implies that V is a solution of (5.1.68). 
If possible, let W be any other solution; so V— W = T(V — W). Hence 


|V — WI] = ||T(V — W)|| < a- max ||V—- WI. 
Thus 
V=W, 


which proves the uniqueness of the solution V. 

Now if a,b, H are all positive non-negative, then V > 0 implies TV > 0 (since 
(s—x)-(t—y) > 0). As Vo = I > O, it follows by induction that V,, > 0 for all n, 
so that the limit function V(s, f;x, y) > 0. Oo 


Theorem 5.1.12 (Ghoshal-Ghoshal-Masood [226]) Jf f(x, y), g(x, y) are all con- 
tinuous n-vector functions on a domain D, and p(x, y), q(x, y), H(x, y) are symmetric 
non-negative matrix functions (matrix with non-negative elements) on D. Let 
Xo(xo, yo) and X(x,y) be two points in D such that (x — xo) - (vy — yo) = 0 and 
let R be the rectangular region whose diagonal is the line joining the points Xo and 
X and let V(s, t;x, y) be then x n matrix function satisfying the matrix initial value 
problem 


M(V) = 0, (5.1.81) 
where M is the adjoint of the operator L given by 


L(u) = us + aus + bu, + cu (5.1.82) 
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and a = —Hq,b = —Hp,c = —H, with the boundary conditions: 


Vax ysx,y) = Vx, y) = V(X) = 1, (5.1.83) 


V(x,t) = exp (/ a(x, ode) ; 
y 


V(s,y) = exp ( / | bio, do) : 


(5.1.84) 


I is the identity matrix and V(s,t;x,y) = V(s,t) is the matrix generalization of 
Riemann’s function relative to the point X(x, y) associated with the operator L. 

Let G be the connected sub-domain of D which contains X and on which V = 0. 
IfR C Gand f(x, y) satisfies 


JENRIG TIER i H(s, y)f(s,y)ds + 


+q(x, y) : A(x, t)f (x, jdt + a [ ie H(s, t)f(s, t)dsdt, 
x0 x0 a) 


yO 


(5.1.85) 


where the inequality holds component-wise; then f (x, y) also satisfies 
Fs) Sa069)-+ PC) [Me rIfG.99ds-+ 408.9) | Hesnfts. ode 
+ a ie V"(s, t: x, y)H(s, t)e(s, t)dsdt. (5.1.86) 
xo 7yo 
Furthermore, if q(x, y) = 0, then 
f(x,y) < gy) + a [ V"(s, t)H(s, t)g(s, t)dsdt 
xo 4 yo 
+p(x,y) [#6 vats, y+ es V"(6, )H(G,1g(6, ndbar\ 
x0 


So 4 YO 


x exo f HUG y)pl6.y)d8| ds. (5.1.87) 
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Also if p(x, y) = 0, then 
f@y) < gy) + / ; / : V"(s, t)H(s, t)g(s, t)dsdt 
+q(x.y) / "Gs D{ g(x, ij 4: / . / Wt Gate Ole ®)dsd | 
yo x0 yo 


x [exp [He g)q(x, ede] . (5.1.88) 


Proof Noting that since u(xo, y) = u(x, yo) = 0, we may let 


u(x, y) = 7 , H(s, t)f (s, t)dsdt. 
xo Y yo 
Then we obtain 
Uxy = H(x, y)f (x,y) < H(x. y) (s(x, y) + Puy + quy + u), 
L(u) = Uy + au, + buy + cu < Hg, 
where 
a=-—Hq, b=—-Hp, c=-H. 
This is a hyperbolic partial differential inequality for u; L is a non-self-adjoint 


operator. 
Now for any two functions u, V € C2, we have 


V"L(u) — u' M(V) = V" [uy + au, + buy + cu] 
=u" [Vy — aV, — bV, + (c — ay — by) V]. 


Here the relations are scalar and hold true for each column of V. If a,b,c are 
symmetric matrices, then we can show that the last expression is 


T 
7 puy uv, T 7 Ux 7 Vx 
V+V=-—-— Vibu+Ve—-uw—). 
(we a ae real ie aw >), 


Taking the region R referred to in the main theorem in the form of the rectangle 
[232] of lemma and applying Green’s theorem, we find (see Fig. 5.3), by noting 
that u is zero on C; and C4; also ds does not vary on Cy and dt on C3; u; = 0 on 
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Fig. 5.3. Region and directed path around R 
C4, us = OonC,, 


: i [V"l(u) — u’ M(V)|dsdt 
R 


'V, Me 
a rf (wav + ve 4%) dt — (viow + vs — ut) ds 
C=Ci+C2+C3+Cy4 2 2 2 2 


V, S Vs 
= i wav + vie au ae— | |v" veiw S| ds 
C2 2 2 C3 2 2 
| 1 
= | [uv (aV—-V,) + -(V"u),Jat— / [u? (bV — V,) + —(V"u),]ds. 
C2 2 C3 2 


(The relations are scalar relations and hold for each column of V.) If V is the 
Riemann function with the initial conditions 

aV—V, =0 on Co, 

bV—V, =0 on C3, 


and 
V(x, y) =I = V7 (X) 


(which are conditions (5.1.83) and (5.1.84)) and satisfies the equation M(V) = 0, 
then we obtain 


1 1 
II V" L(u)dsdt — V(x, y)u(x, y) — xu, yo) V(x, yo) — 3 Uo, V0, Yo). 
R 


Since 
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x py 
u(x,y) < / i V"(s, 1)A(s, t)g(s, thdsdt, 
xo 4 yo 


u(X) = u(x, y) = / , i : V"(s, t)L(u)dsdt. 
Hence 


je 2c65) 96s / H(s, )f(@,y)ds 


+q(x, y) HC, tf (x, dt + / : / : V"(s, t)g(s, t)dsdt. 


0 


Now, let g(x, y) = 0 and suppose 
ote) =e t ff VT e.0Hts.99(s.1sdt 
x0 “YO 
thus 
Flsy) S oly) + ply) f HGsflo.y)ds 
Xo 


This inequality may be treated as a one-dimensional Gronwall-Bellman’s 
inequality (see, Theorem 1.1.4) for any fixed “ty” between yo to y. 
For a fixed y, let 


te) / " Hs iF ls, )4s, 
therefore 


W(X. y) = 0, 


and 


Ws(s,y) = H(s, y)f(s,y) < H(s, y)[o(s.y) + pls. y) W(s, y)] 


since H(s, y) => 0, so that we have 


Ws(s, y) — H(s, y)pw(s,y) < H(s, y)o(s, y). 
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Hence we obtain 
wy) < / H(s, yeo(s, yels MEME ds, 
Xo 
so that 
x y 
fy) < ey) + / / V" (s, Ns, els, Ndsdt + p(x,y) 
Xo “Yo 
x soy m 
x / H(s,y)] a(s.y) + / / V7(0, HO, 90, )d0dt lel AE ypEy4é dy. 
x0 x0 “Yo 
Similarly, if p(x, y) = 0, we obtain 
x py y 
fay) sear ff Vi e.nH.ne(s.ndsat + qty) f HO.0 
x0 “Yo Yo 


ix t ; 
x[ gl, t) + / / V"(s, ®)H(s, ®)g(s, ®)dsd® | elt Hx)qeo)de gy. 
Xo “Yo 


Thus the proof is now complete. O 


Corollary 5.1.5 Putting p(x, y) = 0 = q(x, y) in (5.1.85), we obtain 
x py 
fey) sata»)+ ff Vv" o.nHts.09(6.0dsa 
xo 4y0 


which was obtained by Snow [603]. The treatment given in [603] follows from here 
as a particular case. 


Corollary 5.1.6 If f(x,y) < es Fa HA(s, t)f(s, t)dsdt and H(s,t) > 0 and (x — x0) - 
(y — yo) = 0, then f(x,y) < 0. 


Corollary 5.1.7 If inequality (5.1.85) is reversed, then so is inequality (5.1.86) 
[(5.1.87) and (5.1.88)]. 


Corollary 5.1.8 Jf q(x, y) = 0 and g(x, y) = 0, then (5.1.85) reduces to 


fey) <p) i: “HG, yf, 9) + / / “H(s. f(s, sat, 
then by (5.1.87) 


f(x,y) <0. 
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Corollary 5.1.9 Similarly, if p(x, y) = 0 = g(x,y), (5.1.85) reduces to 


Py x py 
f(x,y) < atx.») | A(x, nar+ f 7: H(s, t)f(s, t)dsdt, 
yo x0 4 YO 
then (5.1.88) gives 


f(x,y) <0. 


The Wendroff inequality (Theorem 5.1.1) on two-variable scalar integral inequal- 
ities, quoted without proof by Beckenback and Bellman [228] have been generalized 
to cover a system of integral inequalities by following an approach different from 
that of Jagdish Chandra and Davis [604]. 

In 1976, Chandra and Davis [604] published their results on the generalization 
of Gronwall inequality to cover a system of m integral inequalities in n independent 
variables. 

At about the same time, Shastri and Kasture [585] established a result by 
following the approach of differential analysis as in Snow [603]. Although their 
approach requires the hypothesis of differentiability not need in [604], it is a 
constructive approach and it has a potential for being applicable to a large class 
of differential and integral inequalities. 

To illustrate this approach, Shastri and Kasture [585] gave the following theorem 
which is a generalization of the results of Wendroff (see, Theorem 5.1.1), see also 
[228]. 


Theorem 5.1.13 (Shastri-Kasture [585]) Let (x,y) be a continuous, non- 
negative, m-vector function on a two dimensional domain D and A(x, y), B(x, y), 
H(x,y) be continuous, non-negative, symmetric m x m matrix functions with 
A(x, y), B(x,y) continuously differentiable in x and y and non-increasing in y 
and x, respectively. If C is any non-negative constant m-vector and (x, y) satisfies 


x y 
oO) <C+ / A(s,y)b(6,9)ds + / Bx, (x, tat 
0 0 
i / . / “ee endak (5.1.89) 
then 
4 y 
T 
biny) = CT exp[ [ Alayydae+ [BGs Bas 
“TP (aa, B)BCa., H(a, B) asap |, 5.1.90 
+f [ (4@.py8@,p) +H(@.p))asap], 6.1.90) 


where C’ is the row vector. 
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Proof Let u(x, y) be the solution of the integral equation corresponding to (5.1.89). 
The existence of u(x, y) can be proved by using contraction mapping principle, as in 
Ghoshal and Masood [227] (see, e.g., Lemma 1). Then by Theorem III b, p.130 of 
Walter [636], we have 


p(x, y) < u@,y). (5.1.91) 
Differentiating u(s, t) twice, we obtain 
Lu = us; — Bus — Au, — (A; + Bs + H)u = 0. (5.1.92) 


The equality (5.1.92) can be integrated using Riemann’s method. For any twice 
continuously differentiable matrix function W(s, t; x,y), we have as in Snow [603] 
(notation as in Fig. 5.4) 


7) 
W"(p)u(p) = u"(po)W( po) + i [WTA + WJuds 


P2 


P x y 
+ | [BW+ W,]dt + i / [W7Lu—u'MW]dsdt, (5.1.93) 
0 0 


PA 


where M defined by 
MW = W,, + BW, + AW, — HW 


is the adjoint of operator L. Now we choose W such that 


(i) W(s,t;x,y) > Oand MW > 0, O<s<x,0<t<y, 
Gi) WTA+ W? <0, O<s<x,t=y, 
Gi) BW+ W, <0, O0<t<y, s=x. 


Fig. 5.4 Directed path t 
around Q(s,t) 


Pp, (9,y) P(xy) 


Pp (0,0) p,(x,0) 
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Then it follows from (5.1.92) and (5.1.93) that 


W'(p)u(p) < u"(p0)W (po). (5.1.94) 


A function W(s, t; x, y) satisfying all the requirements (1), (11) and (iii) is easily found 
to be 


W(s, x,y) = exp | / Media / ” B(s, B)aB 


AY 


7 i / {A(q, B)B(a, B) + H(a., B)}dsaB |. (5.1.95) 


The desired conclusion now follows from (5.1.94) and (5.1.91). Oo 


In the sequel, it is assumed that all variables are real and all functions are real- 
valued. The term “domain” is used in the usual sense of meaning an open, connected 
set. 

The elementary proof given here is simply an application of the following lemma, 
which is established by an argument involving nothing more sophisticated than 
mathematical induction and integration-by parts. 


Lemma 5.1.3 (Rasmussen [552]) Let Po(xo, yo) and P\(x1,y1) be points in the 
domain D such that (x; — x0) + (1 — Yo) = 0 and such that the closed rectangle 
R, with opposite vertices Py and P, is contained in D. Let $(x, y) and K(x, y), with 
K(x, y) non-negative, be continuous functions on D. If for all (x, y) in Ri, 


P(x,y) S / : i; : K(t, s)b(t, s)dsdt, (5.1.96) 
x0 “YO 
then for all (x,y) € Rj. 
P(x,y) < 0. (5.1.97) 


Proof Let Q = (%1 — x0): (v1 — yo). If Q = 0, then the rectangle R; degenerates to 
a line segment and the lemma is trivially true. But if Q > 0, then for all (x, y) in Ri, 
let N be a positive upper bound on ¢ (x, y) and define 


x py 
V(x, y) = 7 K(t, s)dsdt. 
xo 4y0 


We shall show by induction that for all natural numbers n, and for all (x, y) € Ry 


(x,y) eve. (5.1.98) 
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Indeed, obviously for n = 1, (x,y) < N and K(x, y) > 0 imply that #(x, y) - 
K(x, y) < N- K(x, y). Then since Q > 0, substituting into (5.1.96) yields 


g(x,y) < [ fon Ke s)dsdt = N- V(x, y). 


Now assume that (5.1.98) holds for n = k. In the same way as the preceding step, 
we obtain 


b(x.y) <N il . / : K(t,s)[V'(t, s)/k!]dsdt. (5.1.99) 
Xo “Yo 


Now since differentiation of V(x, y) implies Vi2(x, y) = K(x, y), integrating by 
parts in (5.1.99) yields 


y vk 
[x vt Di =f Viele rt Si 


k , ve-l 
= : . wl) Vi(t, S) 7 -[ Vi(t, yO vat s)ds 
: 8 yo 
k-1 
_ XG aC y)- [ Vi (t, 8) Vo(t, a as 
(5.1.100) 


For all x > xo and y > yo, it is easy to verify that K(t,s) > O implies that 
Vix, y), Vi(x, y) and V2(x, y) are all non-negative, hence (5.1.100) implies 


[x yg ) ds < vie, Mit, y). 


However, if x < x9 and y < yo, it follows that K(t,s) > 0 implies that only 
V(x, y) is non-negative, while V\(x, y) and V2(x, y) are both non-positive. In this 
case, (5.1.100) implies 


J Kc.stv'G.99/4thds = (VEG, 99 Vi). 


Thus in either case, substituting into (5.1.99) yields 


ve y) vy) 
Vi(t, y)dt = VDE 


basen f 


which implies that (5.1.98) holds forn = k + 1. 
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Now since R; is compact, V(x, y) is bounded there and N[V" (x, y)/n!] approaches 
zero as n goes to infinity. Then noting that for all N, 


b(x,y) < N[V"(@,y)/n!], 


we conclude that #(x, y) < 0 on R). o 
Now applying Lemma 5.1.3, we can prove the next Snow’s result [603]. 


Theorem 5.1.14 (Snow [603]) Let Po(xo,yo) and P\(x1,y1) be points in the 
domain D such that (x; — xo) - (v1 — yo) = 0 and such that the closed rectangle R 
with opposite vertices Py and P, is contained in D. Let g(x, y), 6(x, y) and K(x, y), 
with K(x, y) non-negative, be continuous functions on D. If for all (x,y) in Ri, 


(x,y) < g(x. y) + / : i, “K(t s)o (t, s)dsdt, (5.1.101) 
then 
f(x,y) < P(x, y) (5.1.102) 


on R,, where ®(x, y) satisfies the case of equality in (5.1.101). 


Proof The argument of the theorem guarantees the existence of a continuous 
function ®(x, y) satisfying the case of equality in (5.1.101), ie., for all (x,y) in 
Ri, 


P(x, y) = g(x,y) + 7 : / , K(t, s) P(t, s)dsdt. 
xo “Yo 


If OQ = (x — x0) - G1 — yo) = O, the theorem is trivially true on the degenerate 
rectangle. If Q > 0, define w(x, y) = @(x, y) — ®(, y) so that on Ri, 


x 


wy) < y : K(t, s) W(t, s)dsdt. 


x0 “YO 


Then by Lemma 5.1.3, w(x, y) < 0, or (x, y) < P(x, y) on Ri. oO 


Let u(x, y), a(x, y), b(x, y) be non-negative continuous functions defined for all 
x,y Ee Ry. 


Lemma 5.1.4 (Dragomir-Kim [197]) (i) Assume that a(x, y) is non-decreasing in 
x and non-increasing in y for all x,y € R+. If forall x,y € Ry, 


x +00 
u(x, y) < a(x, y) + / / b(s, t)u(s, t)dtds, 
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then for all x,y € Rx, 


x +o0o 
(x,y) < a(x,y) exp ( i / Henues. pats). 


(ii) Assume that a(x, y) is non-decreasing in each of the variables x,y € Ry. 
Tf for allx,y € Ry, 


+00 +oo 
u(x, y) < a(x,y) + i: / b(s, t)u(s, t)dtds, 


then for all x,y € Rx, 


+00 pt+oo 
u(x, y) < a(x, y) exp (/ | b(s, thu(s, nal). 


The proofs of the inequalities in (i), (ii) can be completed as in [42]. Here we omit 
the details. 

It should be noted that the uniqueness of the function ®(x,y) is readily 
established by using Lemma 5.1.3 which is a special case of Theorem 5.1.14. In 
fact, it can be regarded as a corollary to Theorem 5.1.14. 

The next several results, due to Kasture and Deo [312], will extend the results 
of Snow [603] in several directions. First, Kasture and Deo [312] introduced a 
more general inequality applicable to a larger class of Volterra integral equations 
in two independent variables; further, assuming some additional conditions on the 
functions involved in the inequality [47], they obtained different estimates which 
are more suitable for applications. 

We first obtain further generalizations of these inequalities. When a kernel 
k(x, y,s,f) in a Volterra integral equation is separable but consists of several 
functions, i.e., if k(x, y,s,t) < )°, hi(x, y)bi(s, 1), then the inequalities obtained 
are not sufficient to accommodate such a situation. Willett [647] considered such a 
problem for equations containing one independent variable. Kasture and Deo [312] 
generalized these results in several directions and obtained the pointwise estimate. 

It is noted that Theorem 5.1.11 represents the estimate of (x, y) in an explicit 
form. This inequality is the best possible in the sense that equality in (5.1.68) implies 
equality in (5.1.69) and thus (5.1.69) gives us an estimate of the Volterra integral 
equation (5.1.68). For a more general situation in which the kernel is separable in 
the form 


k(x, y, s,t) < b(s, Hh(x, y), 
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we must replace (5.1.68) by 


u(x, y) < a(x, y) + A(x, y) [ [ v6. t)u(s, t)dsdt. (5.1.103) 


This leads to the following generalization of Theorem 5.1.11. 
Theorem 5.1.15 (Kasture-Deo [312]) Suppose 


(a) u(x, y), a(x, y), and b(x, y) are continuous functions on a domain D with b = 0 
there. Let Po(xo, yo) and P(x, y) be two points in D such that (x—xo)-(y—yo) = 0 
and let R be the rectangular region whose opposite corners are the points Po 
and P. 

(b) Let v(s, t,x, y) be the solution of the characteristic initial value problem 

Usr — A(s, d(s, thy = 0 (5.1.104) 
subject to conditions (5.1.64). If h(x, y) = 0 for all (x, y) in D, conditions (iii) 


and (iv) of Theorem 5.1.11 hold with v replaced by V, and if (5.1.103) holds, 
then 


xX py 
u(x, y) < a(x, y) + h(a, » | i a(s, t)b(s, 1)V(s, t,x, y)dsdt. (5.1.105) 
xo 4 Yo 


Proof The proof is similar to Theorem 5.1.11 (Snow [603]). For completeness, we 
give here a brief outline. Let 


(x,y) = / : / ; b(s, thu(s, t)dsdt, (5.1.106) 


Xo “YO 


so that (5.1.103) becomes 
u<a+thd. 
Then, by virtue of (5.1.103), 
dry = D(x, y)u(x, y) < B(x, y)(a(x, y) + h@, yo). 
Hence 
L(b) = bs — h(s, t)b(s, )@ < als, t)b(s, t). (5.1.107) 


Since L is a self-adjoint hyperbolic operator, for any twice continuously differen- 
tiable functions w and w, we have 


wLy — WLw = —(Wwy) + (wy). (5.1.108) 
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Setting w = V and y = ¢ in (5.1.108), integrating on R, and using the Green’s 
theorem and the conditions on ¢ and V, we obtain 


o(x,y) = y VL($)dsdt < / Vabdsdt, (5.1.109) 
R R 


since V > 0, and (5.1.107) holds. Conclusion (5.1.105) follows from (5.1.109) 
and (5.1.106). The continuity of h and b on D guarantee the existence and continuity 
of V (see, e.g., [157]). O 


Remark 5.1.4 (i) If the inequality in (5.1.103) is replaced by an equality, then the 
inequality in (5.1.105) is replaced by an equality. In this sense, (5.1.105) is the 
best inequality for the theorem. 

(ii) If inequality (5.1.103) is reversed, then so is inequality (5.1.105). 


While obtaining estimate (5.1.105) for inequality (5.1.103), we have imposed 
only the continuity assumptions on functions a, h, b. If we add some more assump- 
tions on a and h, we are led to different estimates than (5.1.105). 


Theorem 5.1.16 (Kasture-Deo [312]) If in Theorem 5.1.15, a is a positive con- 
stant and h is non-decreasing on D in both the variables, then (5.1.105) is 
replaced by 


h(x, y) 
h(xo, yo) 


u(x,y) <a V(x0, Yo. X,Y) (5.1.110) 


where x — Xp > O and y— yo > 0. 


Proof From (5.1.105) it follows after the integration and use of initial conditions 
on V, 


A 


u(x,y) <at+h(x, ya ff ovasar 
R 


Vse 
=at+h(x, me. its. re 


h 
< ») / is Vy,dsdt 
“T(xo. Yo) 
h(x, y) A(x, y) 
=a V(x, yo, X,¥) —a —ly}. 
h(xo,yo) h(xo, Yo) 
Conclusion (5.1.110) is now clear in view of the monotonicity of h. Oo 


Theorem 5.1.17 (Kasture-Deo [312]) If in Theorem 5.1.15, h is non-increasing 
on D in both the variables, and a is a positive constant, then conclusion (5.1.105) is 
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replaced by 


u(x, y) < aV(xo, yo. x,y). (5.1.111) 


Proof The proof is similar to that of Theorem 5.1.16. O 


Corollary 2 in [603] is a special case of Theorem 5.1.16 or 5.1.17 when h = 1. 
We may use Theorem 5.1.16 to prove the following theorem, which majorizes u 
in Theorem 5.1.15. 


Theorem 5.1.18 (Kasture-Deo [312]) Jf in Theorem 5.1.15, let a and h be point- 
wise and non-decreasing in both the variables on D, then for all x > xo, y > yo, 
(5.1.105) is replaced by 


u(x,y) < (at, y)h(x, y)/hQo, vo)) V(x0, yo. X,Y). (5.1.112) 


Proof Since a is positive, dividing (5.1.103) by a(x, y), and using the monotonicity 
of a, we obtain 


u(x,y)<1+ nix») ff v6. t)u(s, t)dsdt, (5.1.113) 
R 
where 


u(x, y) = u(x, y)/a(x, y). (5.1.114) 


Applying Theorem 5.1.16 to (5.1.113) and using of (5.1.114) yields the desired 
result (5.1.112). Oo 


Theorem 5.1.19 (Kasture-Deo [312]) [fin Theorem 5.1.15, let h(x, y) = 1 for all 
(x,y) € D and let a(x, y) be positive and non-decreasing on D, then (5.1.105) in 
Theorem 5.1.15 is replaced by 


u(x, y) < a(x, y)h(x, y) (V(x, yo. x, y) — 1). (5.1.115) 


Proof Since a(x, y) is positive and non-decreasing, (5.1.113) holds. Since h > 1, 
we have from (5.1.113), 


M(x, y) < h(x, y) ) + / i bndsct| . (5.1.116) 
R 


Let 


b(x,y)=1+ / [ bidsdt, 
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so that 
$ry = bi < bhd, 
or 
Lod = oxy — bho < 0. (5.1.117) 


Now following the method of proof of Theorem 5.1.15, we obtain 


P(x, y) + 1 — V(x0, Yo. x,y) = J [ vepasar <0 
R 
Hence 


(x,y) < V(xo, yo. x,y) — 1. 


Therefore from (5.1.115), the desired result (5.1.115) follows immediately. Oo 


This theorem is an alternative to Theorem 5.1.16 with h(x, y) = 1. Therefore, it 
can be applied in place of Theorem 5.1.16 to derive alternative results corresponding 
to Theorems 5.1.17 and 5.1.19. 


Theorem 5.1.20 (Kasture-Deo [312]) Let all the assumptions of Theorem 5.1.17 
hold. Then 


u(x, y) < aexp (AC, yo) iA [ D(s, ‘)dsdt). (5.1.118) 
xo J yo 


Proof Since his non-increasing on D in both the variables, it follows from (5.1.103) 
that 


x py 
u(x,y) <a +f i h(xo, yo) b(s, t)u(s, t)dsdt (5.1.119) 

xo 4 yO 
Applying Lemma 5.1.1 to (5.1.119) yields the desired result (5.1.118). Oo 


The next theorem is an alternative to Theorem 5.1.19. 


Theorem 5.1.21 (Kasture-Deo [312]) Let all the assumptions of Theorem 5.1.19 
hold. Then 


u(x, y) < a(x, y)A(x, y) exp ( / 7 / "is A)b(s, dsdt).. (5.1.120) 


Proof We apply Wendroff’s method in place of the method of Snow [603] to 
integrate inequality (5.1.117) obtained in Theorem 5.1.19. In the notation of 
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Theorem 5.1.19, we have from (5.1.117) 
(pxy/$) — (xhy/$7) < h(x, yb, y), 
since u, and wy are non-negative on D. Therefore 
(0° /dxdy) log @ < hb. 


Integrating on R, we obtain 


(x,y) < exp (f [ v6. A)b(s, )dsdt).. (5.1.121) 


Bi 


Thus the desired conclusion (5.1.120) now follows from (5.1.116) and (5.1.121).0 


Next, we discuss the generalizations to separable kernels of order n. In the study 
of differential and integral equations, we often have to deal with the following 
inequalities 


o(x,y) < a(x,y) + [ ix k(s, t, x, y)O(s, t)dsdt, (5.1.122) 
Xo 4 Yo 


where a(x, y) and k(s, t,x, y) are known functions and @ is an unknown function. It 
has been studied in Theorem 5.1.15 the particular case of this inequality when 


k(s, t,x, y) < h(x, y)b(s, f). 


In the following theorems, we majorize the function @ in (5.1.122) when the 
function k(s, t,x, y) is separable in the form 


k(s,t,x,y) < > hj(x, y)bi(s, 1). 


i=1 


Note that results of this type when ¢,a,h;,b; are functions of one independent 
variable were obtained by Willett [647]. 


Theorem 5.1.22 (Kasture-Deo [312]) Suppose that 


(i) u(x, y), a(x, y), h(x, y) and bj(x,y) are real-valued continuous non-negative 
functions on a domain D, i = 1,2,+++ ,n. 
(ii) For some (x, y) and (xo, yo) in D, let R be the rectangular region: 


R= {(s,t): x9 <s <x, yo <t < yt. 
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(iii) Define the operators E; (i = 0,1,2,--- ,n) inductively as the composition of 
i+ 1 functional operators as follows 


E, = DiDj-1---Do, 


Dow =w, 


a wt Bak; | boy j= LJ an 
R 


where v; is the solution of the characteristic initial value problem 


Ust — (Ej-1hj)bjv = 0, 
(5.1.123) 
v(s,y) = v(x, ft) = 1. 
(iv) Let D* be a connected sub-domain of D on which all the v; (i = 1,--- ,n) are 
positive, and let R C D*. If for all (x, y) € R, 
u(x, y) < a(x,y) + = hj(x, y) / bjudxdy, (5.1.124) 
i=l us 
then for all (x, y) € R, 
u(x,y) < E,(a). (5.1.125) 
Proof The proof is by finite induction. For n = 1, the theorem reduces to 


Theorem 5.1.15 and hence is true. Suppose n is given and n > 1. Assume that 
the following statements (A) and (B) hold for i = k, where k is some fixed integer 
withO<k<n-1l. 


(A) Ejw is continuous on D* for any w that is continuous on D*. 


(B) 


u< Eja+ ys (Ei) | b,udxdy. 
m=i+1 us 


Then we show that (A) and (B) hold for i = k + 1; and that if (B) holds for 
i = n—1, then (5.1.125) follows. Then since (A) and (B) hold by assumption 
for i = 0, the theorem is proved. 

Let (A) hold for i = k where k is a fixed integer with 0 < k <n —1. Then 
since Exhx+1 and by are continuous, it follows that vz+ 1 is continuous and hence 
from (5.1.123) Dy+41w is continuous on Dt. Replacing w by Exw, we find that 
Ex+1w is also continuous on Dt. Then since Ejw is continuous by assumption 
for i = 0, the existence and continuity of all E;w and v; is established by finite 
induction for i = 1,2,--: ,n. 
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Now suppose (B) holds for i = k, where k is a fixed integer withO < k<n—2. 
Then 


U< Pp + Ehesi / by iudxdy, (5.1.126) 
R 


where 


uv = Eat pS En | omudedy. 
m=k+2 R 


Applying Theorem 5.1.15 to (5.1.126), rearranging, and using the fact that all the 
functions are non-negative, we conclude 


n 


u < Dysi(Exa) + ~~ Disi(Eatn) | Byudy 
m=k+2 R 


= Ex+1(a) + > Exsihm f b,udxdy. 
m=(k+I)+1 R 


Thus (B) holds for i = k + 1. As (B) holds by assumption for i = 0, it follows by 
finite induction that (B) holds for i = n — 1. Applying Theorem 5.1.15 to (B) with 
i = n— 1, we obtain the desired result (5.1.125). Oo 


Theorems 5.1.18 and 5.1.19 may also be generalized by assuming that (5.1.124) 
holds. The generalization of Theorem 5.1.22 is the following theorem. 


Theorem 5.1.23 (Kasture-Deo [312]) Suppose that conditions (i), (ii), and 
inequality (5.1.124) of Theorem 5.1.22 hold. Further, let a(x,y) and hj(x,y) be 
non-decreasing on D with hi(x0, yo) > 0. For j = 0,1,--+ ,n, define a sequence of 
functions a;(x, y) on D inductively as follows 


ao(x,y) = 1, 


hj(x, y) Vj, Y) 
ai(x,y) = v7 (x,y) : i ; , 
J 
where v;(x, y) is the solution of the characteristic initial value problem 


Ust — Oj-1 (s, thy(s, t)b;(s, t)u(s, t) = 0, 
v(s,y) = v@,f) = 1, 


and hj, = h;(xo, yo). Let D* be aconnected sub-domain of D on which all the v; are 
positive and let R of Theorem 5.1.22 be contained in D*. Then for all (x, y) € R, 


u(x, y) S a(x, yon (x,y). 
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Proof From the definition of v;, the existence and continuity of a;-, implies the 
existence and continuity of v; on D. Hence the existence and continuity of a; on 
D follows from the aj;_;. But by definition, a is continuous on D. Hence by finite 
induction, all aj and vj (j = 1,2,--+ ,m) are continuous on D. 
Forn = 1, Theorem 5.1.23 reduces to Theorem 5.1.18 and hence is true. Suppose 
the theorem holds for n = k; 1.e., for (5.1.125) holds for n = k, then 
u < aa(x, y). 


Now assume that (5.1.125) holds forn = k + 1, so that 


k 
u<u*+ ¥ mf bjudxdy, 
i=l R 


where 
ue =athgyy / bys udxdy. 
R 


Then since u* is non-negative and non-decreasing and Theorem 5.1.21 holds for 
n = k, we have 


u < u*a,(x, y) = a(x, y) (: + Ape i, bund) (5.1.127) 
R 


Applying Theorem 5.1.21 to (5.1.127), we have 


b(x.y¥) S a(x, y)OK+1(%,y). 


Thus Theorem 5.1.23 holds for n = k + 1. Since the theorem holds for n = 1, it 
follows by finite induction that it holds for all n. O 


The next theorem is a generalization of Theorem 5.1.19. 


Theorem 5.1.24 (Kasture-Deo [312]) Let conditions (i), (ii), and inequal- 
ity (5.1.124) of Theorem 5.1.22 hold. Further, let a(x,y) and hj(x,y) be 
non-decreasing on D with h, = 1 there. For j = 0,1,2,-+- ,n, define a sequence of 
function ;(x, y) inductively on D as follows, 


wo = 1, 


| — | | a (5.1.128) 
Wilx,y) = Wii hj yyy), j= Leon, 


5.1 Linear Two-Dimensional Continuous Gronwall-Bellman Integral Inequalities 487 


where v;(x, y) is either the solution of the characteristic initial value problem 


Ust — Wj-1(s, t)b;(s, t)u(s, t) = 0, 
v(s,y) = v(x, 4) = 1, 


or 
vjx,y) = exp ( / Wiis, Dhi(s, Dbi(s, t)dsdt).. (5.1.129) 
R 
Then 


u(x, y) < a(x, y)Wn(x, y). (5.1.130) 


Proof The proof of this theorem, with v; defined by (5.1.129), is similar to that 
of Theorem 5.1.23 by using Theorem 5.1.19 in place of Theorem 5.1.18. If v; is 
defined by (5.1.129), the proof follows on the lines of Theorem 5.1.23 by using 
Theorem 5.1.21. Oo 


Theorem 5.1.25 (Pachpatte [477]) Suppose u(x,y), a(x,y), b(x,y), c(x,y) and 
o(x, y) are non-negative continuous functions on a domain D. Let Po(xo, yo) and 
P(x, y) be two points in D such that (x — xo) - (y — yo) > O and let R be the 
rectangular region whose opposite corners are the points Po and P. Let v(s, t; x, y) 
be the solution of the characteristic initial value problem 


Liv] = vs — [b(s, t) + c(s, |v = 0, v(s,y) = v@,t)=1, (5.1.131) 


and let Dt be a connected sub-domain of D which contains P and on which v > 0, 
Then if R C D*, and u(x, y) satisfies 


x py 
u(x,y) < a(x,y) +f i b(s, t)u(s, t)dsdt 
xo 4 yo 


+f [v6 t) Ja%s.0 + [ [ c(&, nus, nasa dsdt, 


(5.1.132) 


then 


u(x,y) < a(x,y) + is [ D(s, t) [as. t) + a(s, t) 
xo J yo 


+ ff {ate met.m + 16, lacs. + 016. m)} 


xu(E,nis, )dédn |dsat. (5.1.133) 
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Proof Define a function (x, y) such that 


d(x, y) = iM [ v6. t)u(s, t)dsdt 


+f [ %6. t) lacs t) +f ic nyulé, nae | aude 


$ (x0, ¥) =P(x, yo) = 0, 
(5.1.134) 


then 


Pxy(x, y) = dG, y) Ee y) tox, y) + iE i cE nul, mata | ; 
xo J yo 
(5.1.135) 


which, in view of (5.1.132), implies 
dolt.y) < bey) [aley) + 00,9) + 60,9) 


+f fc mlag.n + oe. mldtan]. 61.136) 


x0 “YO 


If we put 


x y 
wey) =o + ff cl€.m lan + OG m) dba, Baden 


¥ (x0, y) = W(x, yo) = 9, 
then 
Way (X,Y) = ry, y) + c(x, y)[a(x, y) + (x, y)]. (5.1.138) 


Using dy (x,y) < b(x, y)[a@, y) + o(%, y) + W(x, y)] from (5.1.136) and d(x, y) < 
w(x, y) from (5.1.137) in (5.1.138), we have 


Vy, y) < [b@x, y) + cx, y)]W (x, y) + a(x, y)e(x, y) 
+b(x, y)[a(x, y) + o(x, y)], 


LW) = Vay(x, y) — [b@, y) + ce, yy) 
< a(x, y)c(x, y) + bx, y)[a(x, y) + o(x, y)]. (5.1.139) 
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The operator L is self-adjoint and hyperbolic. For any twice continuously 
differentiable w and v, the operator L satisfies the identity 


vL[y] — wLlv] = —(vy)x + UYx)y. 


Let Po and P be any points as in Theorem 5.1.11 and label the directed sides and 
corners of the rectangle R as shown in Fig. 5.2. 

Using s and ¢ as the independent variables, integrating the identity over R and 
using Green’s theorem, we obtain 


i i (vL[v] — VL[v))dsdt = — / ; eid naiad 


Cy +O, +C3+C4 


= -| vveds— f Wo,dt 
Ci +C4 Co2+C3 


which holds for any functions in C?. 
For the particular function y defined earlier, we have y = 0 on C3 and w = 
Ws = 0 on Cy; so the right-hand side reduces to 


-{ vinds— | yordt. (5.1.140) 
Ci C2 


Now suppose v satisfies 


L[v] =v5, — [b(s, 1) + c(s, D]v = 0, 
v=1 on Ci, (5.1.141) 


v; =0 on Co. 
Then it follows from (5.1.141) that 
v=1 on C. (5.1.142) 


Since v > 0on R and y(P1) = 0, by using (5.1.139), identity (5.1.140) becomes 


W(P) < / [rae t)c(s, t) + b(s, t)(a(s, t) + o(s, t))|dsdt, 


wix,y) < [ [tas t)c(s, t) + b(s, A)(a(s, t) + o(s, t))]u(s, th x, y)dsdt. 
xo Yo 
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Substituting this value of w(x, y) in (5.1.136), we obtain 
dy(ty) S b(x,y)[aQxy) + oy) 
x py 
+f / [a(s, t)c(s, t) + b(s, H(a(s, t) + o(s, t))u(s, 6x, y)Jdsdt, 
xo J yo 
which implies 
xX py 
boo = ff v6.0 [a6.) +060 
xo J yo 


+f [ (a. mel.n + OE male.) +6. mv ns, 46 nasa 


Now substituting this value of #(x, y) in (5.1.132), we derive the desired bound 
in (5.1.133). Oo 


The method of proof of this theorem is along the line given for the one variable 
case and involves a second order partial differential inequality which is integrated 
by using Riemann’s method (see, [602]). The generalization in (5.1.133) of the 
exponential function in (1.2.118) is the Riemann function v(s, t; x, y) relative to the 
point P(x, y) for the self-adjoint operator L, whose existence is well-known. There 
is a sub-domain Dt containing P on which v > 0 since v = 1 on the vertical and 
horizontal lines through P and since v is continuous. 

We note that as in [603], Theorem 5.1.25 in the special case when a = 0, o = 0 
and a = constant can be used is some applications. 

A slightly different version of Theorem 5.1.25 which can be used in some 
applications is embodied in the following theorem. 


Theorem 5.1.26 (Pachpatte [477]) Suppose u(x,y), a(x,y), b(x,y), c(x,y) and 
k(x, y) are non-negative continuous functions on a domain D. Let Po(Xxo, yo) and 
P(x, y) be two points in D such that (x — x0)(y — yo) > 0 and let R be the 
rectangular region whose opposite corners are the points Py and P. Let v(s, t; x, y) 
and w(s, t;x, y) be the solutions of the characteristic initial value problems 


Liv] = vs — [b(s, 2) + c(s, 0) + k(s, |v = 0, v(s,y) = v(x, ft) = 1, 
and 


M[w] = ws — [D(s, 1) — c(s, t)]w = 0, w(s,y) = w(x, 1) = 1 
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respectively, and let Dt be a connected sub-domain of D which contains P and on 
which v > 0. and w > 0. Then, if R C D* and u(x, y) satisfies 


xX py 
u(x,y) < a(x, y) + / i; b(s, t)u(s, t)dsdt 
x0 Yo 


eS / ; / cc t) ( : | KG. n)ucE, ndédn) dsdt, (5.1.143) 


then 


u(x, y) < a(x, y) + [ x w(s, t).x, y) [acs. t)b(s, t) + c(s, t) 
x0 yo 


x / : a(E,n)(b(E.n) + KE, m))u(E. nis, 0)dedn]dsde. (5.1.14) 


Proof Define a function ¢(x, y) such that 


me y x y S t 
aa b(s, t)hu(s, t)dsdt + 0 ( kK, : aga) da, 
? [ [ (s, t)u(s, t)ds a ic c(s, f) [f (E, n)u(E, n)d&dn ) ds 
(x, Yo) = (x0, y) = 0. 


Then we have 
x y 
boi.) = Dn yyutny) + ol0.9) (ff aE. mug maga) 
x0 4 YO 
which, in view of (5.1.143), implies 


Pry(x, y) < b(x, y)[a(x, y) + o(x, y)] 


x py 
sets.) (f° [xe mle. +6. miagan). 
xo yo 
Adding c(x, y)@ (x, y) to both sides of the above inequality, we have 


uy (x, y) + c(x, yO y) S d(x, y)la@ y) + OO, y)] 
ton y)[oenyy + ff ké mat. + 6. Midgar] 


(5.1.145) 
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If we put 


+9) =60,9)4 i. / " K(E, n)[atE.n) + 66. n)ldéan, 


(5.1.146) 
wW(xo.y) =V (x, yo) — 0, 
then we obtain 
Way (X,Y) = Gaya. y) + k(x yay) + Oy). (5.1.147) 


Using dxy(x, y) < bw, ya, y) + 6@.y)] + cy), y) from (5.1.145) and 
b(x, y) < W(x, y) from (5.1.146) in (5.1.147), we have 


Vay(x, y) < [b(x, y) + cx, y) + k(x, y)] W(x, y) + a(x, y)[b@, y) + kx y)], 


LIw] = Vay(x, y) — [b@, y) + c@, y) + kx, y) Wy) 
< a(x, y)[b(x, y) + k(x, y)]. 


Now following the same argument as in the proof of Theorem 5.1.25, we can 
obtain 


xX py 
W(x, y) < / : a(s, t)[b(s, t) + k(s, t)]u(s, tx, y)dsdt 
xo J yo 
which, substituted in (5.1.145), gives us 


M[¢] = dxy(x, y) — [b(x, y) — cx, yO y) 


a(x, y)b(x, y) + c(, y) [ [ t)[b(s, t) + k(s, t)]u(s, t; x, y)dsdt. 


IA 


Again following the similar argument as in the proof of Theorem 5.1.25, we 
obtain 


boy = ff worry i[als.006.0 + o6.9 
x0 “Yo 


. / ; | aE, (DE) + KE, MVE, 05 5, t)dédn | dat 


which, substituted in (5.1.143), gives us the desired bound in (5.1.144). Oo 
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In the special case when b = 0, the inequality established in Theorem 5.1.26 
reduces to another inequality which can be used in some applications. 


Theorem 5.1.27 (Pachpatte [477]) Suppose u(x,y), a(x,y), b(x,y), c(x,y) and 
h(x, y) are non-negative continuous functions on a domain D. Let Po(x0, yo) and 
P(x, y) be two points in D such that (x — xo) - (y — yo) > O and let R be the 
rectangular region whose opposite corners are the points Po and P. Let v(s, t; x,y) 
and w(s, t;x, y) be the solutions of the characteristic initial value problem 


Liv] = vs, — [b(s, 1) + c(s, 1) + h(s, D]v = 0, v(s,y) = vi~%,)=1, (5.1.148) 
and 
M|w] = Ws — b(s, w = 0, ws, y) = w(x, t) = 1, (5.1.149) 


respectively, and let D* be a connected sub-domain of D which contains P and on 
which v > 0. and w > 0. Then if R C Dt and u(x, y) satisfies 


u(x,y) < a(x,y) + / . /  b(s, Hu(s, t)dsdt 
x0 yo 


i ; | cc ‘ ( / ef nulé, nasa) aes: | [v6 ) 
x (/ ie c(&,) (/ [nam fae) ican) dsdt, 


(5.1.150) 


then 


way saterd+ [ [ ooofaoo+ [of wens 


— en 
a(&, mb(E,n) + c(E, mtat&,n) + Bs é, 
[ag DoE. +6 mtae.n + ff v@.6:&m 
xa(a, B)[b(a, B) + c(a, B) + h(a, B)|dadB } Jagan Jase 
(5.1.151) 


Proof The proof of Theorem 5.1.27 follows from those of Theorem 5.1.25 with 
suitable modifications. Thus we omit the details. O 


Theorem 5.1.28 (Pachpatte [477]) Suppose u(x, y), a(x, y), b(x, y), c(x, y), h(x, y), 
p(x, y) and q(x,y) are non-negative continuous functions on a domain D. Let 
Po(Xo0, yo) and P(x, y) be two points in D such that (x —x9)(y — yo) > 0 and R be the 
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rectangular region whose opposite corners are the points Py and P. Let v(s, t; x,y) 
and w(s,t;x,y), and e(s,t;x,y) be the solutions of the characteristic initial value 
problems 
Liv] =v; — [b(s, 1) + c(s, 1) + Als, t) + p(s, 1) + g(s,0]v = 0, 
u(s,y) =v(@%,) = 1, 


(5.1.152) 
M|w] =wWs — [D(s, t) + c(s, t) + h(s, t) — p(s, t)]w = 0, 
w(s, y) =w(x, t) = 1; 
and 
N[e] = es: — [b(s, 1) — c(s, Nle = 0, e(s, y) = e(x, t) = 1, (5.1.153) 


respectively, and let Dt be a connected sub-domain of D which contains P and on 
which v > 0. and w > 0. Then if R C Dt and u(x, y) satisfies 


u(x,y) < a(x, y) + / ; i ae t)u(s, t)dsdt 


+f fewo(f [ HG. nu(G. naa) da [eon 
x (/ [ve n) (/: [ q(a@, Ata a ian dsdt, 


(5.1.154) 


then 
u(x, y) < a(x,y) + [ 1 b(s, the(s, t; x, »)fats t)b(s, t) + c(s, t) If w(é, 7; 5,t) 
x0 YO x0 YO 


& en 
x [ag mE. n) + WE m) + om f° [ v(@, 6:8 mate. B) 
x[b(@, B) + h(a, B) + gla, B)|devap Jaan | ds (5.1.155) 


Proof The proof of Theorem 5.1.28 follows from those of Theorems 5.1.25 
and 5.1.26 with suitable modifications. Thus we omit the details. Oo 


We note that, in Theorems 5.1.25—5.1.28, the functions v(s, t;.x, y), w(s, t;x, y) 
and e(s,t;x,y) are the Riemann functions relative to the point P(x, y) for the 
self-adjoint operators L, M, and N respectively. The existence and continuity of 
the Riemann function is well-known and may be demonstrated by the method of 
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successive approximation (see, [157]). Properties and specific examples of Riemann 
function are discussed by Copson in [149]. 

Now we begin to introduce hyperbolic integro-differential inequalities which can 
be used in the analysis of a class of hyperbolic integro-differential equations. 


Theorem 5.1.29 (Pachpatte [477]) Suppose that u(x,y), Uxy(x,y), a(x,y) and 
b(x, y) are non-negative continuous functions on a domain D. Let Po(Xxo, yo) and 
P(x, y) be two points in D such that (x — xo) - (vy — yo) > O and let R be the 
rectangular region whose opposite corners are the points Po and P. Let v(s, t; x,y) 
be the solution of the characteristic initial value problem 


Liv] = vs — [1 + b(s,)]v = 0, v(s,y) = vv, = 1, (5.1.156) 


and let Dt be a connected sub-domain of D which contains P and on which v > 0. 
Then if R C Dt, and u(x, y) satisfies 


Uxy(x,y) < a(x, y) + i [ v6. )(u(s, t) + us:(s, 1)) dsdt, (5.1.157) 


then 


u(x,y) < hGe,9) + [ [Joe + [ [m6 1 


— pn 
«|e n) + h(E.n) + / / b(E.nv(é. ns.) 


«(A(t A) +m) + a0) daa aed 
(5.1.158) 


where h(x, y) = u(x, yo) +u(xo, y) —U(Xo, Yo) is a non-negative continuous functions 
on D. 


Proof Define 


Pry = [ [ b(s, t)[u(s, t) + Usr(S, t)|dsdt, 
$(x, yo) = $0. y) = 0, 


then we have 


Pry(x, y) = b(x, y)[ux, y) + Uy, y)].- (5.1.159) 
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Using the definition of #(x, y), (5.1.157) can be restated as 


Pry = a(x, y) + (x,y). 


Integrating both sides of (5.1.160) on R, we obtain 
x y 
u(x, y) < h(x, y) + / / [a(s, t) + b(s, t)|dsdt. 
xo Y yo 
Using (5.1.161) in (5.1.159), we derive 
do(t.y) < be y)ale.y) + hy) + 60,9) 


+f f tas. + 46.0lasdr] 


Define 
(x,y) = oy) + / i: “fa(s,t) + G(s, t)|dsdt, 
w(x, y) = W(X, yo) = 9, 

then 


Way (x, y) = Pry (X, y) + a(x, y) + Oy). 


(5.1.160) 


(5.1.161) 


(5.1.162) 


(5.1.163) 


(5.1.164) 


Using dy(x,y) < bx, y)[a(x, y) + hy, y) + WH, y)] from (5.1.162) and d(x, y) < 


w(x, y) from (5.1.163) in (5.1.164), we have 


Way(x, y) < bx, ya, y) + AG, y) + WO, y)] + ae, y) + WO), 


LI] = Woy(x, y) — [1 + b@, y)] We, y) 
< b(x, y)[a(x, y) + h(x, y)] + a(x, y). 


(5.1.165) 


Now following the same steps as in the proof of Theorem 5.1.25, we can obtain 


Wx,y) < / . / ” W(s.t x, y)1B(s, (als, 1) + h(s,1)) + a(s, ldsat. 
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Substituting the above inequality in (5.1.162), we obtain 
x y 
doles) sboay)[atny) + hea) + ff v6.05) 
xo Y yo 


x[b(s, )[a(s, f) + A(s, )] + as, 1)|dsdt] 


which implies 


$0.9) < [ [> fon +n.o + ff ve mst) 


x[b(E, mat, n) + hE, n)] + a(E, Maan | dsr. 


Now substituting the above inequality in (5.1.160) and integrating both sides on R, 
we can obtain (5.1.158). Oo 


Theorem 5.1.30 (Pachpatte [477]) Suppose u(x, y), Usy(x, y), a(x, y), c(x, y) and 
P(x, y) are non-negative continuous functions on a domain D. Let Po(xo, yo) and 
P(x, y) be two points in D such that (x — xo) - (y — yo) > O and let R be the 
rectangular region whose opposite corners are the points Py and P. Let v(s, t; x, y) 
and w(s, t;x, y) be the solutions of the characteristic initial value problems 

Liv] = ve—[1 +b(s, 0 +c(s, 1) +p(s, |v = 0, v(s,y) = v@v,t) =1, = (5.1.166) 
and 


M[w] = ws — [1 + b(s, 1) — c(s, D]w = 0, ws, y) = w(x, ft) = 1 (5.1.167) 


respectively, and let Dt be a connected sub-domain of D which contains P and on 
which v > 0. and w > 0. Then if R C Dt and u(x, y) satisfies 


Uxy(x, y) < a(x, y) + a i. b(s, t)[u(s, t) + us:(s, 1)|dsdt + [ [ c(s, t) 
x0 Yo x0 yo 
| [fog mute + wel, mlaéan)] asd, (.1.168) 


then 


x py Ss pt 
u(x,y) <h(x,y) + i / co i / [b(s. #)(a(é.n) + cE. n) + OE.) 


0 “yO xo vy 


& pn 
xe(E,n) / i Pe, eta B) + Me) + Oe aed a 


(5.1.169) 
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where 
on») = ff wovtasfats.. + 6(.0(a(s.0) +6.0) 


+e(s,2) i | / v(€. ns, )[(a(é. n) + AE.) 
x0 yO 


x(b(E.n) + p(E.m) + al€, m\dédn |dsat 
and h(x, y) = u(x, yo) + u(xo, y) — U(X, yo) is a non-negative continuous function 
on D. 


Proof The proof follows from the proofs of Theorems 5.1.29 and 5.1.26 with 
suitable modifications, and we leave the details to the reader. Oo 


Note that if in Theorems 5.1.29 and 5.1.30, a,b,c,d and u(x, yo), u(xo, y) and 
u(xo, Yo) are known and u(x,y) and u,yy(x,y) are unknown functions; i.e., the 
inequalities established in Theorems 5.1.29 and 5.1.30 gives us the bounds in terms 
of the known functions which majores u(x, y). 

Ghoshal and Masood [227] obtained a further generalization of the inequality 
established by Snow [605] (see Theorem 5.1.12) which can be used in the analysis 
of a class of non-self-adjoint partial differential equations of the parabolic type. In 
the next theorem, we shall introduce a further generalization of this inequality (i.e., 
Theorem 5.1.12) which can be used in investigating the behavior of solutions of a 
class of non-self-adjoint partial integro-differential equations of the parabolic type. 


Theorem 5.1.31 (Pachpatte [477]) Suppose that u(x,y), a(x, y),b(x, y),c(x, y), 
P(x, y), q(x, y) and r(x, y) are non-negative continuous functions on a domain D. 
Let Po(xo, yo) and P(x, y) be two points in D such that (x — x9) - (y — yo) > 0 and 
let R be the rectangular region whose opposite corners are the points Po and P. Let 
u(s, t;x, y) be the solution of the characteristic initial value problem 


M{[v] = 0 (5.1.170) 
where M is the adjoint operator of the operator L defined by 
Lh] = We taivs toi, tay (5.1.171) 


in which a, = —bq, b} = —bp, cy = —(br +b +c). Let w(s, t; x, y) be the solution 
of the characteristic initial value problem 


N[w] = 0 (5.1.172) 
where N is the adjoint operator of the operator T defined by 


T[?] = bse + aobs + brady + 2h (5.1.173) 
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in which ag = —bq,bz = —bp,co = —|[rb — b]. The functions v(s, t;x,y) and 
u(s, t; x, y) are called the well-known Riemann functions for the partial differential 
operators L and T respectively and satisfy all the properties of Riemann functions 
for operators with continuous coefficients. Let D* be a connected sub-domain of D 
which contains P and on which v > 0 and w = 0. If R C Dt and u(x, y) satisfies 


u(x,y) < ats.») + play) f b(s, y)u(s, y)ds 


y yoy 
+q(x, y) box. due. + rex.») f / b(s, t)u(s, t)dsdt 


yO 


ib [ [ ed ( / : / 06, nulE, naka) dsdt, — (5.1.174) 


then 
x y 
u(x, y) < a(x, y) + p@, » | b(s, y)u(s, y)ds + q(x, yf b(x, thu(x, t)dt 


x y 
+r(x.y)0C09) + f i; c(s, OC, y)dsdt, (5.1.175) 


x0 “YO 


where 


ows = | : i “w(s.t.x,)0(6. )[.a(s. 9) 


x0 4 YO 


+ ik [ WE, nis, ale, nb(é, n)dédn | dat (5.1.176) 


Furthermore, if q(x, y) = 0, then 


x py 
u(x,y) S a(x, y) + r(x, y)O(x, y) + / / c(s, )O(x, y)dsdt 


+ots.9) i b(s, y) (x69 + r(s, y)Q(s, y) 


y 


AY y ¥ 
+ i A c&, NO, naka) x exp ¢) big.y)p(6. yd) isl 


(5.1.177) 
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Also, if p(x, y) = 0, then 


x py 
ies S063) +7 NOG) / / c(&, n)O(E, naédn 


x0 “YO 


+p, »| / : D(x, t) (x 1) + r(x, DO(x, 1) 


x t y 
- i c(§&, MO, niki) exp ( 1 b(x, n)p(x, na) a} 


(5.1.178) 


The function Q(x, y) involved in (5.1.177) and (5.1.178) is defined by (5.1.176). 0 
Proof Define a function (x, y) such that 


(x,y) = : Beds (s, ))dsdt, 
(x, yo) = (x0, y) = 9, 


then we have 


xy(x, y) = bx, y)u@.y), 


which, in view of (5.1.174), implies 
dolt.y) < by) ale. y) + PG Wb y) + a bY) 
4r(x, y)b(x, y) + i : / Miele: Ndsdt]. (5.1.179) 
x0 Jy0 
Adding b(x, y)@(x, y) to both sides of the above inequality, we get 
Pry(X,y) + b@, y)P(x, y) < by) [ac y) + p(x, y)by@ y) + 9, y)bx(x, y) 


+r(x, y)P(x, y) + oe + ff [ c(s, Dds, t)dsdt] 
(5.1.180) 


If we put 


x py 
vey) = oes + f / c(s, Hd (s, t)dsdt, (5.1.181) 


V (x0, ¥) = W(x, yo) = 9, (5.1.182) 


5.1 Linear Two-Dimensional Continuous Gronwall-Bellman Integral Inequalities 501 
then 
Yay (% Y) = day y) + cy) WO, y). (5.1.183) 

Using 

boy) S dG. y)[ aCe») + PC) by(H.y) + FO Y)Gs(9) 

+rx Gy) + VOY) | 

from (5.1.179) and d(x, y) < w(x, y) from (5.1.181), we obtain 

Vay(.y) S by) aCe. y) + PH YUH (%9) + 4%) y) 


+x VOY) + WOE) ] + VOY), 


LIW] = Vay, y) + a(x, y) We, y) + bie, y) Wye, y) + cr, y) We, y) 
a(x, y)b(x, y) (5.1.184) 


IA 


where 
a, = —bq, b) = —bp, cy = —(br+b+ 0c). 


Now for any two twice continuously differentiable functions w and v, the 
operators L and M satisfy the identity 
vpy vy UY — Worx 
2 2 2 2 


oL[w] — wM[v] = (aiyu + + (biyu + 


)y 
(5.1.185) 


where M is the adjoint operator of L. 

Let R be a rectangular region with corners Po(%o, yo), Pi(x, yo), P(x, y) and 
P2(xo, y) so that PoP is the diagonal, as shown in Fig. 5.3. 

Using s and t as the independent variables, integrating the identity (5.1.185) over 
R and using Green’s theorem, we may obtain 


[ [lotto - vateniasa 


(aru + HE) — yo g Pas 


es 
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Since y is zero on C; and C4, and also ds does not very on C2 and dt does not 
vary on C3, we get 


[fort — veers 


= | (aw+ Ef iyo eas 


Integrating right-hand side by parts along the characteristic segments C2 and C3 
to eliminate partial derivatives of w, we obtain 


/ [ (vL[y] - WM[v]) dsdt = [aw — v,) wdt — [oe — vs)Wds 


+(P)v(P) — Lee) 7 Heer) 
= | (av—v,)wdt— ; (bv — vs)Wds + W(P)v(P). (5.1.186) 
C2 C3 


Now since v(s, t;x, y) is the solution of the characteristic initial value problem 
M{v] = 0, it is by definition the Riemann function v(s, t; x, y) = v(s, f) associated 
with the partial differential equation L[W] = 0 such that 


v(x, ys x,y) = v(x, y) = v(P) = 1, (5.1.187) 


t 
Vv, = ayv on Co, v(x,t) = exp (/ a(x, nan) : (5.1.188) 
y 
and 
vs = b\v on C3, v(s,y) = exp (/ bu(é.yyab) : (5.1.189) 
So we get from the identity (5.1.186) 


w(x,y) = / [ u(s, t; x, y)L[w]dsat 


or 


waxy) < If v(s, t) x, y)a(s, t)b(s, t)dsdt 
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which gives us 
T[$] = dxy(x, y) + ao(x, y) W(x, y) + bo y) Wy y) + eo, yw y) 
< b(x, y) ats y)+ [ i, u(s, tx, y)a(s, Ad(s, nasa : 
where 
a = —bq, bz = —bp, co = —[rb — 5}. 


Now following the same argument as above, we can obtain 


$(x.y) < i, / " w(s, t:,y)(s, 2) 


xfais.n + ff v€.ns.nacé. 606, maga java 
= Q(x). 


Thus substituting this value of (x, y) in (5.1.174), we obtain (5.1.175). 
Now, let g(x, y) = 0 and 


h(xy) = a(x.) + rx y)OGn)) + / ; / ” o(s,t)Q(s, A\dsdt, (5.1.190) 
x0 YO 


then inequality (5.1.175) reduces to 


u(x, y) < h(x, y) + p(x, y) i b(s, y)u(s, y)ds. (5.1.191) 


The inequality (5.1.191) may be treated as an one-dimensional Bellmon-Gronwall 
inequality for any fixed y between yo to y, which implies 


u(x) < hGy) + ple.) [ v6.2 exp(f big. ol. y)a)d| | 
(5.1.192) 
Therefore (5.1.177) follows from (5.1.192) and (5.1.190). 


Further, substituting p = 0 in (5.1.175) and following the similar argument as 
above, we finally obtain (5.1.178). Oo 


We note that when p(x,y) = g(x,y) = 0, the inequality established in 
Theorem 5.1.31, reduces to another new inequality which can be used in the 
analysis of a class of nonlinear self-adjoint hyperbolic integrodifferential equations. 
If a(x, y) = 0 in (5.1.177) or (5.1.178), then we obtain u(x, y) = 0. 
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The next result, due to Pachpatte [480], is to present a partial integral inequality 
involving two independent variables. 


Theorem 5.1.32 (Pachpatte [480]) Suppose that the following assumptions (H;) 
and (>) are true. 

(H,) u(x, y), a(x, y), bx, y), c(x, y), p(x, y) and q(x, y) are real-valued non- 
negative continuous functions defined on a domain D. 

(Hz) Po(xo, yo) and P(x, y) are two points in D such that (x — xo)(y — yo) > 0 
and R the rectangular region whose opposite corners are the points Po and P. 

Let v(s, t;x, y) and w(s, t; x, y) be the solutions of the characteristic initial value 
problems 


L[v] = vs — [p(s, t) + b(s, (cls, 2) + g(s, Jv = 0, 
(5.1.193) 
v(s,y) = v(x, t) = 1, 
and 
| M|w] = ws — [b(s, Nc(s, 1) — p(s, Dw = 0, 
(5.1.194) 
w(s, y) = w(x, t) = 1, 


respectively, and let D* be a connected sub-domain of D which contains P and on 
which v > 0. and w > 0. Then if R C Dt and u(x, y) satisfies 


u(x,y) < a(x,y) + (2,9) / : / “eauleiiea 
x0 yo 


+f [oeo (ff anu. magan) daar], 6.1.98) 


then 

(x.y) < a(x.) + (0,9) / ; / ; w(sstsa9)(als.2)e(6.2) + pls.t | | ‘a ”) 
x[e(E, n) + 4(&, m]o(&, n: 8, Nad) doar]. (5.1.196) 

Proof Define a function (x, y) such that 


oe = f ; ‘ c(s.tuts.thdodt + | ; i “Pls 1 ( / i al, nulé, naka) dsdl, 


(x0, y) = (x, yo) = 0, 
(5.1.197) 
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then we have 
x py 
Boley) = eGxy)ucx.y) + Cay) ff a&.muce.nagan, 
xo Yo 
which, in view of (5.1.195), implies 


dxy(x,y) = c(x, y) [a(x, y) + D(x, y)b (x, y)] 


x py 
+09) (f° [a6 mlac.n) + 6 mo mlasan). 
x0 4 YO 
Adding p(x, y)(x, y) to both sides of the above inequality, we have 


Pry (x,y) + p(x, y)b (x, y) 
< c(x, y) [a(x, y) + bx, yb, y)] 


isGeg) |, + ff ae miles. +66. n06. naan] | 


(5.1.198) 
If we put 
6 y 

| WQ.y) =o. y) + / / g&, n)laé,n) + b(E, mo (§, n)|dédn, 

0 “yo (5.1.199) 
Vo.) =WQ, yo) = 0, 
then we obtain 

Wry (x, y) = bry(x, y) + g(x, y)la@e, y) + D(x, yO, y)]. (5.1.200) 


Using dy (x,y) < cx, ya, y) + bx, yb, y)] + PG y) WO, y) from (5.1.198) 
and d(x, y) < w(x, y) from (5.1.199) in (5.1.200), we obtain 


Vay < a(x, y)[c(x, y) + g(x, y)] 
+[ p(x, y) + b(x, y)(c(x, y) + gy) IW, y), 


Li] = Wry(x, y) — [pe y) + bx, y)(c(x, y) + 9, y))]W (x, y) 
< a(x, y)[e@, y) + q(x, y)]- (5.1.201) 
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The operator L is self-adjoint and hyperbolic. For any twice continuously differen- 
tiable y and v, the operator L satisfies the identity 


vL[W] — WL[v] = —(vy)x + Udy. (5.1.202) 


Let P and Po be any points as in theorem and label the directed sides and corners of 
the rectangle R as shown in Fig. 5.1. 

Using s and tf as the independent variables, integrating the identity (5. 1.200) over 
R and using Green’s theorem, we obtain 


i i (vL[V] — WL[v))dsdt = — / ; ide eead 


Cy +O, +C3+C4 


— -| vveds— f wo,_dt. 
Ci +C4 Co2+C3 


This holds for any functions in C’. 
For the particular function y defined earlier, we have y = 0 on C3 and w = 
Ws = 0 on Cy, so the right-hand side in the above identity reduces to 


= / vinds— | wurde. (5.1.203) 
Ci C2 


Now suppose v satisfies 


Liv] = vy — [p(s, t) + b(s, H(c(s,t) + g(s, |v =0, — (5.1.204) 
v=1 on C, (5.1.205) 
v,=0 on C. (5.1.206) 


Then it follows from (5.1.205) and (5.1.206) that 
v=1 on C. (5.1.207) 


Since v > 0 on R and y(P1) = 0, by using (5.1.201), identity (5.1.203) becomes 


W(P) < / [ vlats,A)[c(s.f) + q(s,A)]}dsdt, 


x py 
w(x, y) < : i a(s, t)[c(s, 1) + g(s, D]u(s, t; x, y)dsdt. 
xo J yo 
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Substituting this bound on w(x, y) in (5.1.198), we obtain 
M$] = dxy(x, y) — [b@ ye y) — pO, y)]OG, y) 
< ats y)c(x, y) + p(x, y) ia [ t)[c(s, t) + g(s, D]v(s, 65 wy)asa ; 
xo 4 Y0 


Again following the same argument as above, we conclude 


olor ff woexnfac.neso 


+(e.) ff a&.mteré.n) + a6. mlo(G. nx, yaar] dst 
x0 “yo 


Therefore substituting this bound on @(x,y) in (5.1.195), we can derive 
(5.1.196). O 


Another interesting and useful generalization, due to Pachpatte [481], is the 
following theorem. 


Theorem 5.1.33 (Pachpatte [480]) Suppose (Hi) and (Hz) are true. Let 
u(s, tx, y) and w(s, t; x, y) be the solutions of the characteristic initial value problem 


| Liv] = vs — b(s,)[ps, 0) + cls, + q(s, 0) |v = 0, 
(5.1.208) 
v(s,y) = v(x, ft) = 1, 
and 
| M[w] = Ws — D(s, tc(s, w = 0, 
(5.1.209) 
w(s, y) = w(x, t) = 1, 


respectively, and let Dt be a connected sub-domain of D which contains P and on 
which v > 0. and w > 0. Then, if R C D* and u(x, y) satisfies 


u(x, y) < a(x, y) + rool f a c(s, thu(s, t)dsdt 
xo J yo 


+ i [ v6. t) (we t) + b(s, t) If q(é, n)ulé, naka) dsat], 


(5.1.210) 
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then 
x py 
ues») Satey) + be ff wo.nas)(als.els.0) + P.0) + (.P6.2) 


«ff [ a(é, n)[c(&.n) + p.n) + a. mug. nis, t)d&dn) dsdr|. 
(5.1.211) 


Proof The proof of this theorem follows by the similar argument to that in the proof 
of Theorem 5.1.32 with suitable modifications. Hence we omit the details. Oo 


The next theorem is also due to Pachpatte [481]. 


Theorem 5.1.34 (Pachpatte [481]) Suppose the following assumptions (H,)-(H3) 
are true. 


(Mi) u(x, y), a(x, y), by), cy), PO, y), g@ y), r(x, ¥), AQ, y), and g(x, y) are 
real-valued non-negative continuous functions defined on a domain D. 

(Hz)  Po(x0, yo) and P(x, y) are two points in D such that (x — x9)/(y — yo) = 0 
and R is the rectangular region whose opposite corners are points Po and P. 

(H3) The function V(s, t;x, y) and W(s, t; x, y) are the Riemann functions for the 
partial differential operators L and T, respectively, and satisfy all the properties 
of Riemann functions for operators with continuous coefficients. 


Let V(s, t; x,y) be the solution of the characteristic initial value problem 
M{V] = 0, (5.1.212) 
where M is the adjoint operator of the operator L defined by 
LI] = Vo + ars + a, + av (5.1.213) 


in which a, = —bcq, ay = —bcp, ax = —[g + bc(r + h)]. Let W(s, t;x, y) be the 
solution of the characteristic initial value problem 


N[W] = 0, (5.1.214) 
where N is the adjoint operator of the operator T defined by 
T[b] = dsr + bibs + br; + b3d (51:25) 


in which b, = —bcq, by = —bcp, b3 = —bc(r — h). Let D* be a connected sub- 
domain of D which contains P and on which V > 0 and W > 0. IfR C Dt and 
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u(x, y) satisfies 
u(a.y) Salny) + be y)]pe%y) f els.y)u(s.y)do 


+q(x, y) Ie c(x, thu(x, t)dt + r(x, y) i [ c(s, t)u(s, t)dsdt 


entcn [fst (ff te-mug. magn) asa) 


(5.1.216) 


then 
x y 
ula.) Saley) + bee y)[pe%y) [etsy u(s.y)d0-+ g(a.) f cle tute dat 
x0 Yo 
x py 
4r(x, y)O(x, y) + h(x, y) i, i e(s, t)O(s, t)ds dt), (5.1.217) 
x0 Yo 
where 
x py 
O(x, y) = W(s, t; x, y)c(s,t ft) + d(s, t)h(s,t 
(x,y il [ 5, 0X, y)c(s als (s s, t) 


«(ff ( ee se, ( , det ‘ ) )} dt. (5.1.218) 
x0 “YO 
Fu ther, if q(x, y) =. 0, then 


u(x, y) < f(x,y) 


+b¢.»90699] f e(s.s97%.»9 exp ( fel. »9016. 906.9048) a], 


x0 


(5.1.219) 
where 
x py 
(OD S16) 4565) r y)O(x.y) + hoy) / i; a(s, 1)O(s, tds a| | 
x0 Yo 


(5.1.220) 
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Again, if p(x, y) = 0, then 
u(x, y) < f(x,y) 
+b¢s sats s9 [ e6s.nf6s.9 x exp ( [ ebs.m6¢. mate mdr) a) 
yO 


(5.1.221) 


where f(x, y) is as defined in (5.1.220) in which the function Q(x, y) is as defined 
in (5.1.218). 


Proof Define a function ¢(x, y) such that 


wea = fof ce mu.mdé an 6600.) = 630) = 0 
then we have 
dxy(X, y) = c(x, yu, y), 
which, in view of the definition of ¢(x, y) and (5.1.216), implies 
bo(t.y) < elt, y)[aCx, y) + By) (PE YG) + 4% YGuC9) 
xX py 
+r(x, yy +hx, (s, t)d(s, tds dt) |. 
ro syoces) + heey) J J sts.9@6.0as at) | 
Adding b(x, y)c(x, y)h(x, y)@ (x, y) to both sides of the above inequality, we have 
bry, y) + Dx, yee, yA, yb y) 
S a(x, ye(x, y) + b@ ye y) [pe y)by(x, y) + a y)Px(x, Y) 
xX py 
+r(xy0G.») + hey + ff w6s.986.0ds dt] 
xo yo 
(5.1.222) 
If we put 


x py 
163-96) / 7 2(s, G(s, tds dt, W(x,y) = V(x, y0) = 0, 


Xo Yo 
(5.1.223) 
then 


W(X, y) = bry, y) + (x, y)b (x,y). (5.1.224) 
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Using 
pxy(x, y) < a(x, y)c(x, y) + d(x, y)e(x, y) {px yoyCe y) + q(x, y)bx(x, y) 
+(x, y)6(2.y) + he, Wx, y)} 


from (5.1.222) and d(x, y) < V(x, y), &(xy) < Ux y), by) < alx, y)c(x, y) 
from (5.1.223) in (5.1.224), we have 


LY] = Way (x, y) + ay x(x, y) + ayy (x, y) + aW (x,y) < a(x, y)c(x,y), 
(5.1.225) 
where aj, dz and a3 are as defined in (5.1.213). 


Now for any two twice continuously differentiable functions YW and V, the 
operators L and M satisfy the identity 


1 1 1 1 
VE[W] — UM[V] = (a BV + SV Wy — SVyB)x + (WV + SVU — SWVr)y, 
(5.1.226) 


where M is the adjoint operator of L. Let R be a rectangular region with corners 
Po(xo, Yo), Pi(x, yo), P(x, y) and P2(xo, y), so that PoP is the diagonal as shown in 
Fig. 5.5. 

Using s and t as the independent variables, we integrate identity (5.1.226) over R 
and use Green’s theorem to obtain 


: | (VL[W] — UM[V])ds dt 


1 1 1 1 
i (a, WV + —VW, — <WV,)at — (a WV + —VY, — WV, ds. 
Cy +C2+C3+C4 2 2 2 2 


Fig. 5.5 Region and directed path around R 
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Since W is zero on C; and C4, and also ds does not vary on C2, and dt does not 
vary on C3, we get 


- i (VL[W] — WM[V])ds dt 


1 1 1 1 
= | (a WV + —VU,— suvidr— f (aUV + —VU, — <WV,)ds. 
a 2 a a 2 2 


Integrating the right-hand side by parts along the characteristic segments C2 and 
C; to eliminate partial derivatives of Y, we obtain 


- i (VL[W] — YM{V])ds dt = / (aV —V,)Wdt— | (aV — V,)Was 
R Co C3 


+ YPIV(P) — 5 WPIVPL) ~ 5 ¥(P2)VP2) 
= | @Vv-—v,) va 
C2 
— | (@V—V,)Uds+ U(P)V(P). — (5.1.227) 
C3 


Now since V(s, t;x, y) is the solution of the characteristic initial value problem 
M[V] = 0, it is by definition the Riemann function V(s, t; x, y) = V(s, f) associated 
with the partial differential equation L[W] = 0 such that 


Va y;x,y) = Vy) = V(P) = 1, 


t 
V,=a,V on Co, V(x,t) = exp (/ ay(x, nan) ; 


y 


and 


V;=aV on C3, V(s,y) = exp ([ xe.»ae) ‘ 


x 


So we get from identity (5.1.227) and inequality (5.1.225) 
x py 
W(x, y) < / i V(s, t; x, y)a(s, t)c(s, t)ds dt. 
x0 “YO 
Now substituting this bound on W(x, y) in (5.1.222), we have 


T[¢] => dry (x, y) + bidy(x, y) + brdy(x, y) + b3b(x, y) 


< c(x, y) (ax) + b(x, y)h(x, y) ([ [ V(s, t; x, y)a(s, t)c(s, tds ar) ). 
xo J yo 
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Now following the same steps as above, we obtain 
xX py 
o(x,y) < / / W(s, t:x, y)c(s, D{ats, t) + b(s, th(s, t) 
xo Yo 


- ( { Ve, SS; alg, mc, n)dé an) has dt = Ox, y). 


Now substituting this bound on ¢(x, y) in (5.1.216), we obtain (5.1.217). 
Now let g(x, y) = 0 in (5.1.217) and define 


x py 
Fly) = aly) + ble y)[ro OGY) + hey) ff w(s.90(.as a, 
(5.1.228) 


Then inequality (5.1.217) reduces to 


w(x.y) <fx.9) + BG y)Ony) i “elssyuls,y)ds, (5.1.29) 


Inequality (5.1.229) may be treated as one-dimensional Gronwall’s inequality for 
any fixed y between yo to y, which implies the estimate for u(x, y) such that 


u(x,y) < f(x,y) + bx, yp, y) 


, / “eae ay et ‘| c(E.9)O(G y)d8)s| | (6.1.230) 


x0 


which is (5.1.219). Further, substituting p(x, y) = 0 in (5.1.217) and following the 
similar argument as above, we obtain (5.1.221). Oo 


In 1982, Corduneanu [152] proved the following result. 


Theorem 5.1.35 (Corduneanu [152]) Jf the continuous function u = u(x,y) 
satisfies the inequality, for all x,y = 0, 


u(x, y) < f(x,y) + [ ic t)u(s, t)dsdt, (5.1.231) 
0 Jo 


where 


(a) f = f(x,y) is continuous for all x,y = 0 and monotone non-decreasing with 
respect to each variable, 
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(b) a= a(x, y) is continuous and non-negative for all x, y > 0, 


then for all x, y = 0, 


u(sy) <f0.) [1+ f iE a(s, t) exp ([ [ até, nasa) ava) (5.1.232) 


Proof As in the case of one variable, from the inequality, for all x, y > 0, 


xX py 
u(x,y) <f@y) + i i k(x, y, s, \u(s, t)dsdt, (5.1.233) 
0 Jo 
in which k is continuous and non-negative, we deduce that, for all x, y > 0, 
x y 
u(x,y) < f(x,y) + / i r(x, y, s, Of (s, )dsdt, (5.1.234) 
0 Jo 
where 
+00 
r(x,y.5,0) =) kn(x.y, 8,0), (5.1.235) 
n=0 


the kernels k being given by the equation 
ko =k, 
k(x, y, 8,0) = [ [ kn-1(&, 7, 8, OK(E, n, 5, )dEdn, foralln> 1. 
s Jt 
(5.1.236) 


In particular, if k(x, y,s,t) = a(s,t) > 0, then we have after a simple computation 
that 


ki(x, y, 5,0) = (=) a(s, t) ([ [we nasa) : for alln => 1, 
(5.1.237) 


and consequently, in this case 


x py n 
r(x, y, 5,f) < a(s, t) exp (/ / a(é, naka) ; for alln = 1. 
s t 
(5.1.238) 
If we observe that condition (a) implies that f(s, t) < f(x, y) for allO <5 <x,0< 


t < y, then from (5.1.234) and (5.1.238), we easily prove (5.1.232), which concludes 
the proof. Oo 
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Remark 5.1.5 Inthe case f(x, y) => 0, the above inequality (5.1.232) is stronger than 
those obtained in Theorem 5.1.35 of [95], because we have for all x, y => 0, 


14 f° [ats.nesp ( [ [« naka) dsdt < exp ( [ [« naka) | 


(5.1.239) 


To prove (5.1.239), it suffices to pose for fixed x, y > 0, 


F(s,8) = exp ( / . iy "alé, nat) (5.1.240) 


and to observe that 


x py 
F'(s,t) = a(s, t) exp (/ i alg, naka) + non-negative term. 
0 Jo 
(5.1.241) 


Integrating (5.1.241) on the rectangle 0 < 5 < x, 0 < t < y, we obtain (5.1.239). 


Remark 5.1.6 If a(x, y) > 0 for all x, y > 0, then the inequality (5.1.239) is strict 
for all x, y > 0. 


Example 5.1.1 If a(x,y) = a > 0 where a = constant, then (5.1.239) becomes for 
all x,y > 0, 


+00 +00 
1+ Y\(ay)"/n! <1+ SY \(ay)"/nl. (5.1.242) 


n=1 n=1 


Remark 5.1.7 We also note that in Theorems | and 2 of [95], the conditions 
imposed on the function f (there denoted by g) may be weakened. It suffices to 
suppose only that f is continuous and monotone non-decreasing with respect to 
each variable. Then in the proof of Theorem 2 of [95], the following bound will be 
useful, 


+f ; | "als, ) exp ( [ , / ‘alg, ndéan) dsdt < exp ( [ ; i “alé, naka) 


(5.1.243) 


for all x, y > 0, where a = a(x, y) is continuous and non-negative. 


Remark 5.1.8 Theorem 5.1.35 may be extended to the n-dimensional case without 
major modifications. 


The differential and integral inequalities occupy a very privileged position in 
the theory of differential and integral equations. In recent years, these inequalities 
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have been greatly enriched by the recognition of their potential and intrinsic worth 
in many applications of the applied sciences. Since the appearance of Gronwall’s 
fundamental paper [239] in 1919, an enormous amount of effort has been devoted 
to the discovery of new types of inequalities, and to the application of inequalities 
in many parts of analysis. In [203], we obtained several new integral inequalities 
of Gronwall-Bellman type of single independent variable. These inequalities are 
directly useful in studying several properties of the solutions of ordinary differential 
equations. 

A more general version of the inequality in Theorem 5.1.25, due to Pachpatte 
[477]), may be stated as follows. 


Theorem 5.1.36 (El-Owaidy-Ragab-Abdeldaim [202]) Let u(x,y),f(x,y), are 
real-valued non-negative continuous functions defined on a domain D, and 
h(x, y), q(x, y), are real-valued positive continuous functions defined on a domain 
D, and uo is a non-negative constant. Let Po(xo, yo) and P(x, y) be two points in D 
such that (x — x0)(y — yo) > 0 and let R be the rectangular region whose opposite 
corners are the points Po and P. Let v(s, t; x, y) be the solution of the characteristic 
initial value problem 


Lv) = vsls,t) + (F6,0 + gs, ))v(s,) = 0; v(s,y) = v@,) = 1, 


and let D* be a connected sub-domain of D which contains P and which v > 0. 
Then if R C D* and it holds that 


u(x, y) < uo + [ [ t6. t)u(s, t)dsdt + a [ m6. t)u(s, t) 


(us, t) + / . / * aE, nul, nd&dn) dst, (5.1.244) 


then 


oe i (s, 1) 
u(x, y) < Ug CXp (J [ [Fo t) + 7 new ennndeay |) 
(5.1.245) 


Proof Define a function n(x, y) be the right-hand side of (5.1.244). Then 


ns(ty) = Flas yulery) + ht yuo \(uley) + ff gls.du(s.thds), 
xo 4 yo 


n(xo,Y) = n(x, yo) = Uo; Ne(X, Yo) = ny (Xo, yy) = 0, 
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which, in view in (5.1.244), implies 


x py 
ns(ty) Slay uCsy) + heey mteyy(nex.y) + ff g(s.tin(s.tasdt). 
xo “YO 
(5.1.246) 


Let 
x py 
m(x, y) = n(x, y) + / i: q(s, t)n(s, t)dsdt, m(0,y) = m(x,0) = uo. 
xo J yo 
Then 


Myy(X, Y) = Nxy(X, y) + q(x, y)n(x, y). 


From (5.1.246) and the fact that n(x, y) < m(x, y), it follows 


may (x9) S (fey) + g(x,y) n(x, y) + hx, y)m(x, 9). 
The above inequality can be written as 


m”(x, y)myy(x, y) — (f(x,y) + gy)! (x,y) < h(x, y), — (5.1.247) 
which yields 


2my(x, y)My (x, Y) 


m~* (x, y)myy(x,y) — (fe. I) + ge, y))m™"(x, 9) <h@,y) + m(%, y) 
1.e., 


; — (f(x,y) + a(x, y))m™ (x, y) < h(x, y). 
m°(x, y) 


m (x, y)Mxy (x, y) a 


Let m7! (x, y) = a(x, y), so that 


2m,(x, y)my(x, 
mi2(s, 9) 9) = IY — a6), 


Then we have 


—Axy(x, y) — (FO, y) + a ya y) < h(x. y), 
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L(a) = ay(x, y) + (f(y) + a(x, yaa, y) = —h(x, y). 


Now following the same steps as in the proof of Theorem 5.1.25, we obtain 
x0 PY0 
a(x,y) = i" i A(s, thu(s, t; x, y)dsdt. 
x y 


Now substituting a(x, y) = m7!(x, y) in the above inequality, we have 


1 
Ws 5.1.248 
may) = je » ACs, t)u(s, t; x, y)dsdt ( ) 
then from (5.1.244) it follows 
Naxy(x, y) S f(x, y)n(x, y) + A(x, yn, yma, y), 
1.€., 
Nxy(x, 
ED Fa) Pie intu: (5.1.249) 
n(x, y) 
Thus from (5.1.248) and (5.1.249) it follows 
Nyy(x, Y) h(x, y) 
< f(x,y) + = 5.1.250 
n(x, y) <f@y) Je f° hls, tu(s, t:x, y)dsdt 
which implies 
n(X, y)Mxy(%, y) A(x, y) nx(x, y)My(x, y) 
a San) F ar a ee es 
n? (x, y) i i h(s, t)u(s, t; x, y)dsdt n? (x,y) 


Then 


ee) 
Le f° nls, Du(s, tx, y)dsdt’ 


x 


a(n 


iG wy, = fy) + 


Now integrating both sides of the above inequality with respect to y from yo to y, we 
have 


nx(x,y) x(x, Yo) sf h(x, t) 
nly) wUeyo) ~ i (0: ad J fp? hls, nyv(s, nx, aa 
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Since n,(x, yo) = 0, we get 


1 205) ee 
™ 0, ok [( (/6.0-+ Ferre yee mn ndbay) 


but (xo, y) = uo, then 


recs) sweno| || (069+ pepe pee annem) 


Now substituting the value of n(x,y) in (5.1.244), we obtain (5.1.245). This 
completes the proof. Oo 


By setting f(x,y) = 0 in Theorem 5.1.36, we arrive at the following integral 
inequality. 


Corollary 5.1.10 (El-Owaidy-Ragab-Abdeldaim [202]) Let u(x, y),f(x,y), are 
real-valued non-negative continuous functions defined on a domain D, and 
h(x, y), q(x, y), be real-valued positive continuous functions defined on a domain 
D, and uo is a non-negative constant. Let Po(xo, yo) and P(x, y) be two points in D 
such that (x — xo)(y — yo) > 0 and let R be the rectangular region whose opposite 
corners are the points Po and P. Let v(s, t; x,y) be the solution of the characteristic 
initial value problem 


L(v) = vs:(s, 1) + g(s, Hvu(s,t) = 0; v(s,y) = v(x, = 1, 


and let D* be a connected sub-domain of D which contains P and which v > 0. 
Then, if R C D*™ and it holds that 


it) Sig [ [ h(s, t)u(s, )(uls, ‘) + [ i * gtecnate, n)d&dn)dsdt, 


yO 


then 


h(s, t) 
wenswon(L | Lepage noe mane) 


Now, by setting h(x, y) = 1 in the Theorem 5.1.36, we arrive at the following 
integral inequality. 


Corollary 5.1.11 (El-Owaidy-Ragab-Abdeldaim [202]) Let u(x, y),f(x,y), are 
real-valued non-negative continuous functions defined on a domain D, and q(x, y), 
are real-valued positive continuous functions defined on a domain D, and uo is 
a non-negative constant. Let Po(xo, yo) and P(x, y) be two points in D such that 
(x —x0)(y — yo) > 0 and let R be the rectangular region whose opposite corners are 
the points Po and P. Let v(s, t;x, y) be the solution of the characteristic initial value 
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problem 
L(v) = vs(s,t) + (f(5,1) + G(s, f))v(s,f) = 0; v(s,y) = v(x, ft) = 1, 


and let D* be a connected sub-domain of D which contains P and which v > 0. 
Then, if R C D* and it holds that 


u(x, y) < uo +f [ Fs, Hu(s, t)dsdt 


+ ff ms.n(ueo [of até nue. nagan)dsar 


then 


u(x, y) < uo exo( ff [Fo t+ ae panda) 


Theorem 5.1.37 (El-Owaidy-Ragab-Abdeldaim [202]) Let u(x,y),h(x,y) and 
f(x,y) be real-valued non-negative continuous functions defined on Ry x R+, 
suppose 0 < p < 1, and ug is a non-negative constant, and suppose further that the 
following inequality holds for all (x, y) € R2., 


u(x, y) < h(x, y)(wo + i [t tu? (s, t)dsdt).. (5.1.251) 
0 Jo 
Then for all (x, y) € R2., 


ame ied 1/q 
u(x, y) < h(x, y) (uf + af / f(s, Hu? (s, t)dsdt) ‘ (5.1.252) 
0 Jo 


wherep+q=l. 
Proof The inequality (5.1.251) can be written as 


u(x, y) < A(x, y)m(x, y), (5.1.253) 
where 
xX py 
m(x, y) = w+ f } f(s, Du? (s, thdsdt; 
0 40 (5.1.254) 
m(0, y) = m(x,0) = uo; m(x, 0) = m,(0, y) = 0, 
thus 


Mry(X,y) = f(x, yu (x, y). 
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Then from (5.1.253) it follows 


Myy(x,y) < f(x, yh? (x, ym? (x, y). 


Using the non-deceasing nature of m(x, y), we find 


MoD = fl yy). 


which gives us 


m? (x, y)May (x, Y) 2pm,(x, y)mx(x, Y) 


< f(x, y)hP (x, y) + 


mie (x,y) m(x.y) 
1.€., 
m (x, y)Mxy(x, y)  2pm,(x, y)m,(x, y) 
Gy) me) GY), 
or 
9 my(x, y) 


By my) =O OY, 
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(5.1.255) 


Now integrating both sides of the above inequality with respect to y from 0 to y, we 


get 


m,(x, y) m,(x, 0) y ; 
mP (x,y) mP(x,0) ~ | F(x, DP (x, 1dr, 


but m,(x, 0) = 0, hence 


mx(Xx, y) : , 
re sf £01 ode 


Integrating both sides of the above inequality with respect to x from 0 to x, we obtain 


“(nl(sy) —m'%(0,y)) < [ [ t6. t)h? (s, t)dtds, 


but m(0, y) = uo, then m4(0, y) = uf, hence 


1 ij x ry 
qm 9) — Ho) S / / f(s, Dh? (s, tdtds, 
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xX py 
m' (x,y) — ug < af / f(s, t)h? (s, t)dtds, 
0 Jo 
then 
x py 1/q 
m(x,y) < (uf + af / f(s, Hh? (s, 1)dtds) F 
0 Jo 


Now substituting this bound on m(x, y) in (5.1.251), we can obtain (5.1.250). This 
completes the proof. Oo 


By setting h(x, y) = 1, in Theorem 5.1.37, we arrive at the following integral 
inequality. 


Corollary 5.1.12 (El-Owaidy-Ragab-Abdeldaim [202]) Let u(x, y) and f(x, y) be 
real-valued non-negative continuous functions defined on Ry x R+, suppose 0 < 
p < 1, and up is a non-negative constant, and suppose further that the following 
inequality holds, for all (x, y) € Ri, 


xX py 
u(x, y) < uo + / / f(s, thu? (s, t)dsdt, 
0 Jo 
Then for all (x,y) € R3., 


u(x,y) < (uf 49 / : / FC. nydsdt) 


wherep+q=l. 
We now apply Corollary 5.1.12 to establish the following integral inequality. 


Corollary 5.1.13 (El-Owaidy-Ragab-Abdeldaim [202]) Let u(x, y) and f(x, y) be 
real-valued non-negative continuous functions defined on Ry x R+ and a(x, y) be 
a positive, monotonic, non-deceasing, continuous function defined on Ry X Ry, 
satisfying for all (x, y) € R2., 


Mem rere iu . / ” ls, Nats, Ou? (s, sed. (5.1.256) 
0 0 
Then for all (x,y) € R2., 


x py 1/4 
w(xy) Satsy)(1+¢ i; i f(s, )dsdr) (5.1.257) 


whereO<p<l1,p+q=1. 
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Proof Since a(x, y) is a positive, monotonic, non-decreasing, continuous function, 
from (5.1.256) it follows that 


u(x, y) * fy a1(s, t)u?(s, t) 
cenelt |, [too ae 


u(x, y) “ u(s, t) 
wed <i+ f [ to0 2 asar 


Define a function m(x, y) by 


mx, y) = noo) (5.1.258) 
a(x, y) 
hence 
xX py 
i acl I / f(s, 1m? (s, tdsdt. 
0 Jo 
Applicating Corollary 5.1.12, we have 
~ 1/q 
m(x,y) < (1 F af i f(s, t)dsdt) : (5.1.259) 
0 Jo 


Thus (5.1.257) follows from (5.1.258) and (5.1.259). This completes the proof. O 
Theorem 5.1.38 (El-Owaidy-Ragab-Abdeldaim [202]) Let u(x, y), f(x, y), h(x, y) 


and b(x, y) are real-valued non-negative continuous functions defined on a domain 
D,0 < p < 0, and upg is a non-negative constant. Let Po(xo, yo) and P(x, y) be two 
points in D such that (x — xo)(y — yo) > 0 and let R be the rectangular region 
whose opposite corners are the points Po and P. Let v(s,t; x,y) be the solution of 
the characteristic initial value problem 


L(v) = vs(s, t) — qh(s, )b(s, Hu(s,f) = 0; v(s,y) = vv, = 1, 


and let Dt be a connected sub-domain of D which contains P and which v > 0. 
Then, if R C D* and u(x, y) satisfies 


u(x,y) < b(x,y) (wo + / . i: “HES t)u(s, t)dsdt + i . / : f(s, tu? (s, ‘)dsdt)., 


(5.1.260) 
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then 


x Y 1/q 
u(x, y) < b(x, y) («/ [ 46. tb? (s, thu(s, t; si ,  (5.1.261) 


where p+q= 1. 
Proof The inequality (5.1.260) can be written as 


u(x, y) < b(x, y)n(x, y), (5.1.262) 


where 
x py x py 
n(x, y) = Uo +f / h(s, thu(s, pasar + f / f(s, thu? (s, t)dsdt. 
xo 4 yo xo J yo 
Thus, 


Nxy(x,y) = h(x, y)u(x, y) + fx, yu (x, y), 


then from (5.1.262) it follows that 


Nxy(X,y) = h(x, y) (bx, yn(x, y)) +f yb, yn y))’. 


Using the non-decreasing nature of n(x, u), we find 


n' (x, y)my(x, y) — A(x, y)b(x, y)n(x, y) < fyb? (xy), (5.1.263) 
which gives 


pnyx(x, y)ny(x, y) 


ny) (9) — MU IBC IY) SFO OY) + 


’ 


Le., 


7 a h(x, y)b(x, y)n"(x, y) < f(x, y)b? (x, y). 


n! (x, yxy (X,Y) — 


Let n?(x, y) = m(x, y), so that 


4 pnx(x,y)ny(x,y) 1 
n(x, y)Mxy(x, Y) PrHG@.y) Pl. y)s 
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then 


1 
Pi y) — h(x, y)b(x, y)m(x, y) < f(x, y)b? (x, y), 


L(m) = my(x, y) — h(x, y)b(x, y)m(x, y) < af (x, y)b? (x, y). 


Now following the same steps as in the proof of Theorem 5.1.25, we obtain 
x py 
m(x,y) < af / f(s, t)b? (s, t)u(s, tx, y)dsdt. 

xo J yo 
Now substituting m(x, y) = n(x, y) in the above inequality, we have 

~ 1/q 

n(x,y) < («| / f(s, 1b? (s, thu(s, tx, y)dsdt) : (5.1.264) 
xo Fyo 


Thus (5.1.261) follows from (5.1.264) and (5.1.262). This completes the proof. O 


In the special case, when b(x, y) = 1, Theorem 5.1.38 takes the following form. 
Corollary 5.1.14 (El-Owaidy-Ragab-Abdeldaim [202]) Let u(x, y),f(x,y), 


h(x, y) are real-valued non-negative continuous functions defined on a domain 
D,0 < p < 1, and up is a non-negative constant. Let Po(xo, yo) and P(x, y) be two 
points in D such that (x — x0)(y — yo) > 0 and let R be the rectangular region 
whose opposite corners are the points Py and P. Let v(s,t;x, y) be the solution of 
the characteristic initial value problem 


L(v) = vs:(s, t) — gh(s, 1Hu(s,t) = 0; v(s,y) = v(x, = 1, 


and let D* be a connected sub-domain of D which contains P and which v > 0. 
Then, if R C D* and u(x, y) satisfies 


x py x py 
u(x, y) < w+ f / h(s, t)u(s, doar + f [ 16. thu’ (s, t)dsdt, 
x0 yo xo Y YO 
then 
x py 1/4 
ues) (aff 16.9v6.1.x.»)asdr) 
xo J yo 


wherep+q=l. 


We now may apply Corollary 5.1.14 to establish the following integral inequality. 
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Corollary 5.1.15 (El-Owaidy-Ragab-Abdeldaim [202]) Let u(x,y),f(x,y), 
h(x,y) are real-valued non-negative continuous functions defined on a domain 
D,O < p < 1, and a(x, y) be a positive, monotonic, non-decreasing, continuous 
function defined on a domain D. Let Po(x0, yo) and P(x, y) be two points in D such 
that (x—xo)(y—yo) > O.and let R be the rectangular region whose opposite corners 
are the points Py and P. Let v(s, t; x,y) be the solution of the characteristic initial 
value problem 


L(v) = vys(s, t) — qh(s, Hu(s,t) = 0; v(s,y) = v(x, ft) = 1, 


and let D* be a connected sub-domain of D which contains P and which v > 0. 
Then, if RC D™ and it holds 


u(x, y) < a(x,y) + . y A(s, thu(s, t)dsdt + [ [t tha’ (s, t)u? (s, t)dsdt, 
. (5.1.265) 


then 
x py 1/q 
uly) <aley)(q / : As.)v(s.tixyddsdt)'"",——(8.1.266) 
x0 Yo 


wherep+q= 1. 


Proof Since a(x, y) is a positive, monotonic, non-decreasing, continuous function, 
we derive from (5.1.265) that 


: xX py ; xX py qd vt Dp f 
WY) 4 / i, np aad / i 6,2 DP seat 
xo J yo xo Y Yo 


a(x,y) ~ a(x, y) a(x, y) 
1.e., 
u(x, y) * u(s, t) * u(s, ft) : 
MoD cr ff sot Danas fr, 0 2) asd 
Define a function m(x, y) by 
Peele (5.1.267) 
a(x, y) 


hence 


x py x py 
m(x,y) <1 +f / h(s, t)m(s, t)dsdt +f / f(s, im? (s, thdsdt. 
x0 a) x0 yO 
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Applying Corollary 5.1.14 to the above inequality, we have 


ey 1/q 
mes (0 [ se-ove.:s.9ast . (5.1.268) 


Thus the conclusion of the theorem follows from (5.1.267) and (5.1.268). This 
completes the proof. Oo 


Remark 5.1.9 We note that the integral inequalities in Theorems 5.1.37—5.1.38 
allow us to study the stability, boundedness and asymptotic behavior of the solutions 
of a class of more general partial differential and integral equations similar to those 
obtained in [91, 227, 477, 480]. 


The following result, due to Bondge and pachpatte[91], is to establish two- 
independent-variable generalizations of the integral inequalities recently established 
by Gollwitzer [231], Langenhop [352], and Pachpatte [443, 444]. 

A useful two-independent-variable generalization of Gollwitzer’s inequality 
[231], is stated in the following theorem. 


Theorem 5.1.39 (Bondge-Pachpatte [91]) Let ¢(s,t), a(s,t), b(s,t) be real- 
valued non-negative continuous functions defined on Ry x R+, let u(s,t) be a 
positive real-valued continuous function defined on R+ x R+; and suppose further 
that the following inequality holds for all0 <x<s<+o0,0<y<t< +o, 


u(s,t) > o(x,y) — als, (ff b(m,n)o(m,n) dm an), (5.1.269) 
aly 
then for all 0 <x < s < +00,0<y<t< +00, 
u(s,t) > b(x,y) exp ( —a(s, t) / / b(m,n) dm an) , (5.1.270) 
Proof We may rewrite (5.1.269) as | 
(x,y) < u(s,t) + a(s,t) (/ [ b(m,n)(m, n) dm an) : (5.1.271) 


For fixed s and ¢ in the interval R,, we define for allO <x<s5,0<y<t, 


r(x,y) = u(s,t) + a(s,t) an b(m,n)¢(m, n) dm an) , ioe 


r(x.) = r(s,y) = u(s,t), 
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then we derive from (5.1.272) 

Txy(x,y) = als, t) b@. y)b@.y), 
which, combined with (5.1.271), implies 


Try(X,y) < a(s,t) b(x, y) r(x. y), 


THOM «ate 9 bEG9), (5.1.273) 
r(x, y) 


From (5.1.273) we derive 


(X,Y) My, y) r(x, y) ry(x, y) 


< a(s,t) b(x,y) + 


POY) POY) 
1.€., 
(F309) 
Tel gany) = 10 BG:9). 


Now integrating both sides of the above inequality with respect to y from y to f, we 
have 


ret) Tey) 
r(xt) (x,y) 


a(s, of b(x,n) dn. 


Integrating both sides of the above inequality with respect to x from x to s, we 
get 


r(x, y) < u(s, ft) exp ( a(s, nf [ b(m,n) dm an)) : (5.1.274) 


Thus (5.1.270) follows from (5.1.271) and (5.1.272) since s and ¢ are arbitrary in the 
interval R_. Oo 


Theorem 5.1.40 (Bondge-Pachpatte [91]) Let }(s,t), a(s,t), b(s,t), and c(s,t) 
be real-valued non-negative continuous functions defined on R4 x Rx; let u(s, t) 
be a positive real-valued continuous function defined on R4 x R+; and suppose, 
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jurther, that the following inequality holds for all0 <x<s<-+o0o, 0O<y<t< 
+00, 


u(s,t) = d(x, y) — als, aff ff b(m,n)¢(m, n) dm dn 


+f'f bmn) (ff eté.s9o06.t) at at) am ay 


(5.1.275) 


Then forall0 <x<s<+o0, 0<y<t<+o, 
RY t 

u(s,t) > o(x,y)[1 + a(s, o( f i b(m, n) 
x dy 


xexp (fi tats. 066.0) + e609) 48 dt) dm dn) | 


m n 


(5.1.276) 


Proof We may rewrite (5.1.275) as 


(x, y) < u(s, t) + als, off _ b(m,n)¢(m, n) dm dn 


+f [ vomm (ff @096. deat) am dn) 


(5.1.277) 


For fixed s and ¢ in the interval R,, we define for allO <x<s, O<y<t, 


r(x, y) = u(s,t) + a(s, aL f b(m, n)b(m, n) dm dn 
x dy 


5 | | teat ( i, i " e(E. 00.0) dé at) dm dn|. 


r(x,t) = r(s,y) = u(s,f), 
(5.1.278) 
then we derive from (5.1.278), 


WER = ab d5es) [66.99 + / / clE, OG(E. 6) at at], 
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which, along with (5.1.277), implies 


teat bossy) ray) + [ [eo Hg.) af at]. (5.1.29) 
Define 


ven») = ray) + | [6.0 16.0 a6 ae, 
x dy (5.1.280) 
v(s,y) = v(x, 1) = u(s, 1), 
then we deduce from (5.1.280), 


Uxy (x, y) — Try (x, y) + ¢e(x,y) ry), 


which, by using (5.1.279) and the inequality r(x, y) < v(x, y), implies 


Uxy@y) S [a(s,t) b@ y) + (x, y)] vy). 


Hence, the following an argument similar to that in the proof of Theorem 5.1.39, we 
get 


Sie ( [ [leon 06.04 6s a8 at). 
x dy 


Substituting this bound on v(x, y) in (5.1.279), we get 


ita) = aap bey uG Dap ( / | [a(s,t) BEE) + elf. O)] a€ at). 


Now integrating both sides of the above inequality with respect to y from y to f, 
we obtain 


r(x, t) == r(x, y) 


2 46.) GO / pairs ( / | i [a(s.t) bE.£) + e€.0)) dé at) a 
y e n 


Integrating both sides of the above inequality with respect to x from x to s, we 
conclude 


r(x, y) < u(s, D1 + a(s, (ff b(m, n) 
x dy 


x exp ([ [tao b(E,o) + cE, O] dé at) dm dn)]. 


(5.1.281) 
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Thus (5.1.276) follows from (5.1.277) and (5.1.281) since s and ¢ are arbitrary in 
the interval R+. Oo 


Now we introduce the following two-independent-variable generalization of the 
integral inequality established by Langenhop [351]. 


Theorem 5.1.41 (Langenhop [351]) Let u(s,t), a(s,t), and b(s, t) be as defined 
in Theorem 5.1.39; let W(r) be a positive continuous, monotonic, non-decreasing 
function for all r > 0, W(0) = 0, and (0/dy) W( r(x, y)) = Wy( r(x, y)) = 0; and 
suppose further that the inequality 


u(s,t) > u(x, y)— als, nf [ b(m,n) W(u(m,n)) dmdn), — (5.1.282) 


is satisfied forall0 <x < s < +o~,0 < y < t < +00. Then for s;, th € 1, 
O<x<s<5,05yStsn, 


u(s, t) > Q7*Q( u(x, y)) — als, nf i b(m,n) dm dn)],_ (5.1.283) 
where 
Qin = [= r>m>0 (5.1.284) 
» Woy - 
Q7! is the inverse function of 2, and 
Q( u(x, y)) — als, nif b(m,n) dm dn) € Dom(Q7'), 
y 


forall0<x<s<+ow,0<y<t< +00. 


Proof We may rewrite (5.1.282) as 
t 
u(x,y) < u(s,t) + a(s, nif b(m,n) W( u(m,n)) dm dn). (5.1.285) 
7 
For fixed s and t in the interval J, we define forO <x<s, O<y<t, 
t 
r(x,y) = u(s,t) + a(s, nif b(m,n) W( u(m,n)) dm dn), 
7 
r(x,y) = r(s,y) = u(s,d), (5.1.286) 
then from (5.1.286) it follows 


Try y) = als, 1) d(x, y) WCutx, y)), 
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which, in view of (5.1.285), implies 


Try(X,y) S als, t) bx y) WOr( y)), 


Try (X,Y) 
Wray) — a(s, 1) b(x, y). (5.1.287) 


From (5.1.287) we see that 


WC rt, y)) Tay y) 
W*( r(x, y)) 


Wy (r(x, y)) (ey) 


< a(s,t) b(x,y) + W2( r(x.) 


’ 


7) ry (x, y) 


ay Wore.) < a(s,t) b(x, y). 


Now integrating both sides of the above inequality with respect to y from y to f, we 
have 


r(x, t) r(x, y) : 
W(rad) = Wray) < als, af b(x,n) dn. (5.1.288) 


From (5.1.284) and (5.1.288), we observe that 
t 
MCHC.) = AC rey) = als.t) [ bCn) an 
y 
Integrating both sides of the above inequality with respect to x from x to s, we have 
s t 
Q( r(x, y)) < Aus.) + a(s,( i i Rema deae, 
x dy 
which implies 
RY t 
QC u(s,t)) = QC u(x, y)) — als, nif i b(m,n) dmdn). —_(5.1.289) 
x dy 


Thus (5.1.283) follows from (5.1.289). The intervals of real numbers s and ¢ are 
obvious. Oo 


The next result deals with the two-independent-variable generalization of the 
integral inequality recently established in Theorem 1 of Pachpatte [456]. 
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Theorem 5.1.42 (Pachpatte [456]) Let f(s, t), a(s,t), b(s,t), and c(s, t) be real- 
valued non-negative continuous functions defined on I x I; let u(s, t) be a positive 


real-valued continuous function defined on I x I; and suppose further that the 
inequality 


u(s,t) = d(x, y) — als, aff b(m, n)b(m, n) dm dn 


7 a * omn)( a / " cl&, OG (E. 0) df dé) dim dnt, 


(5.1.290) 
is satisfied forallO <x<s<+oo, 0O<y<t< +o. Then 
u(s,t) => d(x, y)[1 + als, nf / b(m, n) 
x dy 
expt ff mlats.t) bE.) + €(6.6)] dé df) dim dry)" 
(5.1.291) 


forall0<x<s<+o,0<y<t<+o. 


Proof We may rewrite (5.1.290) as 
o(x,y) < uls,t)+ als, otf | b(m,n)d(m, n) dm dn 


+f | * blm.n)( i / " e(€, Ob. df at) dm dn, 
_ (5.1.292) 


For fixed s and ¢ in the interval J, we define forallO <x <s, 0O<y<t, 
S t 
r(x,y) = u(s,t) + als, otf / b(m, n)¢(m, n) dm dn 
x dy 


+ i | , bom. ny ) / clE, P(E, £) dé dt) dm dr, 
r(x,t) = r(s,y) = u(s, 4), (5.1.293) 


then from (5.1.293) it follows 


Boab Die nea / , / cl, OE. 0) dé dt], 
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which, in view of (5.1.292), implies 


roles) S abs. boyy roas) + ff 06.0) n€.0) dé at]. .1.294) 
Define 
very) = ree + [Pf 6.0) r6.0) ab a 
x dy 
v(s,y) = v(x,t) = u(s,d), (5.1.295) 
then from (5.1.295), we derive 


Vay (x, y) = Nay (x, y) + c(x,y) r(x, y), 


which, by using (5.1.294) and the inequality r(x, y) < v(x, y), implies 


vin 9) = La(e,2) BGe39) + cba )1 v(e9). 
By an argument similar to that in the proof of Theorem 5.1.41, we conclude 
vig) < ulsnexp( f Lats.) bE.) + e(€, O) df at). 
Substituting this bound on v(x, y) in (5.1.294), we have 
rosy) S a(t) ay) ub.nerp( Jf Lats.0) 6(6.6)-+ 06.091 dé dt) 


Now integrating both sides of the above inequality with respect to y from y to f, we 
get 


ry (x, t) — r(x, y) 


2 ad usa i b(e,n) exp( / | : [a(s,t) bE. t) + e€.0)] af dt) dn. 


Integrating both sides of the above inequality with respect to x from x to s, we obtain 
s t 
rey) = uG.oth + a(s.n(f f bonm 
x dy 


x exp( i [ a(s, t) b(E, 6) + c(E,0)] d& df) dmdn)]. —(5.1.296) 
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Thus (5.1.291) follows from (5.1.292) and (5.1.296) since s and ¢ are arbitrary in the 
interval J. Oo 


The next result, due to Medved [398], establishes the Wendroff inequality of 
Henry type in two independent variables. To do this, we shall need the following 
well-known consequence of the Jensen inequality: 


(Ay + Ag +++++An) <n” (Al +A54--- +47). (5.1.297) 


The inequality considered here is the following 
xX py 
u(x, y) < a(x,y)+ / / (x—s)*!(y—1)P! x F(s, New(u(s, t))dsdt, — (5.1.298) 
0 Jo 


for all (x,y) € [0,7)? = [0,T) x [0,7) (0 < T < +00), where aw > 0,8 > 0. 
Results on integral inequalities in two variables with regular kernels (i.e., with 
a = 1,6 = 1,F continuous and a(x, y) constant) are contained in the books 
[90, 95, 482, 621]. 

We need the following lemma. 


Lemma 5.1.5 (Medved [398]) Let mw : Ry bt Ry be a non-negative, non- 
decreasing C'-function, a(x, y) be a non-negative C*-function on [0,T)? (0 < T < 
+00) such that on [0,T)* (0 < T < +00), 


a(x, y) da(x, y) da(x, y) 
xy oe (or ax > 0). 


Let k(x, y) be a continuous, non-negative C?-function and z(x,y) be a continuous, 
non-negative function on [0,T) with for all (x,y) € [0,T)?, 


x py 
z(x,y) <atsy) + f i k(s, )o(z(s, t))dsdt. (5.1.299) 


Then for all (x,y) € [0, 71)’, 


ray) <2 Oo | 24a, y)) + i, , / “Kshs , for all (x,y) € [0,T)’, 


(5.1.300) 
where T; > 0 is such that the argument of Q7' in the above inequality belongs to 
Dom (Q7!) 


Proof Let V(x, y) be the right-hand side of (5.1.299). Then 
aV(x,y) _ 0°a(x,y) 


ales ae k ; 1.301 
Indy Ixdy + k(x, y)@(z(x, y)) (5.1.301) 
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PQAV(xy)) _ 2'(Vix, yo yy 2"(Vax Pyke y) BVO y) 


dxdy 7 dxdy ox dy 
(5.1.302) 


Since Q’(V) = a and Q”(V) < 0, we derive from (5.1.301) and (5.1.302) 


0?Q(V(x, y)) 7 d°a(x,y) 1 


Oxdy ~~“ axdy w(V) ROY) 
07 a(x, y) 1 
dy FG) + k(x, y). (5.1.303) 

However 

_ a ay) do _ 90 da(x, y) 1 

ap late y= asf alc) ay dy (a(x, y)) 
= d7a(x, y) 1 da(x, y) 1 
~ Axdy (a(x, y)) ala re dx  a(a(x,y))? 
d7a(x, y) 1 
dxdy aw(a(x,y))’ 

1.e., 


2 2, 
T ces 


me ——_——, .1.304 
dxdy dxdy w(a(x, y)) ee 


(if oe > 0, then we can obtain (5.1.304) by estimating eas A(a(x, y)).) Thus we 
deduce from (5.1.303) and (5.1.304) 


Q(V(x, y)) a 0d? Q(a(x, y)) 


k 
dxdy ~ dxdy Tie) 


which yields 
Q(v(x, y)) < Q(a(x, y)) + [ i k(s, t)dsdt. 
From the above inequality, we have 
z(x,y) < Vix.y) < 2"! | ats.) +f [we nasa | 


Thus the proof is complete. Oo 
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Theorem 5.1.43 (Medved [398]) Let a(x, y) be a non-negative, C?-function Satis- 
fring on [0,T)? = [0, T) x [0, T) (0 < T < +00), 


Pater) gy AO). g (gy Galery) 


eee ; 0 
oxdy ox dy 2 0) 


u(x, y), F(x, y) be continuous, non-negative functions on (0,T)* satisfying the 
inequality (5.1.298), where w : Ry — Rx is a non-negative C'-function. Then 
the following assertions holds: 


(i) Suppose a > 5, p> 5 and satisfies the condition (q) with q = 2. Then 


1 


u(x.) < e? $a" I(2a(x,y)?) + 2K il ; i " P(s,)R(s + ddsdil) 
0 0 
(5.1.305) 


where 


(x,y) € [0, 71)? = [0, 71) x (0,7), K = rere) 


and T is the Gamma function, Q(v) = is a v > vo > 0,Q7! is the inverse 
of 2 and T; > 0 is such that the argument of Q7' in (5.1.305) belongs to 
Dom (Q7) for all (x,y) € [0,7;)?. 

(ii) Supposea = B = = for some real number z = | and satisfies the condition 
(q) with q = z + 2. Then for all (x,y) € [0, T2)’, 


1 


q 


u(x,y) < er oO | 22a yy’) + M, [ [ F4%(s, t)R(s + nasa] ; 
0 Jo 
(5.1.306) 


where 


z+2 T(2— p8)\? z 
= MS Sapa 
nes a ( pod) c+ 1 


and T, > 0 is such that the argument of Q7! belongs to Dom (Q7') for all 
(x,y) € [0, 72). 
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Proof (i) Using the Cauchy-Schwarz inequality, we infer from (5.1.298) 


u(x, y) < a(x, y) + i ; i: ic sy le(y — Pte [eS F(s, Na(u(s, )| dsdt 


1 
xX py 4 
< a(x,y) + i / (x — 5)? 6*5(y — *easa 
0 Jo 


x / . / : e “tO F*(s, thw(u(s, nasa ° . (5.1.307) 
0 0 


For the first integral in (5.1.307), we have 
x py x y 

/ i (x— 5)20-2 925 (y = 1)?B-2 6 dst = erty) i 22-2 920 i 77o 2 e-2"dadn 
0 JO 0 0 


2(x+y) x y 
=f 20-2 ,—0 / 26-2 ,-£ 
= o e n e °do )dé 

Fat B)=2 [ ( : ) 


rcty) 


= eaHaal CA - YP Ra- 1). 


Therefore we obtain from (5.1.307), 


u(x, y) < a(x, y)K? [ : / : F?(s, He? "Ma(u(s, nat : 


where K is as in Theorem 5.1.43. Using the inequality (5.1.298) with n = 2,r = 2 
and applying the condition (q) with g = 2, we obtain 


v(x, y) < a(x, y) + 2K [ iE F?(s, t)R(s + thw(v(s, t))dsdt (5.1.308) 
where 
v(x y) = (e Ow, y)) ,oe(x, y) = 2a°(x, y). (5.1.309) 
Applying Lemma 5.1.5 to the inequality (5.1.308), we obtain 
(5.1.310) 


v(x, y) < QT! | 24a y)) + 2K y . / "Ps, t)R(s + hard] . 


Using (5.1.309), we have 
1 


u(x,y) < et? a | 22a y))? + 2K [ [ F’(s, t)R(t + sya ; 
o Jo 
(5.1311) 
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(ii) Let p = 42,q =z+2.Then 


z4 


u(x, y) < a(x, y) + if [oe =) PW = iy Meas| : 


x / , / : e ISTO Fs. that (u(s, nas ‘ : (5.1.312) 
0 0 


Noting that 


x py x y 
i / (x—s) Pe (y — 1) edsdt = / (x —s) Pers / (y —1) Pe 'dtds 
0 0 0 0 


e 


: Ps pps eY pe 
< Seah ps) | (x sy Meds = Simpy TC — Pd), 


we deduce 


1 


u(x, y) < a(x, y) + Ket” lf ie F415, 1)R(t — s)o(e 499 u(s, Hyst| . 
o Jo 


which yields 


x py 
v(x, y) < a(x, y) + 2x? f / F1(s, t)R(t + s)w(v(s, t))dsdt, 
0 Jo 
where 


2 
ty Td —pé)\? 
a(x, y) = 2a*(x,y), vy) = (e-& u(x, y))‘, M. = (=) 
a 
and this gives the inequality from the assertion (ii). 
Ifa ~ B,a,B < 5, then there are some technical problems and we omit this 
case. Oo 


Remark 5.1.10 If a(x, y) is a constant, then the above theorem is a consequence of 
[388]. In this case, it suffices to assume that w is only continuous. 


Theorem 5.1.44 (Medved [398]) Let functions a, F be as in Theorem 5.1.43 and 
u(x, y) be a continuous, non-negative function on [0, T)* satisfying the inequality 


u(x, y) < a+ f° [@-9' 9-08 18'F6, t)u(s,t)dsdt,  (5.1.313) 
0 0 


where B > 0, y > 0. Then the following assertions hold: 
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(i) IfB > 3,y > 1-5, then for all (x,y) € [0,T)°, 


u(x,y) < et @(x, y), (5.1.314) 


where 


4q-1 x py 
O(x, y) = 2!-% exp | xen / / Fs, Held] (5.1.315) 
q 0 JO 


and K is as Theorem 5.1.43, 


SI 
_— 


1 
, p=l, q=1, -+-=1. 


— (Scr ae ty) 
P 4 


pev—2)p+1 


(ii) Let B = = for some real number z => 1, p = ad =z+ly>tl1- oe 
where k > 1. Then 


u(x, y) < eh W(x, y), (5.1.316) 


where 


rq x y 
W(x, y) = 2! “Ha(x, y) exp E i i; eM OTD FAs, nasa ; 
nq Jo Jo 


and y > lis such that\/k+1/r=1, Q=M,P, M, is as in Theorem 5.1.43, 
P= ([P(sq(v —1) + DP anda = -z/(2 + 1) = B-1. 


Proof (i) From (5.1.313) it follows 
x py 1/2 
(sy) <atey) + | [I = 97 2a 9 2a 
0 JO 


oa 1/2 
x | / s°t-2 PY-2 2 (5, (Ee EM u(s, nasa 
0 Jo 


< a(x, y) + ertyK!/2 


x py 1/2 
x | / gta ee" Bs ile ants, dear ; 
0 Jo 


where K is in Theorem 5.1.43, we derive 


x y 
v(x, y) < c(x,y) + 2K i / sv’ PY F (5, t)v(s, t)dsdt, (5.1.317) 
0 0 
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where 


v(x,y) = (eux, y)) c(x, y) = 2a?(x, y). (5.1.318) 


From (5.1.317), it follows 
x py 1/p 
v(x, y) = cx, y) + 2K / / snes tae 
0 JO 


x py 1/q 
x | i F74(s, the vs, nasa (5.1.319) 
0 0 


where p, g are as in theorem. For the first integral in (5.1.319), we have 


[ [ (27-2)p 27-2)? p-P+ dee 


px py 
—— o 2Y- 2)p ,—o (2y—2)p ,-T 
cay f° ce (/ T e dt)do 


» (Meee _y 


pey-2)pt1 


and whence from (5.1.319) 
v(x,y) < c(x,y) + 2KL i . i : F4(s, the@* p(s, t)dsdt, (5.1.320) 
0 
where L is defined in theorem. This yields 
v4(x,y) < 2771 [etcx.99 + 29K1L! is i F°4(s, tet y1(s, Hava F 
0 
(5.1.321) 


We note that from the assumptions it follows that 


dc(x, y) a dc(x, y) 0: fer dc(x, y) 2 


, _ ’ 0 . 
oxdy ax dy ) 


Thus from Lemma 5.1.5 and (5.1.321), we derive 
44 % y 
v4(x, y) < 27 'c4(x, y) exp Seen f / F°4(s, nel aar| 
0 JO 


which, along with (5.1.318), yields (5.1.314). 
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(ii) From the inequality (5.1.313), we obtain 
x py 1/p 
u(x, y) < a(x, y) = | f / (x = sy *(y = yrmen asa 
0 JO 


xX py 1/q 
x | f / st19D AOD e-I+ FI(5, t)u4(s, hava 
0 Jo 


rd —" 


pio 


x py 1/k 
¥ / / HONS iMag 
0 0 


xX py 2 1/rq 
x | / OT) Fg, t) (eSHu(s, 1) "asat| 
0 J0 


x py P 1/rq 
<a(x,y) +eVO | i eM StO FM, 2) (eM u(s, t)) ? ava 
o Jo 


< a(x,y) + ery ( 


where Q = M-P, M, is defined in Theorem 5.1.43, Pis asintheoremandr, k 
are as in the assertion (ii). The above inequality yields 


x py 
vix,y) <2" james y)+ o” | i TOF t)v(s, nasa 
0 Jo 


where 
v(x y) = (8 u(x, y))™. (5.1.322) 
Therefore 
v(x, y) < 277 !a™(x, y) exp lo" [ [ e" STO FIs, hava 
and using (5.1.322), we can obtain (5.1.316). Oo 


We shall prove a theorem corresponding to an analogue of Ou-Yang-Pachpatte 
inequality (see, e.g., [396, 493]). 


Theorem 5.1.45 (Medved [398]) Let T > 0,F and w be as in Theorem 5.1.43 
and a be a positive constant. Let u(x, y) be a continuous, non-negative function on 
[0, T)? satisfying the inequality for all (x, y) € [0,T)*, 


x py 
uw(x,y)<a+ i (x—s)*"(y- t)P F(s, t)w(u(s, t))dsdt. (5.1.323) 
0 Jo 
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Then the following assertions hold: 


(i) Suppose a > 1/2, B > 1/2, and w satisfies the condition(q) with q = 2. Then 
for all (x,y) € [0,T)?, 


u(x, y) < et @(x,y), (5.1.324) 


where for all (x, y) € [0,T)*, 


x py 1/4 
O(x,y) = & (Ace + 2K i / F?(s, 1)R(s + nasa) , 
0 0 


and K is the number from Theorem 5.1.43 and A(v) = i do/w(./o), v = 


vo > 0, T, > 0 is such that the argument of A~ belongs to Dom (A~') for all 
(x, y) € [0, T;). 

(ii) Suppose a = B = 1/(z + 1) for some real numbers z > 1 and let p = 
(z+ 2)/(2+ 1),g = z+ 2. Assume that w satisfies the condition (q) with 
q =2+2. Then for all (x,y) € [0, T>)’, 


u(x,y) < PO Wx, y), (5.1.325) 


where 


xX py 1/2 
Va,y) = &S (A(2%!a‘)) + 24° 'M! / / F%(s, DRG + thar , 
0 0 


for all (x,y) € [0,T2),T: > 0 is such that the argument of A7! in the 
above inequality belongs to Dom (A~') for all (x,y) € [0,T2), M; is as in 
Theorem 5.1.43. 


Proof Let us prove (ii). Using the Cauchy-Schwarz inequality and inequal- 
ity (5.1.308), we obtain 


u>(x,y) <at a [oo — slo Pet F(s, t)w(u(s, t))dsdt 
0 Jo 


x py 1/2 
<a+t ( / / G=3)"-O= prea) 
0 0 


oe ig 1/2 
x (/ / F’(s, t)R(s + hole 26+ u(s, 0? yds) 


x py 1/2 
<a+Ke (/ i F?(s, 1)R(s + Nolet u(s, #? yds) 
0 Jo 
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where K is as in Theorem 5.1.43. Applying the inequality (5.1.297) similarly as in 
the proof of Theorem 5.1.43, we obtain 


e FP (x,y) < 2a + 2K 7 . / ” F(s, ORs + Nolet us, ))dsdt, 
where K is an in Theorem 5.1.43. This yields 
v*(x,y) <c+2K i . i : F?(s, t)R(s + t)w(v(s, t))dsdt, (5.1.326) 
where 


v(x, y) = (FM uy), ¢ = 2a’. (5.1.327) 


Let V(x, y) be the right-hand side of (5.1.326). Then 


vixy) < JV(xy), w(v(x, 1) < w(/ V(x, y). (5.1.328) 
We have 
2 
FVOY) _ oF RE +o(v—%y) (5.1.329) 
axdy 
and 
ne i dt = = hliUihs 
axdy Jo wo(/t) ax wo(/ V(x, y)) 
_FVe@%y) 1 Vy) AVY) (VV) 
axdy w(./V(x, y)) dy dx 2/V(x, y)o(./V(x, y))? 
2 0°V (x,y) 1 
~  axdy  w(./VGy)) 
1.€., 
a aV (x,y) i 
Bxdy VOM) = ay OVE) ers 


which, together with (5.1.329), gives us 


2 x py 
Aver, y)) < 2K i, / F°(s, t)R(s + t)dsdt, 
dxdy 9 Jo 
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and using (5.1.327) and (5.1.328), we obtain (5.1.324). 
Now let us prove (ii). Following the proof of the assertion (ii) of Theorem 5.1.43, 
we can show that 


w(x, y) <a + 2K? / : i / F4(s, t)R(s + t)w(w(s, t))dsdt (5.1.331) 
where 
a = 2a’, w(x,y) = (e& u(x, y))*. 
Applying the same procedure to (5.1.331) as that used in the proof of the 


assertion (ii) as well as that one from the proof of (ii) of Theorem 5.1.43, we can 
prove (5.1.325). Oo 


5.2 Linear Two-Dimensional Continuous Integral 
Inequalities of Volterra Type 


In this section, we shall introduce the so-called inequality of the Volterra-Fredholm 
type which can be applied to study the boundedness, stability and uniqueness of the 
solutions of some integral equations and their systems. 

Hacia [249] studied some special cases of two-dimensional inequalities of the 
Volterra type 


t pb 
u(x,t) < f(x, t) + iy / k(x, t, y, s)u(y, s)dyds, (5.2.1) 
0 Ja 


and presented some generations of the results on the generalizations of the Bellmon- 
Gronwall inequality in two independent variables in [42, 95, 152]. 

Using the theory of Volterra-Fredholm equations (see, [247]), the following result 
on integral inequalities can be obtained. 


Theorem 5.2.1 (Hacia [247]) Let f be a continuous function in D = {(x,t): a 
x < b,t => 0} and k be non-negative and continuous in Q = {(x, y,8,t):a<x,y 
b,0 <s<t < +00}. If the continuous function u satisfies inequality (5.2.1), then 


IA IA 


t b 
u(x,t) <f(x,t) + i: / r(x, t, y, s)u(y, s)dyds (5.2.2) 
0 da 


where the resolvent kernel k is of the form 


+00 
r(x,y,8,1) =o ke, t.y.5) (5.2.3) 


n=0 
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and the iterated kernel k,, is defined by the following formula 


t eb 
intasty.s) = ff k(x, t, Pp, Qkn-1(p, 9, y, S)dpdq, n= 1,2,3,... 


ko(x, ty, S) — k(x, try, Ss). 
(5.2.4) 


Proof For a continuous and non-negative function g in D, from inequality (5.2.1), 
we get the Volterra-Fredholm integral equation 


t pb 
u(x,t) = f(x, 0) — g(x) + / / k(x, t, y, s)u(y, s)dyds. 


Using the resolvent method, we get 


t b 
u(x, t) = fet) — ext) + [ / 1.4.9, [FO.3) — 26,9) ads. 


Since g(x, ft) = 0, we obtain (5.2.1). 


Next, let us consider a special case of inequality (5.2.1) with k(x,t,y,5) = 
A(x, t)B(y, 5). 


Theorem 5.2.2 (Hacia [247]) Let A, B, f, ube a continuous in D. If A - B is non- 
negative in Q and u satisfies 


t eb 
u(x,t) < f(x, t) +A, of / Biy, s)u(y, s)dsdt, (5.2.5) 
0 da 


then 


ult) <flrt) +AG%0 f : / "BO.s)exp / : / "AG, DBC ovat s)dsdt. 
(5.2.6) 
Proof In this case, 
ko(x, t, y, 8) = k(x, t, y, 8) = A(x, NBO, 5). 


By virtue of (5.2.4), we get 


t pb 
ki (x,t, y,s) = / / A(x, NB(z, T)A(z, T)BQY, s)dzdt = A(x, NB, s)- Ld), 
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where 


t b 
L(t) = M(t)dt, M(t) -| A(z, T)B(z, t)dz 


a 


and 
L(s) = 0, L(t) = M(?). 


Similarly, we have 
t pb 
ky(x, t, y, 5) = / / A(x, t)B(z, T)A(z, T)B(y, s)L(t)dtdz 
= A(x, t)B(y, s) [mound 


= A(x, 1)B(y,s) i] ‘LL(aat 


= A(x, 1)B(y,s) fal ae —)dz 


i -_ 


= A(x, NBG, 5) 
By induction, we obtain 


kn(x, t, y, 5) = A(x, BO, s) _ 


Next, from (5.2.3) it follows that 


+00 yn 
r(x, t,y, Ss) = A(x, t)Biy, S) > L ws 


n=0 


= A(x, t)B(y, s) exp [L(n)| 


t pb 
= A(x, 1)B(y, 5) exp (| i, A(z, T)B(z, ovat) 


Using Theorem 5.2.1, the proof is thus complete. 
Lemma 5.2.1 (Hacia [247]) [fh is continuous in D, then 


547 


1+ [f h(y, s) exp (ffir. Cidade ) da = exp (ff hy, sydyds), 
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Proof Tf we introduce the notation 


b t 
/ hO.s)dy = HG), / H(s) = x(0), 
then 


x(t) = h(t), x0) = 0. 


Thus a direct computation gives us 


1+ [f h(y, s) exp (ffm eva ans 


1 +f H(s) exp (/ H(c)de a =1 +f x (s) exp [x() - x(s)|ds 


II 


= 1+ exp x | x (s) exp [ - x(s)|ds = 1 —exp y(fexp [ _ x(s)| . 
= 1—exp x(1) exp[ — x()] + exp x = exp x() 
t t b 
= H(s)ds} = h(y, s)dyds }. 
exp ( / (s) ) exp ( / / (y, s)dy ) 
The proof is now complete. Oo 


Corollary 5.2.1 [f the assumptions of Theorem 5.2.2 hold, then 


t pb t pb 
u(x,y) < F(t) [ + A(x, of / By, s) exp (| / A(z, T)B(z, ovat iva} 
0 da Ss a 


(5.2.7) 
where 
F(t) = sup {f(x 5) :a<x<b,0<s< i. 


Remark 5.2.1 If A(x,t) = 1, then we get an analogue of the Gronwall-Bellman 
inequality 


t pb 
u(x, t) < F(t) exp (/ i BO, sydys), (5.2.8) 
0 Ja 


In fact, to achieve the above inequality, it suffices to employ Lemma 5.2.1. 
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Corollary 5.2.2 If f(x, t) = C, a constant, or f is bounded in D, (i.e., there exists a 
constant C > 0 such that | f(x, t)| < C), then the inequality 


t pb 
u(x, t) < f(, t) +f / Biy, s)u(y, s)dyds (5.2.9) 
0 Ja 
implies 


t pb 
u(x,t) < Cexp (| / BY, vai} (5.2.10) 
0 Ja 


Theorem 5.2.3 (Hacia [247]) Let the assumptions of Theorem 5.2.2 be satisfied. If 
u Satisfies inequality (5.2.5), then the following inequality holds, 


t pb 
u(x, t) < H(x, t) exp (| / Mi, s)BO, sa (5.2.11) 
0 Ja 


where H(x, t) = max{A(x, t), f(x, t)} 4 0. 
Proof 1n fact, inequality (5.2.5) leads to 


t pb 
u(x,t) < A(x, al + / / Biy, s)uiy, syd 
0 Ja 


or 


u(x, £) t pb ox 
H(x, t) = 1+ f i HO MBO) aa yo 


Applying Corollary 5.2.2 with C = 1, we get 


t pb 
= = exp (| : A(y, s)BYy, ova 


which implies (5.2.11). Oo 


Corollary 5.2.3 (Hacia [247]) If the assumptions of Theorem 5.2.3 are satisfied, 
then inequality (5.2.11) leads to 


t pb 
u(x, t) < A(x, ft) exp (| / A(y, s)B(y, oda) 
0 Ja 


as 


f@, 1) < AG, D F 0, (5.2.12) 


550 5 Linear Multi-Dimensional Continuous Integral Inequalities 


or 


t b 
5 ‘ , S)B(y, s)dyds }, 
iG vewo( | / F(.5)B(). s)dy ' 
as 
0 <f(x,1) <AG,d). (5.2.13) 


Theorem 5.2.4 (Hacia [247]) Suppose that the assumptions of Theorem 5.2.2 are 
fulfilled. If A(x, t) 4 0, then inequality (5.2.5) implies 


t pb 
u(x, t) < B(A)A(x, t) exp (| / A(ly, BQ, a) (5.2.14) 
0 Ja 


where ®(t) = sup fs :a<x<bO0<s<f. 


Proof Obviously, inequality (5.2.5) can be written in the form 


u(x,t) — f(x,t) [f u(y, S) 
< A(y, BQ, dyds. 
AGe,t) = AG) * Jy Jy 40°90 9G, yO 
By virtue of Remark 5.2.1, we get 
t t pb 
ud < @(t) exp / / A(y, s)B(y, s)dyds ], 
A(x, t) 0 a 
which concludes the proof. Oo 


Theorem 5.2.5 (Hacia [247]) Let f and k are continuous functions in D and Q, 
respectively. If k is non-negative and satisfies in Q the condition 


k(x, t,y,5) < KQ,5) (5.2.15) 


and a continuous function u satisfies inequality (5.2.2), then 


t pb 
u(x, t) < F(t) exp € / K(y, ava) (5.2.16) 
0 va 
Proof Estimate (5.2.16) easily follows by applying Remark 5.2.1 to the inequality 


t b 
u(x,t) <f(x.t) + i / KO duiaioas 
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Thus the proof is complete. Oo 


Theorem 5.2.6 (Hacia [247]) Suppose that the assumptions of Theorem 5.2.5 are 
satisfied and the condition (5.2.15) is replaced by 


k(x, t,y, 8) < N(x, f). (5.2.17) 
Then 
t pb 
u(x,t) < N*(t)N(x, ft) exp (| / NO&y, ova] (5.2.18) 
0 Ja 
where 
N*() = sup {[F? <b0<s<ih 


Proof From (5.2.17) and (5.2.1) it follows that 


t eb 
u(x,t) < f(x) +N, of / u(y, s)dyds, 
0 Ja 


u(y, 8) 
N(y, 5) 


went) _ fet) i i 
+ NV, 5) 
0 a 


NG.) — N@d thal 


Using Remark 5.2.1, we get 


u(x, ft) . + pb 
NG@.t) < N*(t) exp ( a / NO, a) 


which finishes the proof. Oo 


Remark 5.2.2 If, in (5.2.1), k(x, t, y,s) < A(x, t)B(y,s), A(x, t) = 0, then we get 
inequality (5.2.5), which leads to (5.2.14). 


Remark 5.2.3 The above results are true for the Volterra-Fredholm inequality 


u(x, <fao+ i / k(x, t, y, s)u(y, s)dyds, (5.2.19) 
0 °/G 


where G is a certain compact subset of R*. 


Remark 5.2.4 Obviously, the results in Theorems 5.2.1—5.2.6 can extended to the 
class L?. 
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5.3. Linear Two-Dimensional Continuous Retarded Integral 
Inequalities 


In this section, we introduce some two-dimensional linear continuous retarded 
integral inequalities. 

In what follows, R; = [1,-+00), J = [t,T), J; = [x0, X), and J2 = [yo, Y) are 
the given subsets of R; A = J, x Jz. The first-order partial derivatives of a function 
z(x, y) for x,y € R with respect to x and y are denoted by D,z(x, y), D2z(x, y) and 
D,D22z(x, y) (Or Zxy) , respectively. 

The next result is due to Pachpatte [501]. 


Theorem 5.3.1 (Pachpatte [501]) Let a,b € C(A,R4+) anda € C'(J),4:),B € 
C! (Jz, Jz) be non-decreasing with a(x) < x on J\, B(y) < y on Jo. Let k,c,p be as 
in Theorem 1.2.30. 

Ifu € C(A, R+) and for all (x, y) € A, 


x py a(x) pBO) 
u(x,y) <k+ / i a(s, t)u(s, t)dtds + ui / b(s, tu(s, t)dtds, (5.3.1) 
xo 40 a B 


(xo) 4 BO) 


then for all (x,y) € A, 
u(x, y) < kexp(A(x, y) + B(x, y)), (5.3.2) 


where for all (x,y) € A, 


x py a(x) BO) 
A(x, y) = / / a(s,t)dtds, B(x,y)= / ; b(s, t)dtds. (5.3.3) 
x0 Yyo a B 


(x0) ¥B(yo) 


Proof First, from the hypotheses, we can see that a’(t) > 0 for all t € I,a’(x) > 0 
for all x € J, B’(y) = 0 for all y € Jo. 

Let k > 0 and define a function z(x,y) by the right-hand side of (5.3.1). Then 
z(x,y) > 0, z(xo, y) = Z(x, yo) = k, and u(x, y) < z(x, y), and hence 


y 


) By) 
D,z(x, y) = / a(x, thu(x, t)dt + (/ b(a(x), tu(oe(x), dt )a (x) 


B(yo) 


By 


y y) 
/ a(x, t)z(x, f)dt + ( / b(a(a), He(e(x), Nat) a(x) 
yo Bio) 


IA 


IA 


y BY) 
atey) f a(x, t)dt + lot. BO( f b(a(x), dt) a(x) 
yo 


(yo 


A 


y Biy) 
2(x, y)| : a(x, t)dt + (/ b(a(x), dt) al'(x)], 


yo B(yo) 
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which gives us 


BY) 
Dials, y) < [ a(x, t)dt + (| b(a(x), ddt)a(x). (5.3.4) 
Z(x, y) yo B(yo) 


Keeping y fixed in (5.3.4), setting x = o, and integrating it with respect to o from 
Xo to. x,x € Jj, and making the change of variable, we conclude 


u(x, y) < kexp (AG. y) + B(x, y)). (5.3.5) 


Using (5.3.5) in u(x, y) < z(x,y), we can get (5.3.2). Note that the proof can also be 
carried out by differentiation of z(x, y) with respect to y. O 


It is well-known that the integral inequalities which furnish explicit bounds on 
unknown functions has become a rich source of inspiration in the development of 
the theory of differential and integral equations. A detailed account related to such 
inequalities can be found in [42, 364, 495, 498, 501, 504] and the references given 
therein. However, in certain situations the bounds provided by such inequalities 
available in the literature are inadequate and we need bounds on some new integral 
inequalities in order to achieve a diversity of desired goals. In this section, we 
present some basic integral inequalities in two independent variables which can be 
used more conveniently in specific applications. 


Theorem 5.3.2 (Pachpatte [507]) Let u,a,b; € C(A,R4+) and a; € C'(\,J1), 
Bi € C!(Jo, Jz) be non-decreasing with a;(x) < x on, Bi(y) < y on Jz fori = 
1,...,n and k > 0 be a constant. 


(Al) Ifforallxe Ji, y € Jo, 


x mn pails) Bild) 
u(x, y) < +f a(s, y)u(s, yas” f / bj(s, thu(s, t)dtds, (5.3.6) 
x0 i=1 


ai(xo) 4 Bi(vo) 


then for allx € Ji, y € Jo, 


u(x, y) < kq(x, y) exp ‘(ey 
i=l 6% 


where for allx € Ji, y € J2, 


ai(x) p Bil) 
bi(s, t)u(s, t)dtds) (5.3.7) 
i(xo) ¥ Bi(yo) 


atx.y) = exp ( f alé.y)d8). (5.3.8) 


XO 
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(A2) Ifforallx Eel, y € Jo, 


y n ai(x) p Bil) 
u(x, y) < + | a(x, t)u(x, parry” [ bj(s, thu(s, t)dtds, — (5.3.9) 
yo j=] 2 V(X) Y Bilvo) 
then for allx € J,y € Ja, 
in a(x) p Bily) 
u(x, y) < ky(x,y) exp ‘os : bi(s, t)y(s, N)dtds), (5.3.10) 
j=] 2 %(%0) Y Bio) 
where for all x € J\, y € Jo, 
y 
y(x, y) = exp (/ a(x, ndn). (5.3.11) 


yo 


Proof We only give the details of the proof of (A1). The proof of (A2) can be done 
similarly. 


(Al) Define a function z(x, y) by 


ai(xo)  Bilyo) 


n a(x) Pp Bily) 
ax.y)=k+ >> ] bi(s, t)u(s, tdtds. (5.3.12) 
i=1 
Then (5.3.6) can be rewritten as 


u(x, y) < 2%, y) + / “als, y)u(s, y)ds. (5.3.13) 


x0 


It is easy to check that z(x, y) is a non-negative, continuous and non-decreasing 
function for all x € Jj, y € Jy. Fixing y € J in (5.3.13) and using Theorem 1.1.4 
to (5.3.13), we get, for all x € Jj, y € Jo, 


u(x, y) < g@, y)z@, y), (5.3.14) 
where q(x, y) is defined by (5.3.8). From (5.3.12) and (5.3.14) it follows 


n ai(x) p Bily) 
2x,y) <k+ par bi(s, thq(s, t)z(s, thdtds. (5.3.15) 
j=] 2 %il%0) ¥ Bio) 


Let k > 0 and define a function v(x, y) by the right-hand side of (5.3.15). Then it 
is easy to check that 


v(x, y) > 0, vo, y) = v(x, yo) = k, z(x,y) S v(x, y) 
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and 
n Bily) 
Dives) = DO( fi ieats). ales. etait). doi) 
i=l i(Yo 
is Bily) 
< bi(ai(x), tq (a(x), t)v(a; (x), t)dt)a 
=> J, Pla) aes). etait). tac) 
Bily) 
< bj F ek A ae y 
< ve, yd [Peet ato). 0))aics) 
1.e., 
oe < 3 (f io bila (x), t)q(ai(x), 1dr) af (x). (5.3.16) 


Keeping y fixed in (5.3.16) , setting x = o and integrating it with respect to o 
from xp to x,x € Jj, and making the change of variables, we conclude for all 
xEJi,ye J, 


v(x,y) < kexp ( ny 


Using (5.3.17) in z(x, y) < u(x, y), we get 


z(x,y) < kexp pay 
i=1 


ai(xo) 


bi(s, tq(s, dtd). (5.3.17) 


i (vo) 


aj (x) 


[° bi(s, t)q(s, N)dtds).. (5.3.18) 
Bilyo) 


Using (5.3.17) in (5.3.14), we can get the required inequality in (5.3.7). Ifk => 0, we 
carry out the above procedure with k + € instead of k, where € > 0 is an arbitrary 
small constant, and subsequently pass the limit € — 0 to obtain (5.3.7). Oo 


The inequalities in the following theorems can be used in the qualitative analysis 
of certain partial integro-differential equations involving several retarded arguments. 


Theorem 5.3.3 (Pachpatte [507]) Let u,a,b;, a;, Bi, k be as in Theorem 5.3.2. Let 
g € C(R+,R+) be non-decreasing and sub-multiplicative function with g(u) > 0 
forallu > 0. 


(C1) Ifc € C(A, Ry) and for allx € Ji, y € Jo, 


u(x,y) <k+ = y)(uls, y)+ i: c(o, y)u(o, y)do)ds 


x0 


a(x) pBily) 
+r / bi(s, thus, thdtds, (5.3.19) 


i(xo) ¥ Bilyo) 
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then for allx € Ji, y € Ja, 


i ai(x) pBily) 
u(x,y) < kp(x,y) exp ( ys / bi(s, De(r(s, 1))dtds), (5.3.20) 
i=1 @;(x0) i(Yo) 
where for allx € Ji, y € Jo, 
x é 
pony =1+ f aéserp( f lalo.y) +o(0.v)ld8). 3.21) 
xo xo 


(C2) Ifc € C(A, Ry) and for allx € Ji, y € Ja, 


u(x,y) <k+ [ow ) (us, t)+ [iw T)Uu(x, t)dt) dt (5.3.22) 


yo yo 


a(x) p Bily) 


+f b,(s, t)u(s, t)dtds, 
ii 


i(xo) ¥ Bi(yo) 


then for allx € J\,y € Jo, 


u(x. y) < kw(x,y) exp (> / 
i=1" 


where for allx € J, y € Jo, 


ai(x) p Bily) 
b;(s, )w(s, N)dtds) (5.3.23) 
i(xo) ¥ Bi(yo) 


y 7 
w(x, y) = 1 +f a(x, n) exp (/ [a(x, Tt) + c(x, olde) di (5.3.24) 
yO 


yo 
Proof We only give the details of the proof of (C1). 
(Cl) Define a function z(x, y) by (5.3.12) . Then (5.3.19) can be restated as 


xX 


u(x, y) < z(x,y) + [ a(x, y) (ua) + [ c(o, y)u(o, yao) as. (5.3.25) 


x0 x0 


Clearly, z(x, y) is non-negative, continuous and non-decreasing function for all 
x €Ji,y € Jy. Fixing y € Jz in (5.3.25) and applying Theorem 1.7.4 given in [495] 
to (5.3.25) yields 


u(x, y) < p(x, y)z(x, y), 


where p(x, y) and z(x,y) are defined by (5.3.21) and (5.3.12), respectively. Now 
following the proof of (A1) with suitable changes, we get the desired inequality 
in (5.3.20). oO 
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Theorem 5.3.4 (Pachpatte [507]) Let u, a, b;,a;, B;,k, g(u) be as in Theorem 5.3.2 
and g be as in Theorem 5.3.3. 


Ifc € C(A, Ry) and for allx € Ji, y € Ja, 


uesy) Sk+ f als.y)(uo.») + f e(o.y)u(o.y)do)ds 


0) 


a(x) Bil) 
=F / [ bi(s, thg(r(s, t))dtds, (5.3.26) 
i=1 ai(xo) ¥ Bi 


(yo) 


then for xy < X < x3, yo Sy S y3; X,x3 € Ji, y,y3 € Jo, 


a(x) p Bily) 
u(x, y) < p(x, y)G” '(GW&) + se [ : bi(s, the(p(s, 1))dtds) 


(5.3.27) 
ax; (x0) (yo) 


where p(x, y) is given by (5.3.21), G,G~! are as in part (B1) in Theorem 5.3.3 and 
x3 € Ji, y3 € Jz are chosen so that 


a(x) p Bily) 
Gk+ >> / [ bi(s, t)g( p(s, t))dtds € Dom (G~') 
j= 2 a(x) 4 Bilyo) 


for all x € [xo, x3] and y € [yo, y3]. 


Theorem 5.3.5 (Pachpatte [504]) Let u(x, y),a(x,y) € C(A,R+), bi, y,5,1) € 
C(A?, Ry), forxo Ss S a(x) <X, Sts ys VY, ame CN), BO) € 
I 


C’ (Jz, J2) be non-decreasing with a(x) < x on Ji, B(y) < yon Jn andk > O bea 
constant. If for all (x,y) € A, 


a(x) By) 
u(x,y) <k+ ie 
B 


[acs, thu(s, t) 
a(xo) ¥ B(vo) 


4 [ [ b(s,t,0, nua, mdndo |dtds, (5.3.28) 
a(xo) 4 B(yo) 
then for all (x,y) € A, 


u(x, y) < kexp(A(x, y)), (5.3.29) 
where for all (x,y) € A, 


a(x) BO) s t 
A(x, y) = i / ats t) + i} / b(s, t, 0, nando | dtds. (5.3.30) 
a(xo) J B(yo) a(xo) ¥ B(yo) 
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Proof Let k > 0 and define a function z(x,y) by the right-hand side of (5.3.28). 
Then z(x,y) > 0, z(X0, y) = 2(%, yo) = k, u(x, y) S z(x,y) and 
(y 


BO) 
Dates) =[ J [acae.nuaco.0 


0 


a(y) et 
+f / b(a(x), t,o, n)u(o, ndndo |at|a'(x) 
a(yo) ¥ B(yo) 


<| / 7 [a(arx). 2(ore). 1) 


(yo) 


a(y) pt 
+f / b(a(x), t, 6, n)z(o, mdndo | dt}! (x), (5.3.31) 
a(yo) ¥ B(yo) 


From (5.3.31) it follows that 


D : BO) a(y) pt 
Diz(x,y) < | afats).) + f / b(a(x), t,o, n)dndo | dt a’ (x)dx. 
z(x,y) B00) a(yo) J v0) 


(5.3.32) 


Keeping y fixed in (5.3.32), setting x = & and integrating it with respect to € from 
xo to x and making the change of variables, we get 


z(x,y) < kexp(A(x, y)). (5.3.33) 


Using (5.3.33) in u(x, y) < z(x,y), we get the required inequality in (5.3.29). The 
case k > 0 follows as mentioned in the proof of (A) of Theorem 5.3.2. Oo 


In the next result, due to Pachatte [506], an explicit bound on a new retarded 
integral inequality in two independent variables is established. 

A detailed account on such inequalities and some of their applications can be 
found in [42, 364, 495, 501, 503]. In [506], Pachpatte has established the following 
useful integral inequality. 


Lemma 5.3.1 (Pachpatte [506]) Let u(t) € CU, R+), a(t, s), b(t,s) € C(D,R+) 
and a(t, s), b(t, s) are non-decreasing in t for each s € I, where I = |a, B], D = 
{(t,8) € P :a@ <s <t< B} and suppose that for allt € I, 


t B 
u(t) < c+ f a(t, syutsias +f b(t, s)u(s)ds, (5.3.34) 
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where k > Ois a constant. If p(t) = fe b(t, s) exp (f. a(s, o)dz) ds < \forallt €T, 
then for allt € I, 


u(t) < ai exp (a. 3) : (5.3.35) 


Note that, a version of the above inequality when a(t, s) = a(s), b(t,s) = b(s) 
was first given in [42]. In [505], a useful general retarded version of the above 
inequality was given. 

Next result is to establish a general two independent variable retarded version of 
the above inequality which can be used as a tool to study the behavior of solutions of 
a general retarded Volterra-Fredholm integral equation in two independent variables. 

Let E = {(x,y, 5,0) € A2:x9 <s<x<X, yo <t<y< Y}. 


Theorem 5.3.6 (Pachpatte [506]) Let u(x, y) € C(A, R+), a(x, y, 5,1), b(x, y, s, 0) 
€ C(E, R+) and a(x, y,s, t), b(x, y, s, t) be non-decreasing in x and y for each s € 
Ji,t € Jn,a € C'(,,J1), B € C! (Jo, Jz) be non-decreasing with a(x) < x on Ji, 
B(y) < y on Jy and suppose that for all x € J\,y € Jo, 


a(x) PB) 
u(x,y) <e+ / a(x, y, S, t)u(s, t)dtds 
B 


a(xo) 4 B(yo) 


a(X) pB(Y) 
+ / / b(x, y, s, Hu(s, t)dtds (5.3.36) 
a(xo) 4 Bo) 


where c = 0 is a constant. If for allx € J, y € Jo, 


a(X) pB(Y) a(s) Bt) 
p(x, y) = i / b(x, y, s, t) exp i a(s,t,o,t)dtdo | dtds < 1, 
a B 


(xo) (yo) a(xo) ¥ Bio) 
(5.3.37) 


then for allx € Ji, y € Ja, 


a(x) 
u(x,y) < xp( [ i a(x, y, 8, t)dtds } . (5.3.38) 
7 »- a(xo) J (v0) 


Proof Fix any arbitrary (x, y) € A. Then for all x) < x < M, yo < y < N, we have 


a(x) Bly) a(X) pB(Y) 

u(x,y) <c+ / a(X, Y,s, thu(s, t)dtds + / b(M,N, 5, t)u(s, t)dtds. 
a(x) ¥ (yo) a(xo) ¥ B(yo) 

(5.3.39) 
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Let 
a(X) pB(Y) 
k=ct+ / 1 b(X, Y,s, t)u(s, t)dtds, (5.3.40) 
a(xo) 4 B(yo) 
then (5.3.36) can be restated as 
a(x) Bi) 
u(x,y) <k+ i a(M,N,s, t)u(s, t)dtds, (5.3.41) 
a(xo) J B(y0) 


for all 3%» < x < M,y < y < N. Now a suitable application of the 
inequality (5.3.36) to (5.3.41) yields 


a(x) BO) 
u(x, y) < kexp i a(M,N, 5, t)dtds (5.3.42) 
a(x) 4 B(y0) 


for all xy < x < M,yo < y < N. Since (M,N) ¢€ A is arbitrary, from (5.3.42) 
and (5.3.40) with M and N replaced by x and y, we have 


a(x) Bly) 
u(x») <kexp( [ / a(x, y,,)dtds), (5.3.43) 
a(xo) ¥ B(yo) 
where 
a(X) pB(Y) 
k=ct+ / / b(x, y, s, thu(s, t)dtds (5.3.44) 
a(xo) 4 B(yo) 


for allx € Jj, y € Jo. 
Using (5.3.43) on the right-hand side of (5.3.44) and in view of (5.3.37), we have 


Cc 


k < ———_.. (5.3.45) 

1 — p(x, y) 
Using (5.3.45) in (5.3.43), we get the desired inequality in (5.3.38). The proof is 
thus complete. O 


Taking b(x, y, s,t) = 0 in Theorem 5.3.6, we get the following useful inequality. 


Corollary 5.3.1 (Pachpatte [506]) Let u(x, y), a(x, y,s,t),a(x), B(y) and c be as 
in Theorem 5.3.6. If for allx € J,,y € Ja, 


a(x) By) 
u(x,y)<ct+ / a(x, y, 5, t)u(s, t)dtds, (5.3.46) 
a(xo) ¥ B(yo) 
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then for allx € Ji, y € Ja, 


a(xo) ¥ B(yo) 


a(x) By) 
u(x, y) < cexp j a(x, y, 8, t)dtds } . (5.3.47) 
B 


The following corollaries of Theorem 5.3.6 and Corollary 5.3.1 are also obtained 
readily. 


Corollary 5.3.2 (Pachpatte [506]) Let u(x, y), a(x, y, s,t), b(x, y, s,t) and c be as 
in Theorem 5.3.6 and suppose that for allx € J,, y € Ja, 


x py 
u(x,y) <c +f / a(x, y, S, t)u(s, t)dtds 
x0 Yo 


M pN 
+ i i b(x, y, s, thu(s, t)dtds. (5.3.48) 
xo yo 


Tfforallx € J, y € Ja, 


M Nn Ss t 
q(x, y) = / / b(x, y, s, t) exp (/ i a(s, t, 0, nario) dtds < 1, 
xo 4 y0 xo J yo 


(5.3.49) 
then for allx € J, y € Ja, 


u(x, y) < 7a) a xp( [ a(x,y,S, Haid). (5.3.50) 


Corollary 5.3.3 (Pachpatte [506]) Let u(x, y), a(x, y,s,t) and c be as in Corol- 
lary 5.3.1. If for allx € Ji, y € Jo, 


x py 
u(x, y) < c+ | i a(x, y, S, t)u(s, t)dtds, (5.3.51) 
xo J yo 
then for allx € Ji, y € Ja, 
xX py 
u(x, y) < cexp (/ / a(x, y, 8, na , (5.3.52) 
xo J yo 


The proofs of Corollaries 5.3.2 and 5.3.3 follow by taking a(x) = x, B(y) = yin 
Theorem 5.3.6 and Corollary 5.3.1. 
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5.4 Linear Multi-Dimensional Continuous Integral 
Inequalities 


5.4.1 Linear Multi-Dimensional Continuous Integral 
Inequalities and Their Generalizations 


In this section, we shall introduce some multi-dimensional linear continuous integral 
inequalities. 

First, we give some notations. If x = (x1,°°: ,X%),¥ = (1,°°+. Yn) € R", we 
write x < y (x < y) if and only if x; < y; (4 < y;),i = 1,--- ,n. Ifx < y, then 
[x, y] denotes the n—dimensional interval {z € IR” : x < z < y}. We also adopt the 


notation 
y JI Yn 
[ soas= [ of A (S1,°++ . Sn)ds1 +++ dsp 
x x1 Xn 


YI y2 Yn 
-| (/ (f fisr.-= sy)dsq) +452) dy, 
X1 x2 Xn 


x= (x,x'), x! = (X2,°++ Xn), dx! = dxy---dx,. If D C R" andf :D—R, 
we say that f(x) is a non-decreasing function in D if x,y € D and x < y imply 


F(x) S f(y). 


Theorem 5.4.1 (Zahariev-Bainov [683]) Leta, B € R",a < B. Let u(x), b(x) be 
non-negative continuous functions for all x € |a, B] satisfying the inequality for all 


x € [a, B], 
u(x) <at+ if b(s)u(s)ds, (5.4.1) 


where a > 0 is a constant. Then for all x € [a, 6, 
u(x) < aexp (/ bis)ds) ; (5.4.2) 


Proof Obviously, (5.4.1) implies 


1 


u(x) <a+ [ a bo sn8) ds; = v(™1,x'). (5.4.3) 


1 
For any fixed x! € [a', B'], the function w(x1) = v(x1, x!) satisfies the relations 


w(a) =a, (5.4.4) 


w (x1) = [. b(x,,5')u(xy, s!)ds! < i. b(x,,s')ds'w(x;) (5.4.5) 
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since v(x,, x!) is non-decreasing in [a, B] and u(x,s!) < v(m, s!) < v(x, x!) = 
w(x,). Lemma 1.1.1 and (5.4.5) imply 


w(x) < aexp (i (i Hosa) i) 


which, together with (5.4.3), implies (5.4.1). Oo 


Corollary 5.4.1 (Zahariev-Bainov [683]) [f a(x) is a non-decreasing function in 
[, B] C R" and satisfies for all x € [a, B), 


u(x) < a(x) + i b(s)u(s)ds, (5.4.6) 


then for all x € [a, B], 


u(x) < a(x) exp ([ bioyds) : (5.4.7) 


Theorem 5.4.2 (The Gronwall-Bellman Inequality [459]) Jfu,n,@, W are non- 
negative continuous functions (IR” + R+) and if 


ula) < n(a) + 060) [ woyutoyas, 5.4.8) 
then 
ue) < ne) +00) [ wornerern( [ woe@ards. 6.49) 


Proof Define a function z(x) by 


= : d. - 
260) =f wooyutoys 
then z(0) = 0, u(x) < n(x) + d(x)z(x) and 


Z(x) = Wx)uQ) < VO@)N@) + WO)b@)z@). 


Multiplying above inequality by the integrating factor exp (- ci W(s)@(s)ds), we 
have 


& | erexp(- [ wow0ds) | < vornoyen(~ [ vores). 
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Setting x = s in this above formula and integrating it with respect to s from 0 to x, 
we get 


z(x) exp (- / vOo}#()as) < / +n) exp (- / | vo}#G)as) ds. 


Using the bound on z(x) from the above formula in u(x) < n(x) + 6(%)z(x). We get 
the required inequality in (5.4.9). O 


In the same manner, we can readily prove the following three theorems. 


Theorem 5.4.3 (Zahariev-Bainov [683]) Leta, 8 € R",a < B. If u(x), b(x) are 
non-negative continuous functions for all x € [a, | satisfying the inequality for all 


x €[a, 6], 
B 
u(x) <a +f b(s)u(s)ds, (5.4.10) 


then for all x € [a, B], 


B 
u(x) < aexp (/ now] : (5.4.11) 


Theorem 5.4.4 (Zahariev-Bainov [683]) Leta, B € R",a < f. If u(x), b(x) are 
non-negative continuous functions for all x € |a, B] satisfying the inequality for all 
a<x<ts<fB, 


u(x) < u(t) + a b(s)u(s)ds. (5.4.12) 


Then for all x € [a, B], 


u(x) > u(@) exp (- i bio)ds) ; (5.4.13) 


Theorem 5.4.5 (Hristova-Bainov [291]) Leta, B € R",a < B. Ifu(x), b(x), k(s, t) 
are non-negative continuous functions for a < t <s < B satisfying the inequality 
for all x € [a, B], 


u(x) <a+ a [oom + a k(s, tulad] ds, (5.4.14) 


where a > 0 is a constant. Then for all x € |a, 6, 


u(x) < aexp ([ [bis + [% nar| ws) : (5.4.15) 
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Theorem 5.4.6 (Hristova-Bainov [291]) Leta, B € R",a < B. Ifu(x), a(x), b(x), 
f(x), g(x) are non-negative continuous functions for all x € [a, B] with a(x) non- 
decreasing in |a, B]. If the inequality holds for all x € [a, B}, 


u(x) < a(x) + [1 Ee + - e(o ule) | ds, (5.4.16) 
then for all x € [a, B], we have 
u(x) < a(x) + [ a(s)f(s) exp (fv + e(o))de) ds. (5.4.17) 


Proof Set r(s) = u(s) + ie g(t)u(t)dt. Then (5.4.16) takes the form 


u(x) < a(x) + [ fovea, (5.4.18) 


Noting that u(s) < r(s), we obtain 


=a) 4 / “gu@de 


< a(x) + [ roves + [ g(s)r(s)ds. (5.4.19) 


By Corollary 5.4.1, we conclude for all x € [a, 8], 


r(x) < a(x) exp ( / (F(x) + «(o))dr) | 


which, along with (5.4.18), implies (5.4.16). Oo 


Corollary 5.4.2 (Hristova-Bainov [291]) Jf a(x) is non-decreasing in [a, BI, 
then (5.4.17) implies for all x € [a, B], 


u(x) < a(x) [ + [1 exp (fv + s(o)\dr) as ; (5.4.20) 


As Bainov and Simeonov [42] pointed out, the proofs of Theorems 5.4.5- 
5.4.6 are based on the method of “preliminary single differentiation”. The 
following question arises: Is it possible to find better estimates than those 
given in these theorems, if the right-hand sides of the inequalities are first 
differentiated with respect to all n variables. This method was used by many 
authors (see, e.g., Corduneanu [154], Pachpatte [483], Yeh [667], Shih [587], 
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Yang [659], Young [680]). In these works, the crucial inequalities are as follows 
u(x) <at+ [ b(s)u(s)ds = v(x), x € [a, B], (5.4.21) 
B 
u(x) <a +f b(s)u(s)ds = v(x), x € [a, B], (5.4.22) 


u(x) <a+ i’ b(s)g(u(s))ds = v(x), x € [a, B], (5.4.23) 


a 


B 
u(x) <a +f b(s)g(u(s))ds = v(x), x € [a, B]. (5.4.24) 
After differentiation of the right-hand sides of v(x) with respect to all variables 
X1,°** ,Xn, these inequalities reduce to the differential inequalities 
D,---Dy,v(x) < b@&)vG@), (5.4.25) 
(—1)"D, ---D,v(x) < b(x)v(x), (5.4.26) 
D,---Dy,v(x) < b@&)g(v(a)), (5.4.27) 
(-1)"Di + Drv(@) < b@g(v@)), (5.4.28) 
respectively, where x € [a, 6] and D; = 0/dx;, i = 1,2,--- ,n. Now we begin 


with estimate of function v(x) defined by, respectively, (5.4.21)-(5.4.24) using the 
inequalities (5.4.25)-(5.4.28). To demonstrate this estimate procedure, following 
Young [680] we consider the differential inequality (5.4.27) for the function v(x) 
defined by (5.4.23). Thus it follows from (5.4.27) that 


Dy +++ Dyv(x) 


7 < b(x). 


Since 


D dD, +++ Dn—10(x) _ D,---Dyv(x) 7 Dyv(x)D +++ Dn—10(x) 
| v(x) |- v(x) v2(x) 


and D,v(x) = v'(x)D,v(x) = 0, Di «++ D,-1 v(x) = 0, the above inequality implies 


D,+-+--D,_1v 
| 1 n—1 (x) 


0) ]s00. 


Consequently, integrating with respect to x, from a, to x,, noting that fact that 
D,---Dy—-1v(x) = 0 for x, = dy, we get 


Dy +++Dy10(x) 


< 7 D(X1, +++, Xn-1, Sn) Sp. 
g(v(x)) I, 
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Repeating this process, we find after n — | steps, 


a = [ ware ([ b(x1, 52, see ssn) oe - ds. 


For G(u) = die dz/g(z),u > uo > 0, we find D,;G(v(x)) = D,u(x)/g(v(x)), so that 


D,G(v(x)) < / b(x,, s!)ds!. 


a 


Therefore, integrating with respect to x; from a; to x; yields 


x 


b(s)ds 


G(x, +++ Xn) — G0(au1 22, +++ sty) =| 
and since v(q1,X2,°++ ,X%n) = 4, 
u(x) < v(x) < G! Go + / od (5.4.29) 


Comparing this estimate with the proof of Theorem 12.10 in Bainov and Simeonov 
[42] readily concluded that 


(1) both ways of estimate lead to the same results- estimate (12.22) in Bainov and 
Simeonov [42] and (5.4.29); 

(2) the above estimate procedure is more involved, and can only be applied under 
additional restrictions, e.g., the existence of a non-negative derivative g’(u) is 
required. 


Consequently, the method of single differentiation is to be preferred to the 
estimate procedure above. However, a sharp estimate for the function u(x) using the 
inequalities (5.4.21)—-(5.4.24) cannot be obtained by either method. Finding such 
an estimate is related to the investigation of a corresponding comparison integral 
equation. For example, for n = 2, the comparison integral equation for (5.4.24) is 


xX py 
u(x,y) =a+ : / b(s, t)u(s, t)dsdt. 
x0 “0 
This equation is closely related to the partial differential equation 


Usy(x, y) = D(x, y)u(x, y) 


and this relationship is reflected in the following theorem which is the scalar form 
of Theorem 5.1.11. 
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Theorem 5.4.7 (Snow [603]) Let u(x, y), a(x, y), b(x, y) be continuous functions in 
a domain D, with b = 0 in D. Let Po(xo, yo), P(x, y) be two points in D such that 
(x —xX0)(y — yo) > 0, and let R be the rectangular region with P and Po as two of its 
opposite vertices. Let v(s, y; x,y) be the solution of the characteristic initial value 
problem 


Liv] = vs — b(s,t)v = 0, v(x, tx,y) = v(s,y;x,y) = 1, (5.4.30) 


and let Dt be a connected sub-domain of D, containing P, on which v > 0. If 
RCD* and u satisfies 


x y 
u(x, y) < a(x, y) + / / b(s, thu(s, t)dsdt, (5.4.31) 
xo J yo 
then 
x py 
u(x, y) <atx.y) + f / a(s, t)b(s, t)u(s, y; x, y)dsdt. (5.4.32) 
x0 yO 


This theorem is a special case of the result of Young [677], which is based on the 
next two lemmas. 
The first is a variant of the scalar form of Theorem 5.1.10. 


Lemma 5.4.1 (Snow [603]) Let b(s) be a continuous function in D C R". Then the 
characteristic initial value problem 
(—1)"v,(s;x) — b(s)u(s;x) = 0, in D, (5.4.33) 
v(s;x) =1 on s;=x;, i= 1,2,--+,n, (5.4.34) 
has a unique solution v(s; x) for s near x satisfying TI, (xi — si) = 0. This solution 
is continuous; if b(s) is non-negative, so is v(s; x). 


Proof The function v(s;x) is the Riemann function relative to the point x. Prob- 
lem (5.4.33)-(5.4.34) is equivalent to the integral equation 


v(erx) = 1+ / " b@wleade (5.4.35) 


The existence, uniqueness, and possible non-negativity of v(s;.x) follows by suc- 
cessive approximation arguments, as given in the proof of Theorem 5.1.10. Since 
v(s;x) is continuous, and v = 1 on s; = x;,i = 1,2,--+ ,n, there is a domain D*, 
containing x, on which v > 0 even if b(s) is not non-negative. O 


Lemma 5.4.2 (Snow [603]) Let b(x), f(x) be continuous functions in D C R". Let 
v(s; x) be the solution of problem (5.4.33)-(5.4.34), and let D* be a connected sub- 
domain of D, containing x, on which v > 0 for alls € D*. Let [a,x] C D,a < x, 
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and let 
L[w] = wz(x) — bx) w(x) < f), (5.4.36) 


where w vanishes together with all its mixed derivatives up to order n — 1 on x; = 
a@;, i= 1,2,---,n. Then 


w(x) < / . f(t)v(t; x)dt. (5.4.37) 


Proof Tf ¢ is an n times continuously differentiable function in D, then 


gLw —wMd = SSD Di[(DoPi -Di-1)(Di41++*DpDn4i)w], (5.4.38) 


i=1 


where Md = (—1)"¢,(x) — b(x) (x) with Dp = D,+; = I, the identity operator. 
Integrating (5.4.38) over [a, x], with ¢ as an integration variable, and noting that w 
vanishes together with all its mixed derivatives up to order n — | ont; = qj, i = 
1,--- ,n, this gives us 


/ ‘(pLw—wMg)at = / (Di++-Di-1)(Dit1++Daw)dt! (5.4.39) 
a i=1 GX 


where df! = dt, «++ dti_dt;41 «++ dt,. Now we set ¢ equal to the function v satisfying 
problem (5.4.33)-(5.4.34). Since v = 1 ont; = x;, i = 1,--- ,n, it follows that 
D,---D _\v(t;x) = 0 ont; = x; fori = 2,--- ,n. Thus (5.4.39) becomes 


/ v(eaiepl(ar = f v(t; x)D2 ++» D,w(t)dt! 
a =x] 
x2 Xn 
= -f Dp + Dawe, to, +++ yt) dty+++dty = w(x). (5.4.40) 
a2 an 


By Lemma 5.4.1, there is a domain Dt, containing x, on which v > 0. Mul- 
tiplying (5.4.36) throughout by v and using (5.4.40), we can obtain the required 
(5.4.37). oO 


Remark 5.4.1 Lemma 5.4.2 still holds if “<” is replaced by “>” in (5.4.36) 
and (5.4.37), or even if the inequalities in (5.4.36) and (5.4.37) are replaced 
by equalities. In this sense, (5.4.37) is the best estimate for a function w(x) 
satisfying (5.4.36). 


The next result is a generalization of Theorem 5.4.7, which is an analogous of 
those in Snow [603, 604]. 
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Theorem 5.4.8 (Yeh [669]) Suppose that u(x), Di ...D,u(x), a(x) and b(x) are 
real-valued non-negative continuous functions defined on Q. Let v(s; x) be a solution 
of the characteristic initial value problems 


Cy LiseOee=0 eo: 
0s} er OS), 
v(s;x) = 1 on §; =Xj,1=1,...,Nn, 


and let D* be a connected sub-domain of Q which contains x such that v > 0 for 
alls € Dt. IfD C D* and 


x 


D,...Dyu(x) < a(x) + i b(s) + D, ... D,u(s)|ds], 


x9 


then 
ua) sha) + tats) +f brotats + m0 
+f “v(m: s\(b¢m)(atmn) + h(m)) + almn))dmatids, (3.441) 
where 
BG) = D7 UG say ssa Y MOT A, Festa te) 
$e FD uh, 0. af sett 6s Xn) 
+...+(-1)" 1u@d,...,x°) > 0. (5.4.42) 
Here 
Sep Rass <i hn) = WG Myo s ng Hn) PMs ays ays An) 


tees but, ...,%n-1, 22), 


0 10 0 10 0 0 
Sia) = U(X], Xo, +--+ Xn) + UA], X2,X3,X4,.--,Xn) 
0 0 
Spits Uys 53% Bes Rhy)» 
Pe ae paisa) = ule xe, ibe PE TE Aen 


0 0 
fees + U(X, X9,..-,X4)- 
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Proof Let 
A(s) = i; “bouts + Dy -+-D,u(s)]ds. 
Then 
A(x) = 0 oe en eee 2 
D,...D,A(x) = b(x)[u@) + Di... Dru(x)] 
and 


D,...Dyju(x) < a(x) + A(x). 


Integrating both sides of (5.4.44) from x° to x, we obtain 


Teor i “fa(s) + AC). 


571 


(5.4.43) 


(5.4.44) 


(5.4.45) 


where f(s) is the function as defined in (5.4.42). It follows from (5.4.43)—(5.4.45) 


that 
Dy... DyA(x) < b(@)[h(e) + a(x) + AQ) + / “(abs + A(s))ds]. (5.4.46) 
Let 
BG) = A(@) + i, “(als + A(s))ds. 
Then 
B(x) = A(x) — on x = x), i= 1... 
A(x) < B(x), 
D, ...DyB(x) = Dy... DyA(x) + a(x) + AQ) 
and 
D1... DyA(x) < b(x) h(x) + a(x) + BOO]. 
Thus 


D, ...D,B(x) — [1 + b@)|B@) < b@)[a(a) + h(®)] + aQ). 
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As in the proof of Theorem 5.4.7, we obtain 


Bla) = f v(si2)(s\(a(s) + h13)) + a9) 


which, along with (5.4.46), implies 


Dy... DyA(x) < b(x)[a(x) + h(x) + / v(s; x)[b(s)(a(s) + A(s)) + a(s)]ds]. 


39 


(5.4.47) 


Since A(x) = 0 on x; = x fori = 1,...,n, it follows from (5.4.47) that 


Aa) = f bisy(ats) +s) + [ote so¢9(a0) + ho) + atin 


Substituting this estimate for A(x) in (5.4.44) and integrating both sides from x° to 
x, we obtain the desired bound in (5.4.41). Oo 


Let a, b € R”, b > a. We shall introduce the following notations: 


B(a,b) = I, (a,b) x (a,b) x +++ x I,(a,b), B(0,b) = B’, 
By(a,b) = I,(a,b) x +++ x Ips (a, b) x Ings (a, b) x +++ x I, (a,b), 


where for all 1 < k <n, 
I(a, b) => [ax, by]. 


The next result is a variant of Theorem 5.4.1 with the same proof. 


Theorem 5.4.9 (Zahariev-Bainov [682]) Let the functions u(x), f(x) : R" ~ R+ 
be non-negative and continuous for all x € B(a, b), and satisfy the inequality for all 
x € B(a,b), 


u(x) < uo + f(s)u(s)ds, 
B(a,x) 


where uy => 0 is a constant. Then for all x € B(a, b), there holds that 


u(x) < ug exp ( f(s)ds). (5.4.48) 


B(a,x) 


Theorem 5.4.10 (Hristova-Bainov [293]) Let the following conditions hold 


(1) The functions u(x), f(x) : R" — R¥ are continuous and non-negative for all 
x € B(a,b) where a, b, b > aare fixed points in R". 
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(2) The function g(x) : R" > Ro = (0, +00) is continuous, positive and non- 
decreasing for all x € B(a, b). 
(3) The inequality satisfies that for all x € B(a,b), 


u(x) < g(x) + i f(s)u(s)ds. (5.4.49) 
B(a,x) 
Then for all x € B(a, b), there holds that 
u(x) < g(x) exp ( i f(s)ds). (5.4.50) 
B(a,x) 


Proof From the condition (2) of Theorem 5.4.10 and (5.4.42) it follows that 


u(x) f(s)u(s) 
aa | Bes 
oe. “deg. oer 
<1+ tf i x 
B(a,x) g(s) 


Applying Theorem 5.4.9 with uo = 1 to the function a : R” > Rx, we obtain 


u(x) 
g(x) shies (J...) 


which implies (5.4.50). Oo 


Theorem 5.4.11 (The Gronwall-Bellman Inequality [145]) /fh,f, g, u are non- 
negative continuous functions (R”"” — R+), and if the following inequality holds, 


u(x) < A(x) + i . f(s)u(s) + i; . f(sf i g(t)u(t)dttds, (5.4.51) 


then there are continuous non-negative functions n, ¢, W (not depending on u), such 
that 


i =96m) / (3) n(s) exp 7, “Wdd(Wdtds. (5.4.52) 


Proof Let z(x) = u(x) + ft g(s)u(s)ds, then 


x 


u(x) < z(x) < h(@®) + [10 u(s) + i scour ds + [ Foro 


< h(x) + i “IF (s) + g(s)lz(s)ds. 
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Then the conclusion follows from Theorem 5.4.2 on putting v = h,@ = 1, and 
w =f + gin (5.4.52). Oo 


Note that Theorem 5.4.11 was extended by Pachpatte [477] to the 2-dimensional 
case, again by using the Riemann functions, with 


vo) = a+ | FMuG) + W(o}ds 
4: / “FO i. “ h(Ow! @dt}ds (5.4.53) 


replaced by 


Uxy(x,y) < a(x, y) + i i: b(s, t) (u(s, t) + us:(s, t))dsdt 


x £y Ss f 
+f i c(s, o( | [ v6. n)[u(&, ) + ven (, nen) 


It was then shown that wu satisfies a complicated inequality involving a Riemann 
function. 

To minimize notational complexities, we introduce a generalized version of 
Pachpatte’s theorem for two-dimensions, but it should be clear that the method of 
proof is valid for n-dimensions. 


a a 
Let D, = Fy? Dy = By? 


Pix,y)=1l+x+yt+xy, P(D; + D2) = 14+ D,+ D2. + DD, = P(D), 
so that 
P(D)u = P(D,, D2)u=1+u, +m 4+ uy, 


where u; = Dju, etc. 


Theorem 5.4.12 (Conlan-Wang [145]) Let 


x py x py s et 
Uy = Uy <atb / / fP(D)udsdt + k if / a( / / hP(D)ud&dn) dsdt 
0 0 0 0 0 0 


(5.4.54) 


where all functions and their relevant derivatives are continuous, non-negative for 
all x => 0, y = 0. Then the conclusion of Theorem 5.4.11 holds for u. 


Proof Let 


x py x py Spt 
R@, y) = » | / fzdsdt + cf / s| / i; haagar} dsdt 
o Jo o Jo o Jo 
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where z = P(D)u. Then from (5.4.54) it follows 
uy. Sat+R, 


y y y 
uy (x, y) — uy (x, 0) = / uj2(x, t)dt < / a(x, t)dt + / R(x, t)dt, 
0 0 0 


6) =O / als, yds + ; R(s,y)ds, 
0 0 


u(x, y) — u(0, y) — u(x, 0) + u(0,0) < is i adsdt + [ ic t)dsdt. 


Now 


[x = [ v6.» : , / ; feddt ds 


+fProolf Pal [ tednamagar)as 
27 i . bds) / : / : fedédr\ 


x x py spt 
xf kds)-{ / e( [of teardn) agar}, 
0 0 Jo 0 Jo 
and similarly for {} R(s, dt and [> fj R(s, t)dsdt. 


Thus setting 


Baya f+ [+ fo fv. 


and K(x, y) = (1 + i + fo + fo Jo )k we have 


u(x, y) < z(x,y) < B(x, y) + Bw, y) [ : : fzdsdt 


which is a special case of (5.4.54) with u replaced by P(D;,D2)u = z,a = ®, 
A =Bfh=fi,gi=K,g92=8,93 =h, hy =0. O 
Let x = (x1, %2,- 


++ ,X,) and y = (1, y2,°-+ , yn) be arbitrary points from R”. We 
shall say that the point x follows the point y (x > y) if x; > y; fori = 1,--- ,n. The 
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following denotations will be used: 
B(y,x) = Di. xi] x [y2, ¥2] X +++ x Dn Xn], 


Buy, x) = [v1.41] X00 & Pye, Mea] & Deg Mee] X +++ & Dns xd, 
ds’ = ds\ds)---ds,, dt!’ = dt\dt)--- dtp, 


ds = ds ei dsp— dS x41 sieve dsp, dt = dt Beas Ath —\dT+1 piss dj: 
Theorem 5.4.13 (Zahariev-Bainov [683]) Let x9 = (x?,x9---,x®), x = 
(X1,X2°++ Xn), X > Xo be arbitrary points from R" and let the following conditions 
be satisfied: 


(1) The function u(y), f(y) : R" > R4+ are continuous and non-negative. 
(2) There exists a positive integer k, 1 < k <n, such that the inequality holds for 
every point y © By(xo,x), y > Xo, 


u(y) < u(xo) + [ | Fls)u(sis| ds . (5.4.55) 
xe Bx(x0,X) 
Then there holds that 
u(x) < u(x) exp (/ f(s\as) : (5.4.56) 
Bx(x0.x) 


Proof Let u(xo) #4 O and let y > xo be an arbitrary point from Bz(xo, x). 
From (5.4.48) it follows that 


u(y) 


A PER... EA A 1. 5.4.57 
Wl00) + Fp Uap.» FMC) ds}dsy rae 


After multiplying both sides of inequality (5.4.57) by f(y) and integrating with 
respect to By(xo, x), we obtain 


Vk Sages yf (t)u(t)dt! 
——————e|’—1 "_@—d d 
[. u(xo) + fe Lox(vo f(s) u(s)ds]dsx tee [of ° 


which implies 


In [utso) + Feutsis| — In |u(x)| <f Le (5.4.58) 
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Combining (5.4.55) and (5.4.58), we obtain 


u(x) < u(xo) exp (J. f(s). 


Let u(xo) = 0. Then from (5.4.55), it follows that for every positive number € 
and for every y € Bg(xo,x), y > Xo, 


u(y) <e+ / f(s)u(s)ds. 


By(x0,x) 


Hence we conclude 
u(x) < € exp ( i fis\as) ‘ (5.4.59) 
Bx(x0,x) 


Since u(x) > 0 and e > 0 is an arbitrary number independent of x and xo, then 
from (5.4.59) it follows that u(x) = 0. Thus the proof is complete. 


Theorem 5.4.14 (Zahariev-Bainov [683]) Let x» = (xf,x$---,x°), x = 
(X1,%2°*+ ,Xn), X > Xo be arbitrary points from R" and let the following conditions 
hold 


(1) The function u(y), f(y) : R" — R+ are continuous and non-negative. 
(2) There exists a positive integer k, 1 < k <n, such that the inequality holds, for 
every point y € B(xo,x), y< x, 


u(y) < u(x%o) + [ | Feats ds . (5.4.60) 


Then there holds that 
u(x) = u(x) exp (- fls)as) : (5.4.61) 
Bx(x0,x) 


Proof Let u(xo) 4 0 and let y < x be an arbitrary point from B(xo, x). From (5.4.60) 
it follows that 


—uly) 


oo zl. 5.4.62 
Wo) + Lag. f uOs)as"|ds, ~ ae 


Multiplying both sides of inequality (5.4.62) by f(y) and integrating with respect to 
By(xo, x), we obtain 


— fant omen 


i — ds. 5.4.63 
Wore ie Oro aaa vee 


578 5 Linear Multi-Dimensional Continuous Integral Inequalities 


From (5.4.63) it follows that 


In |u(x)| — In Ee + [. Fenty] > -f Joe 


which yields 


iy = aehep ( [ | fos) . 


In case u(x) = 0, we may proceed as in Theorem 5.4.13 when u(xo) = 0. Thus 
the proof is complete. Oo 


Remark 5.4.2 Theorems 5.4.13 and 5.4.14 would also hold if in the inequali- 
ties (5.4.55) and (5.4.60), u(xo) and u(x) are replaced by an arbitrary non-negative 
constant. 


To introduce the following result, we need the following notations. Let 
U(xo,r) = {x € R" : |x —xo| < r} be an open ball in R”. Let x,y € R", and 
let Q(x, y) be sets satisfying the following conditions (H1)-(H6): 


(H1): Q(x, y) is a compact measurable subset of R”; 

(H2): Measure [Q(x, y)\Q(x, z)] U [Q(x, z)\Q(, y)] > Oas y > x; 
(H3): Q(x, y) C UG, |x — yl); 

(H4): if z € Q(x, y), then Q(x, z) C O(x, y); 

(H5): Q(x, y) = Q(x, z) if and only if y = z; 

(H6): if z€ Q(x, y), then {w € Q(x, y) : z € O(x, w)} = O(x, y). 


Note that the n—dimensional intervals 
[x,y] = {z€ R®: 73 =A + 1 —A,j)y,0 <A; < lis np =H{zeE Ri x<z<y} 


satisfy the above conditions (H1)—(H6). 


Theorem 5.4.15 (Simeonov-Bainov [592]) Let Q(x, y) be sets satisfying the con- 
ditions (H1)-(H4). Let u,a : Q(x,y) > R,G : Q(a, B) x O(a, B) > Ry be 
continuous non-negative functions. If for all x € Q(a, B), there holds that 


u(x) < a(x) + / G(x, s)u(s)ds, (5.4.64) 
Q(a,x) 
then 


(1) u(x) < v(x), forall x € Q(a, B), where v(x) is a solution of the equation 


v(x) = a(x) + [ Aa s)u(s)ds. (5.4.65) 
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(2) The solution v(x) of (5.4.65) is unique, and can be represented as the sum of 
the series 


V(x) = Vo(x) + U(X) ++ + Um(x) + (5.4.66) 


with vo(x) = a(x), 
Un(x) = / G(x, 8)Um—1(s)ds, m= 1,2,---. 
Q(a,x) 


Proof Define on the space C of continuous functions w : Q(a, 8) —> R with the 
norm ||w|| = max-eoq,p) |w(z)| the operator T by 


Tw(x) = [ om s)w(s)ds. 


The conditions (H1)-(H2) imply that T(C) C C. The non-negativity of G 
and (5.4.64) successively imply that 
u<at+T(a+T) =at+Tat+Tu<at+Tat+TatTu 
Sa Tas Pater Taw 


or 
u(x) < v(x) 
where 


u(x) = vox) + v1(%) +++ + Um) +°°°, 


vo(2) = a(x), Um(x) = Ta(x) = / G(x, 8)vp1(s)ds. 


Q(a.x) 


By induction with respect to m, we can derive from the conditions (H1), (H3) and 
(H4) that 


|T” w|| < wecCc, meN, (5.4.67) 


Q” ||wIl 
m! 
where O = |B—a|"/n!-oM, where M = maxgwa,p)xo(a,p) |G(x, s)| ando = Seay ds 
is the measure (area) of the unit sphere S(1) = {x € R”: |x| = 1}. 
In particular, (5.4.67) holds for w = a. Weierstrass’s theorem and (5.4.67) 
imply that the series (5.4.66) is uniformly convergent in Q(a, 8). A straightforward 
verification shows that its sum v(x) satisfies (5.4.65). Since, moreover, (5.4.67) 
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implies that some power of T is a contraction, v(x) is the unique solution of equation 
(5.4.65). oO 


Lemma 5.4.3 (Simeonov-Bainov [592]) Let Q(x, y) be sets satisfying the condi- 
tions (H1), and (H4)-(H5), and let b : Q(a, B) > R+ be a non-negative continuous 
function. Then functions 


vo(x) = 1, Un(x) = i} b(s)Um—1(s)ds, x € O(a, B), m= 1,---, (5.4.68) 


Q(a,x) 


satisfy 


0 < vm (x) < Eo (/ bis)ds) , x€ O(a, B), m=1,---. (5.4.69) 
m! \Jova.x) 


Proof Let v = (1,---,m), and let jz be a permutation of v, Le., = (i1,--+ in). 
We can define the following m! sets: 


Prat, 1) = {(S1s+*+ 48m) €R™ : 25, € O(0,2), 2 € lO, Zi),°** 5 Zig € QC, Zig )}- 
In particular, when pp = v, we set 


Pn (a, x) = P,,(a, x, v) = f(s, oes Sm) e€R™: aE O(a, x), Z2 € O(a, Z1)s “9% Zn & O(a, Zn-1)}. 


Now introducing the notation 
Dmn(X) = {(S15-++ 55m) ERM : 51 € O(@,.2),-++ 5m € O(@,x)}, 
the function v,,(x) takes the form 
Un(x) = / ff = b(s1) +++ b(Sn)ds1 +++ d8m. (5.4.70) 


We divide the proof into several steps: 


Step 1. The equality holds: 


[of b(s1) +++ b(8m)ds1 +++ d5my = [of b(s1) +++ b(8m)ds, +++ dsm 
‘m(CL,X) Pin (0L,X3 [L) 
(5.4.71) 


since each integral in (5.4.71) is equal to the integral 


Jo fe eid 666), +d 
Pin (,X5L) 
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Step 2. The definition of P,,(@, x; 2) and D,,(x) imply that 


|) Pn(oe, 3 2) C Dn), (5.4.72) 
(a 


where the union is over all permutations ju. 
Step 3. Let w and A be two distinct permutations, in which the numbers k and j 
form an inversion. 


Let (81,55. Sk.08* . 8j.08* Sm) © Pin, x5 LL) O Pr (ot, x; A). The definition of the 
sets P»,(a, x; 4) implies that s, € O(a, s;) and s; € O(a, sx), and (H4) implies that 
O(a, 5) C O(a, sj) and O(a, s;) C O(a, sz), and hence O(a, s,) = O(a, sj). Hence 
by (H5), sj = sz, so that the set Pn (a,x; 4) OM Pm(a, x; A) is contained in the subset 
L= {(81,°+* 8m) € R”™ : sy = 5;} of R™. Since dimL < mn, we have 


[of (81) +++ B(S_) ds, +++ dq = 0. (5.4.73) 
Pin (@,X3L) OP m(@,x3A) 


Step 4. The following equality holds: 


Jf b(s1) +++ b(Sm)ds1 +++ ds, 

UpPm(@,x5/) 

= vf b(s1) +++ B(Sm)d51 +++ d5m + J, (5.4.74) 
be Py (@,X3|L) 


where in J we have collected the integrals over all possible intersections of sets 
of the type P,(a@, x; 4), Pm(a, x; 4) with distinct , A. But (5.4.73) implies that 
all such integrals vanish, i.e., J = 0. Hence, it follows from (5.4.74), (5.4.72) and 
the non-negativity of b that 


vf --f b(s1) +++ D(Sm)ds +++ dS 
7 Py (0x3) 


= fe b(51) +++ D(Sm)d81 «++ dn = (/... bioyds) 


and (5.4.71) and (5.4.70) imply (5.4.69). The inequalities v,(x) > O0,m = 
0, 1,--- , are obvious. Oo 


Corollary 5.4.3 (Simeonov-Bainov [592]) [f b(x) => 0 is continuous for all x € 
[a, B],a < 8B, the solution v(x) of problem (5.4.40)-(5.4.41) satisfies for alla < 
ssx<B, 


0 < v(s,x) < exp ( / ‘b(ode) (5.4.75) 
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Proof Indeed, Theorem 5.4.15 with G(x, s) = b(s), a(x) = 1, and Q(s,x) = [s,x] 
implies the representation 


+00 
v(s; x) = a Um(S; x). 
m=0 


By Lemma 5.4.3 with Q(s, x) = [s,x], we obtain 


0 < v(s;x) = s Um(s; x) < 3 = ([ sear) = exp ([ sear) 
= m=0 _ 7 m=0 m! . * , 


oO 


Corollary 5.4.4 (Simeonov-Bainov [592]) [f a,6 € R",a<, and u(x), a(x), 
b(x), q(x) are non-negative continuous functions in |a, Bl, if the inequality holds 
forall x € [a, B], 


u(x) < a(x) + q(@) [ veusyas (5.4.76) 


then for all x € [a, B], 


x 


u(x) < a(x) + g(x) [ aoe exp (/ o(o(e dr) ds. (5.4.77) 


In particular, if q(x) = 1 and a(x) is non-decreasing in |a, B], then for all x € [o, B], 
u(x) < a(x) [ + [ b(s) exp ([ b(cyde ) as 2 (5.4.78) 


Proof Indeed, (5.4.78) follows from Theorem 5.4.15 and Corollary 5.4.3. More- 
over, (5.4.77) is better than estimate 


u(x) < a(x) exp ([ b(s)as) : (5.4.79) 


oO 


Remark 5.4.3 It follows from the proof of Lemma 5.4.3 that (5.4.69) holds if 
condition (H1) is replaced by the condition /, O(a.) b(s)ds < +00. 


To obtain estimates similar to (5.4.77)-(5.4.79) with [a,x] replaced by Q(x, a), 
we need the next lemma. 
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Lemma 5.4.4 (Simeonov-Bainov [592]) Let Q(x, y) be sets satisfying (H4)—(H6), 
and let a,b,q : Q(a, B) — R be non-negative continuous functions with 


/ q(s)b(s)ds < +00, / a(s)b(s)ds < +00. (5.4.80) 
Q(a,B) Q(a,B) 


If vo(x) = a(x), then the functions 
vn(s) = 400) f—_b63)vm-)d5,. m= bee 
Q(x) 
satisfy 
0 < Um+i(%) < | a(s)b(s) (/ obteydr) ds, (5.4.81) 
m! Joa.) Ole.) 


with m= 0,1,:::. 


Proof For function v.41 (x),m = 0,1,--- , we have 


icaei= [ MOP 


. ( i coc) ( i — ( ; - alsn)b(3)a(s)) asn) ) is 


= / 2 i g(x)q(51)b(s1) «+ 4(sn)b(Sm)a(s)b(s)ds1 «++ dspds 
Pin+1 (x) 


= q(x) [. Pees) (fof, sere) 46m 6¢omds.---d5n) ds, 
(5.4.82) 


where Q(s) = {(51,--+ ,5m) € RR”, (81,°++ 5 Sm, 8) € Pm4i(@,x)}. For fixed s € 
Q(a,x), we get by using (H4)-(H6), 
O(s) = {(s1,°°+ . 5m) € R'™ : 5) € O(a, x), 52 € OCA, 51),°++ 58m € O(A, Sm—1), 
SE O(a, s1),°°° S € Q(e, S)} 
—_ {(S1,°°° +Sm) eR” 2ST E Os, x), s2€ O(a, Si)yoct Sm € O(a, Sm—1)} 


= P,,(8,x). (5.4.83) 


By Lemma 5.4.3, we obtain 


[of a6sn0601)---a0ombmdder---din = (f ateyb(e)ar) 
Pin(s,x) mM. Q(s,x) 


which yields (5.4.81). oO 
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Theorem 5.4.16 (Simeonov-Bainov [592]) Let Q(x, y) be sets satisfying condi- 
tions (H4)-(H6), and let u,a,b,q : Q(a,B) — R4 be non-negative continuous 
functions with 


/ u(s)b(s)ds < +00, / q(s)b(s)ds < +00, i; a(s)b(s)ds < +00. 
O(a,B) O(a,B) O(a,B) 


(5.4.84) 
If the inequality holds for all x € Q(a, B), 
ua) Sats) tats) | b(oyu(odas (5.4.85) 
Q(a,x) 
then for all x € Q(a, B), 
u(x) < a(x) + ats) | a(s)b(s) exp () a(r)0(«)dr) ds. (5.4.86) 
Q(a,x) Q(s,x) 


Proof Since b => 0,q = 0, as in Theorem 5.4.15 with G(s,x) = g(x)b(s), (5.4.85) 
implies 


m 


u(x) < D> v(x) + Rng i(x), x € O(a, B), (5.4.87) 


j=0 


where v(x) = a(x), 
vj(x) = a) | b(s)uj-1(s)ds, x € O(a, B),j=1,2,-++, (5.4.88) 
O(a,x) 
Reid =f acooon( J atenb0)~ 
as as _n)b(S)uls)d) is -)dsy, (5.4.89) 
By Lemma 5.4.4, we get for all x € O(a, B), 


jel 
0 < u(x) = q(x) .. a()b) — ( : | a(oo(edr) ds, (5.4.90) 


0 < Rn4iQ) < q(x) ii MDOT, (/, abode) ‘ (5.4.91) 
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j=1,---,m=0,1,--- . It thus follows from (5.4.84) and (5.4.91) that Rn41 (x) > 
0 as m — +00. Hence, by (5.4.87), we conclude 


+00 


u(x) < D> v(x) 


j=0 


which, together with (5.4.90), implies (5.4.86). Oo 


Corollary 5.4.5 (Simeonoy-Bainov [592]) Let u,a,b,q : Ri — Ry be non- 
negative continuous functions satisfying for allx = 0, y = 0, 


+00 +00 
u(x,y) < a(x, y) + atx.) [ / b(s, t)u(s, t)dsdt, (5.4.92) 


where 


+oo p+oo +00 pt+oo 
i / u(s, t)b(s, thdsdt < +00, / / q(s, t)b(s, thdsdt < +00, 
0 0 0 0 


+00 too 
/ / a(s, t)b(s, t)dsdt < +00. 
0 0 


Then for all x = 0, y = 0, 


+oo p+oo s 
u(x, y) < a(x, y) + q(x, » f . a(s, t)b(s, t) exp (/ [uw t)b(o, ‘\dodr dsdt. 


(5.4.93) 
In particular, if a(x, y) = a > 0, and q(x, y) = 1, then 


+00 +00 Ss t 
u(x,y) <a [ + atx.») | / b(s, t) exp (/ i b(o, ‘\dedr ava 


(5.4.94) 

which is better than the estimate 

+00 +00 
u(x, y) < aexp (/ / b(s, asa) : (5.4.95) 
ie y 

Proof The conclusion follows from Theorem 5.4.16 in case n = 2, and 
O16,).@»)] = {@.0) ERE ixso<sy st < tla = (+00, +00), = 
(0, 0). Oo 


The next result is related to some new integrodifferential inequalities of the 
Gronwall and Wendroff type in several independent variables which generalize 
some existing results in the literature. 

An important generalization of this inequality is by Wendroff [47]. 
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However, Wendroff’s inequality had not received the attention it deserved until or 
so where many generalizations of it have been established by, e.g., Snow [603, 604], 
Ghoshal and Masood [227, 228], Pachpatte [445, 446], Bondge and Pachpatte [90], 
and many others. 

To state the next result, we need to introduce some notations. Let n > 2 be a fixed 
integer. Let Ro = (0, +00). For each i = 1,...,n, the differential operator 0/0x; 
will be abbreviated by 0;. As usual, partial derivatives of a function f : RY.) > Ry 
will be denoted by fj, fj, etc, and for the sake of simplicity, f will stand for f, ...,. 
If X, Y are subsets of some Euclidean spaces, C(x , Y) will denote the set of all 
functions of X into Y with continuous k — th order derivatives. The collection of 
all functions f € C! (IR{_, Ro) such that fj,...;,, is continuous for any permutation 
ij,...,é, Of 1,...,n will be denoted by D. Let g; : Ry4 — Ry be any functions, 
i=1,...,n. Then 


Yo sii) = Yo gilxi) + 30), 

j i=1,iFj 

Yogi) = D> gilrd) + 3((0) + ge). 
jk 


i= 1, ixj,k 
We first observe the following important lemma. 


Lemma 5.4.5 (Cheung [132]) Suppose f € C!(R"_, Ro) is given by 


f@) = D> gilxi) + i h(s)ds (5.4.96) 
i=1 0 
with 
f'(x) < kof (x) (5.4.97) 


for some functions g; € C!(R"., Ro), i= 1,...,n, andh, k € C'(R%,R+). iff is 


non-decreasing in each variable and f is continuous, then for any x € R’., 


fo) < a See) exp ( 7 ; Kons) (5.4.98) 
1,2 L L 


In particular, if f € D, then for any x € R"., 


j (7 gi) OLE aii) % 
y(x) < a, — Seay exp ( : kop) . (5.4.99) 
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Proof Note first that by assumption, f; > 0 for all i. Furthermore, since h > 0, we 
have 


fi. fiz fi23, +++ fini» f = 0. 


Hence it follows from (5.4.90) that for each s € R‘, 


a, ( thask 1) @= £0) -ie Ore £6) < k(s). 


By integrating this inequality with respect to s, from 0 to x,, we have 

fii Fiegnai m= 

(S15 00 Saas Xn) — ~- wih DS) Rola. 
0 


Ifn—1 > 2, we have, by (5.4.96), 


and so fi,...n—1(S1,--+,5n—1,0) = 0. Hence 


—— (51... Sn, Xn) Ss / k(s)dsy. 
0 


Repeating the above process, we get 


On—1 (=) (51, sey Sn—1,Xn) 


— Aiea é eo) Sit...n—2.Fn-1 é ors 
ST BS 1 Sn 1 An) 15 -++59n—-1ls4An 
f fig 
fiwesn-1 
= 7 (s pees y Sn] Xn) = k(s)dsp. 
0 
Integrating with respect to s,—; from 0 to x,-1, we get 
Xn—-1 Xn 
Fisnn2 (5, Sedeasiel Sn—2,Xn—1;Xn) — Sisnun=2 (5, aaa Sn—2,0,Xn) < i / k(s)dsydsy—1. 
f f 0 0 

Again, ifn — 2 > 2, fi....n—2(S1,.--, 5n—2, 0, Xn) = 0, then 


Xn—1 Xn 
fi syed n—2 (s1, a ee 0, Xn) < / / k(s)d8pdsy-1. 
i ~ tt 
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By an induction, we know 


fi fiz 
02 (4 (81, 82,%3,.--5Xn) < Ff (Sls 8203s oo Hin) 


f 
x3 Xn 
=| -f k(s)ds,---ds3. 
0 0 


Integrating with respect to sy from 0 to x2, we obtain 


x2 Xn 
Fh Go ani Be GO Mosc) <|/ of K(s)d5 +++ dsp. 
f f 0 0 


Integrating again with respect to s; from 0 to x;, we conclude 


Ins) — Inf Ou, Kn) — Inf. 0.2350+ +44) + INFO, 0,435.02.) =f k(s)ds, 
0 


which yields (5.4.98) and (5.4.99) follows from similar arguments by replacing the 
subscripts 1, 2 by all possible j, k’s satisfying 1 <j<k <n. O 


The following inequalities are Wendroff type inequalities which generalize the 
results of Pachpatte [445, 446] to the case of many independent variables. 


Theorem 5.4.17 (Cheung [132]) Let y,w € C(R'_, Ry) be such that y' € 
C(R”_, R+) and y(x) = 0 ifx; = 0 for some i. If for any x € R’., 


YO) = Pac) + [ woo) +¥ oa (5.4.10) 
i=1 0 
where g; € C'(Ry, Ro) satisfies g > 0, i=1,...,n, then for any x € Ri, 


Y@) < ogi) + min 


1<j<k<n 


[ ae (SF giles) (LE gi) 
0 


ea a exp (fra + w()dtds). 
jk SIN 


i=1 


(5.4.101) 


Proof Let u(x) be the right-hand side of (5.4.100). Then 0 < y(t) < u(x) and so by 
the initial conditions of y(x), we have for all x € R’., 


y Uls ds. 
Let 


f@) =u) + / “u(s)ds, 
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then u </f and by the definition of u(x), we get 
0 < w(x) = wa)(y@) + 3@)) < WOOO). (5.4.102) 
Noting now that f € D, 
fe) = u'(@) + ue) < (1 + WO) QO), 


and for any x € Ri, 


f(y) = Ya)+ [w0)+ wero) + ona, 


thus from Lemma 5.4.5 and (5.4.102) it follows that for any x € RY and 1 <j < 
k <n, 


0 <u (x) < w(x) Zt SDI BED) exp | fa + (sas . (5.4.103) 
Vix Si) 0 


Hence by the definition of u(x), we obtain 


x1 x2 
= j r uj2(s1, S2,X%3,... Xn) dszds, 
0 0 


x1 
= / [u1(S1,X2,....%Xn) — U1 (51,0,23,..., Xn) ]ds1 
0 


= u(x) — u(0, X2,..., Xn) — U(X, 0,.43,...,X,) + U0, 0,13, ... Xn) 


u(x) — )> giz) — Ds) + >> ail) 
1 2 1,2 


II 


II 


u(x) — > gi(xi). (5.4.104) 
i=1 


Inserting (5.4.103) and (5.4.104) into y(t) < u(x), (5.4.101) follows 
immediately. O 
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Corollary 5.4.6 (Cheung [132]) Under the assumptions of Theorem 5.4.16, if 
ye gi(x;) = @ > O, then for any x € Ri, 


y¥Q@) <a [ ae ik w(s) exp (fo es wondr) | 


Proof It easily follows from Theorem 5.4.17. O 


Theorem 5.4.18 (Cheung [132]) Let y,w € C(R',,R+) be such that y' € 
C(R”_, R+) and y(x) = 0 ifx; = 0 for some i. If for any x € R’., 


ye) < Dele) +M Ee + [ wor00) + vio] ds (54.105) 


i=1 


where g; € C!(R+, Ro) Satisfies gi > 0,i = 1,...,n, and M > 0 is a constant, 
then for any x € RR‘, 


(dF) sii) Xy gi) 


eae ne Ga exp [/ (M + w(s) + Mw(s))ds. 


(5.4.106) 


Proof Let u(x) be the right-hand side of (5.4.105). Then u € D and for any x € R’., 


u (x) = My’) + wa) (v@) + yO) 
= [M + w(x) + Mw(x) u(x). 


Furthermore, by the initial conditions of y(x), we have for any x € R’., 


us) = Data + [Mb + OO) + yO): 
i=1 


Hence inequality (5.4.106) follows from Lemma 5.4.5. O 


Corollary 5.4.7 (Cheung [132]) Under the assumptions of Theorem 5.4.18, if 
ee gi(xi) = a > 0, then for any x € R‘, 


y’ (x) < wexp Ke + w(s) + Mw(s)as| : 


Proof It follows immediately from Theorem 5.4.18. Oo 
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Theorem 5.4.19 (Cheung [132]) Under the assumptions in Theorem 5.4.18, if, 
instead of (5.4.105), for any x € RY’, 


n 


y (x) < ~~ gi(xi) +M Eo + / wiov| ds, (5.4.107) 


i=1 
then for any x € R,, 


y(x) <_ min QF sO) OK si) 


min, Fa) exp| / M(1 + w(s))ds]. (5.4.108) 


Proof \t is analogous to the proof of Theorem 5.4.18. In fact, if we set u(x) to be 
the right-hand side of (5.4.107), then u € D and for any x € R’, 


u(x) = Mfy'(x) + w@a)y"@)] 
= M(1 + w(x))uQ). 


Furthermore, by the initial conditions of y(x), we have for any x € R", 


wx) = So gilai) + i; M(1 + w(s))y!(s)ds. 


i=1 


Thus inequality (5.4.108) now follows from Lemma 5.4.5 immediately. O 


Remark 5.4.4 These theorems have generalized the results in [445, 446] to the case 
of many independent variables. The significance of these theorems is that they give 
genuine upper bound estimates for y’ (that is, upper bounds for y’ which do not 
involve the function y’ itself) and hence for y, after integration with respect to x. 


Now we shall establish the following generalization of some existing Gronwall- 
Bellman inequalities in [236, 443, 444]. 


Theorem 5.4.20 (Cheung [132]) fy, p, q € C(R., R+) satisfy for any x € R’, 
i) = Dats + [poweas+ [’r| [aeveoar| as 4.109) 
=] 0 0 0 
where g; € C'(R4, Ro) satisfies g > Ofori =1,...,n, then 


yx) < S) gilxi) + / ~ p(s)R(s)ds, (5.4.110) 
i=] 0 
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where 


Sees STs | [oo + aconar). 


Proof Let u(x) be the right-hand side of (5.4.109). Then 


0 < u(x) = pO)y(a) + p@) [ “ qdy(oat 


x 


< p(x)[u(x) + a q(t)u(t)dt]. 
Let 
f(x) = u(x) + [ q(t)u(t)dt. 
0 
Then u < f and 
u'(x) < pf (x). (5.4.111) 
We know that f € D, 


F(x) = ul (a) + gxulx) < (PQ) + ge)F C0, 
and for any x € R‘,, 
Fe) =P aitad + f laloruis) + py) + pO) [| aly@ans 
i=1 9 7 


By Lemma 5.4.5 and (5.4.111), we have for any x € Ri andl <j<k<n, 


ula) < play EBD BA) ee exp [oo a(o)s| , 
Hence for any x € R’, 
u' (x) < p(x)R(x). (5.4.112) 


Now by exactly the same arguments as those in the derivation of (5.4.104), we 
conclude 


/ ena Y- gilxi). (5.4.113) 
0 i=1 
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Therefore, inserting (5.4.112) and (5.4.113) into y(x) < u(x), we can prove 
(5.4.110). Oo 


Corollary 5.4.8 Under the hypotheses of Theorem 5.4.20, if -;_, gi(xi) = a > 0, 
then for any x € R‘, 


y(x) <@ 1 “tf [ p(s) exp @ (p(t) + a(t) as 


Proof It follows immediately from Theorem 5.4.20. O 


All the functions which appear in the following inequalities in Theorem 5.4.21 
are assumed to be real-valued of 1 variables which are non-negative and continuous. 
All integrals are assumed to exist on their domains of definitions. 

We assume that J = [a, b] in any bounded open set in the dimensional Euclidean 
space R” and that our integrals are on R” (n > 1), where a = (a), qa),...,dn), 
b = (bj, bo, ...,bn) € IR). Let CU, Ry) denote the class of continuous functions 
from / to Ry. 

The following theorem deals with n-independent variable versions of the inequal- 
ities established in Pachpatte [502]. 


Theorem 5.4.21 (Pachpatte [502]) Let u(x), f(x), a(x) be in C(R, R+) and let 
K(x, t), D;k(x, t) be in C(R x R, R+) for alli = 1,2,--- ,n, and let c be a non- 
negative constant. 


(1) Ifforallx elanda<t<s<b, 


u(x) <e+ / “f(s) [H0) rs / en ruled] ds, (5.4.114) 


then 


u(x) <c [ i i “Peet / ‘(kb, 8) + fls))asyr (5.4.115) 


(2) Ifforallx e¢Tanda<t<s<b, 
u(x) < a(x) + [1 Ee + [i ruled] ds, (5.4.116) 


a 


then 


u(x) < a(x) + e(x) + / : f(t) exp( / ‘(kb. 5) + F0))dsyar , (5.4.117) 
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where 
= / “f(s) Jats) m i ro Hated] ds, (5.4.118) 
Proof (1) The inequality (5.4.114) implies 

ieee: / “f(s) Ee 4. / “ks. Puts) ae 
Define 

z(x) =c+ [10 Ee + [& Huta) ds. 
Théne (Fit nde) =e ue) =e) aid 

Dex) = fx) Eo + [ K. ssa 


< f(x) Ee - / “kb, sets| . 


0 


Define 
v(x) = 2(x) + i " kde@ide, 
then z(ay,x2,+++ Xn) = v(ay,X2.+++ Xn) = €,De(x) < f(x)v(x) and x(x) < 
v(x), and 
Dv(x) = Dz(x) + k(b, x)z(x) < (f(x) + Kb, x)) v(x). (5.4.119) 


Clearly, v(x) is positive for all x € J, hence it follows from (5.4.119) 


MPU) < #0) + K(0,29, 
v?(x) 
1.€., 
ae < f(x) + k(b.) + (D,v(x))(D, D3 - Pratt) 
v2(x) v?(x) 
whence 


D, [ ae -Dy—10(x) 


o ) < f(x) + k(b, x). 
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Integrating with respect to x, from a, to x,, we get 


D,D)...Dy,—\v *n 
PP Pei) < i; [f(x1,-°° »Xn—1, tn) + k(b, x1,°°° »Xn—1> tn) |dtn 


u(x) 

whence 
D, D2 +++ Dy 
uy = mice, ay fr, ste ys Xn-1,5 th) a k(b, X1,°°* 5 Xn-1, tn) |dtn 
7G) 
(Dn—10(x))(D1 D2 +++ Dp—20(x)) 
+ 
v?(x) 

1.€., 

D>5-- *Dr— Xn 
Dn-1 (Fee) < / [Fe, st 5 Xn—-1, tn) + K(b, x1, °° * sXn—15 tn) dt 

v(x) an 


Integrating with respect to x,-1 from dy,—; to x,-1, we obtain 


D,D2-: D,- D1 Dy +++ Dn—20(x) 


<[™ Tren, Xn—2; tn— itn) 
er an—1 an 


+k(b, X1,°t* 5 Xn—25 tn-1 tn) |dtndn . 


Continuing this process, we can obtain 


D,v(x) 
v(x) 


<f-f [Pes ta.t3,-% tn) + k(b, x1, bo, By stn) Jin += 


Integrating with respect to x; from a; to x), we arrive at 


v(x) 
ne VG." <[ [f(t) + k(b, t)|dt 
which implies 
v(x) S cexp ( [vo + k(b, nd) (5.4.120) 


Inserting (5.4.120) into Dz(x) < f(x)uv(x), we obtain 


De(x) < cf (x) exp ( / “+k, adr) (5.4.121) 
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Integrating (5.4.121) with respect to the x, component from a, to x,, then with 
respect to a,—; to x,—-1, and continuing until finally a; to x;, and noting that 
Z(a),X2,°+* , Xn) = c, we conclude 


2(x) <e¢ 1 + [10 exp (fr + k(b, os) a , 


which completes the proof of the first part. 
(2) Define 


2(x) = i “40) Ee 4 : a ruled] ds. (5.4.12) 


Then from (5.4.116), u(x) < a(x) + z(x) and using this in (5.4.122), we get 
aa) = / f(s) ats + 2(s) + / k(s, t)[a(t) + (ear | ds, 


< e(x) + [rt Eo + [om eee) | ds, (5.4.123) 


where e(x) is defined by (5.4.118). 
Clearly, e(x) is positive, continuous and non-decreasing for all x ¢€ J. 
From (5.4.123) it follows that 


— ae i “f(6) Foro 4s / re ee(e)e(e)dr | ds. 


Now applying the inequality in part (1), we can obtain 


2x) < e(x) [ ee i‘ FOes ( i (f(s) + kb, ods) a (5.4.124) 


The desired inequality (5.4.117) follows from (5.4.124) and the fact that u(x) < 
a(x) + z(x). Oo 


Next we establish n-independent-variable generalizations, due to Yeh [668], of 
the integral inequalities established by Bellman [75], Bihari [82] and Dhongade and 
Deo [182] forn = 1. 

Let J = [l,+00). First, Bellman’s inequality [75] and the Dhongade-Deo 
inequality [182] can be unified and embodied in the following Theorem 5.4.22. 


Theorem 5.4.22 (Yeh [668]) Suppose that 


(a) w(x), h(x) € C(R“_, R+), 
(b) f(x) € C(R"_, Ro) and non-decreasing in x, 
(c) g(x) € C(R4, J). 
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If for allx € R‘., 


w(x) < f(x) + g(x) ie h(s)w(s) ds, (5.4.125) 


then for all x € Ri, 


w(x) < f(x)g(x) exp (/ hio)a(ons) ‘ (5.4.126) 
0 
Proof Since f(x) is non-decreasing and g(x) = 1, we have for all x € R"., 


AWW) 
rae ae ao | FO) 


< g(x) [ ae is as]. (5.4.127) 


Define 


r(x) = 14 ie SO I. (5.4.128) 


Then 
r(x) =1 on x=0, i=1,---,n; 


h(x)w(a) 
F(x) 


D, +++ Dar(x) = 


and 


st =r): (5.4.129) 


Thus 


D, +++ Dyr(x) 
an < h(x)e(x), 
re < A(x)g(x) 


which implies 


r(x)D +++ Dar(x) 
r(x) 


Dyr()D1 +++ Dn—ir) 


< h(x)g(x) + ae 
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Thus 


D, (= ae -Dy,—11(x) 
r(x) 


Integrating both sides of the above inequality with respect to the component x,, 
of x from 0 to x,, we obtain 


) = none, 


Dy ++Dy-1rQ®) — Di +++Dn-ir1,+++ »%n-1,9) 
r(x) r(X1,°°* ,Xn—1, 0) 


Xn 
<|/ A(x,+°° >Xn-1; tr)g(X1,°°° sXn—1, tn) Aty 
0 


which implies 


Dp DZ 
Dis ( 1 n—21'(X) 


Xn 
) </ A(x1,°°° Xn—1, tn) B(%1,°°° Xnats ty) din: 
r(x) 0 


(5.4.130) 
Integrating both sides of (5.4.130) with respect to the component x,_,; of x from 
0 to x,-1, we get 


D,---D ar(x Xn—-1 
ie Dy +++Da-ar() ) <[ ie A(x, vey Xp 25 tn—-1, tn) 
ra) 


xg(x1 peer Xn—2,ln-1; tn) dtydty— : 
Continuing in this way, we obtain 


D2 (A) <[--f oe ee 


X@(X1,X2, 03,2. -4ty) Uty +++ dts. (5.4.131) 


Integrating both sides of (5.4.131) with respect to the component x2 of x from 0 
to x2, we have 


Dir(x) 
r(x) 


Integrating both sides of the above inequality with respect to the component xj 
of x from 0 to x;, we deduce for all x € Ri, 


x2 Xn 
</ -f A(X, ta, -- 5 tn) G(X, f2,-- 5 tr) dtn +++ dt 
0 0 


log r(x) < / h(t)g(t) dt, 
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Le., 


r(x) < exp (f h(t)g(t) ar) : 
0 


which, together with (5.4.122), implies (5.4.126). Oo 


Remark 5.4.5 If n = 1 and g(x) = 1, then Theorem 5.4.22 reduces to Bellman’s 
Lemma [75], or Theorem 1.1.2. 


Remark 5.4.6 If n = 1, then Theorem 5.4.22 reduces to Lemma 3.1 of Dhongade 
and Deo [182]. 


As an application of Theorem 5.4.22, we establish the following n-independent- 
variable generalization of the Dhongade-Deo inequality [182] (see, Theorem 1.2.9). 


Theorem 5.4.23 (Yeh [668]) Let 


(a) the functions w(x) and f(x) be defined as in Theorem 5.4.22, 
(b) gi(x) € C(R”_, J) fori = 1,2,--- ,m, 
(c) h(x) € CCR", R+) fori = 1,2,--- ,m. 


If for allx € R“, 


m 


wea) $f) + gla) [lod ds (5.4.132) 
i=1 0 
then for all x € R"., 
w(x) < E"f(x), (5.4.133) 
where E* is defined inductively as follows: 
Ef (x) = f(), 


EFC) = FOE gus) exp ( J m(o)B tex) ds) «k= 1,2. 
0 
(5.4.134) 
Proof The proof can be done by finite induction. Note that Theorem 5.4.22 reduces 


to Theorem 5.4.21 for m = 1 and hence is true. Now assume that (5.4.133) is true 
for given k, k = 2,3,...,m— 1. Thus 


w(x) < E'f(x) 


< E'f(x) [ + gxti(x) / hice u(s)w(s) as . (5.4.135) 
0 


f(s) 
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It follows from (5.4.134) that E“f(x)/f(x) > 1. From (5.4.135) and condition (b), 
we deduce for all x € Ri, 


WX) — Ser (EF) I! + [EO as]. (5.4.136) 
0 


fa) ~— —— f@%) f(s) 


This inequality is of the form (5.4.127). Hence, as in Theorem 5.4.22, (5.4.136) 
takes form 


* Ie i(s)grti(s)E*f(s) as). 


WO) < geiEVC) exp( f 
0 f(s) 
which, along with (5.4.134), implies 


Xx 


w(x) <f()E*gp4.1(2) exp ( : Haima as) = BM P(4), 


This proves that (5.4.133) holds for m = k + 1, and the proof is thus complete. O 


Corollary 5.4.9 (Yeh [668]) Jf gi(x) = 1 forall x € Ri andi = 1,2,-:+,m, in 
Theorem 5.4.23, then 


w(x) < E"f(x), 
where E* is defined inductively as follows: 


E°(x) = f(), 

x (5.4.137) 
E*f(x) = E* f@) exp [ Ek"hy(s) ds, forallx € Ri. 

0 


Proof The proof is similar to that of Theorem 5.4.24, so we omit here the details. 0 


Remark 5.4.7 For n = 1, Corollary 5.4.9 reduces to Corollary 1 of Dhongade 
and Deo [182], which is a linear generalization of Bellman’s inequality [75] (i.e., 
Theorem 1.1.2) for m terms. 


As an application of Theorem 5.4.23, we may consider the following example. 


Example 5.4.1 Consider the following inequality for all x € R?: 
XI x2 
w(x1, x2) < aa + ie + / i w(581, 52) dssds, 
0 Jo 


2 
Xx] x 
+e f / e°!7512w(s1, 59) dsodsy. 
0 Jo 
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Here 
frm)=m4+%3, 8101.) =1, go(x1,%) =e, 
hy(s1, 82) = I, ho(s, 82) = e871, 


Thus it follows from Theorem 5.4.23 that 


w(x) < E°f (x) = (xy + x5) exp(2x1x2) exp(x2e"! — x2). 


Now let S denote an open bounded set in R”. For x = (x1,...,X,) and P= 
(xf, eer x?) € S, we shall first establish the following theorem, which is due to Yeh 
and Shin [673]. 


Theorem 5.4.24 (Yeh-Shin [673]) Let w(x), f(x) and g(x) be real-valued, non- 


negative and continuous functions on S, and n(x) be a positive, non-decreasing 


continuous function on S. Suppose that the inequality holds for all x in S with x = x°, 


w(x) < n(x) + / “Owais i: . ( J Pore ar) ds. (5.4.138) 
Then for all x in S with x = x, 


w(x) < n(x) 1+ [it exp (Kec + g(t)) ar) a| . (5.4.139) 


Proof Since n(x) is positive and non-decreasing, we derive from (5.4.138), 


ms <1 +f rs 


Setting w(x)/n(x) = p(x), we have 


as + [ir ( som ar) ds. (5.4.140) 


p(x) <1 +f Foods [ f(s) (/ e(optyat) ds Is. (5.4.141) 
Let 


uy =1+ [ fopeas+ [70 ([/ eocar) as 


Then 


p(x) < u(x), ux) =1 on x, = 2, b= 1a ste Hi; (5.4.142) 
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and 


D, +++ Dux) = f(x) Go - : - g(t)p(t) ar). (5.4.143) 


0 


It follows from (5.4.142) and (5.4.143) that 


Dy ++ Daule) < FQ) (ws + i; “gut ar) . 


Let 
v(x) = u(x) + / on dt. 
Then 
u(x) < v(x), 
(5.4.144) 
v(x) = u(x) on x, =22, i=1,-+-,n, 
and 
D,--+Dyv(x) = Dy, ---D,u(x) + g(x)u(x). 
Hence 
Dy ---Dnv(x) < (f@) + 8@))v@. 
which implies 
D)<<2D;, 
eae =f (x) + 2@), 
whence 
v(x)D; -Dnv(x) 270s ett eno ++ Dnv(x)) : 
v?(x) v?(x) 
1.e., 
a (A) < f() + g(a). (5.4.145) 
v(x) 
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Integrating both sides of (5.4.145) with respect to the component x, of x from x? to 
Xn, we get 


Dix De Xn 
Dy ++: Dn-1V@) < / (fea, wey Xn—-ts tn) + BO, Xn-15 tn)) dty. 
u(x) x0 
Therefore 
v(x)(Di ++» Dy—1 v(x) 
or: a: 2 (fea, vee Xn-1s tn) = g(x, sees Xn-1s tn)) dt, 
re (Dn—10(x))(D1 +++ Dn—20(X)) 
v(x) 
1.€., 
Dy 2+D,= Xn 
Dy-1 [| < ‘) (f@., oe ys Xn—-15 tn) + g(x, seeyXn—15 tn)) dty. 
v(x) x2 


(5.4.146) 


Integrating both sides of (5.4.146) with respect to the component x,_, of x from 


x°_| to X,—1, we obtain 


Dy +++ Dy—2(x) no 
. a= =, i (f° : Xn—tstn—1stn) + gr. ** Xn—tstn—1 tn) Ath Uth-1- 


Continuing in this way, we derive 


D,D2v(x) 


X3 Xn 
<|/ ff (F(1, 2, 355°" 6th) + 81, X2, t3,°°* tn) ty ++ dts 
v(x) x3 x0 


(5.4.147) 
Thus from (5.4.147) it follows 


p; (PU) « he af f(1,%2, 03,° “+ stn) $81, 22603.°°+ stn) dns dts, 
(5.4.148) 


Integrating both sides of (5.4.148) with respect to the component x2 of x from x 
to x2, we have 


Divx) _ [2 f* 
< fof (Feria stm) + lista, tn) dines dia. 
* Xn 


u(x) 
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Integrating both sides of the above inequality with respect to the component x, of x 
from x! to x1, we conclude 


ee 1 : (7 + 8) at, 


V(X, x2, 00 Xn) J x0 
which implies 
via) sexp( [io + stopar), 


Hence 
D, +++ Dyu(x) < f(x)u(x) < f(x) exp (/, (fO + gM) ar) : 


Integrating first with respect to the component x, of x from x? to x, then with respect 
to the component x,,_; of x from a4 to x,-1, and continuing in this way and finally 
integrating with respect to the component x, of x from x to x;, we finally obtain 


us) <1+ [roves [ro + evar), 
Noting that 


w(x)/n(x) = p(x) S u(x), 


we conclude 


nozae i / “fls)exp ( i; (f+ e(o) dt) a| . 


which completes the proof. Oo 


Remark 5.4.8 The integral inequality obtained in Theorem 5.4.24 is a generaliza- 
tion of Gronwall and Bellman’s inequality [75], and Pachpatte’s inequality [454], to 
several variables. 


The following result is due to Shih and Yeh [588], which generalizes Theo- 
rem 5.4.24. 


Theorem 5.4.25 (Shih-Yeh [588]) Let w(x), f(x) and g(x) be real-valued, non- 
negative and continuous functions on S, and n(x) be a positive, non-decreasing 
continuous function on S. Suppose that the inequality holds for all x in S with x > x° 


, 


Ss 


w(x) < n(x) + [formes + [it (/. e(ow(at) ds. (5.4.149) 
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Then for all x in S with x = x9, 


w(x) < n(x) I+ , f(s) exp (/. (f(@) + s(t) a| i 


Proof Since n(x) is positive and non-decreasing, it follows from (5.4.149), 
w(x 
wm <1+ fro” 


a Sas+ [09 (/ (0 Oar) as (5.4.150) 


Setting w(x) /n(x) = p(x), we arrive at 


D(x) < 1+ ff flopoas + f(s) Gs s(opl0dt as . (6.4.151) 


Let 
uy = 1+ f “fls)pts)ds-+ | “f0) ( [ * e(optodt) ds 
Then 
p@) =u); u@) = 1 on 4p 4 pe = 1,22 50, (5.4.152) 
and 
Dy +++ Dyula) =f) (peo + / » e()ptodt) , (5.4.153) 


It follows from (5.4.152) and (5.4.153) that 
Dy +++ Dyu(x) < f(x) (we + / * e(udr) : 
Let 
vi) =u) + i : e(tu(d)dt. 


Then 


ae: (5.4.154) 


v(x) = u(x) on xj = x9, i= 1,-++ , 0, 


606 5 Linear Multi-Dimensional Continuous Integral Inequalities 
and 
D,-++Dyv(x) = Dy +++ Dux) + g(x)u(a). 
Hence 
D,-+-Dnv(x) = (fF) + 8@))v@), 
which implies 


v(x)D, ---Dyv(x) 


FG) S f(x) + 8Q). 
Thus 
v(x)D -- -Dyv(x) < f(x) ae g(x) 4. (Dy, v(x))(D1 a -Dy—-10(a)) : 
v7 (x) v(x) 
1.€., 
D, (Aer) Site: (5.4.155) 
u(x) 


Integrating both sides of (5.4.155) with respect to the component x, of x from x? to 
Xn, we get 


D,++-D,— *n 
Di ese) / (fe. Xn tn) + 8+" acts In) dn 


v(x) ~ Jo 
Therefore 
Dy 2 Dy Xn 
an < [ (fl. »Xn—1, tn) + g(x1,-°° sn-tstn)) dy 
(Dy—10(x))(Di oa -Dy—20(x)) 
v?(x) 
1.e., 
Dy-1 (Aa) < is (fe, ses ,Xn-1, tn) + g(xX1,°°° >Xn-1; tn) ) dn 
v(x) 0 


n 


(5.4.156) 
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Integrating both sides of (5.4.156) with respect to the component x,—; of x from 


5a to X,—-1, we obtain 


Di-+:D _2u(x) Xn—-1 (7'%Xn 
———— < (fer ott 5 Xy—2,tn-1, tn) + g(x oP? * pAn—2 fn—2s tn)) dtydlty— . 
v(x) xo, dx 


Continuing in this way, we deduce 


D,D20v(x) 
v(x) 


x3 Xn 
<|/ ff (faim stn) + 9(X1,42,6,°°° stn) dtd. 
xg x0 
(5.4.157) 


From (5.4.157) it follows that 
Div(x %3 %n 
D, (A) = / f (fra. t.0 stn) + 8(%1,%2, f3, °° stn) dt +d. 
v(x) 4g 0 
(5.4.158) 


Integrating both sides of (5.4.158) with respect to the component x2 of x from x9 to 
xX, We arrive at 


Dy, v(t) 
v(x) 


x2 Xn 
=f} ff (F081. f2.0+ tn) + BGs. stn))dtn dt 
x9 Xn 


Integrating both sides of the above inequality with respect to the component x, of x 
from x} to x), we derive 


log yO — < fr + syd, 


v(xP, x2, Xn) 
which implies 
via) sexp( fro + ear). 


Hence 
Dy -+-Dyula) < fv) <f() exp ( [vo+ «(o)at) 


Integrating first with respect to the component x, of x from x? to x, then with respect 


to the component x,_; of x from Ks to X,-1, and continuing in this way and finally 
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integrating with respect to the component x, of x from a to x1, we finally arrive at 


ui) <1 + [ soyerp( [r+ sta). 
Since 


w(x)/n(x) = p(x) S u(x), 


we conclude 


ine ‘! m / “exp ( / ‘Uo + e(o)dt) a| . 


which completes the proof. O 


Remark 5.4.9 The integral inequality obtained in Theorem 5.4.25 is a generaliza- 
tion of Gronwall-Bellman’s inequality [75], and Pachpatte’s inequality [181] to 
several variables. 


Now let J = [0, 2) with 0 < h < +00, and C(N, M) be the class of all real-valued 
continuous functions defined on the set NV and with range in the set M, and we set 
S = C(, R+), and for the convenience of the statement, we contract that all of the 
empty sums and empty produces are equal to zero and one, respectively, such as 


0 0 
SF =0, (leet. 
i=1 i=0 


The next result is due to Yang [657]. 


Theorem 5.4.26 (Yang [657]) Let x(t) and p(t) belong to S with p(t) positive and 
non-decreasing on I. Let f;(t,s) € C(I x I, R+) be non-decreasing in t when s € I 
fixed. Suppose that the inequality holds for allt € I, 


t ty t—-1 
x) < p(t) + [ filt.ty) [ ee i; Fally-tstn)x(ta)dty--+dty. — (5.4.159) 
Then for all t € I, 


x(t) < p(t)U(1), (5.4.160) 
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where U(t) = V,,(t, t) and V,,(T, t) is defined successively by 


tn 
Vi (T, t) = exp / rice s)ds]}, 
ie (5.4.161) 
Vita SE colis fis Ve-i(T 5) 
’ = Fr- ’ n— OS 
‘ ie yet atts) 
where T andt € I,k = 2,3,--- ,nand 
alae 
F(T, t) = exp / > f(0.8) — fT, 8) | ds |, i= 1,2,--.n— 1. (.4.162) 
0 


j=l 


Proof Obviously, we have U(0) = V,(0,0) = 1 follows from (5.4.161) 
and (5.4.162), and hence the estimate in (5.4.160) trivially holds when t = 0. 
We define the following non-negative functionals on S by 


ne.) = Aled [fisrtesa) [ fesatestisad-—- [ flestadote) 
Xdtydtp—\ +++ dte41, k=1,2,---,n-1 
and 
In(c, Oy) = frlc, Dy), (5.4.163) 
here y = y(t) € S,c is a constant and t € J. 


We note that here J;(c, t)(y),i = 1,2,--- ,m, are monotonic and non-decreasing 
in y € S, that is, if y;, y2 € S and y,(f) < yo(t) on J, then forall ¢ € J, 


Ji(e, N01) < Jilc, 02). 


Now, fixing an arbitrary value T from (0, /), then we derive from (5.4.159), for all 
t € (0, T], 


x(t) < p(T) + ; IT .t)@dh. 
0 
If we set 
m;(t) = P(T) + i, S(T, t1)(x)dty, 
0 


(5.4.164) 
m,(t) = m1 (t) +f IAT, ty) (mp1) dt, k=2,3,---,n, 
0 
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then we have the relations 


my (t) 2 My (t) ee my (t) = x(t), te [0, Z|; (5.4.165) 
my(0) = My—1(0) = +++ = m(0) = p(T) > 0. (5.4.166) 


We notice that the following differential inequalities for m;(t) hold: 


i-1 


m,(t) + f(T, t)m(t) < a, tm, (t) + f(T, dmi4i(), t € [0,T],i = 1,2,--- ,n—-1, 
j=l 


(5.4.167) 


which can be proved it by induction. First, using (5.4.165) and in view of the 
monotonicity of J;,(T, f)(y), we obtain from the first equality in (5.4.164) that for 
all t € [0, T], 


mi (t) < A(T. 1)(m), 


and adding fi(T, t)m(t) to both sides of the above inequality, by (5.4.164), we 
derive for all t € [0, T], 


mt) +A(T. dm (t) < fi(T, mi (t) + A(T, 1) (m1) 
=fi(T, 0) [mio of / Jn(T, (ma 
0 
=f\ (T, t)m (t). 


The above inequality indicates that (5.4.167) holds when i = 1. Now we 
suppose (5.4.167) holds for i = k, where 1 < k < n—2. Then by differentiating, 
we obtain from (5.4.164) for all ¢ € [0, 7], 


m1 (t) = mi, + Seti (T, (mg). 


Noting that (5.4.167) holds for i = k, f(T, img (t) = 0, and using (5.4.165), we 
obtain for all t € [0, T], 


k-1 
my (0) < YF(T, tinct) + fil. tmp.) + Jes (T, (mg) 


j= 
k 


<) G(T. Om 410 + Jeti (7, Om +1), 
= 


since J;41(T, t)(y) is non-decreasing in y € S. 
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Adding fp+1(t,)m+1(f) to both sides of the above inequality, we finally 
conclude for all t € [0, T], 


m4 s(t) + ft it Dmg (1) 
k 
< VAT. Dm + fer (L Ome) + Jeri(L )(mes1) 


j=l 


k 
= A(T. Ome 0 + fer i(l, mead), 


j=l 


which proves (5.4.167). 

We now apply the relations (5.4.164) and (5.4.167) to derive the bounds on m;(f), 
here i = 1,2,--- ,n. We shall prove that the following estimates are true, for all 
t € [0,7], 


My-e(t) < P(T)Via(T,), k=0,1,-+-,n—-1 (5.4.168) 


where V;+1(7,f) are given by (5.4.161). First, we consider the last equality 
in (5.4.164), 


m,(t) = my—\(t) + [ sur, tn)Mp—1(tn)dt,, for all t € [0,7], 


Differentiating the above equality and using (5.4.164) and (5.4.167), in view of 
Fn-1(T, t) and m,_, (ft) being non-negative, we obtain for all ¢ € [0, 7], 


m,(t) = m,_\(t) + fal, ttn (0) 
n—2 


< OAT. Om (T,1) + fr-(L, Dima (1) + fa(T, m1 


j=l 


< OAC. Dm,(0). 


j=l 


Dividing both sides of the above inequality by m,(t) > 0, and then integrating 
from 0 to ft, using m,(0) = p(T), we obtain that for all t € [0, 7], 


tn 


mu(d) <pTexp| f Y f(T. sds} = pCryViCr0. 


j=l 
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Here V,(T) is given by (5.4.161). Next, substituting this bound for m, (t) in (5.4.167) 
with i = n — 1, we get for all t € [0, 7], 


n—2 


m1) + | fe-(T.) — Yo f(T.) | m0 <fr-1(T, Dp)Vi(T, 1). 


j=l 


Multiplying first by exp ( to n-1(T, 8) — oe ji di thi (T, s)|ds) both sides of the above 


inequality, and then integrating from 0 to f and using (5.4.166), we derive for all 
t € [0, T], 


My—1(t) < p(T) Fn—1(T, ays fh. i(T, s) a asl 


= p(T)V2(T, t), (5.4.169) 


where F,,_;(T, t) and V2(T, f) are defined by (5.4.161) and (5.4.162), respectively. 
Suppose that the inequality (5.4.168) is proved for 1 < k < n-— 2, then 
from (5.4.167), we derive 


n—k—2 


mp» AO + | frail.) — D2 GT.00 | m1) 


j=l 


S fri (T, Op) Visi (7, 1). 


Multiplying by exp Cs Ci) oa wee P* AUT, s)|ds) both sides of the 


above inequality and integrating from 0 to ¢, and using (5.4.166), we obtain for all 
te [0,7], 


Vit (T, 8) as 


My—K-1(t) S P(T)Fn—-«-1(T, 1) [i+ [is ri, DF —r-1(T, s) 


= P(T)Vi42(T, 0), 
where F,,-,—1(T, t) and V;.42(T, t) are given by (5.4.161) and (5.4.162), respectively. 
Hence the inequality (5.4.168) follows immediately. Finally, we see from (5.4.165) 
that for all ¢ € [0, 7], 
x(t) < m(t) < p(T)V,(T, 2). 


Letting t = T in the above inequality and in view of U(t) = V,(t,1), we finally 
obtain 


X(T) < p(T)U(T) 


5.4 Linear Multi-Dimensional Continuous Integral Inequalities 613 


since T € (0, h) is arbitrary, thus the proof is complete. Oo 


Corollary 5.4.10 (Yang [657]) The case whenn = | in Theorem 5.4.26 is a simple 
but useful generalization of an integral inequality due to Bellman and Cooke [75]. 


Corollary 5.4.11 (Yang [657]) Suppose the following integral inequality holds for 
allt eT, 


x(t) <p + f fil nf Pe aaaidk 


where x(t), p(t) and fi(t,s), (i = 1,2), are the same as defined in Theorem 5.4.27. 
Then for allt € I, 


x(t) < p(t) exp (- | fit, 9) 


: ! + [Aes jexp [ehe.r) +466. ada| as . 


We shall give some further extensions of Theorem 5.4.26 which are also due 
to Yang [657]. To simplify the statement, in the sequel, we shall introduce several 
linear integral operators defined on class S. 

We first define the operators /;(1)(y) by 


T(t) = f tater) [ fateistd [Siltets tdi, 


where y € S,t Ee J,i= 1,2,--+ ,m. 


Theorem 5.4.27 (Yang [657]) Let the functions x(t) and p(t) be the same as 
defined in Theorem 5.4.26, and let fy(t,s) € CU x I,R4+),i = 1,2,-++,mj = 
1,2,--- ,n, be non-decreasing int for s € I fixed. Suppose that the inequality holds 
forallt € TI, 


m 


x(t) < p(t) + D> Li(t)(x). (5.4.170) 


i=1 


Then for allt € I, 


x(t) < p(t) | | wi. (5.4.171) 


i=0 
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where W(t) = Vin(t,t) and Vin(q, t), Von(q,t),-++ » Vnn(q, t) are defined succes- 
sively by 


ron 


vata. =exp{ [ Ysi(a.s)ds 
0 


{=1 


: Vie-1(q,5 
Vig. 0) = Gin—e+1 (9, 1) + i Sin—k+1(4; pee as] ; 
0 Gin-K+1(q, 5) 


(5.4.172) 


where 


i-l 
gi(q.t) = (1 Wi) fata 1), giy(q.t) = fgg. 0).j = 2,°++ mn, i= 1,2,+-+,m, 


k=1 
and 
+ | kl 
Gie(q,t) = exp (/ pa nie | k= 1,2,00+ a1, b= 12,00 m. 
(5.4.173) 
Proof Obviously, we may rewrite the inequality (5.4.170) as 
xt) < pi) +h), forallte€/, (5.4.174) 


where 
pit) =p) + 0 4). 
i=2 


It is easy to verify that the operators /;(t)(x) are non-negative, continuous and non- 
decreasing in f, and thus the function p(t) satisfies the same conditions on p(t). 
Now an application of Theorem 5.4.26 to (5.4.174) yields for all ¢ € J, 


x(t) < pi(t)Wi (0), (5.4.175) 


where W,(t) = Vin(qg,t) and Vi,(q, t) is given by (5.4.172) with i = 1. The above 
inequality can be rewritten as for all ¢ € J, 


x(t) < pot) + FQ), (5.4.176) 
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where 


i=3 


EO) = WhO), p2(t) = Wild) in + YHi009) . 


Clearly, here 7} (t) is the same type of integral functional as I(¢)(x) except the 
function fo: (¢, s) is now replaced by W; (t)fr1 (t, s). Applying Theorem 5.4.26 to the 
above inequality (5.4.176) again, we then conclude for all t € J, 


x(t) < x + wa) Wi ()Wa(0), 


i=3 


where W2(t) = V2n(t, t) and V2,(q, t) is given by (5.4.172) with i = 2. Continuing 
in this way and combining an inductional argument, we can easily prove the 
estimate (5.4.171). Since this argument is obvious, we omit the details. Oo 


We note that there is an interesting result, which can be seen as an extension 
to n-times integral case of an inequality of Willett [647], that can be derived from 
Theorem 5.4.27 by setting f(‘) = 1 and fi, (t,s) = f(t, s), here i = 1,2,--- ,mand 
J=1,2,-++,n—-1. 

Next, we define the integral operators J‘? (t)(y) on S by 


yo a 
MH) = [HP O.0) [aed [or tdGddiy dt 


where y € S, te Jandj = 1,2,-:-,n 


Theorem 5.4.28 (Yang [657]) Let 2O and p(t) belong to class S with p(t) positive 
and non-decreasing on I, and tet (t, s)e€ an x I, R+), be non-decreasing in t 
fors € I fixed, herek = 1,2,-++ ,jandj = 1,2,--+ ,n. Suppose that the inequality 
forallte€ TI, 


x(t) < p(t) + Y\ 19 (a), holds. (5.4.177) 


i=l 


Then for allt € I, 


m 


x(t) < pO [U%@. (5.4.178) 


j=l 
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where UY (t) = Ve t) and the functions vq, t), VV (¢.0,VP G0. 
ve (q,t),---, ve? (q, t) are defined successively by 


V.? (q.t) = exp ( [ Sy hy (4. vas) 


k=1 


(i) 
Vii. 8) 
Wa, t) Se i t) [ +f he. 41 (4.8) a ‘} k=2,3,--: wh 
Ai; et (@ 5) 


(5.4.179) 


and 


prot 
HY (4,1) = exp(// [Dn (a. 8) — hy? (q, s)]ds),r = 1,2.-++ 7-1, (8.4.180) 
0 41 


hy (q.t) = q VM? G0). AP @.0 =f Gt.k= 2.30.7 (6.4.181) 
k=1 


Proof This result is a special case of Theorem 5.4.29 below. If we seti = 1 and 
r; = 1, here j = 1,2,-+- ,n, then the desired bound for x(t) in (5.4. 178) { follows 


immediately. O 


The following corollaries are sometimes convenient for application. 


Corollary 5.4.12 (Yang [657]) Suppose that the inequality holds for allt € I, 
t 1 t 2 S 2 
x(t) < p(t) + / ri it, s)x(s)ds + / ff Y(t, »| Px (s, u)x(u)duds 
0 0 0 


where x(t), p(t) and f(t, S) are the same as in Theorem 5.4.28. Then for allt € 1, 
x(t) < pQUO HUG, 


where 


U(t) =exp ([ 1% oyx)as) : 
0 


UM (t) =V (1,1) 


=exp ( / Cts) esn¢ i (OU nan | as) -{ {1+ [Pes 
x exp Lae r)dr («x ([ - (t, u) exo | - 6, rdridu) 
0 
x(cx [ LP (t, r) exp( £°E u)du) +66 | ar) ds\. 
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Corollary 5.4.13 (Yang [664]) Let u(t), k(t), and f;(t) (i = 1, 2,3) be real-valued, 
non-negative and continuous functions defined on I := [0,h), here 0 < h < +00. 
Let further k(t) be non-decreasing on I. If the linear integral inequality holds, for 
allt € I, 


u(t) < k(t) + [a (s)u(s)ds + [ 169( [ femuemam as. (5.4.182) 


then for allt € I, 


u(t) < k(t)r(\q() exp (no [ rus) , (5.4.183) 


where 


r(t) := exp (/ fi (as), 


q(t) :=1+r(0) / f(s) exp i “[2r(s)fa(m) + frlman| ds. 
0 0 
We define the linear integral operators / i ) (t)(y) on S by 


: t ho, y-1 
IP 0) = / fin) i fr? (tista) I fy G1 YG)ay dt, 
0 0 0 


where y belongs to S,j = 1,2,---,n andi = 1,2,---,7;, here rj => 0 are some 
integers. 

Theorem 5.4.29 (Yang [657]) Let the functions x(t) and p(t) belong to the class 
S, and P(x) is positive and non-decreasing on the interval I. Let the functions 
OG. s) € CU x I,R4) and be non-decreasing in t for s € I fixed, here j = 
1,2,---,n,k = 1,2,---,jandi = 1,2,--- ,r;. Suppose that the inequality holds 

forallt €1, 


n tj 


x(t) < p(t) + \> C1 (HQ). (5.4.184) 
j=l i=l 
Then for allt € I, 


x() < p()| | (11 wy? 0) (5.4.185) 


j=l \i=1 
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where wi? (t) = ve (t,t) and the functions vio (q, 4), vi (q,t),-°- a (q, t) are 
defined successively by 


ve (q, t) = exp (ee: 28k (q, a ; 


( ) Vit @.s) 
va, N= Gi ee @ i) 1+ fs el ce (@s pe as »k=2,3,0--,j, 
G; et (45) 


(5.4.186) 
in which 
+fPaA-l 
cian =o0( | Lalas - si (a. oa ‘J. =1,2,-+,f—, 
0 r=1 
(5.4.187) 
and 
(i) nl (k) I] (j) H( 
j j j 
81 (@, =| W; oT Weir (4.9), 
k=1k=1 (5.4.188) 


8 (gd =fOGd k= 2.3. EH L2G 


Proof According to the structure of the estimate (5.4.163) and in view of the 
contract we made before, without loss of the generality, we may assume here 
rj > 1,j = 1,2,--+ ,n. We may rewrite the inequality (5.4.184) as for all ¢ € J, 


x(t) < pi) + D1 (OQ), (5.4.189) 
i=1 
where 
pit) = p(t) + ¥2 21 OO. 
j=2 i=1 


Clearly, under the conditions of this theorem, the function pi(f) belongs to S 
and it is positive and non-decreasing on 7. Hence we can apply Theorem 5.4.27 to 
inequality (5.4.189) to obtain for all t € J, 


x(t) < pil) Il Wi), 


i=1 
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1.e., for all t € J, 


x(t) <p) + >> (11 a) 1 (x), (5.4.190) 


i=1 \iH=1 


where 


n Tj 


p2(t) = (11 a) p+ YS IH) 
i=1 


j=3 i=l 


and W(t) = VOU, 1), i = 1,2,+++ m1, are given by (5.4.186) and (5.4.188) with 
j=l. 

Here ([[jL, Ww? (nye ) (t)(x) is the same type of linear integral operator 
as the operator 1 (A(x) except the function ee s) is now replaced by 
(jz Ww? yf? (t,s). Thus, we may apply Theorem 5.4.27 once again to the 
inequality (5.4.190) to reach 


x(t) <p T[ Wro (5.4.191) 


i=1 


= (11 we) (11 0) iG 4 ES Wan , for all tel 


i=1 i=1 j=3 i=1 


where w (2) = VOU t), and V9.0, V9 (q.0) are defined by (5.4.187)- 
(5.4.188) with j = 2,i= 1,2,--+ ,%. 
Now, we rewrite the inequality (5.4.191) as for all ¢ € J, 


x) < pal) + LPH, 


i=1 


and proceeding in this way, then after n-times application of Theorem 5.4.26 we can 
obtain the desired estimate (5.4.185). Since the inductional argument is very easy, 
we leave it to the reader. O 


Remark 5.4.10 If the function p(t) in (5.4.184) belongs to the class S, but is not 
non-decreasing on J, then we can replace it by the function P(t) = max{p(s)|0 < 
s<t; t © J}, and then use Theorem 5.4.29 to obtain the desired bound for x(t). 
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Now if we write for x € R”, x, = (x1,°°+ xj) and X} = (aj, Xj41.°°+ » Xn) for 
j € {2,-++ ,n— 1}. For any functions F : RY. > R; andG: R4 x R4, > Ry, we 
define 


F(x) := sup{F(y) :0<y <xx,y € R4}, 
(5.4.192) 
G(x, 8) = sup{G(y,s):0<y<xx,y € RY}. 


Clearly, the above functions F (x) and G(x, S) are non-decreasing with respect to x. 
Let us consider the following integral inequality 


N x 
u(x) < f(x) + Y > (Ti) (x) + 9(x)G | h(x, sus) , (5.4.193) 


i=1 


where x € IR" and the integral operators T; are defined by 


(Tu)(x) = [ ie es [ i885) is Bese) 


[ kji(s;-1, 8;)u(s;)ds;ds;_ ---dsy, (5.4.194) 
0 


where uf, g : Ri — Ry andh,ky : RE x RL > Re SG = 1s NSS) 
are continuous functions; and G,Q : Ry — Ry, are differentiable functions which 
verify some other assumptions. 

To deal with (5.4.193), we shall use the following classes of functions. 


Definition 5.4.1 A function w : R~ — R¥ is said to belong to the function class 
A(g) if 


(i) w is non-decreasing and continuous on R+ and positive on (0, +00); 
(ii) there exists a function g : R4 — Ry such that for all u,v > 0, 
w(uv) < g(u)w(v). (5.4.195) 
It is known from [161] that any sub-multiplicative function w on Ry satisfying 
above condition (i) must belong to class H(g). 
Definition 5.4.2 A function w : Ri — R4 is said to belong to class F(p) if 


(i) w is non-decreasing and continuous on R+; 
(ii) there exists a function p : Ry — Ry, such that for all u > 0, v > 0, 


yey Sew (5.4.196) 
VU 10) 


We now first consider special linear cases of integral inequality (5.4.193). 
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Theorem 5.4.30 (Yang [662]) Let v,f : Ri —> R+andk: Ri x R”. — Ri be 
continuous. Suppose the following integral inequality holds for all x € R°,, 


x 


v(x) < f(x) + i Ke s)u(s)ds. (5.4.197) 


Then for all x € Ri, 
v(x) < f(x) exp ( | : R(x, a) (5.4.198) 
Proof Fixing any X > 0, X € R"_, we derive from (5.4.197), for all x € [0, X], 
v(x) +e < f(x) ++ exp ([ kex s)(v(s) + eds) 


where ¢ is an arbitrary positive number, since K(x, Ss) is non-decreasing in x. Thus it 
follows that for all x € [0, X], 


O(x,e) <J(x,e) = 1+ i “hx, s)0(s, €)ds, (5.4.199) 
0 
where 
Ce et aa (5.4.200) 
eee A. 


We obtain by differentiation that for all x € [0, X], 
DnDn—1 +++ DJ (x, €) = K(X, x)O(x, £) < K(X, x)J(x, 8), (5.4.201) 


since (5.4.199) holds, where D; = 0/0x; fori € {1,--- ,n}. 
Obviously, J(x, €) possesses the following properties: 


J(x,€) = 1, Dj-1++-DyJ(x,e) = 0, if x1 =0 for some ic {1,--- ,n}; (5.4.202) 


Dj-1++*D,J(x,€) = 0 on [0,X] where j € {2,-++ ,n}. (5.4.203) 


Using (5.4.202)-(5.4.203), we easily derive from (5.4.201) that for all x € [0, X], 


D348 Dil: 
p, | Parone 14 €) 


iea < K(X, x). 
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Keeping x,,, fixed, letting x, = s, and integrating both sides with respect to s, over 
[0, x,], we obtain for all x € [0, X], 


Dr-1 ne ‘DJ (x, é) 


< | R(X, x, 4, 5n)d5n. 
T(z.) =a ( X-1 Sa) ds 


Again using properties (5.4.202)—(5.4.203), we get from the last inequality, for 
all x € [0, X], 


Dn—2°* “Dit : Xn, 
Dr-1 ca ca = / K(X, Xy-1> Sn) dp. 
J(x, é) 0 


Keeping Xn and x, fixed, letting x,-; = s,—; and integrating both sides with respect 


to s,—1 over [0, x,—1], we have for all x € [0, X], 


Dy—o +++ DJ (x, € eee, 
Dee Oe) 2 / K(X, 22) Fr-En-, 
0 


J (x, €) ~ 
where ds,_; = ds,ds,—,. Continuing in the same way, we then arrive at for all 
x € [0, X], 
DJ (x, € 2, 
oo < / K(X, x1, 52)d59, 
I(x, &) 0 


where 52 = ds, --+ds7. Now keeping x2 fixed, letting x; = s; and integrating both 
sides with respect to s; over [0,x1], we obtain from the last inequality, for all x € 
[0, X], 


log J (51, %, e) = log J(x, 8) —log1 < 7 R(X, 5) ds, 
0 
i.e., for all x € [0, X], 


J(x, €) < exp as K(X, 9) : 
0 


Hence it follows from (5.4.199) and (5.4.200), that for allx € [0, X], 


v(ix)+ex< (F(x) +e) exp ([ kex 9) ‘ 
0 


Putting x = X in the last inequality, and letting ¢ tend to zero, then we obtain the 
bound in (5.4.198), since X € IR", is arbitrary. Oo 


Remark 5.4.11 (i) Whenn = 1, Theorem 5.4.30 reduces to the well-known integral 
inequality of Bellman (Theorem 1.1.2). (ii) When the kernel k(x,s) is directly 
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separate, the inequality (5.4.197) had been discussed by Abramovich [1], Conlan 
and Wang [142] and Beesack [55], by using the Neumann series method. (iii) In 
Yeh [668], an implicit upper bounds for the solutions of (5.4.197) was given in 
terms of Riemann functions. (iv) More precise bounds for the solutions of (5.4.197) 
when the kernel is a so-called good kernel can be found in Conlan and Wang [143]. 


The next result is a direct extension of Theorem 5.4.30. 


Theorem 5.4.31 (Yang [662]) Letv,f : Ri. > Ry andkj : RY x RY. > Ry be 
continuous, i,j = 1,2,-+- ,N with i => j. Suppose the following integral inequality 
holds for all x € Ri, 


N 
v(x) < fx) + \>Tnv) (x), (5.4.204) 


m=1 
where operators T; are defined by (5.4.194). Then for all x € Ri, 
N 


> i “Etats va (5.4.205) 
1 0 


m>= 


v(x) < f(x) exp | 
where 


An (x) _ [ Kona Ot, 51 )ds, if Kno (X, sada Kenmn—1(X, Sm—1)4Sm—1- 
0 1 


Sm—2 


Proof Since kj are continuous and non-negative, we obtain by changing the order 
of integration that for all x € R’., 


x Sl) Sm-1 ) 
(Tv) (x) = i Kini (x, 51) / km (1 , S82)dsy ts / Kinm-1 (Sm—2; Sm—1) 
0 0 0 
XdSin—1dSn—2 aii ds x j Rea (x, Sm) U(Sm)Sn 
0 
= Hy(x) [hn sv(o)ds, 
0 


which, along with (5.4.204), gives us for all x € Ri, 


N 


v(x) <f(x) + i 


Am (x) kim (x, of Uv (s)ds. 
1 


m= 


Thus applying Theorem 5.4.30 to the last inequality proves the desired inequal- 
ity (5.4.205). O 
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Remark 5.4.12 The special case of (5.4.204) when N = 2,ki1(x%,5) = 
b(x)c(s), k21(x, 5) = b(x)p(s) and ky2(x, 5s) = q(s) had been considered by Yeh 
[668] and an implicit upper bound was given there in terms of Riemann functions. 
A similar result was also proved in Thandapani and Agarwal [621]. 


Remark 5.4.13 Inequality (5.4.204) was once studied by Conlon and Wang [143, 
Theorem 3.3]. But the method of proof in [143] is different from the method used 
above. In fact, the upper bound in (5.4.205) is much simpler in its former than that 
given in (3.13) of [143]. Gii) Theorem 1 of Mamekonyan [382] is exactly the special 
case of Theorem 5.4.31 when N = 2, ki (x, 8) = b(x)K(s), ko1(x, 5) = q(x)l(s) and 
kyo (x, 8) = m(s). 


The Riemann function v(t, x) of a hyperbolic characteristic initial value problem 
was used to provide upper bounds for functions which satisfy the Gronwall-Bellman 
inequalities. The next result gives us a direct proof of the fact that v satisfies an 
inequality of the form u(t, x) < exp( t b(s)ds). 

Since then, the method has been often used (see, for example, [4, 92, 312, 605, 
636, 677]) to give us upper bounds for functions u : R” — R which satisfy integral 
inequalities of the form 


u(x) < a(x) + i b(t)u(t)dt, 


x 


where 


x Xn x1 
i dt = f ff +++ dty+++dthy. 
xo x2 a 


In fact, under approximate hypotheses, Young’s theorem [677] below (see, Theo- 
rem 5.4.32) gives us the best possible upper bound, where v(t, x) is the Riemann 
function relative to the point x for the characteristic initial value problem. 

Let Q be an open bounded set in R” and let a point (x1, ---, x,) in Q be denoted by 
x. Let x° and x (x° < x) be any two points in Q and denote by D the parallelepiped 
defined by x° < & < x (that is, x? < & <x, 1<i<n). 

In 1973, Young [677] extended Snow’s technique (see, Theorem 5.1.10) to the 
case of n independent variables, and later on Chandra and Davis [128] gave us a 
further extension to integral inequalities involving matrix functions. In [604], Snow 
noted that v(t;x) is the generalization of an exponential function exp( ihe b(r)dr) 
which appears in the corresponding bound for a one-dimensional Gronwall-Bellman 
inequality, see Theorems 1.1.1—1.1.2. 


Theorem 5.4.32 (Young [677]) Suppose $(x), a(x), and b(x) > 0 are continuous 
functions in Q. Let v(&;x) be a solution of the characteristic initial value problem 
(—1)"v¢(§; x) — b(E)v(Esx) =O in Q 


(5.4.206) 
v(&;x) = 1 on §; =x,,i= 1,-++n, 
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where ve(&;x) = v¢,..~, and let Dt be a connected sub-domain of Q containing x 
such that v > 0 forall & € Dt. If D C D* and 


(0) sats) + [be OEE. (5.4.207) 
then 
(a) sata) + face ote (saat. (5.4.208) 
Proof Set 
ue) = [oe o@as (5.4.209) 
so that 
Dy--» Dau) = bb), Di = 8/0, 12i<n. (5.4.210) 


Since b(x) > 0 in D, it follows from (5.4.207)—(5.4.209) that 


Lu = D, --- Dyu(x) — b(x) d(x) < aba), 
(5.4.211) 


u(x) = 0 on x; = x, 1l<i<n. 


Furthermore, all pure mixed derivatives of u with respect to x1, - + -Xj-1, X%j41,°° +s Xn 
up to order n — 1 vanish on x; = x, 1 <i <n. Ifwisa function which is n-times 
continuously differentiable in D, then 


wLu —uMw = Y°(-1)'Dy[(DoDi ++ Dk-1w) (Diet +++ DnDng it) (5.4.212) 
k=1 


where Mw = (—1)"D, --- D,w(x) — DQ) w(x) with Dp = D,+; = 1, _ the identity. 
Integrating (5.4.212) over D, using & as variables of integration, and notice that u 
vanishes together with all its mixed derivatives up to order n — 1 on & = Hes l< 
k <n, we then obtain 


n 


[cota umtwyag = SD [Dy Dy-vw)(Duns ++ Duta 
D k=1 Ee=Xk 
(5.4.213) 
where dé’ = dé, shia dE dE suse dé. 
Now let w be chosen as the function v satisfying (5.4.206). Since v = 1 on 
& = x, 1 < k <n, it follows that D,---Dy_,v(€, x) = Oon & = x, for2 <k <n. 
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Thus (5.4.213) becomes 
i v(&; x)Lu(&)dé = | 7 v(E;x)Dz +++ D,u(E)dé’ = u(x). (5.4.214) 


By the continuity of v and by the fact that v = 1 on € = x, there is a domain D* 
containing x on which v > 0. Hence multiplying (5.4.211) throughout by v and 
using (5.4.209) and (5.4.214), we can obtain the desired (5.4.208). Oo 


We note that the problem (5.4.206) defines precisely the so-called Riemann 
function for the operator L. The existence and regularity property of v can be 
deduced from [140] (see, e.g., [607]). Indeed (5.4.206) is equivalent to the integral 
equation 


v(é;x) = 1+ [ b(n)u(n; x)dn. (5.4.215) 


Now, the solution of (5.4.215) can be represented (see, e.g., [636]), by 


v(&;x) = 1+ f b(n)h* (n; x)dn (5.4.216) 
g 
where 
+00 
h* (x) = Sohi(E: x) (5.4.217) 
i=1 
with 
hy (&;x) = 1, missle) = | b(n)hi(n; x)dn. (5.4.218) 


From (5.4.215) and (5.4.216) it follows that u(&;x) = h*(&; x). Thus (5.4.208) can 
also be rewritten as 


oy sat) + [aoe Exak (5.4.219) 


x 


with h* defined by (5.4.217)—(5.4.218). This agrees with the result given in Walter 
[636, 637]. Oo 
In the same manner, we can readily prove the following theorem. 


Theorem 5.4.33 (Young [677]) Let xa € D C R", anda < x. Let 
u(x), a(x), b(x) => 0,q(x) = 0 be continuous functions in D. Let v(s;x) be the 
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solution of the characteristic initial value problem 


(-1)"vs(s; x) — q(s)b(s)v(s; x) = 0, in D, 
(5.4.220) 


v(s;x) = 1 On Sj = Xi; i= 1,-:: Jn, 


and let D* be a connected sub-domain of D, containing x, on which v = 0 for all 
s €D*. If [a,x] C Dt and 


u(x) < a(x) + gq) ik b(s)u(s)ds, (5.4.221) 
then 
u(x) < a(x) + q(x) a a(s)b(s)u(s; x)ds. (5.4.222) 


Using Lemma 5.4.2, we also have the following theorem due to [479]. 


Theorem 5.4.34 (Pachpatte [479]) Let x,a € D C R", anda < x. Let 
u(x), a(x), b(x), c(x), and o(x) be non-negative continuous functions in D. Let 
u(s; x) be the solution of the characteristic initial value problem 


(5.4.223) 


v(s;x) = 1 on S;= xi, t= 1,-++,n, 


| (—1)"v 5 (s; x) — [b(s) + c(s)]v(s;x) = 0, in D, 


and let D* be a connected sub-domain of D, containing x, on which v > 0 for all 


s €D*, If [a,x] C D* and 
b(s)(o(s) +f 


a 


x Ss 


u(x) < a(x) + / HOE / c(c)u(r)dr ds, (5.4.224) 


then 


x 


u(x) < a(x) + / b(s) ja + o(s) + / (a(r)e(e) + b(t)[a(t) + o(z)]) 6s var] ds. 
(5.4.225) 
Proof Obviously, inequality (5.4.225) is equivalent to the following system 


u(x) < a(x) + d(x), (5.4.226) 
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where 
P(x) = / orcer i "beet HONS. (5.4.227) 
W(x) = / * o(s)u(s)ds, (5.4.228) 


which implies 


| bx(x) < bO)[a(x) + o(—)] + L@)O@) + VO), (5.4.229) 
W(x) < a(x)c(x) + c(x) h(x). (5.4.230) 


Thus adding (5.4.229) and (5.4.230) implies 


[Dp (x) + WOr)|x < aCx)c(x) + bx) a) + a(x)] + [D@) + c@)][PG) + WO)], 
(5.4.231) 


whence, by Lemma 5.4.2, 


d(x) +(x) < i : (a(z)e(x) +b(t)[a(t) + o(z)]) v(tixjdt = R(x). (5.4.232) 
Thus it follows from (5.4.229)—(5.4.232) that 
bx(x) < b(x)[a(x) + o(~)] + DAR) 
which implies 


g(x) < - b(s)[a(s) + o(s) + R(s)]ds. (5.4.233) 


Hence (5.4.225) follows from (5.4.226)—(5.4.233). Oo 


The next result, due to Beesack [54], gives us a direct proof of the fact that, when 
b(t) = 0, the Riemann function v(t, x) is actually bounded above by an exponential 
function. This implies, for example, that if also a => 0 in (5.4.207), then a more 
explicit (if cruder) upper bound for u can be given, namely, 


u(x) < a(x) + i aon ( i . bir)ar) dt. (5.4.234) 


Such as result, (5.4.234) had obtained by Beesack [55] for a more general inequality 
than 


u(x) < a(x) + [ veuoyas 


x0 
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but in a context not involving the Riemann function. Moreover, inequality (5.4.235) 
below appears in the middle of a proof [128], of matrix version of an extension 
of (5.4.234). In view of the fact that in most cases where Riemann’s method is 
employed us, only an upper bound on u is required (or obtained), it seems to be 
worthwhile to give a direct proof of the inequality 


u(t; x) < exp ([ biriar) ; (5.4.235) 


We state the result in the form with x° = 0 and x > 0. 


Theorem 5.4.35 (Beesack [54]) Suppose b : R” — R is continuous and non- 
negative for all x > 0, and v(t,x), 0 < t < x, is the Riemann function defined 
by (5.4.206). Then (5.4.235) holds for all0 <t <x 


Proof From (5.4.215) (see also, [605, 677]), u(t;x) is the solution of the integral 
equation 


v(x) = 14+ a b(s)u(s, x)ds, (5.4.236) 


which also follows either by integration of (5.4.206) or by differentiation 
of (5.4.236). Moreover, v(t; x) has the Riemann series representation 


+00 


v(t,x) =) u(t), (5.4.237) 


k=0 


where uo(t, x) = 1 and, for all k > 1, 


(3) =f bdmt.aidy se ffm [1] toad. 


he k=] 


(5.4.238) 


(see also, [677] and Walter [636]). To estimate the above integral, we use the 
technique of Fink [216], as used also by Beesack in [55]. Set 7 = (t),--- ,t) € R™, 
let o denote the set of all k! permutations of (1,2,--- ,k), p € o, and 

| S={fishsbs- She h exh 


S222 2b Se Sb, Se St 
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Because of the symmetry of the integrand B(t) = item b(t;), it follows that 


ed a a i; BQ@)di/k!. 


peo F 
If p, q are different permutations in o, then A = S$,  S, has nk-dimensional 
Lebesgue measure 0 since A is a subset of some hyperplane ¢; = ¢; of dimension 


n(k — 1). In addition, we clearly have 


C=|(JS) C [nay = [nx] x +++ x [ta 


peo 


Note the forn > 1, “ C” cannot be replaced by “ =” because “ <” is only a partial 
order in R”. It now follows that for all 0 < t < x, 


pa x k 
ug(t, x) = | soa < | -f | [ o@ddte-+-dti/d, 
Cc t t j=] 
or 
x k 
u(t, x) < (/ bio\ds) /k! forall O<t<x,k=0,1,---. (5.4.239) 
t 


Thus the conclusion (5.4.235) now follows from (5.4.237) and (5.4.239). Oo 


More generally, even if b changes sign, it is clear from the above analysis that for 
alO<t<x, 


lv(t,x)| < exp ( / . las) (5.4.240) 


which extends the range of applicability of the Riemann method in dealing with 
integral inequalities (5.4.207). 


Remark 5.4.14 As stated in (5.4.235), forn = 1, we have v(t; x) = exp UP b(s)ds); 
but for n > 2, such an analytic representation is impossible, i.e., it holds that 
v(t; x) < exp (f/* b(s)ds). 


Next, we introduce some n-independent-variable generalizations in [587] of the 
integral inequalities of LaSalle [353], Gollwitzer [231], Langenhop [351], and 
Bondge and Pachpatte [91]. 

First, Gollwizer’s inequality [231] and Bondge and Pachpatte’s inequality [91] 
are unified and embodied in the following theorem. 


Theorem 5.4.36 (Shin-Chih [587]) Let w(x), a(x) and b(x) be real-valued, non- 
negative and continuous functions defined on R"_; let u(s) be a positive real-valued 
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continuous function defined on R'_. Suppose that the following inequality holds for 
all0 <x <5, wheres € Ri, 


u(s) = w(s) — a(s) [ vomoar, (5.4.241) 
Then forall0 <x <5, 
u(x) => w(x) exp (-a0 [ binat) F 
Proof We first discuss the case when n is even. We rewrite (5.4.241) as 
w(x) < u(s) + a(s) iB b(t)w(t)dt. (5.4.242) 


For fixed s in Ri, we define for allO <x <-s, 


r(x) = u(s) + a(s) / " b@wide. (5.4.243) 
Then 
r(x) =u(s) on xj =5;, 71=1,2,...,7 (5.4.244) 
and 
DD)... Dar(x) = a(s)b(x)w(a). (5.4.245) 
Then by (5.4.243) 


D,D2...Dyr(x) < a(s)b(x)r(x), 
which implies 


r(x)D, -++Dyr(x) Dyr(x)(D, +++ Dn—1r(x)) 
oy < a(s)b(x) + aay 


D, (7 ... Dp—1 r(x) 


) < a(s)b(x). (5.4.246) 
r(x) 
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Integrating both sides of (5.4.243) with respect to the component x, of x from x, 
to s,, we conclude 


Dy +++ Dy—11(%15°** sXn—15 Sn) D, +++ Dy-1r(x) <6) [bo a t,)dt 
= She ee SO, oS eS —_— 1°" "5 n—1>5 n The 
x, 


r(X15°+* .Xn-15 Sn) r(x) a 
Since 
Dy +++ Dy—1r(X1,°++ ,Xn—1, Sn) = 9, 
we have 
HP ats) f Blaise sancts ttn 
r(x) Xn 


which implies 


D, «++ Dy-2ar(x) 
—D,-1 pee 


) < ats) [ D(X1,°+* 5 Xn—-15ty)dty. (5.4.247) 
r(x) Ss 


Integrating both sides of (5.4.247) with respect to the component x,_; of x from 
Xn—1 tO Sp_1, We get 


D, _ -D —2r(x) Sn-1 Sn 
————_—— < a(s) ff, oe 5 Xn—2, tn—-1 > ty) Atydty—| : 
Xn 


r(x) Xn-1 


Computing in this way, we obtain 


D,D 3p 
mela) < ats) [ of b(x1,X2, t3,+++ yty)dty---dt3.  (5.4.248) 
r(x) x3 xn 
It follows from (5.4.248) that 
Dir(x) %3 Sn 
Dz | —— } < a(s) oo D(x], X2, 3,°++ ,ty)dt, +++ dt3. (5.4.249) 
r(x) X3 xo 


Integrating both sides of (5.4.249) with respect to the component x2 of x from x2 
to 52, we obtain 


Dir(x1,82,X3,°°* Xx, Dir(x M fn 
171, 82,3 n) vO <a) | f D(X, ta,++* . ty) dty +++ dto, 
r(x1, 52,3, bas Xn) r(x) x2 Xn 
whence 
Dyr(x) 


$2 Sn 
<a [ f b(x1, to, °++ , ty) dty +++ dt. 
r(x) x2 Xn 
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Integrating both sides of the above inequality with respect to the component xj 
of x from x; to s;, we get 


log — < a(s) / " b(tdt, 


which implies 


w(x) < r(x) < u(s) exp (a [ binat) 


and thus the theorem follows for 1 being even. 
Next we discuss the case when n is odd. As in the proof of the first case, we 
obtain 


D,D +--+ Dyr(x) = —a(s)b(x) w(x) 


whence 
r(x)D,---Dar(x) Dyr(x)(D, +++ Dn-i r(x) 
Gy. = —a(s)b(x) + or a 
1.€., 
D(A PO) 5 as) (0). 
r(x) 


Integrating both sides of the above inequality with respect to the component x,, 
of x from x, to s,, we obtain 


Dy-+Dy-ir(x) 
r(x) ~ 


-a() | b(x1,-°° Xn—15tn)dtn, 
which implies 


D,---D,_— 
Drs ( 1 n 2r(x) 


sat) [on Jeatide 
r(x) “ty 


Similarly to the proof of the first case, we can obtain the desired result. Oo 


As an application of Theorem 5.4.36, we now introduce the following n- 
independent-variable generalization for the lower bound on an unknown function. 


Theorem 5.4.37 (Shin-Chih [587]) Let w(s),a(s) and b(s) be as defined in The- 
orem 5.4.36; let H(r) be a positive, continuous, strictly increasing, convex, and 
sub-multiplicative for all r > 0, H(O) = 0 and lim,-++.0. H(r) = +00. Suppose 
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that g(s) and h(s) are positive functions defined on R', with g(s) + h(s) = 1 and 


u(s) > w(x) —a(s)H! ( / ; bi tv(o)at) (5.4.250) 


x 


holds for all0 < x < s, wheres € Ri. Then for all0 <x <s, 


u(s) > g(s)H~' eto (w(x)) exp (-nove (a(s)h~"(s)) y “btodt) 
(5.4.251) 


Proof In fact, we may rewrite (5.4.250) as 


w(x) < g(s)u(s)g~'(s) + h(s)a(s)h~(s)H™ ( i b()H ovat) 


x 


Since H is convex, sub-multiplicative and increasing, we get 


H(w(x)) < g(s)H(u(s)g"(s)) + h(s)H(a(s)h~'(s)) i D(t)H(w(t))dt, 


g(s)H(u(Qx)g'(s)) < H(w(a)) — A(s)H(a(s)h"(s)) i b(t)H(w(t))dt. 


Applying Theorem 5.4.36 to the above inequality, we can prove (5.4.251). 0 


We next introduce the following n-independent-variable generalization in 
[587] of the integral inequality established by Langenhop [351] and Bondge and 
Pachpatte [91]. 


Theorem 5.4.38 (Shin-Chih [587]) Let u(s),a(s) and b(s) be as defined in The- 
orem 5.4.36; let W(r) be a positive, continuous, non-decreasing function for all 
r>0, W(0) = 0 and W'(r) € C(R+, R+). Suppose that the inequality 


u(s) > u(x) — a(s) [ b(t)W(u(t))dt (5.4.252) 


holds for all 0 < x < s, where s € R'. Then for all SER, 0<x<5<58°, 


u(s) > Or! joy ~ a(s) / “Doar (5.4.253) 
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where 


" ds 


Q(r) = 7 Ws)’ 


r>1 > 0, (5.4.254) 
and Q~ is the inverse function of Q, and for all 0 < x < s, 


QO(u(x)) — a(s) i, b(t)dt € Dom(Q“'). 


Proof We only prove the case when n is even. To this end, we may rewrite (5.4.252) 
as 


u(x) < u(s) + a(s) [ b(t)W(u(t))dt. (5.4.255) 


For fixed s in Ri, we define for allO <x <s, 


r(x) = u(s) + a(s) oucos 


Then 
r(x) =u(s) onx; = 5;, i= 1,2,+-- nm: (5.4.256) 
D,D>+++Dar(x) = a(s)b(x)W(u(x)), (5.4.257) 
and 
u(x) < r(x). 


Since W is non-decreasing, (5.4.257) implies 


D,Dz+++Dyr(x) < a(s)bQ)W(r(x)), 


DD --- Dyar(x) 


Wee) < a(s)b(x). 


Thus 


W(r(x))D, --- Dar(x) D,W(r(x))D1 +++ Dn—i r(x) 
Woy = Pet Were) ; 
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D, (7 ...Dy—1r(x) 


Wr) ) < a(s)b(x). (5.4.258) 


Integrating both sides of (5.4.258) with respect to the component x, of x from x, 
to s,, we get 


Dy +++ Dir (%1,°°* .Xn—1,8n) Dy ++ Dy r(x) 
W(r(,--: »Xn—155n)) W(r(x)) 


Sn 
< ats) [ D(x1,°°° »Xn—-1s tn )dty 
Xn 


which implies 


—Dn-1 (Ae) < a(s) [ b(x1,-°- Xn—1, tn) dt. 


Similarly to the proof of Theorem 5.4.36, we obtain 


Dir, $2,%35°77 Xn) Dire) _ 
WeGiie a) ae 5) Wo) ~ < a(s ) [- f° b(x, slog, tn)dtn «++ dt 


(5.4.259) 


Thus it follows from (5.4.254) and (5.4.259) that 
S2 Sn 
— D,Q(r(x)) < a(s) / . f b(x1, t2,°+* yty)dty-++dta. — (5.4.260) 
x2 x; 


Integrating both sides of the above inequality with respect to the component xj 
of x from x, to s;, we conclude 


Oris) LOCO) SEO) i b(i)dt. 


It follows from (5.4.256) that 


~Q(r(s)) + O(r(x) < als) ‘ b(i)dt, 


Q(r(s)) => O(r(x)) — ats) [ b(t)dt. (5.4.261) 
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Therefore, from (5.4.261), (5.4.253) follows. Oo 


We now introduce n-independent-variable generalizations in [587] of the integral 
inequalities established by Pachpatte [456, 457] and Bondge and Pachpatte [91]. 


Theorem 5.4.39 (Shin-Chih [587]) Let w(s), a(s), b(s), and c(s) be real-valued 
non-negative continuous functions defined on R"., let u(s) be a positive real-valued 
continuous function defined on R",. Suppose that the inequality 


u(s) > w(s) — a(s) | [bene + ik om f cindy] ; 


(5.4.262) 


holds for all0 < x < s, wheres € Ri. Then forall0 <x <s, 


-1 


u(x) => w(x) 1 + a(s) [ b(m) exp ([ awe + c(t) an] 
: " (5.4.263) 


Proof We only prove the case that n is even. We may rewrite (5.4.262) as 


w(x) < u(s) + a(s) if b(m)w(m)dm + [ bom [ ccna] : 
(5.4.264) 


For fixed s in Ri, we define, for allO <x <5, 


r(x) = u(s) + a(s) If b(m)w(m)dm + [von c(ro()dtan| . 


(5.4.265) 
Then 
r(x) = u(s) on x= 5S), (= 1,2,-+-,n; (5.4.266) 
and 
w(x) < r(x). 
Hence 


D,D ---Dyr(x) = a(s)b(x) 6) + [ coomenat 


x 


< a(s)b(x) [roo + [ coroa . (5.4.267) 
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Define 
v(x) = r(x) + i c(t)r(t)dt. 
Then 
v(x) = r(x) = r(s), on x = 5;,,1=1,2,--- ,n; (5.4.268) 
and 


D,--+Dyv(x) = D,-++Dyar(x) + c(x)r(x) 
< [a(s)b(@) + c(x)] va). 


Similarly to that in the proof of Theorem 5.4.36, we obtain 


v(x) < u(s) exp / ; (a(s)b@) ea c(t)) at 


which, inserted into (5.4.267), yields 


D,-++Dyr(x) < a(s)b(x)u(x) exp ([ caine + c()dt) ; 


Integrating both sides of the above inequality with respect to the component x,, 
of x from x, to s,, we get 


D, Dr -ir(ae »Xn—1, Sn) —D, ...Dy—17(x) 


< a(syu(s) f Ce 


cee ( / er / “ / " als)b() + c(o)dr) dit. 


Integrating both sides of the above inequality with respect to the component x,_| 
of x from x,,_; to s,—;, we obtain 


—D, ie -Dy-2r(X1, ee Xn—2s Sn—1sXn) PF D, ae -Dy—21(X) 


Sn-1 


< a(syus) i: a eee 


Xn—-1 n 


Ss] Sn—2 Sn-1 Sn 
x exp (/ f / / (a(s)b(t) + c()dt) dmy,dmy-. 
x1 Xn—2 Mn—1 Mn 
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Computing in this way, we obtain 
Dyr(x1,82,%3,°** ,Xn) — Dir(x) < a(syuts) | ef b(x1,1m2,°*+ , Mp) 
x2 Xn 


X exp (/ i ee ie (a(s)b(t) + c()dt) dmy,,+++ dm. 


™n 


Integrating both sides of the above inequality with respect to the component xj 
of x from x; to s;, we conclude 


r(x) < u(s) [ + a(s) [ b(m) exp ([ caw + c(t) an| ; (5.4.269) 


which, together with (5.4.264) and (5.4.269), gives (5.4.263). Oo 


Next, we apply Theorem 5.4.39 to establish the following n-independent-variable 
generalization in [587] of the integral inequality established by Pachpatte [456] and 
Bondge and Pachpatte [91]. 


Theorem 5.4.40 (Shin-Chih [587]) Let w(x), a(s), b(s), c(s), and u(x) be as 
defined in Theorem 5.4.39; let H(r), g(s), and h(s) be as defined in Theorem 5.4.43. 
Suppose that the inequality 


u(x) => w(x) — aya[ [ b(m)H(w(m))dm 


+ / " b(m) ( / “clHOv(o)dr) dm| (5.4.270) 
holds for all 0 < x < s, where s € R".. Then for all0 <x <5, 
u(s) = a(s)A~!(¢ A Gw(x)) [1 + h(s)H(a(s)h~'(s)) [v0 
x exp [ "h(s)H(a(s\h-"(s))b(0) + c(|didm]) (5.4.271) 
Proof We may rewrite (5.4.270) as 


w(x) < g(s)u(s)g~"(s) + h(s)a(s)h7"(s)H™ 


x i eon een ee / * pln) i ; c(H(w(a)dnan| 
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Since H is convex, sub-multiplicative, and strictly increasing, we obtain 


g(s)H(u(s)g~'(s)) => Hwa) — h(s)H(a(s)h"(s)) / b(m)H(w(m))dm 


which, by Theorem 5.4.39, gives us (5.4.271). Thus the proof is complete. Oo 


Next we introduce the following n-independent-variable generalization in 
[587] of the integral inequality established by Pachpatte [457] and Bondge and 
Pachpatte [91]. 


Theorem 5.4.41 (Shin-Chih [587]) Let u(s), a(s), b(s), and c(s) be as defined in 
Theorem 5.4.39; let G(r) be a positive, continuous, strictly increasing, sub-additive, 
and sub-multiplicative function for all r > 0, r € Ry and G(O) = 0; let G~! denote 
the inverse function of G. Suppose the inequality that for all0 <x <s, 


ii(s) > ul) — a(s)G~"| / peOCGonyan 


4. i: Pe. / ; c()G(u(t))d0)dm] (5.4.272) 


holds where s € Ri. Then forall0 <x <5, 


Ss S —1 
u(s) > u(x)G7! ([ + G(a(s)) / b(m) x exp ( i (b(t)G(a(s)) + c(pydt) dm| ) 


(5.4.273) 
Proof Obviously, we may rewrite (5.4.272) as 
ula) < n(s) +a(s)6"[ f bOmGCulm)ydn 
4: / on il “e()G(u(dtpdm]. (5.4.274) 
Since G is sub-additive, we derive from (5.4.274) 
G(u(x)) < Glu(s)) + tats) f/ bemGtuimyyan 
if / * bln)( / “o(®G(u())dan], (5.4.275) 


Defining r(x) by the right-hand side of (5.4.275) and following an argument 
similar to that in the proof of Theorem 5.4.39 with suitable modifications, we can 
obtain the desired bound in (5.4.273). Oo 
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The next result, due to Singare and Pachpatte [600], is the n independent variable 
generalizations of the integral inequalities of Gollwitzer [231], Langenhop [351] and 
Pachpatte [456, 457] which generalize the results of Bondge and Pachpatte [91]. 

First, we shall give some n independent variable generalizations of the integral 
inequalities of Gollwizer [231] and Langenhop [351]. To do this, we use the 
following notations. 

Let 


D(x, s) = {E ER x<E<s} CQ. 


A useful n independent variable generalization of Gollwitzer’s inequality can be 
stated in the following theorem. 


Theorem 5.4.42 (Singare-Pachpatte [600]) Let $(x),a(x),b(x) be real-valued 
non-negative continuous functions defined on QQ; let u(x) be a positive real-valued 
continuous function defined on Q, and suppose further that the inequality, for all 
x<sjx,s €Q, 


ula) = 6) ~a(s) [ “ble )b(E dé (5.4.276) 

holds. Then for all x < s;x,s € Q, 
u(s) > o(x) exp ( ~a(s) i b(e)dé). (5.4.277) 

Proof We may rewrite (5.4.276) as 

(0) = ul) +a [ oO BEAE. (5.4.278) 
For fixed s € Q, we define for all x < s, 

r(x) = u(s) +.a(s) / GnGyG (5.4.279) 
whence 

Ce, ave eee ee eee 


Then from (5.4.278)—(5.4.279) it follows 


Dinix) = ats) f oP bebo 6G), Bo ae 


(5.4.280) 
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and from (5.4.280) we derive 


D,Dor(x) = ats) [ | ey ee ay Ce eee yee 


(5.4.281) 
and in general, we get 
--Dyr(x) = (-1)*a(s) ef (x1, +++ Xk, Skt 15 +++ En) 
XeHI Xn 
XP, ++ Xe, Seti. En\dEn ++ dE 41. (5.4.282) 
Continuing in this way, we can obtain 
Dy -++Dar(x) = (—1)"a(s)b(x) (x). (5.4.283) 


Now, we consider the following two cases. 
Case I If the order n of the derivatives in (5.4.283) is even, then from (5.4.283) 
it follows 


D,-++Dar(x) = a(s)b(x)o (x) (5.4.284) 


which, in view of (5.4.278), implies 


D,---Dyr(x) < a(s)b(x)r(x) (5.4.285) 
1e., 
edhe A) < a(s)b(x). (5.4.286) 
r(x) 


From (5.4.286) we see that 
r(x)[D1.. .Dar(x)] Dyr(x)[D1.. .Dn—1r(x)] 
(x) A) 
We see from (5.4.279) that D nr) and D,...D,—,r(x) are both non-positive, which 


further implies that D,r(x)[D, -- Dit | is non-negative and hence (5.4.287) is 
true. Now (5.4.287) is sani to 


< a(s)b(x) + (5.4.287) 


D, +++ Dy r(x 
D,( 1 n—1(X) 


ae ) < a(s)b(x). 
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Now keeping x,,--- ,X,—1 fixed in the above inequality, setting x, = &, and then 
integrating with respect to &, from x, to s,, we obtain 


D,---Dy-ir(x) 
r(x) 


Again from (5.4.288), it follows 


> —a(s) / "DO ENCE, (5.4.28) 


es at) [ ee a 
Dy—1r(x)[Di a -Dr-rar(x)] 


Pa) (5.4.289) 


As before, we can also see that D,—;r(x) is non-positive and D, ---D,—2r(x) 
is non-negative, which implies that D,—r(x)[D, ---D,—2r(x)] is non-positive and 
hence (5.4.289) is true. But (5.4.289) is equivalent to 


D(a) = —a(s) [ b(x1,°°° »Xn—11 En) dEn. 


Now keeping x|,--+ ,Xn—2,Xn fixed in the above inequality, setting x,-) = &)—1 
and then integrating with respect to &,—; from x,—; to s,—1, we obtain, 


dD, Sess: Dy-21(*) 


Sn-1 Sn 
< ats) [ / b(x1,°°- »Xn—25 En—1, En) dEndE,-1. 
r(x) Xn—-1 Xn 


(5.4.290) 


Proceeding in this way, we finally conclude 


an > —a(s) [fp b(x1, 2+ ++ , En)dE_ ++ dé. (5.4.291) 


Now keeping x2,--- ,X, fixed in (5.4.291), setting x; = & and then integrating 
with respect to & from x, to 51, we derive 


r(x) < u(s) exp (a(s) / b(e)dé), (5.4.292) 
which, substituted into (5.4.278), gives us (5.4.277). 
Case IT If the order n of the derivatives in (5.4.283) is odd, then from (5.4.283) 


it follows 


D, +--+ Dyr(x) = —a(s)b(x)b (x) (5.4.293) 
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which, in view of (5.4.278), implies 


D,---Dar(x) = a(s)b(x)rQ), 


Dy +++ Dar) 


> a(s)b(x). (5.4.294) 
r(x) 


The rest of the proof for case II is the same as that for case I and the final 
inequality (5.4.292) remains unchanged since n is now odd. O 


Remark 5.4.15 In Theorem 5.4.42, if we take a(s) = M, where M > 0 is a constant, 
then (5.4.277) reduces to 


us) = oa)exp(—m | bab). 


In next Theorem 5.4.43, we introduce the following n independent variable 
generalization in [587] of the integral inequality established by Langenhop [351]. 


Theorem 5.4.43 (Singare-Pachpatte [600]) Let u(x), a(x) and b(x) be as defined 
in Theorem 5.4.42; let W(r) be a positive, continuous, monotonic non-decreasing 
function for all r > 0, W(0) = 0 and W'(r) exist and is continuous, with W'(r) = 0 
for all r = 0; and suppose further that the inequality 


u(s) = ula) — ats) f BEWUWE)IaE (5.4.295) 
is satisfied for all x < s;x,s € Q. Then, for Q) C Q, 
u(s) > Go! [Ge ~ a(s)( i b(é)dé)] (5.4.296) 
where 
" ds 
GN= | aan 720 (5.4.297) 


where ro is any fixed positive number; G~' is the inverse of function of G, and Q, is 
such that 


G(u(x)) — a(s)( / b(é)dé) € Dom (G7!) 


forallx <s,x,s€Q, CQ. 
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Proof We may rewrite (5.4.295) as 


ula) < u(s) + a(sy(f/ HO)W(ulE))a8) (5.4.28) 
For fixed s € Q, we define for x < s,x € Q, 
ros) = ls) + atc f b(E WWE), (5.4.299) 
_ 
(81 ,X2, +6 sXp) = oe = W(X], + Xn 1, Sn) = US], --, Sp). 


Then by the same argument as in the proof of Theorem 5.4.42, we obtain in general 
from (5.4.299) that 


D,. i Dyr(x) = (—1)‘a(s) oe ae l b(x1, oe Xk fet, ee £1) 
Xk-+1 Xn 
xW(ur1, dete XE; Earn E,))dén. : dep (5.4.300) 
and continuing in this way, we obtain 
D,...Dyr(x) = (—1)"a(s)b(x)W(u(x)). (5.4.301) 


We now consider the following two cases. 
Case I If the order n of the derivatives in (5.4.301) is even, then from (5.4.301) 
we have 


D,.. .Dyr(x) = a(s)bQ) W(u(x)) (5.4.302) 


which, in view of (5.4.298), implies 


D,...Dyr(x) < a(s)b(x)W(r(x)) (5.4.303) 
1.€., 
oe < a(s)bQ@). (5.4.304) 


From (5.4.304) we derive that 
W(r(®))[D1.. Dar] W'(r(x)) - Dn (7())[D1. . Dn—17@)] 
Wire = + Wr) : 
(5.4.305) 
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For, by (5.4.307) we see that D,r(x) and D,.. .D,—1 r(x) are both non-positive which 
implies that D,r(x)[D...Dn—1r(x)] is non- nepative and hence (5.4.305) is true. 
Now (5.4.305) is equivalent to 


(PEP) < a(syoe. 


W(r(a)) 


Now keeping x),...,%,—, fixed in the above inequality, setting x, = &, and then 
integrating with respect to &, from x, to s,, we have 


Dd. % Dry-1r(x) 
W(r(x)) 


Again from (5.4.306), we observe that 


> —a(s) / D(X1, . - 5 Xn—1 En) dEp- (5.4.306) 


W(r(x))[D1.. -Dn—-1r@)] - 
aaa Zz -a(s) f b(x1, se ey9Xn—15 £,)d&, 
4 MC@O)Di- (r(x))[D1.. Dr-21(x)] 
W?(r(x)) 


(5.4.307) 


For, (5.4.307) shows that D,—1r(x) is non-positive and D;...D,—2r(x) is non- 
negative, which implies that D,—)r(x)[D,...D,—2r(x)] is non-positive and hence 
(5.4.307) is true. But (5.4.307) is equivalent to 


D,...Dy—21r(x) on 
Dy-1 cea) = —a(s) [ bx, se eysXn—-l1s §,)dé,. 


Now keeping x), ..., X»—2, Xn fixed in the above inequality, setting x,-; = &,—; and 
then integrating with respect to &,_, from x, to s,-1, we have, 


D,.. .Dy—2r(x) Sn—1 [ 
Wem) = b eae n—2> &n—1> nde dEy_1. 
WO Gan 


Proceeding in this way, we finally obtain 


Dir) - 


Wer) — = ats) | [ b(x1, &..., &y)d&).. .d&. (5.4.308) 


From (5.4.305) and (5.4.306), we observe that, 


D,G(r(x)) = —a(s) / ; i " b(t, £2. .-, &))d&q...d&. — (5.4.309) 
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Now keeping x2,...,X, fixed in (5.4.309), setting x; = & and then integrating with 
respect to £, from x, to s;, we have 


G(r(x)) < G(u(x)) + a(s) / " bedé. (5.4.310) 
which implies 
G(u(s)) > Gu) — a(s) / “b(é)dé. (5.4.311) 


Then (5.4.296) follows from (5.4.311). The sub-domain Q; of Q is obvious. 
Case II If the order n is odd; (5.4.301) becomes 


D,.. .Dyr(x) = —a(s)b(x)W(u(x)) 


and the proof proceeds exactly as in case I, again leading to (5.4.311). O 


Remark 5.4.16 We note that in Theorem 5.4.43, if we take W(u) = u, 
then (5.4.296) reduces to 


u(s) = ula) exp(—a(s) f b¢€)d8) 
and if we set, W(u) = u®,0 <a@ < 1, then (5.4.296) reduces to 
u(s) = [utsy? — Bats) [eae] 


where a + B = 1. 


The next deals with the n independent variable generalization in [587] of the 
integral inequality. 


Theorem 5.4.44 (Shih-Yeh [587]) Let $(x), a(x), b(x) and c(x) be real-valued 
non-negative continuous functions defined on Q; let u(s) be a positive real-valued 
continuous function defined on Q; and suppose further that the inequality 


w= 90) —alo[ f v@vedE + [vO eGdas] 6.4312) 
is satisfied for all x < s;x,s € Q. Then 
s AY —] 
nls) = 691+ af bE) exr(f[a(s)b(6) + e(C)lasvag] 6.4313) 
x : 


forall x < s;x,s €Q. 
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Proof We may rewrite (5.4.312) as 
< + b dé + b dl)dé |. (5.4.314) 
60) <ul) +a0ol f re eeas+ | eC e@abat] 
For fixed s € Q, we define for all x < s;x € Q, 
(x) < us) +a] | v@g@ae+ [| ve [ c@aoyas] 6.4315) 
ro) su) +a(9[ f 1@@ae+ | EO eaoas| 


so 
1(81,X2,-.-,Xp) =... = W(X], -- Xn—-1, Sn) = U(S1, «5 Sn). 


Then, following the same argument as in the proof of Theorem 5.4.43, we obtain in 
general from (5.4.315) that 


Sk+1 Sn 
Dy... .Der(x) = a'[ | oy Diisicates bodies) 
Xk+1 Xn 


XP (X1, 2 Xk Eee «0s En dE. . dE 


Sk+1 Sn 
+ ef D(x, «Xk Eet1, «+s En) 
Xk+L Xn 


«(f ae C(E 1, +s Ges batts «+9 bn) 


P(E. Bee ett ee bnddbn« db i)dbn-- dei] 64.316) 


and continuing in this way, we obtain 


Dy. Dar(x) = (-1)"als)b()[ 6) + i c(é)$ Ea]. (5.4.317) 


x 


We now consider the following two cases. 
Case I If the order n of the derivatives in (5.4.317) is even, then from (5.4.317) 
and (5.4.314), we have 


Dy... .Dyr(x) < a(s)b(x)| ra) + [ c(é)r(@)dk]. (5.4.318) 
In (5.4.318) if we put 


v(x) = r(x) +f c(€)r(&)dé (5.4.319) 


x 
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Ne) 
V(51,%2,-+-,Xn) =... = VT, Xn—-1,9n) = (81, ~~, Sn) = US], ..-, Sp). 
Then we have 
Dy,...Dyv(x) = D,...Dyr(x) + c(x)r(x) (5.4.320) 


since the order of the derivative is even. Using (5.4.318) and the fact that r(x) < v(x) 
in (5.4.320), we have 


D,...Dyv(x) < [a(s)b(x) + cQ@)]v(@). 
Now repeating the argument used in the proof of Theorem 5.4.43, we obtain 


vie 2aulsex ( i ‘(a(s)b(&) + cea) | 


Now substituting this bound for v(x) into (5.4.318) and carrying out n successive 
integrations, using the fact that 


Dy... .Dgr(x1,.. 5 &e+1, ++ Xn) = 0 
for 41 = Sp41 by (5.4.318), we obtain 
ra) <u(o)[t +a) f be expC [a(syb(E) + eCG)lde)dE]. 6.4.32) 
x g 


Substituting this bound on r(x) in (5.4.314), we obtain (5.4.313). 
Case II If the order n is odd, (5.4.316) becomes 


Dy... .Dar(x) = —a(s)b(x) [r@ & i “e(@)r(@)dé (5.4.322) 


and the proof proceeds exactly as in case I, again leading to (5.4.311). Oo 


The next result deals with the n independent variable generalization in [600] of 
the integral inequality by Pachpatte [457]. 


Theorem 5.4.45 (Singare-Pachpatte [600]) Let }(x), a(x), b(x) and c(x) be real- 
valued non-negative continuous functions defined on Q; let u(s) be a positive real- 
valued continuous function defined on Q; and suppose further that the inequality 
forall x < s;x,s € Q, 


200 —aco| f v@deae+ [ ref eGagae] 64.323) 
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holds. Then for all x < s;x,s € Q, 
Ss Ss =i 
(9) 2 99[L + aCnCf bE exr( | lal) + eda]. 64.324 
Proof Obviously, we may rewrite (5.4.323) as 


$0) < us) ta] [ o@o@ae+ [oe f cQaQae]. — (5.4.325) 
x) < u(s) + als [/ i: | c | 
For fixed s € Q, we define for all x < s;x € Q, 


r(x) = u(s) + a(s b(E)P(E)dE + b(é) dl)dé |, (5.4.326) 
whence 


r(S1,X2,08* Xn) Se =, Xn 1, Sn) = U(S1, +++, Sn). 


Then, by following the same argument as in the proof of Theorem 5.4.42, it follows 
from (5.4.326) that 


Sk+1 Sn 
ioe c'[ | f BGaeos jd Beige 2) 
Xk+1 Xn 


XP(x1.0 ++ XK Sets EndEn ++ dE 


Sk+1 
of Dx ++ Xs Eta. + ++» En) 


Xk+1 


Sk+1 Sn 
x " of CE. Ee Sept. Sn 
E+ En 


Xb (ELs + Beebe Sn)dbn s+ dba )dén + dfn] (6.4:327) 
and continuing in this way, we can obtain 
Dy Darts) = (—1N"atyoeo[ oy + foes], (5.4.328) 


We now consider the following two cases. 
Case I If the order n of the derivatives in (5.4.328) is even, then we infer 
from (5.4.328) and (5.4.325), 


Dy +++Dar(x) < a(s)b()| r@) + | c(é)r(é)dé]. (5.4.329) 


x 
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If we put in (5.4.329) 
veo) = re) + fete rat. (5.4.30) 
then 
V(s1,X2,°°° Xn) Ss SS V(x,e+ »Xn—1, Sn) = r(si,0°° Sn) = u(si,°°* Sn). 


Since the order of the derivative is even, we get 
D,-++Dyv(x) = Dy +--+ Dyr(x) + c(x)r(x). (5.4.331) 
Using (5.4.329) and the fact that r(x) < v(x) in (5.4.331), we obtain 
D,---Dy,v(x) < [a(s)b(x) + cx) va). 


Now repeating the same argument as that used in the proof of Theorem 5.4.42, 
we conclude 


aus ( [cove + «(a8 


Now inserting the above bound for v(x) into (5.4.329) and carrying out n 
successive integrations, using the fact that 


D,---Dgr(%1,°°° eet tt Xn) = 0) 
for 41 = Sp41 by (5.4.327), we obtain 


ro) < uf + anf nig) exp ( I “a(o)o() + 6) ag]. 64.332) 


Substituting this bound on r(x) in (5.4.325), we can obtain (5.4.324). 
Case II If the order n is odd, then (5.4.327) becomes 


Dy +++ Dar(x) = —a(s)b(x) [re ie / : c(&)r(&)d8 | (5.4.333) 


and the proof proceeds exactly as in case I, also leading to (5.4.332). O 


Now applying Theorem 5.4.45, we can establish the following n independent 
variable generalization in [600] of the integral inequality by Pachpatte [457]. 
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Theorem 5.4.46 (Singare-Pachpatte [600]) Let }(x), a(x), b(x), c(x) and u(x) be 
as defined in Theorem 5.4.45; let H(r),a(s) and B(s) be as defined in Theo- 
rem 5.4.40, and suppose further that the inequality for all x < s;x,s € Q, 


2a) —ay'| [ ran@enas+ [ rOf OH@eatyas] 
. (5.4.334) 


holds. Then for all x < s;x,s € Q, 
u(s) = as) Gaocove + B(s)H(a(s)B-"(s)) / i) 
x Expl i [B(s)H(a(s)B~'(s) )b(S) + e(S)] asya) | (5.4.335) 
Proof In fact, we may rewrite (5.4.334) as 
(x) < a(s)u(s)a"(s) + poate“ | b(E)H($ (E))d& 
+] b H d¢)dé |. 
[ ef @nomnatyas] 
Since H is convex, sub-multiplicative and monotonic, we get 
a(s)H(u(s)a-"(3)) = HG) ~ BENMCaC)B“US) HL [HUE ACHE)aE 
et ‘b HT d¢)dé |. 
[ ve, onownaas] 


Now applying Theorem 5.4.45 yields the desired bound in (5.4.335). Oo 


Remark 5.4.17 We note that, if H(u) = wu, then Theorem 5.4.46 reduces to 
Theorem 5.4.45. 


Next we introduce the following n independent variable generalization in [600] 
of the integral inequality established by Pachpatte [456]. 


Theorem 5.4.47 (Singare-Pachpatte [600]) Let a(x), b(x) and c(x) be real-valued 
non-negative continuous functions defined on Q; let u(s) be a positive real- 
valued continuous function defined on Q. Let G(r) be positive, continuous, strictly 
increasing, sub-additive and sub-multiplicative function for all r > 0 with G(O) = 
0, and let G~' denote the inverse function of G. Suppose further that the inequality 
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forall x < s;x,s € Q, 
us) = 6) —ae"[ | HEGOWdE 
+ foe coOc@@yata (5.4.336) 
[ ve@f, @oowaas] 
holds, where $(x) is continuous and non-negative on Q2. Then for all x < s;x,s € Q, 
us) = E"[G@w)(1+ Gacy) [ 0) 
s -1 
x exp( i [G(a(s))b(£) + c(6)|ae)dé) | (5.4.337) 
é 


Proof The proof follows by the similar argument as that in the proof of The- 
orem 5.4.41 given in Pachpatte [456] and using Theorem 5.4.45 with suitable 
modifications. We omit here the details. O 


The notation used in next theorem is following. Let Q be an open bounded set 
in R” and let a point (x;,--- ,x,) in Q be denoted by x. Let x° and x (x° < x) be 
any two points in Q, let D denote the parallelepiped defined by x° < & < x, that is, 
os <§& <x;, 1<i<n.Letu,(x) = D,---D,u(x), D; = 0/0%x;. 

In next result, we shall denote the sum of all functions by f| (x) + --- + f,(x) U 
g(x) U---U g,(x) except if any g;(x) = f(x); then g;(x) is taken to be zero. 


Lemma 5.4.6 (Young [677]) Suppose a(x), and b(x) => 0 are continuous functions 
in Q. Let v(&; x) be the solution of the characteristic initial value problem (5.4.206) 
and let D* be a connected sub-domain of Q containing x such that v > 0 for all 
&€ Dt. IfD Cc D* and 


dy (x) — b(x)u(x) < a(x)b(a), 


where u vanishes together with all its mixed derivatives up to ordern—1 onx; = Ea 
i= 1,---,n, then 


10) = | aeyore ves aab. 


Theorem 5.4.48 (Agarwal [4]) Suppose that u(x), a(x), b(x), c(x), A(x), p(x), 
and q(x) are continuous and non-negative functions on Q2. Let v(s,x), and w(s, x) 
be the solutions of the characteristic initial value problems 


(—1)"v;(s, x) — [b(s) + h(s) + q(s) U c(s) U p(s)Jv(s, x) = 0, 


v(s,x) = 1 on s;=x;, i=1,---,n, 


(5.4.338) 
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and 


(—1)"ws(s, x) — [b(s) + h(s) — p(s) U c(s)]v(s, x) = 0, 


w(s,x) = 1 on s;=x;, i= 1,-++,n, 

(5.4.339) 
(—1)"es(s, x) — [b(s) — c(s)]e(s, x) = 0, 
e(s,x) = 1 on Ss;= Xj, t=1,+++,n, 


and let Dt be a connected sub-domain of Q containing x such that v = 0, w => 0 
and e > 0 for alls € Dt. IfD C D* and 


iz ae)? / Poor | * 6(s) ( | “n(outoat) as 


# 7 66) ( i “p(i) ( il “a(au(a)de) ar) ds, (5.4.340) 


then 
u(x) < a(x) + [ e(s, x) [a(s)b(s) + c(s) A w(t, s) 


x {ano + h(t) + p(t) / v(a, ta(a)[b(a) + A(o) + g(c)|de|ar\ as. 
(5.4.341) 


Proof First we note that inequality (5.4.340) is equivalent to the system 
u(x) < a(x) + [vom + c(s)uz(s)]ds, 
unta) = | “Th(sn6) + p(s)us(s)]ds, 
u3(x) = / ; g(s)ur(s)ds. 
Define 
R(x) = | ono + c(s)u2(s)]ds, 
Rats) = f ome + p(s)us(s)]ds, 


Ry(x) = / saitias. 


XO 
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then it follows that 


Rix (x) < b(x)la(x) + Ri ()] + cQ)R2(x), (5.4.342) 
Rox (x) < h(x) [a(x) + Ri@X)] + po) R3(x), (5.4.343) 
R3x(x) < q(x)[a(x) + RiQ)]. (5.4.344) 


Adding (5.4.342)-(5.4.344), we obtain 
(Ri (x) + Ro(x) + R3(x))x < a(x) (50) + h(x) + 4) 


+ (bx) + h(x) + g(x) U c(x) U p(x) (Ri) + Rola) + Ra(0)). 


Now from Lemma 5.4.6 it follows that 
Ri (x) + Ro(x) + Ra(x) < / v(s, x)a(s) (d(8) + h(s) + q(s)) ds, (5.4.345) 
x0 
whence 


Rx(x) < / “ate ta (d(8) + h(s) + q(s))ds —Ri(x)—Ro(x). —-(5.4.346) 


Adding (5.4.342) and (5.4.343) and using (5.4.343), we find 
(RG) + Ro(a))s = ate) (bla) + HC)) + ple) | v(s.xpaXs)(b(s) + 6s) + ab6))d 
(5.4.347) 
+(e) + h(x) — p(x) U c(x)) (Ri (x) + Ro(x)). (5.4.348) 


Using Lemma 5.4.6 once again, we obtain 
Ri (x) + Ro(x) 
ay Fou +13) +p) [ ve. ain + ho + a(o)at| w(s,x)ds. 
i ° (5.4.349) 


Using the estimate for Ro(x) from (5.4.349) in (5.4.342), we derive 
RisGs) S als) + be) — ce) Ri(a) +e) f [a(syO(s) +h) 


+p(s) [ u(t, s)a(t) (b(t) + A(t) + g(o)at |w(s, x)ds, 
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whence, from Lemma 5.4.6 it follows that 


Ria) sf as a(syots) + es) [ we.s)ano + hi) 


+ptt) f v(a.nalay(bla) + Wa) + ao) aa]a ds 


and now the result follows from u(x) < a(x) + Ri (a). 
Therefore from (5.4.345) and (5.4.349), it follows that 


u(x) < a(x) + [ u(s, x)a(s) (d(8) + h(s) + q(s)) ds, (5.4.350) 


x0 


ua) < ata) +f w(o.2)[a(sy0G) + H69) 


x0 


+p(s) i. Ie s)a(t)(b(t) + h(t) + q()at]ds. (5.4.351) 


oO 


Theorem 5.4.49 (Yeh [669]) Suppose that u(x), a(x), b(x), c(x) and q(x) are 
real-valued non-negative continuous functions defined on G2. Let v(s; t) and w(s; x) 
be the solutions of the characteristic initial value problems 


ye = —_— =O SIOCOLIODWEHS0, an @, 
pee on s;=Xj,i= 1,+-+,n, 
(5.4.352) 
and 
(1 wis: 2 ~ [b(s)e(s) — p(s)w(s;x) = 0, in’ Q, 
(5.4.353) 
nat on §; = xj, i= 1,-+- ,n, 


respectively, and let D* be a connected sub-domain of Q which contains x such that 
v > Oandw> Oforalls € Dt. IfD C D* and 


u(x) < a(x) + b(@) if c(s)u(s)ds + [v0 te a(duttydt) as , (5.4.354) 
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then 


u(x) sats) + bff woinlaGyeG) +6) [, aole( + a(olue:s)anas]. 


(5.4.355) 
Proof Let 
ht) = i : c(s)u(s)ds + i ; p(s) ( , : a(outdt) ds. (5.4.356) 
Then 
Dy-+-Dyh(s) = olsyuts) + plo) [gluta ae 


h(x) = 0, on faa, Sy 
Thus it follows from (5.4.354) that 
D, +++ Dyh(x) < c(x)[a(x) + b@)AQ)] 


+00) ( [ata + omoldr). 6.4358) 
Adding p(x)h(x) to both sides of the above inequality (5.4.358), we get 
D,... Dyah(x) + p@)A(x) < c(x)[a(x) + b@)hA(@)] 
+09 (10) + [anlar + toned) 
; (5.4.359) 


ka) = We + f qiolatt + bOME|dE, 


then 


k(x) = h(x) = 0, a Cat ee. 
D, +--+ Dyk(x) = Dy ---Dyh(x) + gQ)[aQx) + b@X)A(X)], 


(5.4.360) 


and 


h(x) < k(x). (5.4.361) 
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It follows from (5.4.358)—-(5.4.361) that 
Dy +++ Dnk(x) < a(x)[e(x) + q@@)] + (PQ) + b@)[e™) + a@))kKO), 
which implies 


Lik(x)] = Dy... Dnk(x) — (p@) + b@)[e@) + g@)DkQ) 


< a(x)[c(x) + q(x)]. (5.4.362) 
Furthermore, all pure mixed derivatives of k(x) with respect to x1,++* , xj-1, X41, 
+ ,X, up to order n — | vanish on xj = < fori = 1,--- ,n. If e(x) is a function 


which is 7 times continuously differentiable in D, then 
eL[k] — kLife] = )\(-1'D[(DoD1 +++ Dj-1e) (Dp +++ DnDnyik)], (5.4.363) 
j=l 
where 
Ly[e] = (—1)"Di- ++ Dne(x) — [p@) + b@)(c) + q@))le@) 


with Do = Dn; = I, the identity. Integrating (5.4.362) over D and noting that 
k(x) vanishes together with all its mixed derivatives up to order n—1 on 5; = x?, i= 
1,--+ ,m, we obtain 


[teeth — kta ledas = vet [ (Dy +++ Dj-1e)(Dj+1-**Dak)ds’, — (5.4.364) 
j=l i 


a 
where ds’ = ds, --- ds;_1dsj41 +++ d5p. 
We now choose e(x) as the function v satisfying (5.4.352). Since v(s;x) = 1 on 
sj = xj, / = 1,-+- ,n, we have 


Do-++Dj-1v(s; x) = 0, On Sj =Xj, f= 2,-++  n. 


Hence (5.4.364) can be rewritten as 
i v(s; x)L|k(s)|]ds = | v(s;x)Dz...D,k(s)ds’ = k(x). (5.4.365) 
D S1=X] 


By the continuity of v and the fact that v = 1 on s = x, there exists a domain Dt 
containing x on which v => 0. Now multiplying both sides of (5.4.362) by v and 
using (5.4.365), we get 


k(x) < i: “MOO AO Weds (5.4.36) 


x9 
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Thus it follows from (5.4.359) and (5.4.366) that 
M{h(x)| = D,... Dy h(x) — [b@&)c(x) + p(x) JA) 


< a(x)c(x) + p(x) i: a(s) (c(s) + g(s))v(s x)ds. 


Following the same argument as above, we can obtain 


h(x) < [ w(s; x) ator) + p(s) [ a(t)[c(t) + q@]v( sat ds 


Inserting this bound on h(x) into (5.4.354), we can derive (5.4.355). Oo 
A slight different version of Theorem 5.4.49 is the following theorem in [669]. 


Theorem 5.4.50 (Yeh [669]) Let a,x € R” with a < x. Suppose that 
u(x), a(x), b@&), g(x), yx) and A(x) are real-valued non-negative continuous 
functions defined on D C R". Let V(s;x) and W(s;x) be the solutions of the 
characteristic initial value problems 


AS ® — piri) +26) + 469168.) = 0 in D. 
vee on s; = xj, i= 1,--- ,n, 
(5.4.367) 
and 
(- 1)"5 as, ua a a) — b(s)y(s)W(s; x) = 0 in D, 


- OSn (5.4.368) 


es on §; = X;, (= 1,-++,n, 


respectively, and let Dt be a connected sub-domain of D, containing x, on which 
V > 0 andW = Oforalls € D*. If [a,x] C Dt and 


u(x) < a(x) + B(x) i “Oude / “Ms)(u(s) + B(s) : , o(c)ulcdeyas . 
(5.4.369) 


then 
u(x) sats) +b09[ | Worn {a)~) +26) 


4D(s)A(s) / HOOMOsOve sydthds], 
(5.4.370) 
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Proof We may rewrite (5.4.369) as 


u(x) < a(x) + b@) | f [yv(s) + A(s)]u(s)ds + / A(s)b(s) (/ a()u(e)de) as : 
(5.4371) 


Thus (5.4.370) follows from (5.4.369) with c(x) = y(x) + A(x), p(x) = A()d(x), 
and w,E replaced by W,V, respectively, since M(x) = b(@)[y(x) + A@) + 
g(x), b@)c(x) — px) = b(a)y(), and c(x) + g(x) = v(x) + AQ) + @). O 

Another slightly different version of Theorem 5.4.49 is stated in the next theorem. 


Theorem 5.4.51 (Yeh [669]) Suppose that u(x), a(x), b(x), c(x), and p(x) are 
real-valued non-negative continuous functions defined on §2. Let v(s;x) be the 
solution of the characteristic initial value problem 


AO — (665) + lvls) = 0m, 


-OSp (5.4.372) 


v(s;x) = 1 on §; =X), (= 1,-++,n, 


and let D* be a connected sub-domain of Q which contains x such that v > 0 for 
alls € D*. IfD C Dt and 


u(x) < a(x) [ b(s) (us + p(s) + i ct) ds, (5.4.373) 


then 


ut) sac) + a(n +p(s)) 


+ a (a(e() + b(t\(a(y) + p(t)) v(t; va ds. (5.4.374) 
Proof Define 
h(x) = ie b(s) Ee + p(s) + 2 ecu ds. (5.4.375) 


Then, 


hg=0. of ga=e, 1S 1,°+< 5H, (5.4.376) 
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and 
x 
D,---D,h(x) = b(x) Ee + p(x) + / c(t : 
xo 


It follows from (5.4.370) that 


Dewi =Ie lacs) + A(x) + p(x) + i: c(t)(a(t) + wiaat| 
(5.4.377) 
Let 
k(x) = h(x) + [ oan + h(t))dt. ae 
Then 
AQ=kG)=0 on xox, i= 1,-++,n, (5.4.379) 
h(x) < k(x) 
and 
Dy +++ Dyk(x) = Dy ++» Dyh(x) + c(x)(a(x) + h(x). (5.4.380) 


Thus we derive from (5.4.377)-(5.4.380) that 


Dy... Dnk(x) < b@x)[a(a) + p(x) + k@)] + e@)la@) + hQ)] 
S [D@) + cA) + ae) + bO)[a(a) + POI, 


which implies 


L{k(x)] = Dy... Dak(x) — [b(x) + ce] k(x) 
< alx)e(x) + b(~)[a(a) + pQ)]. 


Following the same argument as in the proof of Theorem 5.4.49, we have 
k(x) < / (a(s)e(s) + b(s)la(s) + p(s)))uls: x) ds 
x0 
which, together with (5.4.349), imply 


D,-+-D,h(x) < b(x)[a(x) + p(x) + i (a(s)e(s) + b(s)[a(s) + p(s) us; x)ds}. 
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Therefore, this and (5.4.376), imply 
h(x) < / b(s)[a(s) + p(s) 
+ [acer + b(t)(a(t) + p(t) }u(s; x)dt|as 


which, substituted into (5.4.372), gives us (5.4.374). Oo 


In next two theorems, we introduce some inequalities also due to Yeh [669] . 


Theorem 5.4.52 (Yeh [669]) Suppose that u(x), a(x), b(x), c(x), p(x) and q(x) 
are real-valued non-negative continuous functions defined on §2. Let v(s;x) and 
w(s; x) be the solutions of the characteristic initial value problems 


en es — [b(s) + c(s) + p(s)]v(s;x) = 0 in Q, 
O51 ++- Oy (5.4.381) 
v(s;x) =1 on Ss; = x;, i= 1,-++,n, 
and 
o” . 
iy LYE _ i +O) =0 im Q, 
Os, «++ O5n (5.4.382) 
w(s;x) = 1 on $s; =xj;,i= 1,-++,n, 


respectively, and let Dt be a connected sub-domain of Q which contains x such that 
v > 0, andw > O forall s € D*. IfD C Dt and 


x 


u(x) < a(x) + [v0)[uo + / _ e(u(dt 


x x 


a , ; c(t) ( i plon)u(m)dn) dt|as, (5.4.383) 


then 
u(x) < a(x) + / “ot {ats / ; w(t [ao + e() {als (5.4.384) 


+ i “vim: t)a(m)[b(m) + c(m) + p(m)|dm\ |arhas. (5.4.385) 


x 


Proof The proof follows the proofs of Theorems 5.4.49 and 5.4.51 with suitable 
modifications. We omit the details here. Oo 


Theorem 5.4.53 (Yeh [669]) Suppose that f(x), a(x), b(x), cx), g(x), p(x) and 


q(x) are real-valued non-negative continuous functions defined on 2. Let 


5.4 Linear Multi-Dimensional Continuous Integral Inequalities 663 


u(s;x), v(s;x) and w(s;x) be the solutions of the characteristic initial value 
problems 


(1) SHE _ fais) + c(5) + 916) + (8) + a(s)luls; x) =0 in Q, 
0s} pane OS) 
u(s;x) = 1 on s; = xj, i= 1,--- ,n, 
(5.4.386) 
dO” v(s; x) ? 
1)" ~ [B() + (5) + 86) POIs) = 0 in-_Q, 
Spree OS 
v(s;x) = 1 on §; = xj,i= 1,-+:,n, 
(5.4.387) 
and 
yr VE _ ay cw) =0 in, 
OS, +++ OSy (5.4.388) 


w(s;x) = 1 on s; = Xj, t= 1,--- ,n, 


respectively, and let Dt be a connected sub-domain of Q which contains x such that 
u>0,v >0,andw> Oforalls € Dt. IfD C D* and 


fs) < as) + [oeyions + [09 ( [ ecnpcoar) as 


+ a c(s) (/. pncf, almf(n)amydt) ds, (5.4.389) 


then 
Fea) sats) + f win {atoo) + (9) [van + 80] 
+p(t) [ u(m; t)a(m)[b(m) + g(m) + g(m)|dm)dthds. (5.4.390) 


Proof The proof follows the proofs of Theorems 5.4.49 and 5.4.51 with suitable 
modifications. We omit the details here. Oo 


The next result, due to Thandapani and Agarwal [621], extends the result of 
Young [677] to discuss the case when an inequality has repeated integrals. A unified 
result is also presented which covers several results of Pachpatte [477, 480]. 

Let Q C R” be an open bounded set and let a point (x), ---,x/,) € Q be denoted 
by x’. Let y = (91,-°- +, Yn), X = O1,°°-7%n) EC AY <x, Le, y; < x,i= 1,---,n) 
and denote by D parallelepiped defined by y < s < x. The nb * .ds indicates the n-fold 
integral - a a ds, +++ ds,, and u,(x) denotes d”u(x)/ (dx, «++ Oxy). 
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We shall assume that the functions which appear in the inequalities are real- 
valued, non-negative, continuous and defined in Q. 


Theorem 5.4.54 (Thandapani-Agarwal [621]) Let V(s, x) be the solution of char- 
acteristic initial value problem 


(-1)"V,(s,x) — ) > EM(s,b)V(s,x) =0 in Q, — (.4.391) 
i=1 


V(s,x) = 1 on s;=x;, 1<i<n, (5.4.392) 


and let D* be a connected sub-domain of Q containing x such that V > 0 for all 
s€D*t.IfDC D* and 


m 


u(x) < a(x) + b(x) S) Eww), (5.4.393) 
r=1 
where 
x x! gral 
Ew = f fae) [ fac?) | Ser") dx! +d, (5.4.394) 
y y y 
a,b, f,j : D* > R,j = 1,2,+-+,r are continuous non-negative functions. Then 
u(x) < a(x) + d(x) / beoAG a)V(s, x) ds. (5.4.395) 
Y r=l 


Proof Define 


m 


(x) = DO E(x), 
r=1 
then we have 
$x) = > E(x, u) 
r=1 
and hence from (5.4.393) it follows 


x(x) < D> ELx,a + bb) = D> E(x, a) + Y > E(x, bg). (5.4.396) 
r=1 r=1 


r=1 
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Using the non-decreasing nature of ¢(x) in (5.4.396), we get 


m m 


x(x) — > EL, b)O(@) < DO E(x), 
r=1 r=1 
where ¢ vanishes together with all its mixed derivatives up to order n — 1 on x; = 


yi, lsisn. 
Now applying Lemma 5.4.6 provides 


P(x) < / “SOEs. aVbs,x) ds. (5.4.397) 
Y r=l 


Therefore (5.4.395) now follows from (5.4.397) and u(x) < a(x) + b(x)@(%). O 


Some particular cases of Theorem 5.4.54, n = 2 and m up to 3 have been 
considered by Pachpatte [477, 481], but his results cannot be compared with 
the following results. In the next theorem, we shall introduce a particular case 
of (5.4.393); the obtained result unifies all his six theorems for the general n. 

We shall denote }“"_, b(x)f-(x) UZ, gi(x) as the sum of all functions except 
when b(x)fi(x) = g)(x) forsome 1 <k <r, 1 <1 < ry; then g;(x) is taken to be 
zero, also es gi(x) = 0. 


Theorem 5.4.55 (Thandapani-Agarwal [621]) Let V(s,x), 1 < i < m, be the 
solution of characteristic initial value problem 


m m—1 


(—1)"Vis(s,x) — = b(s)f-(s) xo) Vi(s.x) =0 inQ, 


r=1 i=1 


m—j+1 m—j 


» Ue) Vi(s.x)=0 inQ,2<j<m, 


r=1 i=1 


(—1)"Vjs(s,x) — ( 


Vj(s,x) = 1 on §; =x; 1<i<n, 1l<j<m. 


(5.4.398) 


and let D* be a connected sub-domain of Q containing x such that V; > 0, 1 
j<mforalls € D*. IfD Cc D* and (5.4.393) holds where fi(x) = f(x), 1 <i 
m; firri) = fit2i@) = +++ = fni@) = g(x), 1S i<m-—1, then 


IA IA 


u(x) < a(x) + b(@X)Pi(x), l1<j<m, (5.4.399) 


where 


m 


Pi(x) = td ace!) GWG,» adel, 
y r=1 


x m—j+1 
Pix) = 7 (0 > 18) + ath} xVia',xydx', 2S j<m. 


r=1 


(5.4.400) 
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Proof The inequality (5.4.393) with functions f;(x) is equivalent to the system 
ila) <a(s) + 610) [ “Pilon (s) + gils)ur(s)] ds, 
uj—1(x) = [hom + g-i(s)uj(s)],  35j<m, (5.4.401) 
un(s) = f "fu (s)u (8) ds. 

Define 

66s) = [Hilo () + eros) a, 
$j, (x) = ; Ha@n® + gj-1(s)uj(s)]ds, 225s m1, (5.4.402) 
i= “finls)un(s) ds. 


Then from (5.4.401) it follows that 


Pix(x) < fie)[a@) + bx) h10x)] + gi @) bo), (5.4.403) 
| Pj-1x(X) < fr-1 x) (ax) + D@)b1@)] + 8-1@MG™), 3<j<m, (5.4.404) 
Pmx < Fin(x)[a(x) + b(x)g (x)]. (5.4.405) 


We add (5.4.403)—(5.4.405) to obtain 


m m 


(> 7) < a(x) FO) +10) YFG) + Yo ar @dr4i@) 
r=1 x r=1 r=1 r=1 


whence 


m m m—1 m m 
(>: 7) - (> bof) J 7) (> 7) < a(x) ) of). 
r=1 x r=1 i=1 r 


r=1 =1 
(5.4.406) 
Using Lemma 5.4.6, we get 


Y- r(x) < Pie) (5.4.407) 


r=1 
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which yields 


m—1 


dmx) < Pi(x) — D> G(x). (5.4.408) 


r=1 
Adding (5.4.405), (5.4.406), and using (5.4.380), we obtain 


m—1 m—| 


(> 7) < a(x) 0 f-@) +b) DOF b1@) 
r=1 


r=1 r=1 


m—2 m—1 


+ D> go(x)br4i(&) + 8m—1(@)[Pi (x) — D5 o-(3)], 


r=1 r=1 


which gives us 


m—1 m—1 m—2 m—1 
(S 7) - (x b(x)fr(x) _) gilx) - ent) (x 7) 
r=1 x r=1 i=1 r=1 
m—1 
< a(x) > f(x) + 8m—1@)Pi@). 
r=1 


Using again Lemma 5.4.6, we get 


m—| 


Y~ br(x) < Po(x) (5.4.409) 
r=1 
or 
m—2 
$m—1(X) < Po(x) — ~ $-(x). (5.4.410) 


r=1 


Adding (5.4.403), (5.4.404), and using (5.4.410), we obtain 


m—2 m—2 m—3 m—2 
(s 7) - (x b(x)fr(x) _) gilx) - =) i #0) 
r=1 x r=1 i=1 r=1 
m—2 


< a(x) D> fil) + 8m—2(x)P a(x) 


r=1 
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which, together with Lemma 5.4.6, implies 


m—2 


S- or(x) < Pata). (5.4.411) 


r=1 
Continuing in this way, we have 


m—j+1 
S- b) < PX), 4<js<m. (5.4.412) 


r=1 


Since u(x) = wie) < a(x) + D@)gi@) and Gi) < DIG), 1 < 
Jj < m, the desired result (5.4.399) follows from (5.4.407), (5.4.409), (5.4.411), 
(5.4.412). Oo 


We note that for the particular case when m = 2, b= 1, fir = far =fi, fur =fr 
in (5.4.393), estimate (5.4.399) takes the form 


ule) < ate) + [ AG) 
x (ao 4: [ acy) +A G2)Vi(2.1!) de?) dx',  (5.4.413) 


where Vj (s, x) is the solution of characteristic initial value problem 


(-1)"Vis(s, x) — (fils) + fa(s)) Vis, x) = 0 in Q, 


Vi (s,x) = 1 ons; = xj, | <i<n. 


(5.4.414) 


In the next result, we shall show that estimate (5.4.413) can be improved 
uniformly. In detail, the improved version of Theorem | in [477] is the following 
one, here we have taken 0 = OQ since it dose not play any role, the term 
rf * b(s)o(s) ds can always be merged in a(x). 


Theorem 5.4.56 (Thandapani-Agarwal [621]) Let Vi(s,x) be the solution of 
problem (5.4.414) and let Dt be a connected sub-domain of Q containing x such 
that V; > Oforalls € Dt. IfDc D™ and (5.4.393) holds where m = 2, b = 
1, fi =f =fi, foo = fr, then 


We Saya / “file!) 


1 


x a + / : (a(x°) (fi@?) + AE*)) — c@*)) ViQ?, x1) ae] dx', 


(5.4.415) 
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where 
c(x) = fox) / a(x')fo(x') dx!. 
y 


Proof Define 


$i (x) = fa (x!)u(x!) dx! + [ia (x!) iM f(e)u(’) dx dx', 
y y y 


then from (5.4.393) it follows that 
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(5.4.416) 


dix(x) < fi(~) Jats) + dla) + 7 f(x!) (a!) + d1@')) ax'|. (5.4.417) 


Let 
tals) = 100) + [AU (als!) + dule!)) ae. 
y 
Then it follows that 
Prx(x) = pix(x) + foe) (a) + $1), 
which , from (5.4.417) and (5.4.418), gives us 
frx(x) < fix) (a) + $1(%)) 
+f2(x) [at + oo(x) — / a(x')fo(x') as'| . 


y 


Therefore, using Lemma 5.4.6, we obtain 


Boz / “(aG!)(fi!) +.) — 6") Viola) ds! 


Inserting the above inequality in (5.4.419), we get 


ore) sf Aotface + [ace file) +.AG?)) ~ eC) 
: 


y 


xVite,x') dx? |ax' 


and hence the desired result (5.4.426) follows from u(x) < a(x) + ¢1(x). 


(5.4.418) 


Oo 


In next result, we shall introduce a Wendroff type estimate for (5.4.393). 
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Theorem 5.4.57 (Thandapani-Agarwal[621]) Let inequality (5.4.393) hold in Q, 
where (i) a(x) is positive and non-decreasing and (ii) b(x) = 1. Then 


u(x) < a(x)b(x) exp (>: E'(x, ») (5.4.419) 
cay 
Proof In fact, inequality (5.4.393) can be written as 
oi(x) <14 3 E"(x, bd), (5.4.420) 
a 
where 
$10) = aan 


Let ¢2(x) be the right-hand side of (5.4.410), then 


m m 


dax(x) <)> E(x, bb1) < D> E(x, ba) (5.4.421) 


r=1 r=1 


and @2(%1, +++ ,Xi—1, Vis Xit1,°°* »Xn) = 1; all the partial derivatives up to order n—1 
vanish when x; = y;, for anyi, 1 <i<n. 
Since ¢$2(x) is non-decreasing, it follows from (5.4.421) that 


Par(x) <)> EL(x, b)bo(x) 


r=1 


or 


br) pry, py = Grr 21-1) 


ois) — & G3) 


Hence 


Peas) aor 
( Bo), 222% 


n 
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Keeping x1,--- ,x, fixed in the above inequality and setting x, = s, and 
integrating with respect to s, from y, to x,, we get 


(ee 4, @) < [ Ee Fein: RK? 4 om ts BV 


Yn p=] 


m 


= > Fie -.j Oo): 
r=1 


Repeating the above argument for x,—1, X,—2 to x2, we derive 


Spay = Ea 


Integrating the above inequality with respect to x; and using $2(y1,X2,°++ ,Xn) = 1, 
we conclude 


2(x) < exp (x: E'(, ») 
r=1 


Thus, the required result (5.4.419) now follows readily from $1 (x) < ¢2(x) and the 
definition of ) (x). Oo 


Note that, estimate (5.4.419) form = 2, m = 1 is sharper than that given in [47], 
and the same as that obtained by Kasture and Deo [312]. Some results were given 
in [95] forn = 2, b= 1, mup to 2 with different assumptions on a(x). 

The result do not require any condition on a(x) and b(x) as in Theorem 5.4.57, 
the estimate (5.4.419) can also be reobtained. 

The domain of definition of a function f is denoted by D(f). The classes 
Z,Zo,Zc,**: refer to solutions or approximate solutions of the problems under 
consideration. The function classes Z(f), Zo(f),--- take this into account. If, for 
example, an ordinary differential equation u'’ = f(t, u) is given for 0 < t < T, then 
u € Z(f) means, first, that uv is in the class Z defined above and, second, that u “‘can 
be substituted” in f, i.e., (t, u(t)) € D(f) for 0 < t < T. 

Let m be an integer and G C E” a bounded open set. The set of boundary points 
of G is denoted by 0G, and the closure by G = G + 0G. We use G(x) for the set 
of all points x €¢ G for which x < X, R, (“initial boundary”) for the set of all ¥ for 
which G(x) consists only of the point X, and G, for the difference G — R,. We have 
R, C 0G. 

The operator K is called a “monotone increasing operator” if it has the following 
property: 

If g,@ € Z.(K) and if for a point x9 € G, the inequality g(x) < G(x) holds in 
G(x), then 


(Ke) (x0) S (KG)(%0). 
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Lemma 5.4.7 Suppose that k(tt, z) is a monotone increasing kernel, v(t) and w(t) 
are functions of the class Z.(k), g(t) is a function defined in J, and in J 


v(t) < ef) + / k(t, 1, v(t))dz, w(t) > gt) + / k(t, v, w(a))dr, 


where for each t equality holds in at most one place. Then 


v<wind. 


Proof The basic idea of the following simple proof will be seen below. For t = 0 it 
follows from the hypothesis that v(0) < g(0),w(0) > g(0), where there cannot be 
equality in both places; hence v(0) < w(0). If the assertion were false, there would 
be a first point to € Jo such that v(to) = w(to) and v < w for 0 < tf < fg. On the 
other band, because of the monotonicity of k, 


to 


v(to) < g(to) + ic T, v)dt < g(to) + k(to, T, w)dt < w(to), 


where there is strict inequality in at least on position. The contradiction thus 
obtained proves the validity of the lemma. Oo 


If both functions ¢, @ are defined in an intervala < t <a+e (e€ > 0) andif 
there exists ad > 0 such that g < @ fora < t < a+, then we write simply 


y(at+) < Gat). 


Lemma 5.4.8 For a monotone increasing operator K and two functions v,w € 
Z-(K), suppose that we have 
(1) v(O+) < w(0+), 
(2)u — Kv < w—Kwin Jo. 
Then 


v<win Jo. 
Proof The assumption (1) can be discarded if K has the property that (Kg)(0) = 0 
for all g € Z.(K) and if (2) also holds for t = 0 (indeed it then follows from (2)). 
The proof proceed in essence exactly as in Lemma 5.4.7. If the assertion is false, 


then there exists a f9 € Jo with the properties noted in the proof of Lemma 5.4.7. 
Then because of the monotonicity of K 


(Kv)(to) < (Kw)(to), 
whence, with the aid of (2), 


v = (v— Kv) + kv < (w— kw) + Kv < w 
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at the point f = fo, so that we have arrived at a contradiction to the assumption 
v(to) = w(to). O 


Lemma 5.4.9 For a monotone increasing operator K and two functions v,w € 
Z-(K), suppose that 
(1)v <won Re, 
(2)u — Kv < w— Kw in Gy. 
Then 


v<winGy. 


Proof The hypothesis (1) can be omitted if (Kg)(x) = 0 for X € R, andall g € 
Z-(K) and if (2) also holds on R, (it then follows from (2)). 

The proof goes through as in Lemma 5.4.8. Let us assume that the assertion is 
false and that A is the set of those points from G, at which v < w. Let s(x) = 
xX, +:+++-+ x,, and suppose that so is the lower bound of this function relative to A. If 
this lower bound is achieved at a point of A, thus v < w. At the point xg by (2) and 
the monotonicity of K, 


v = (v—Kv) + Kv < (w— kw) + Kv <w 


which contradicts the assumption x) € A. Thus the function s(x) does not assume its 
infimum (relative to A) on A. Then there exists a sequence x1, x2,--- of points from 
A with s(x,) > 59 ask > +00. If ¥ € Gis an accumulation point of this sequence, 
then v(x) < w(X) because of the continuity of these functions, and furthermore 
x ¢ A and thus X € R,. But this leads to a contradiction of (1). Thus we have shown 
that the set A is empty and the assertion of the theorem is true. 


Theorem 5.4.58 (Thandapani-Agarwal [621]) Let inequality (5.4.413) holdin Q. 
Then 


u(x) < a(x) + b(x) / : Y > EX(s, aexp ( / : So E;(t,b) a) ds. (5.4.422) 
Y r=l Sr=l 


Proof Define 


w(s, x) = exp ( . > ED) ‘| ; 


S7=1 


Then it follows that 


m 


(—1)"w,(s, x) — E*(s, b)w(s, x) = 0, 
dX (5.4.423) 


w(s,x) = 1 on Si; = Xi, 1<i<n. 
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Thus, w(s, x) satisfies a differential inequality (5.4.423) of which V(s, x) is the exact 
solution (Theorem 5.4.54). It follows from Lemma 5.4.9 that w(s,x) > V(s,x), and 
now (5.4.422) follows from (5.4.395). Oo 


In case the conditions on a(x) (which can be non-negative) and b(x) of Theo- 
rem 5.4.57 are satisfied, then from (5.4.422), it follows 


u(x) < a(x)b(x) [ + if . S > EX(s, b) exp ( / : So EF(t,b) «| 7 . (5.4.424) 
Y or=l S r=l 
Therefore, employing (5.4.423) in (5.4.424), we get 
u(x) < a(x)b(x) [ +(-1)" ; “Hed as (5.4.425) 
4 


Now using the fact that the partial derivatives of w(s, x) up to order n— 1 vanishes 
ons; =x;, 1 <i<n, it follows from (5.4.425) that 


u(x) < a(x)b(x) [ sa al ia Ws, ($1, 2+ +++ ne) as] 


yl 


whence 


u(x) < a(x)b(x) [1 + (-1)""! (wa, ya... -s Yn x) — WO, x) 


or 


u(x) < a(x)b(x) wy, x), 


which is the same as (5.4.419). Thus to obtain (5.4.419) in Theorem 5.4.58, we 
require a(x) to be non-negative and non-decreasing. 

In the sequel, we shall establish some new n-independent variables integral 
inequalities, due to Yang [659], which have unified and extended some known 
results due to Gollwitzer [231], Bondge and Pachpatte [91], Pachpatte [456, 457], 
and Shih and Yeh [587]. 

The following notations will be used. 

Let J = [0,h) where 0 < h < +00. Let C(/",R+) be the class of all 
continuous functions on J” with range in R,. In what follows, we define the 
functions EY) (s,x;v) on CU", R+) by 


EO (s,x; 0) = i ay) (s. / at ex i, a! (s,#)v(#)dtde dt’ 
x tk ol 


J=1,2,-+-,m k=1,2,---,j; O<x<s,se!", 
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where v € C(/", R+), a (s,x) : J" x I" — Rx are continuous functions. 


Theorem 5.4.59 (Yang [659]) Let the functions u and w be in the class C(I", I"), 
and let ay (s,x) 1 1"xI" — R4+ be continuous functions. Suppose that the inequality 
forall0<x<s, 


u(s) = w(x) — >> EY (8,5) (5.4.426) 


=i 
holds where s € I". Then the following two inequalities also hold for all0 < x < s, 


5 m 


u(s) > w(x) exp | — i Y > Aj(s, Hat (5.4.427) 
x j=l 


where 


Aj(s, x) = max [a (s, x), ae” (5:2); wee iar” (s,9)] ; (5.4.428) 


and for each s € I” fixed, i = 1,2,-+++ ,m; 
u(s) => w(x)/dm(s, x), (5.4.429) 
where the function qm(s, x) is defined by 


qi(s,x) = exp | Laie-va : 
x i=] 
’ (5.4.430) 


sg m—r—1 


ar(s, t) =1+ / > Aj(s, x)qr—1(5, t)dt, r= 2, 3, seem. 
x j=l 


Proof We first prove (5.4.427). Fixing s € J", the inequality (5.4.426) can be 
rewritten as for allO <x <5, 


w(t) < ni) (5.4.431) 


where 


ri(x) = u(s) + > Et'G, X;w). 


j=l 
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Therefore, 
ri(x) = u(s) on x; = 8, 7=1,2,---,n, 


which, along with (5.4.431), yields 


(—1)"Dr, (x) = a\(s, x)w(x) + yal? (s, x) EN? (s,x; w) 
j=2 


< Ai(s.x) jn) + OES" (srr) p (5.4.432) 
j=2 


where A, (s, x) is given by (5.4.428). Define 


m 


r(x) = r(x) + ee (s,x3 71), 


j=2 
then r(x) < r(x) when 0 < x < s, and ro(x) = u(s) on x; = 5;,i = 1,2,--++ ,n. 


By applying (5.4.432), we derive 


(-1)"Dro(x) = (—1)"Dr, (x) + x a” (s, EY (5, x; ry) + a?(s, x)r| (x) 
j=3 


< Aj (s, x)ro(x) + Ao(s, x)r3(x), O< x <5, (5.4.433) 


where A2(s, x) is given by (5.4.428) and r3(x) is defined by 


m 
r3(x) = r(x) + YE (S,X3 12). 
j=3 
Continuing in this way, we then obtain 


(—1)"Dry(x) < rei) y\Ai(s,x), O<x<s,k=1,2,---,m—1, 
j=l 


(5.4.434) 
w(x) < r(x) < r(x) <+++tm(x), O< x <s, (5.4.435) 


and 


r(x) = r(x) = +++ = ry (x) = uU(s) on H = 5,i=1,---,n  (5.4.436) 
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where 


r\ (x) = u(s) + +e Ge w), 
j=l 


m 


revit) = rex) + D> Eel (svar). k= 120++,m—1. (5.4437) 
j=k+l 


From (5.4.434)-(5.4.436) with k = m — 1, it follows, for all0 <x <:s, 
(-1)?Drm(x) = (—-1)"Drn—1 (x) + a”) (5, X)fm—1 (Xx) 


m—1 


rm(*) ¥ > Aj(s,x) + a (8,2) rin—1 (2) 


j=l 


IA 


IA 


F(x) >) Aj(s, x). (5.4.438) 


j=l 


We derive from (5.4.437) that r(x) > u(s) > 0 is valid for j = 1,2,---,m and 
0 < x < s. Hence, we obtain from (5.4.438) that for allO <x <5, s € I” fixed, 


(-1)” (1)"Drm (x) 
a =yA (s, x). (5.4.439) 


The above inequality (5.4.439) can be rewritten as 


(=1)"rm(x)D{D2-+-Dnatm(x) . (=1)"Dy—11m(x)D1D2-++D—1tm(x) 
7G) < DAI) + (a) 


which implies 


m 


(—1)"D, [Pent oe (s, x), 


Tm(X) 


by noting that (—1)"Dy—11%m(x)D1 D2 +++ Dn—1'm(x) = 0 holds. 
Keeping x1,%2,°-: ,X,—-1 fixed in the above inequality, setting x, = ¢, and 
integrating the both sides with respect to t, from x, to s,, we conclude 


—l ply D3: n—1!*m 
CDM DiDo ++ Dn-1tm(X) <[" a (s, Xi.*** y= 1 tn) ath, 


Tn (X) j=l 
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which implies 


D,D ---D, = 
(—1)""'D,-1 [Pearl i ma (s, Alig te? »Xn—1, tn) dtn, 


Tnx) 


since (—1)""Dy-17m(X)D1 73 -Dn—21m(x) 2 0. 
Keeping x), x2,-++ ,X,—2, Xn fixed in the above inequality, setting x, = t,—-; and 
then integrating the both sides with respect to ¢,-; from x,—1 to 5,-1, we derive 


=) Di 2= Dory met 
(DD Dn-2tmO) <[" 1 os (s, XL; °°" >Xn— Iyty— 1 ty )dtydty— 1> 


rc) = 


since Dy --- Dy—arm(%1,°°* »Xn—2, Sn—1>Xn) = D +++ Dy—2u(s) = 0 for alln > 3. 
Proceeding in this way, we easily obtain 


Die m 
| le aa) [- [ SoA (s, X1,X2,t3,° ++ ty )dty- ++ dts. 


rm(x) n j=I 
Keeping x), x3,-++ ,X, fixed in the above inequality, setting x. = ft) and integrating 
with respect to tf) from x2 to s2, and in view of Dy rp,(x1, 82,%3,°++ , Xn) = 0, 
—Ditm(x) 7 ff 
Aj(S,X1, ta, +++ 5 ty) dtydty—1 +++ dt. 
oe a ya (8, X1, f2 ) 1 2 
Now keeping x2,--- ,x, fixed in the above inequality, setting x; = t and 
integrating with respect to t; from x; to s,, and using My(s1,X2,°-+ ,%n) = us), 
we obtain 
—In(u(s)/Tm(x)) < / SAj(s, Dat, 
= 
or 
Im(x) < u(s) exp i So Ai(s, t)dt = u(s)qi(s, x). (5.4.440) 
X pn] 


We now prove the inequality (5.4.429). Substituting the bound for r(x) 
in (5.4.440) in the inequality (5.4.434) with k = m—1, we can get, for all0 < x < s, 


m—1 


(—1)"Drm—1(x) < u(s)qi(s, x) Y > Aj(s,x). 


j=l 


5.4 Linear Multi-Dimensional Continuous Integral Inequalities 679 


Integrating the above inequality with respect to x, from x, to s,, and using 
Dy +++ Dn-1%m-1 (x1, st 5 Xn—2,Xn—-15 Sn) = 0, 


we get 
m—1 
—1 
(—1)" Dy +++ Da-1Fm—1 (x) ‘a u(s) LA (5,1, +++ 5 Xn—-15 tn) 
Xn 
qi (S,X1,°°* ,Xn—1, tn) Ath. 
Integrating the above inequality with respect to x,—; from x,—; to s,—1, and using 
dD, _ *Dn—2%m-1 (x1, sty Xn—2,Sn-1 Xn) = 0, 


we conclude 


(- 1)"?D, +++ Dy—20%m-1 (x) 
m—1 


Sn-1 
<| [ pee Xt Xn—2stn—1s tn) (8.41658 sXn—25tn—-15 tn) dtndty_}. 
x, 


n—1 =] 


Continuing in this way, we obtain 
m—1 


—D rin—1(x) <["- f° u(s) SoA (8,.X1,fa-++ sth) X QilS, XI, t2,°+* ,tn)dtod-- 


j=l 


Now integrating the above inequality with respect to x; from x; to s,, and using 
Mm—1(81,X2,°°* ,Xn) = u(s), we obtain, when 0 < x < s, 


'm—1(x) < u(s)q2(s, x). 


Continuing in this way, we can easily derive inequality (5.4.429). The proof is 
now complete. O 


Corollary 5.4.14 In Theorem 5.4.59, ifm = 1 and ar (s, x) = a(s)b(x), where 
a(x) and b(x) are non-negative continuous functions defined on I", then it reduces 
to Theorem I in Shih and Yeh [587] which, in turn, is an extension of Gollwitzer 
[231] and Bondge and Pachpatte [91]. 


Corollary 5.4.15 In Theorem 5.4.59, if m = 2,a\0(s,x) = f(s,x)(i = 1,2), and 
as? (s,x) = g(s,x), here f and g: I" x I" — Rx are continuous functions, then we 
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may have the lower bound for u(s) such that 


S S -1 
u(s) > w(x) ' + y f(s,r) (cx / (f(s, 1) + g(s, nat) ar} ,O<x<s. 


We note that Theorem 4 in [587] is a special case of the above Corollary 5.4.14 
where f(s, x) = a(s)b(x) and g(s,x) = c(x). 

We shall next give some further extensions of Theorem 5.4.59 in [659], which 
unify and extend several known inequalities in [91, 231, 456, 457, 587]. 


Theorem 5.4.60 (Yang [659]) Let all of the hypotheses in Theorem 5.4.59 hold, 
and let H(r) be a positive, strictly increasing, convex, sub-multiplicative, and 
continuous functions defined for all r > 0, H(0) = 0, and lim,-++.0 H(r) = +00. 
Let p(x), q(x) be positive continuous functions on I" with p(x) + q(x) = 1. Suppose 
that the inequality for all0 <x < s,s € 1", 


u(s) = w(x) — b(s)H! 4 > EY? (s, x; H(w)) (5.4.441) 
j=l 


holds where H~! denotes the inverse of H, and b(x) is a non-negative continuous 
function on I". Then for all0 <x <5, 


H 
H63) = HAD exp (— [Ta sv O)/a16))Ar65.0 
SAS (i) et EAs, slat) (5.4.42) 
and 
u(s) > p(s)H a | (5.4.443) 
p(s) 
where 


v1 (s, x) =exp | lai) /ao Au, t) + Ao(s, 1) +++ + An(s, O]dt, 
ug(s, x) =1 + [woHoosaoyarc. 1) Aa(s. 0) Pe 
a Am—K+1(5, t)]vp-1 (s, ‘dt, k = 2,3,---,m—1, 


Um(s, x) =1 + [ q(s)H(b(s)/q(s))Ai(S, thUm—1(s, dt. 
: (5.4.444) 
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Proof We can rewrite the inequality (5.4.441) as 


m 


w(x) < p(s)(u(s)/p(s)) + q(s)(b(s)/q(s))H! 5 2 Ey? (s,x; H(w)) 


j=l 
Since H is increasing, convex, and sub-multiplicative, from the above inequality 
it follows 


m 


H(w(x)) < p(s)H(u(s)/p(s)) + 4(s)H(b(s)/q(s)) > Ey (sx; HOw), 


j=l 


p(s)H(u(s)/p(s)) = H(w(x)) — q(s)H(b(s)/q(s)) > Ey? (s, x; Hw). 


j=l 


Now applying Theorem 5.4.59 to the above inequality yields (5.4.442) 
and (5.4.443). O 


The above Theorem 5.4.60 generalizes the results due to Bondge and Pachpatte 
[91], Gollwitzer [231], Pachpatte [456], and Shih and Yeh [587]. 


Theorem 5.4.61 (Yang [659]) Let all of the hypotheses in Theorem 5.4.59 hold, 
and let the function b(x) be the same as defined in Theorem 5.4.60. Let G(r) 
be a positive, continuous, strictly increasing, sub-additive, and sub-multiplicative 
functions for all r > 0, G(0) = 0, and G(r) > +00 as r > +00. Suppose that the 
inequality forallO<x<s,se€I", 


u(s) = w(x) — b(s)G7! 4S” EY (s,x; G0w)) (5.4.445) 


j=l 
holds where G~' denotes the inverse function of G. Then for all 0 < x < s, we have 
us) = {Gove exp (= f T6GO)AG.0 + Aa.0 
cere jat)}, (5.4.446) 


and 


u(s) > G'[G(w(a))/zm(s, x)] (5.4.447) 
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where the function Z(s, x) is defined by 
z(s,x) = exp (/ [G(b(s))A1(s, t) + Ao(s, t) +--+ Am(s, nd) ; 


z(s, x) =1 +f [G(b(s))A1(s, t) + A2(s, t) +--- 
+ Am—K+1(5, t)|]Zn-1(s, t)dt, k=2,3,:--,m—-1, 


in(s.a) <1 f GD(9)Ai(6.1)2n-1(5.de 
° (5.4.448) 
Proof We may rewrite inequality (5.4.445) as 


w(x) < u(s) + B(s)G7! 4 Y> EY? (5,0; G0w)) p (5.4.449) 
j=l 


Since G is increasing, sub-additive, and sub-multiplicative, we derive from the 
above inequality 


G(w(x)) < G(u(s)) + G(b(s)) ye (s.x;G(w)),  (5.4.450) 
j=l 
1.€., 
G(u(s)) = G0w(x)) — G(b(s)) . E;? (s,x; G(w)). (5.4.451) 
j=l 
Applying Theorem 5.4.59 to (5.4.45 1) yields (5.4.446) and (5.4.447). O 


Note that Theorem 5.4.60 has generalized the results obtained in Bondge and 
Pachpatte [91, Theorem 6], Pachpatte [457], and Shih and Yeh [587]. Moreover, we 
should point out the additional condition G(r) > +00 as r > +00 should be added 
to Theorem 6 in [587] to ensure the desired lower bound for u(s). 


Remark 5.4.18 Applying the inequalities in Theorems 5.4.59-5.4.61, according to 
the choice of the unknown function from u and w. If uw is unknown and we set 
w(x) = F(u(x)), here F : Ry — Ry is any known continuous function, then 
as discussed in [91, 231, 587], we may use these inequalities to obtain the lower 
bounds for u(s) from the corresponding integral inequalities for u. 


In the sequel, we shall introduce a result on a singular integral inequality in n 
variable. To achieve this result, we apply the method of desingularization of weakly 
singular inequalities and the result by Thandapani and Agarwal [621]. 
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We use the notations: e* := e' oy tS x . xy" for x = (%1,%2,°-+,X%n) € R", 
Y = (MWo°+¥n) € RL = {(K- + enki © RVki = 0,7 = 1,---+,2}, where 
|x| = x1 + x2 +++++ Xn. We also denote by [6] the vector (8, 8,---, 8) € R”, by 
1, 2,--- the vectors (1, 1,---, 1) € R", (2,2,---,2) € R”,--- and by p/q we mean 


the vector (p/q,---,p/q). 

Theorem 5.4.62 (Medved [398]) Let 2, D, D+, V(s, x), a(x), b(x), fri (x). «+ fer(X) 
be as in Theorem 5.4.54 and let a = (1,+++,@n) € R40 <a<1 (ie, O< 
a; < 1,i= 1,2,--+,n). Letu: Dt & R be a continuous, non-negative function 
satisfying the inequality for all x = 0, 


| 


u(x) < a(x) + D(x) )) F(x, u), (5.4.452) 
r=1 
where 


wr—1 


F'(x,u) = a fats!) [ fra?) ++ i, Pt =)" fru )ax” ++ dx! 


(5.4.453) 
Then the following assertions hold: 
(i) Suppose « = (,°++,Qn) > 5. Then 
m r-1 px 
u(x) < | 20°) + 4b7(x)S? ~ | T] / f2(o)do 
40 
r=1 \j=l 
x x! xh? 1/2 
xf / vf P20 Va ded! ade Wx! xde"| 
0 \Jo 0 
(5.4.454) 
where 
a 1 n 
S= ar | | Pea — 1) 
and W(s, x) is the solution of characteristic initial value problem 
(-1)"W,(s,x) — )° Ki(s, B)W(s,x) =0 in Q 
r=l (5.4.455) 


W(s,x) =1 on s;=x;,, i= 1,2,-++,n, 
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B(x) = 2b7(x) 
r-1 x x x! xl 
r _ 2 ped 21) B24 Pa Ae 1 
K'(s,B) =S II f fiver ff i F200) B2(x")dx! »-- dx! 


(ii) Suppose a = [1/(z+ 1)] for a real number z > 1 and letq = z+2,p= 
(z+ 2)/(z+ 1), ie, 1/p + 1/q = 1. Then 


q/p 


m r-l ax 
u(x) < 2'-V4e| ala) + TE YY I] i. fi,d(a)o 
=1 \j=1 "9 


x x! xl \/q 
x / / .- f SA(X)29 lal (x)dx" wee dx? Z(x!, x)ds" ; 
0 0 0 


(5.4.456) 


where 


_ (Ta =p8)\'” 


and Z(s, x) is the solution of characteristic initial value problem 


(—1)"Z;(s, x) — YIRG, C)Z(s,x) = 0 in Q, 
r=l (5.4.458) 
Z(s,x) =0 on s; =x), i= 1,2,-+-n, 


where C(x) = 24-!a(x)4, and 


oat x al x x! eel 
R'(s,x) = T} (uf income) i: (/ Be | FEC )29" 8 (x dx” a8 ie] de. 


Proof We shall prove (i). Let us estimate the function F”(x, u) by using the Cauchy- 
Schwarz inequality and the inequality 


x 
/ (x! -_ a) da < eS, 
0 
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where S is as in theorem. On the other hand, it is easy to check 


F(x,u) 


< | “fa i * es i fie! i ‘ 


xl 1/2 
x | eae dx’! aoe a! 
0 


< Sie A fats!) [ frole?)-- fr “frae=!) 


(fo F.0 eu? (x" dx! ik dx’... dy! 


—1 


1/2 
r— _ ‘4 
Gl xy 2 eo dt | 


. x x3 yi 1/2 
= site f fact) | fal) a f Pe) | fea 
0 0) 0 0 
yi? ayrol 1/2 
x | / Reve eoae dx’ —e da! 
0 0 


< se([ 2 (o)do)"” fief fate) [ “fe al) 


x? x! 1/2 
x ( i / Pia e we? wae) dx’... dx! (5.4.459) 
0 0 


Proceeding in this way, by using the Cauchy-Schwarz inequality, we derive 
1/2 


rl ay 
F(x,u) < Se" | | | / fj (o)do 
ei 


2 -nil yl 1/2 
x j 1 vee | Ferre PP nae a (5.4.460) 
0 0 0 


which, along with (5.4.452), implies 


m 1/2 


v(x) < a(x) + S'e%b(x) )> (n qi j=l [ ‘sou 


r=1 


x pxi ga! i 
x | / . | F200 v(x") dx" oo «| : 
0 Jo 0 
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where v(x) = e “u(x). Then using the Jensen inequality, we obtain 


v(x) < 2a2(x) + Bee) 2 n if fi(a)do 
j= 


x lan of em ystende as) 


Thus from Theorem 5.4.54 it follows that 


m rr 


1 
v?(x) < 2a°(x) + 28b°(x) )° | | | nf fi(a)do 


J=l Veal 


Lf (L fete) ama) wet ane 
0 \Jo 7 


(5.4.461) 
where W(s, x) is as in theorem and from definition of v(x), we obtain the inequal- 
ity (5.4.454). Now let us prove the assertion (11). We shall estimate the function 


F'(x, u) by using the Hélder inequality, 


r ri 


Fos [fate f "94m [ foie!) [ 


=I I/q 
x / fie uf wa dx’! «dx! 
0 


rpiret [fate ia fal?) fo “fe-iG?) 


Cf ree atn aena 


A 


1/p 
(x! _ mye | 


lA 


where T,, is as in theorem. Similarly as in the case (1) by using the Hélder inequality, 
we can prove that 


fl ny \/p eal yo 1/q 
an) < Toe (i [40 fo aerenae at] 


5.4 Linear Multi-Dimensional Continuous Integral Inequalities 687 


From this inequality, (5.4.452) and the Jensen inequality, it follows that 


D 
m r-1 alt 


vi(x) < 2 a(x) =e b1(x)T} I | futcvao 
j=“ 


r=1 


a8 [fl meow a] 


which, together with Theorem 5.4.54, yields 


q/p 
m r—l 


vi(x) < 2th + b1(x)T! > I f[ fatova 


r=1 \j=1 


x x! xl 
x | i f “4 (x") (271 a1 (x"))dZ’ : dP Z(x!,x)dx" | 
0 Jo 0 


where Z(s,x) is as in the theorem and from the definition of v(x), we can 
obtain (5.4.456). Oo 


Remark 5.4.19 The case a < 5, a not equal to some [6] is much more complicated 
than the case (ii) from the above theorem and we do not discuss it here. 


5.4.2 Multi-Dimensional Gronwall-Bellman-Bihari Integral 
Inequalities with Delays 


In this section, we shall introduce some multi-dimensional Gronwall-Bellman- 
Bihari integral inequalities with delays. 


Definition 5.4.3, Denote by G the class of continuous functions o : R’ — R’” 
satisfying the following conditions: 


(i) o(%) = (010%), 02(x),-++ ,on(x)) where oj(x) : R" — R are continuous 
functions on R” into R, 
(11) o(x) < x, and 
(iii) lim) +00 oj(x) = +00 for each j = 1,2,--- ,n. 


The next result, due to Akinyele [24], unifies the results of Yeh and Shih [673] and 
Pachpatte [458]. 


Theorem 5.4.63 (Akinyele [24]) Assume that x° € R" is fixed and the region 
B= fy € R": x© < y < x!) Let b(x), f(x) and g(x) be real-valued 
non-negative continuous functions on B and n(x) be a positive, non-decreasing 
continuous function on B. Suppose o and p € G and q(x) => 1 is a real-valued 
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continuous function defined on B. If the functional inequality holds for all x € B, 
with x > x°, 


oy snl) + qo [FOB CODd 


4 | f(s) ( / s()(0(0)4t) ds], (5.4.462) 


then for all x € B with x = x, 


ise cxo( * fq(oO)n(o() + saoO)n(0) , i) 


n(o(t)) 
(5.4.463) 


and 


(x) < nla + i “f(s)q(o(s)) 


exp ( [ LOMO) + sOaOMOO g) 4) 
n(a(t)) 
(5.4.464) 


Proof Since n(x) is positive and non-decreasing, from (5.4.462) we derive 


00) al Peo POM a + [re 1010) , 
oS <1+40)| f’p26O! w+ f'ro(f) (OO ar) as| 


< q(x) [ rs i: Ks ao ds + [ f(s Gntipg(Q eo) Or anas|. 


n(t) 
(5.4.465) 
Define 
way =1+ fp) SSO +frro(f, erat ar) a (5.4.466) 
Then 


ux)=1 if =a, l<i<n 
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and inequality (5.4.465) becomes, for all x € B, 


a < q(x)u(x). (5.4.467) 


Now 


woo) =1+ f 6) SCD +f 10. £() SOO ar) as < us) 


Similarly, u(p(x)) < u(x), hence, from (5.4.467) it follows 


| u(a(x)) S q(o(x))n(o(a))u(a), 
(5.4.468) 


u(p(x)) < q(e(x))n(p(x))u(x). 


Using (5.4.467), the non-decreasing property of n(x), and the property of g, we can 


arrive at 
DyDa--- Dyula) = fo) ° SY +706) ( [EP ar) 
< fea(o(w) Ee + [eae nat | (54,469) 
Define 
VE) = ues) + f° e(ato(o) A nendr, 
then 


V(x) = u(x) if ee 1<i<n, 


and for all x > x°, 


V(x) = u(x). (5.4.470) 
Hence, in view of (5.4.469), 
DDp ++ DyV(x) = DiDz ++ Dyula) + g(x)q(p(2)) —_ ut) 
< fO)q(o()VO) + ea)q(p)) oe ven), 


n(o(x)) 
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Thus 
DiDp=+-DyV(x) < [LOU )MO) + BOGE MOO) yy, 
n(a(x)) 
(5.4.471) 
Set 
W(x) = fx)q(a (x) no (x) + g@)aq(p@))n(p(x)) 
x) = Ss  , 
n(o(x)) 
then (5.4.471) gives us 
DD, he -D,V(x) = W(x)V(x) 
and 
V(x)D,D2--- Dy V(x) Dy, V(x)D,D2 +--+ Dy, V(x) 
ver Vor Voor | 
1.€., 
DD» exe *Dy-1 V(x) 
D, (ee < W(x). (5.4.472) 
0 


Integrating both sides of (5.4.472) with respect to the component x, of x from x, 
to X,, we have 


D,D2-+-D n— A 


"Ww + ,Xn—1, ty) dtp. 
— ay F (1, +++, Xn-1, tn) 


Therefore 


V(x)D1 Do: ++ Dy-1 V(x) 


|V(x)|? 
¥n Dn-1 V(x)D1D2 aye Dy-2 V(x) 
op Wiig ge ee 
= : nai Vor 
Le., 
Dido V 
Dy (Cee =a W(x1,+** Xn-tsty)dthy- (5.4.473) 
m 0 
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Integrating both sides of (5.4.473) with respect to the component x,_; of x from 


ty to X,—-1, we obtain 


X) 


D,D)+++Dy—2V(x aaa a 
PAD DV) <[ / W(x1,-°: Xn—23 tn—1, tn) tytn. 
x1 xe 


V(x) ~ Jo 


Proceeding in this manner, we atrive at 


D, V(x) Z 
Vax) — 


x2 Xn 
/ eae W(x, byte 5 ty) dtydty—| s+ dt. (5.4.474) 


0 -0 
ee Xn 


Finally integrating both sides of (5.4.474) with respect to the component x, of x 
from x! to x1, we conclude 


In V(x) < i; : W(t)dt, 


V(x) < exp( / “Wwdt). (5.4.475) 


Using (5.4.467) and (5.4.470), we have for all x > x° 


? 


or exo * fOqoO)n(o) + sHa(o)n(0) i) 


xo n(o(t)) 


which implies (5.4.463). 
To establish (5.4.465), substituting (5.4.475) into (5.4.469), we obtain 


D,D2--+Dyu(x) < f(x)g(a(x)) exp (/ wnat) . (5.4.476) 


Integrating (5.4.476) first with respect to the component x, of x from x? to x, then 
with respect to the component x,—; of x from a to X,-; and continuing in this 
way up to the component x, of x from a to x1, we conclude 


u(x) <1+ / f(s)q(a(s)) exp ( 7 . wnat) ds. (5.4.477) 
x9 x9 
Thus inserting (5.4.477) into (5.4.467), we obtain 


66) < ateymco[1 + [poracoonerp ( f OPCOCOrS ONO 1) as] 


which yields (5.4.464). Oo 
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Remark 5.4.20 When o(x) = p(x) = x and g(x) = 1, Theorem 5.4.63 with the 
estimate (5.4.464) reduces to a result of Yeh and Shih [673]. 


Remark 5.4.21 When o(x) = p(x) = x, g(t) = 0, and g(x) = 1, the estimate 
(5.4.464) is due to Zahariev and Bainov [683] if n(x) is taken as 6(x°). For a(x) = 
p(x) = x, g(t) = 0 and x° = 0, the estimate (5.4.464) reduces to a result due to 
Yeh [668]. 


Remark 5.4.22 When n = 1, q(x) = 1 and g(t) = 0, an estimate (5.4.463) of 
Theorem 5.4.63 gives us a functional integral inequality obtained by Dhongade-Deo 
[182]. 

Remark 5.4.23 When n = 1 and x° = 0, Theorem 5.4.63 with estimate (5.4.462) 
is another generalization of the inequality due to Pachpatte [458] and if, in addition, 
n(x) is a constant, we can obtain a generalization of [445]. 


Corollary 5.4.16 (Akinyele [24]) Let the inequality (5.4.460) hold for all x € B, 
with o(x) = p(x). Then 


(0) < atsimcexp( f atocytro + e(osdr) (5.4.478) 


and for all x € B with x = x°, 


(x) Sgx)n(x) [ + | Fla(o(s)yexp ( [aconro + x(a) a 
(5.4.479) 


Remark 5.4.24 If q(x) = 1, the two estimates in Corollary 5.4.16 are independent 
of the delay o(t). The second estimate in that case coincides with that of Yeh and 
Shih [673]. Ifn = 1 and o(f) = ¢, then Corollary 5.4.16 reduces to a unified version 
of the results of Pachpatte [445]. 


Theorem 5.4.64 (Akinyele [24]) Let f(x), n(x), g(x), g(x), a(x) and p(x) be 
as defined in Theorem 5.4.63. Let Q be a continuous function defined on R into R 
such that Q(u) is positive, non-decreasing, and sub-multiplicative for all u > 0 and 
Q(0) = 0. If for all x > x°, and Di Q(u) = 0 fork = 2,3,+++ ,n, 


sy SKe / (5) (eco + / «(02(6(0(9))at) ds]. (5.4.480) 


xo 


then for all x € B with x = x, 


(x) < n(x)q(x)G" |G) + i ae «| (5.4.481) 
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and 
66) < nova) |t+ [s@ae@notoa) + [ PO anas| 
- . (5.4.482) 
where p(t) = max{q(a(t))n(a(t)), 2(q(p(t))n(e()))}, 
G(r) = [ a fo SU, (5.4.483) 


and G~ is the inverse of G and x = x° such that 


g(t)p(t) 1 
G(1) + [ nay -———dt € Dom (G"). 


Proof Since n(x) is positive and non-decreasing, (5.4.480) becomes 


a < q(x) [ + [ ) (26 . [ 9 axo(o0)ar) as). (5.4.484) 


n(x) ~ (x) (0) 
Define 
= p(o(s)) g(t) 
u(x) = 1 +f £0) ( are +f 9 axo(p0))at) a (5.4.485) 

then 

u(x) = 1 for Cae Jee 

p(a(x)) < n(o(x))q(o (x) u(x) < n(x)q(o(@))u(a), 

and 

P(p(x)) < n(p(x))q(p))u(x) < nx)q(e(a))u(). 
Now 


g(ols)) fis) 
n(x) +f n(t) 


< 200) (aowuey + [ 


9 axo(o0)ar) 


g(t) 
n(a(t)) 
g(t) 

n(a(t)) 


D,D--- Dyu(x) = g(x) ( 


Q(q{p()m(o(4)) (ule) a) 


S g(x)q(o(x)) Eo = / ; Ral pO)n{p(9)) Ao) a 
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Define 
wea) = ue) + f° EO acaioorm pty aucydr 
then 
w(x) = u(x), if x =x) for 1<i<n, 
and 
u(x) < wx) forall x eB. (5.4.486) 
Moreover, 
D,D2--- Dnu(x) < g(x)q(o(x)) w(x) (5.4.487) 
whence 
DyDz-+-Dyw(s) = DyD2-++Dyu(x) + EOE Maple) nt n(3)]0) 
< g(x)q(o(x))w@) + SO 2a os) n(ols) 120) 
< $9) ha(o(x)yn(o))w(x) + 2(q(0(4) )n(0(4))) OVC). 
n(a(x)) 
Let 
P(x) = max{q(o(x))n(a(x)), 2(q(p())n(pQ)))}, (5.4.488) 
then we get 
DDz---Dyw(x) < = poo pw(a) + 200) 
n(a(x)) 
and 


[w(x) + Q20wQ))]D1Do ++ Dawa) 
[w(x) + QOv@))P 
= 8OO)PH) | Daw) + 2W@)))D1D2-- Dn-1 WO) 
~ n(o(x)) [wx) + Q@O)P 
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That is, 


ee 2 g(x)p(x) 
"L wx) + Q(X) | 7 n(o(x)) ” 


Using the same arguments as in Theorem 5.4.63, we arrive at 


Dw(x) < ion 8 (1, y2°** Yn) PO, ¥2°* Yn) 
x9 


pee a dy,+++ yy, 
wie) + QW) — no@i.y2"yn)) 


n 


By (5.4.483), we obtain 


Dy{Govte)] sf [yd 
xy x? n(O(X1,¥2***Yn)) 


Integrating with respect to the component x, of x from x? to x1, we have 


80)PY) , 
G(w(x)) < G1) + iC ye 
1.€., 
-1 g(y)p) 
w(x) < G (GQ) + iA (56) dy]. (5.4.489) 
Thus (5.4.484)-(5.4.486) and (5.4.489) readily imply 


$(x) < nQxq(@)G"[G(1) + / 8O)PO) py) 


0 n(o(y)) 


which gives us (5.4.481), where p is as defined in (5.4.488). Now, putting (5.4.489) 
into inequality (5.4.487), we obtain 


8Q)P0) | 
n(a(y)) 


Integrating both sides of (5.4.490) by using same arguments as in Theo- 
rem 5.4.63, we conclude 


D1Dy--+Dyu(x) < @(x)q(o(®))G7'{G(L) + ik dy. 6.4.490) 


u(x) <1+ / * g()q(o(3))G"[GU) + / * 80)P0) dy). (5.4.491) 


0 n(o (y)) 


Therefore, using (5.4.484), (5.4.485) and (5.4.491), we can obtain (5.4.482), and 
the proof is now complete. Oo 
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Corollary 5.4.17 (Akinyele [24]) Let all the hypotheses of Theorem 5.4.64 hold. If 
inequality (5.4.478) holds, then 


(x) = mlqeG""[GU) + [ eo)aloO))d)) (5.4.492) 
or 
$0) <nx)q(x)G7! |G) + i, s0) 2(a(po)n(oo») As (5.4.493) 
Frc 


or 
x 


60s) <noae [t+ [’aioaorne'|Gay +f eteatocar|as| 


0 


(5.4.494) 


or 


g(t) 
n(o(t)) 


61s) <nenae{tt [/ eoraotsne™"[ou + [/ 2 acq oto yn(ocoyrar]}. 


(5.4.495) 


Remark 5.4.25 The integral inequalities of Corollary 5.4.17 have extended Pach- 
patte’s result [458] to n-independent variables with delays. For p(x) = o(x) = x, 
we also have a new generalization of Yeh and Shih’s result [673]. 


We now establish other useful n-independent variable generalization due to [24], 
of the Bellman-Bihari type inequality with delay. 


Theorem 5.4.65 (Akinyele [24]) Let (x), n(x), g(x), g(x) and o(x) be as 
defined in Theorem 5.4.63. Suppose Q : R4 — Rx is a continuous function such 
that Q(u) is positive, non-decreasing, and sub-multiplicative for all u > 0 and 


Q2(0) = 0. If for all x € B, and D,Q(u) > 0 fork = 2,3,--+ ,n, 
ple) <mta) + 4l2) | e()HCO())as (5.4.496) 


then for all x° < x < x*, 


$0) <nlq(xG7 jou) + / £2) ay@taoo)n(oo) | (54.497) 
where 
a= [ r>r°>0, 
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and G"' is the inverse of G and x* is chosen so that for all x satisfying x° < x < x*, 


G(1) + [ ae Q(q(o()))n(o(y)))dy € Dom (G". 


Proof As before, we have 


(x) ay) 
0 <4 |1+ [ Paeoyas]. (5.4.498) 
Define 
sik [ S axp(ow ay 
then 
ux=1 if 2a l<i<n 
and 
$(a(x)) < qloa))n(o(x))ulx), 
whence 
Dp dae 2 2 cx q(ots)ym(o(s)) us) 
and 
Q(u(x))D1D2-+-Dyuls) _ gx) DyQ(u(3))D1Dy...Dyiule) 
IQG@Gye may ORO O)) + QMueoy? 
Thus 


D,D +--+ Dy— u(x) g(x) 
D, (Pee) 9 axq(ot)n(o(8)). 


Integrating as before from x° to x, we obtain 


Gu(x)) < G1) + [ 2 a1aouy moody 
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Le., 
= * g(y) 
ux) SG (GA) + J nly) Aono Oy]. (5.4.499) 
Inserting (5.4.499) into (5.4.498) gives us (5.4.495). Oo 


5.4.3. Multi-Dimensional Gronwall-Bellman-Bihari 
Inequalities with General Kernels 


In this section, we shall introduce some multi-dimensional Gronwall-Bellman- 
Bihari inequalities with general kernels. 

The next result, due to Oguntuase [436], is to establish some new integral 
inequalities in n independent variables with general kernels. 

We shall assume that S$ is any bounded open set in R” and that our integrals are 
on R" (n > 1 ), all functions considered are functions of n-variables which are 
non-negative and continuous on [xo, x], x > x° > O and x € S unless otherwise 
specified. 

We shall obtain bounds to the linear Gronwall-Bellman-Bihari type integral 
inequalities for a more general kernel k(x, f) and a product kernel k(x, t) = h(x)f (0). 


Definition 5.4.4 A function k(x, t) of the 2n variables x1,+++Xn,t1,°+* ,t) is called 
a good kernel if 


(1) k(,-) = 0. 

(2) k(-,-) is a continuous function of its 27 variables. 

(3) k(-,-) is monotone non-decreasing in its first n variables, i.e., k(x, ft) > k(y, t) 
whenever x > y. 


Theorem 5.4.66 (Oguntuase [436]) Let k(x, t) be a good kernel, u(x) be a real- 
valued non-negative continuous function on S, and g(x) be a positive, non- 
decreasing continuous function on S. Suppose that the following inequality holds 
for all x € S with x = x° 


, 


u(x) < g(x) + / : k(x, thu(t)dt, (5.4.500) 


x 


then 


u(x) < g(x) [ + [ k(s, s) exp (/. k(t, nat) as : (5.4.501) 
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Proof Since g(x) is positive and non-decreasing, we can rewrite (5.4.500) as 


a@) = 1+ a k( ae 


Setting an = r(x), then 


r(x) < 1+ / ‘ k(x, t)r(t)dt. 


Let 
v(@) =14 / k(x, t)r(t)dt. 
Then 
r(x) < v(x) 
and v(x°) = lorx;=x°, i=1,2,--- ,n. Hence 
D,---Dyv(x) = k(x, x)r(x) < k(x, x) v(x). (5.4.502) 


From (5.4.502) it follows 


v(x)D,---Dyv(x) 


oe) < k(x,x), 
that is 
v(x)D, ---Dyv(x) Dyv(x)D +++ Dp—10(x) 
— a < k(x, x) + ay 
whence 
7 ee 


Integrating with respect to x, from a to Xn, we get 


Dy +++ Dy—v(x an 
a a / RGigkoe+* Apts tito sede. “GA4503) 
a 


v(x) ~ 


0 
n 
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Thus 
v(x)D, +++ Dy-1 v(x) 
v? (x) 
ae D,—-1v0(x))(D, +++ Dy—20(x« 
< | K(x1,X2,°°° »Xn—15 tn, X1,X2,°°° >Xn—-1; ty)dty+ ee, 
xo v(x) 
1.€., 


D,-- - Dn—20(x) a 
Dr-1 = aS < K(x1,%2,°°° »Xn—-15n,X1,X2,°°° Xn-1, tn) dth- 
v(x) xo 
Integrating with respect to x,-; from es to X,—-1, we have 


Di: v(x ond 
. ae i. i k(x, XQ,°* sXn—25 bn—15 In X1,X25°°* »Xn—25 tn—15 ty) dtydty—1 . 


Continuing this process, we obtain 


D,Dov Xx 
eee) ) 4 ai K(x1, X2,03,°°* 5 tn, X1,%2,03,°°° sty) dty +++ dts 
vx) 0 


which gives us 


Dv (x) *3 on 

Dz | ——]< pa K(X1, 2, 3.°°+ ty X1,%2,13,°°* stn) dty +++ dy. 
v(x) | hp 
3 n 


Integrating with respect to the x. component from ce to x2, we get 


D 
Div(x) he fp Reve tne X1, 25 t35°+* yt) dty dt. (5.4.50) 
u(x) 


Integrating the above inequality with respect to the x; component from x? to x1, 
we obtain 


v(x) 


log —~_—————_ < k(t, that 
ieesa 


which implies 


v(x) < exp ( / : k(t, nat) (5.4.505) 
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Substituting (5.4.505) into (5.4.502), we get 
Dy +++Dar(x) < k(x, x)u(x) < k(x, x) exp ( i} k(t, nat) (5.4.506) 
x9 


Integrating the above inequality with respect to x, component from x to X,, then 
with respect to x, component from oe to x,-1, and continuing until finally ea to 
x1, and noting that r(x) = 1 atx; = a we conclude 


Pay Ss ae is k(s, s) exp () k(t, nat) ds. 


u(x) 


Since a r(x), we get 
u(x) < g(x) 1+ if k(s,5) exp ( / kit, nat) a| ; 
1) x0 
which thus completes the proof. oO 


Next, we shall consider the case in which k(x, t) = h(x)f(t). Then we have the 
following result. 


Theorem 5.4.67 (Oguntuase [436]) Let h(x), f(t), u(x) be real-valued non- 
negative continuous functions on S and g(x) be a positive, non-decreasing 


continuous function on S. If h'(x) = 0, where the prime denotes 5 a and 
x] x; 
0 


the following inequality holds for all x € S with x = x’, . 


u(x) < g(x) + A(x) f ; f(t)u(t)dt, (5.4.507) 


then 


u(x) < g(x) [ ie / : h(s)f(s) exp ( / ; nioftoat) as (5.4.508) 


Proof Similar to the proof of Theorem 5.4.66, we can prove the theorem. Oo 


Remark 5.4.26 If k(x, t) = f(t) in Theorem 5.4.67, then estimate (5.4.501) reduces 
to 


u(x) < g(x) [ + [ir exp ([, feoar) as ; (5.4.509) 
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5.4.4 Linear Multi-Dimensional Continuous Integral 
Inequalities of Volterra Type 


The next result, due to Defranco [171], establishes a generalization of the Gronwall 
inequality (Theorem 1.1.1) for a class of systems of multiple Volterra integral 


equations. 

Unless specified otherwise, we shall adopt the following notation. 

Let | - | be an arbitrary vector norm on R" and let || M ||= sup), —;|Mx| be 
the norm of an m x n matrix M. Let a, denote any combination of the integers 
{1,2,--- ,n} taken k at a time. 

We shall assume that the elements in any combination a, = {i1, i2,--+ , ix} have 
been ordered (i.e., i) < iz < --- < ig) . Given the combination a,, we let ati, = 
{1,2,--+ ,m}— a. 

Let a, = {i1,i2,--+ , i} . For all x © R", we define xy, = (%i,.Xi,,°°+ Xig) - 


We denote the multiple integral symbol is a fit Mae f i by i and the sequence 
of differentials drj,drj,_,---dri, by dro. If g: “RA — R", we define the partial 
derivative Bri Kiyo Xiy* For x, y € R”, we introduce the following: let 
Xis if iE, 
Wi(X, Y; Ax) = ae 
i( y k) Vin if i€ 

and w(x, y; Qk) = (Wi X, ys i), W2(%, Ys OK), +++ Wal(X, Ys Me). 

Let u, ¢ : [a,b] + R” and for each a, , 1 < k <n, let Ka, (x, ra,) be anim x m 
matrix function for x € [a,b], du, < Ta, < Xn < Dox. 

We now consider the linear system of m Volterra integral equations in n 
independent variables of the form 


u(x) = h(x) + > is Kay, (X, Ta, U(W(X, 73 ak) dra,. — (5.4.510) 


ap l<k<n* Con 


It may be shown that if ¢(x) and the matrix functions Ky,(x, rx) are continuous, 
then equation (5.4.510) has a unique continuous solution on [a, b]. Also, we observe 
that there are 2” — | integrals appearing in Eq. (5.4.510). We simplify the notation 
further by using } to mean ))y. cpp: 

We now define the fundamental solution for Eq. (5.4.510). 


Definition 5.4.5 Suppose the matrix function A(x; &) satisfies the equation 


AQ—)=I1+ Oo I Kat(x, To AW, rate); dry, — (5.4.511) 


a, 1<k<n 


fora < & < x < b. Then A(x; &) is called a fundamental solution for equation 
(5.4.510). 
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If the functions Ky, (x, ra, ) are continuous, it is easy to check that A(x; &) exists, is 
unique, and is continuous fora < & < x < b. The following theorem, which may be 
verified directly, gives us the solution of Eq. (5.4.510) in terms of the fundamental 
solution. The two forms for the solution of Eq. (5.4.510) given in this theorem allow 
us to establish analogues for inequalities (1.2.5) and (1.2.2). 


Theorem 5.4.68 (Defranco [171]) Suppose that (x) is continuous on [a, b| and 
each matrix function Ky, (x, a,) is continuous for x € [a,b], da, < Ta, < Xu < 
bo, 


(i) If each Ag,, (x; €) is continuous for a < & < x < b, then the unique continuous 
solution of Eq. (5.4.510) on [a, b] is 


u(x) = b(x) + be cof” Ay, (X35 W(X, 13 OK) )b (W(X, F304) drag, (54.512) 


a. l<k<n Geax. 


(ii) If each },,, is continuous on [a,b], then the unique continuous solution of 
Eq. (5.4.510) can be represented as 


u(x) = AGsa)o(a) + > /  AGs w(a, 15 04)) brag (aa 750))dray. — (5.4.513) 


day 


The above result is based on Theorem 5.4.68 and the following theorem may be 
found in [281]. 


Theorem 5.4.69 (Hille [281]) Suppose F is a complete metric space and is 
partially ordered in such a way, that if an increasing sequence (g,) C F has the limit 
80, then gn < go for all n. Suppose T is an order preserving (f, < f2 => Tfi < Thr) 
contraction on F and fo is the unique fixed point of T. Thenf € F andf < Tf implies 
f <fo. 

For any real A, consider the space C,[a, b] consisting of the set of continuous 
functions g : [a,b] > R” normed by || g ||,= SUP jun) {I8@)| expl-A(DLi xh. 
It may be shown that C,[a, b] is a Banach space. Let K C C,|a, b] be the positive 
cone of functions such that f(x) = (1 (x), 62(x),-+- , Om(x)) € K iff d;(x) = 0,1 < 
i < m. We consider the partial order on C,[a, b] defined such that g1 < go iff 
go — gi € K. We notice that this partial order has the property that if (g,) is an 
increasing sequence in C,[a, b] converging to go, then gy, < go for all n. 


Theorem 5.4.70 (Defranco [171]) Suppose ¢(x) is continuous on [a,b] and for 
each a, with 1 < k <n, them xm matrix function Ky, (x, Tq,) is continuous and has 
non-negative elements. If u : [a,b] > R” is continuous and for all x € [a, b], 


uso+ Df 


op, l<k<n ° Ao 


X 


OK 
Koy, (X, To, U(w(x, 13 &x)) dre, (5.4.514) 
k 
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then u(x) < v(x) where v(x) is the unique continuous solution of Eq. (5.4.510) on 
[a, b]. If, in addition, each Ag, (x; &) is continuous ona < & < x < b, then 


u(x) < d(x) + > (—1)* i Ara, (05 WX, TF; K) (WX, 13 OK) roy 


a, l<k<n eck 


(5.4.515) 


or if, instead, we make the additional assumption that each $y,, (x) is continuous on 
la, b], then 


u(x) <AQ@rad(a+ Yo [ A(x: Wa, 1; 04) Pry, (W(d. 13k) ) dra 


ay, l<k<n % 4a, 


(5.4.516) 


Proof The continuity of each Ky, (x, rg,) on the compact domain implies there is a 
constant M > 0 such that || Kg, (x, ro,) || < M for each a;,. Choose Ag so that Ap > 1 
and uc < 1. Define T on C,,[a, b] such that for g € C,,[a, b], then 


(Tey) = 90) + Df Kalra )ebwls.renddra. 
ap l<k<n % Cok 
It follows from the continuity of the functions $ (x), g(x), and Ky, (x, ra, ) that (Tg) (x) 


is continuous on [a, b]. 
Take 91, g2 € C,|[a, b]. Then we have 


| (Tg1)@) — (Tg2)@) | 
= vf M | gi(w(x, 7; &)) — g2(w(x, rs or) | 


xexp| - do(S owt i a) exp [2o(S2mice r an) drag 
i=1 i=1 
<M] g1~ a2 lhy Sf” exp [2a omte-rsa0) Jar 
Teg i=1 
<Mile—e2ho Darew[d(»)| 
i=l 


_—— | 2i= 20 Ilao exp [20(So)] 


i=1 
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Therefore || Tg: —Tg |la,< ue) || g1—g2 ||a, and T is a contraction on C), [a, b]. 
Now suppose gi, g2 € C),[a, b] such that g; < g. Then since the elements in 


each Ky, (x, ’g,) are non-negative, we see that for each ax, 


Kay, (5 Fa )81 WO, 15k) < Koy (%, Ta) 82 (WO 15 Mk). 


Thus Tg; < Tg» and T is order preserving. Thus the result now follows directly 
from Theorems 5.4.68 and 5.4.69. O 


We note that the above method of proof depends on the proper choice of norm 
on the space of continuous functions. For further discussion of this idea and related 
topics, the reader is referred to Chu and Diaz [134]. 

In the case when m = n = | and Kj (x,r) = k(r) (x, r real), we see the A(x; r) = 
exp os k(s)ds) and estimates (5.4.515) and (5.4.516) reduce to estimates (1.2.2) 
and (1.2.5) respectively. The form of the estimates (5.4.515) and (5.4.516) suggest 
that the fundamental solution defined above is the natural generalization of the 
exponential function appearing in Theorems 1.2.1—1.2.2; in fact the fundamental 
solution defined here is a generalization of the fundamental matrix in the theory of 
ordinary differential equations. 

We now turn to a discuss several generalizations of Theorems 1.2.1—1.2.2 and 
show how some of these may be obtained from Theorem 5.4.70. 

Chu and Metcalf [135] had given an extension of the Gronwall’s inequality for 
scalar integral equations in one variable, see Theorem 1.2.38. 

It has been shown [625] that the resolvent kernel H(x, r) (see, Theorem 1.2.38) 
satisfies the integral equation 


H(x,£) = K(x, £) + I * K(x, NH(r, 6dr. 


Under the assumption that A¢(x; €) is continuous for 0 < € < x < 1, in this case, 
from Eq. (5.4.511) it follows that 


Ae(x, £) = —K(x,€) + i "K(x, DH(r, bar. 


Hence, by uniqueness, we see that Ag(x,&) = —H(x,&). Using this fact and 
Theorem 5.4.68 in the form of inequality (5.4.515) (with m = n = 1 anda = 0), 
we can obtain the result given by Chu and Metcalf [135], ie., Theorem 1.2.38. 

Conlan and Diaz [140] have used the following generalization of the Gronwall’s 
inequality to study existence and uniqueness for an n-th order hyperbolic partial 
differential equation. 


Theorem 5.4.71 (Conlan-Diaz [140]) Jf y, M, and L are non-negative constants, 
if in the region) <x <b (b € R",0 < b < +00), the real-valued function u(x) is 
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continuous and non-negative, and if for all x € [0, b], 
Xo x 
ux)<ythL YO / u(w(x, 7 @))dra, + M / u(r)dr, (5.4.517) 
ap, l<k<n—-1 Ook 0 
then for all x € [0, b], 


u(x) < yK (5.4.518) 


where K is a constant depending on L, M, and b. 


Proof Under the assumptions, Theorem 5.4.70 may be applied directly and inequal- 
ity (5.4.516) implies u(x) < A(x; 0)y. The assertion then follows from the continuity 
of A(x; 0) on [0, 5]. oO 


Other generalizations have been given when u(x) satisfies the following special 
inequality (Ky, = 0,1 < a, <n—1,Ko,(x,r) = K(*)), for alla,x,r € R’, 


u(x) < o(x) + : " RON aR (5.4.519) 


In order to establish the connection between these generalizations and that given 
in Theorem 5.4.70, we introduce the matrix function A(x; &) satisfying the equation 


A(x; €) = 1+ (—1)" [ &)K(r)dr, a<x<E<b. (5.4.520) 


If K(x) is continuous on [a,b], which will be assumed here, it may be shown 
that Eq. (5.4.520) has a unique solution continuous in x and €. When n = 1, we 
see that A(x; €) is the transpose of a fundamental matrix for the adjoint system. We 
also note that if m = 1, then A(x; &) is the so-called Riemann function [607] for 
the hyperbolic equation u,(x) = K(x)u(x). If A(x; &) is the fundamental solution for 
the equation associated with inequality (5.4.519), then it is possible to establish the 
following reciprocity relation: 


A(x,€) =A(Eix), ax<x&<x<b. (5.4.521) 


We can now use Eq. (5.4.521) to obtain the special form of the estimate (5.4.515) 
when u(x) satisfies inequality (5.4.519). Using Eqs. (5.4.521), (5.4.520), and the 
continuity of A(x; €) in its first variable, we know that for each a, with 1 < k < n—-1, 


bof 
Ae (8) = 1" [Hover S:an).dK lr Eeu) drag 6.4.52) 


xy 
ba 


5.4 Linear Multi-Dimensional Continuous Integral Inequalities 707 


and 
Az (x; €) = (-1)"A(E; x) K (8) (5.4.523) 


fora < x < & < b. It follows from Eq. (5.4.522) that Ag, (x; w(x, §; %)) = 0 for 
each a, with 1 < k < n—1. Using this fact, Eqs. (5.4.523), and (5.4.521) again, we 
derive that (5.4.515) now reduces to 


u(x) < d(x) + ic r)K(r)o(r)adr. (5.4.524) 


a 


Snow [603, 604] used a different method to obtain two generalizations of 
the Gronwall’s inequality when n = 2 and u(x) satisfies an inequality of the 
form (5.4.519). Since the result given in [603] follows from the one given in [604], 
we show that the main result in [604] follows from Theorem 5.4.70 above. Changing 
notation so that x, y, a, b, r,s € IR, we may restate and reprove the following Snow’s 
theorem (i.e., Theorem 5.1.11) by using Theorem 5.4.70. 


Theorem 5.4.72 (Snow [603]) Suppose D is a domain in R? and u,¢ : D> R” 
are continuous on D. Suppose K(x, y) is a continuous symmetric m x m matrix 
function having non-negative elements on D. Let Po(a, b) and P(x, y) be points in D 
such that (a,b) < (x, y) and let G be the rectangle having the line joining PoP as its 
diagonal. Suppose the matrix V(r, s; x, y) satisfies the characteristic value problem 


Vis(r, 83x, y) = K(r,s)V(r, 83x, y), V(x, six,y) = V(r, y;x,y) =I. (5.4.525) 


Let D* be the connected sub-domain of D containing P and on which V(r, s; x, ) 
has non-negative elements. If G C D* and 


u(x,y) < d(x y) + [ [ K(r, s)u(r, s)dsdr, (5.4.526) 
a b 
then 
u(x,y) < d(x, y) + If V"(r,s:x, y)K(r,s)o(r,s)dsdr_ — (5.4.527) 
a b 


where V" is the transpose of V. 


Proof Let A(x,y;&,7) be the fundamental solution for the equation associated 
with (5.4.524). If we assume G C D, then it follows that under Snow’s hypotheses in 
Theorem 5.4.72, where the estimate (5.4.485) now takes the form given in (5.4.524), 
it holds 


u(x, y) < d(x, y) + a [46 yir, s)K(r, s)(r, s)dsdr. (5.4.528) 
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Integrating the equation in problem (5.4.525) and using the characteristic data, 
we have 


V(E, ni; x,y) = I+ is [ K(r,s)V(r,8;x,y)dsdr, (&,n) < (x,y). (5.4.529) 
Eg Jn 


Comparing Eq. (5.4.529) with Eq. (5.4.520) for A, using Eq. (5.4.521), and using the 
symmetry of K(x, y), we can see that A(E,n;x,y) = V’(E,n;x,y) = A(x, y;&,n) 
and hence we obtain the estimate (5.4.527) by using Theorem 5.4.70. O 


We point out that provided G C D, we obtain the estimate (5.4.528) with no 
assumption that A(x, y; €, 7) have non-negative elements on a sub-region D* 5 G. 
In fact, under the hypothesis that K(x, y) has non-negative elements, it follows from 
Theorem 5.4.70 that A(x, y; €&, 7) has non-negative elements for all (€,7) € G. We 
also note that the estimate (5.4.519) is valid without the symmetry assumption on 
the matrix K(x, y). 

Young [677] had generalized Snow’s method for a scalar inequality of the 
form (5.4.519) in n independent variables. Returning to the notation used earlier, 
we may restate the following Young’s extension (see, Theorem 5.4.32). 


Theorem 5.4.73 (Young [677]) Let Q be an open set in R" and let a,x € Q such 
that a < x. Suppose u(x), @(x), and k(x) = 0 are real-valued and continuous on Q. 
Let V(&; x) be the solution of the characteristic value problem 


(—1)"v¢ (Es x) = K(E)v(Esx) v(Esx)=1 for G =x, 1<isn. (5.4.530) 


Proof Let 2* be the connected sub-domain of Q containing x such that v(E;.x) > 0 
for all € € Q*. If [a,x] C Q* and 


u(x) < P(x) + / * k(ulnddr, (5.4.531) 
then 
u(x) < d(x) + [ eon x)dr. (5.4.532) 


Suppose [a, x] C Q. It follows from problem (5.4.530) that v(&; x) is the solution of 
the equation 


: 
v(—ix) =14(-1)" | k(v(rxadr. (5.4.533) 


x 


Comparing (5.4.532) with Eq. (5.4.520) and making use of Eq. (5.4.521), we see 
that v(E;x) = A(E;x) = A(x; &), & < x. Using this in (5.4.524) with m = 1 and 
K(x) = k(x), we obtain (5.4.532). Oo 
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Walter [635] had also given a generalization for a scalar inequality of the 
form (5.4.532) in n independent variables. Walter’s concluding estimate is given 
in terms of a function h* (x, &) defined as a series of functions determined from an 
iteration procedure. It may be shown that the function h* (x, &) and the fundamental 
solution A(x; £) for this case are identical and hence the present result is consistent 
with the result given in [637]. 


5.4.5 Linear Continuous Abstract Gronwall-Bellman 
Inequalities 


The next result, due to Bainov et al. [41], is to prove the Gronwall-Bellman 
inequality in the case of a compact metric space. 

Let Q be a compact metric space with a metric p and a Borel measure 1, and let 
for each x € Q the mapping M : x +> M, be defined where M,, is a closed subset 
of 8&2. We shall suppose that the mapping M satisfies the following condition: 


(Al). For each ¢ > 0 and each x € Q, there exists a number 6 > 0 such that for 
each y € Q, with p(x, y) < 4, the following inequality holds 
[My \ My} U {My \ Mx}) < e. 
Definition 5.4.6 The mapping M is said to be continuous with respect to the 
measure ju if it satisfies condition (A1). 


Consider the equation 
oe) =70) +2 J Ke sO)d0). (5.4.534) 


where the kernel K : 2? —> C and the function f : Q => C are continuous, and 
A€C. 

Denote by C({2) the Banach space of the continuous functions G : Q — C with 
anorm ||g|| = sup,cg |g(x)| and the linear operator K by the equality 


(Kg)(x) := i. K(x, y)gQy)dpy, g € C(Q). (5.4.535) 


The operator J — AK, A € C,A ¥ 0 is a canonical Fredholm operator. In order to 
verify the above statement, it is sufficient to prove that the operator K is compact. 


Theorem 5.4.74 (Bainov-Myshkis-Zahariev [41]) Let the mapping M be contin- 
uous with respect to the measure ,t. Then the operator K maps C(Q) into C(Q) and 
is compact. 
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Proof Since C(Q2) is a Banach space, then it suffices to show that the image of the 
unit ball B C C({2) is a compact set. For each function g € B, taking into account 
that jz is a Borel measure, we obtain 


Kell = sup| : K(x,y)g()dpty| < Au(®), 
xEQ M, 


where A = sup |K(x, y)|, i-e., the norms of the functions belonging to the set K(B) 
xy EQ 
are uniformly bounded. We shall prove that the set K(B) is equicontinuous. 
Let ¢ > 0 be arbitrary. Then uniform continuity of the kernel K(x, y) implies that 
there exists a number 6 = 6(€) > 0 such that for arbitrary x, y, z € Q if p(x, y) < 4, 
then 


|K(x, z) — K(y,2)| < ——— ; IGN (5.4.536) 


Besides, it can be easily verified that the mapping M is uniformly continuous 
with respect to the measure jz, and hence there exists a number 6* > 0,65* < 6, 
such that if p(x, y) < 6*, then 


é 
L({M, \ My} U {My \ My}) < TAu(Q) (5.4.537) 


Therefore, for each function g € B and for x,y € Q, (5.4.536) and (5.4.537) yield 
the estimate 


(Kee) — (KYO) =| Kedeedus- f KO.DeE due 


< | KO.) —KO.De@duel +| f K(x, dg(ddute| 
MxOMy Mx\My 


+f K(y, g()duz| < € 
My\My 
which means that the functions from K(B) are equicontinuous. Therefore K maps 


C(Q) into C(Q) and it follows from the Ascoli-Arzela theorem that the set K(B) is 
compact. 4 


Theorem 5.4.74 implies that the Fredholm alternative holds for Eq. (5.4.534). 
Suppose in addition that the mapping M satisfies the following conditions: 


(A2) (Transitinity). For each x € Q and each y € M,, the inclusion M, C M, 
holds (in other words M? C M). 


This enables us to consider, for an arbitrary point a € Q, the restriction K, : 
C(M,) — C(M,) of the operator K where K, is defined by equality (5.4.535). In that 
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case, the restriction g/M, of the solution of the equation g = f + AKg, g € C(Q), 
is solution of the equation @ = f/M, + AKag, @ € C(M,z). 


(A3) (Semicontinuity from below). For each x € Q and each ¢ > 0, there exists 
a dé > 0 such that for each y € Q for which p(x, y) < 6, the inclusion M, C 
U(M,, €) holds where U(M,, €) denotes the e-neighborhood of M). 


Remark 5.4.27 This condition is very close to condition (A1), and in certain cases 
is logically related to it. For example, it can easily be verified that if the mapping 
M satisfies condition (A1), then it is semi-continuous from below for every x € Q 
such that for each e > 0, the inequality 


inf [u(U(, €) 1 M,)] > 0 
yeMy 


holds. 
(A4). There exists an x9 € Q such that u(M,,) = 0. 


Remark 5.4.28 If conditions (A1)—(A4) hold, then Eq. (5.4.506) may be considered 
as one of the possible generalizations of the Volterra equations. This can be seen, 
for example, from the fact that if we consider the equation 


w(x) 
eG) =76) + / K(x. y)@O)dy. W : (0, 1] > [0,1], 


conditions (A1)—(A4) are fulfilled if and only if the function (x) is continuous and 
0 < w(x) < x for all x € [0, 1]. It may be some interest to describe the structure of 
the mapping M satisfying conditions (A1)—(A4) in the general case. 


Definition 5.4.7 Condition (A) is said to hold if the conditions (A1l)-(A4) are 
fulfilled and Q is a connected set. 


Theorem 5.4.75 (Bainov-Myshkis-Zahariev [41]) Let condition (A) hold. Then 
Eq. (5.4.534) has exactly one solution @ € C(&2) for each function f € C(&). 


Proof Consider the equation 


g(x) =A / K(x, y)e(y)duy, A €C, (5.4.538) 
My 
and let g € C(Q) be one of its solutions. Denote by H the set 
H= {ex € Q and for eachy € M,, we have g(y) = OF 


We shall prove that H # @ (the case M,, = @ is trivial), and therefore condition 
(A2) implies that for each x € M,,, we have w(M,) = 0. Then (5.4.510) yields 
g(x) = 0 for each x € M,, and hence xo € H. 
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The set H is closed. Let us choose an arbitrary fundamental sequence of points 
{Xn},%n € H,n = 1,2,--- and denote by x* its limit in Q. We shall prove that 
x* € H. For this purpose, it is sufficient to consider only the case when all M,* and 
M,«x # @. Let z € M,« be an arbitrary point and e > 0 be an arbitrary number. 
We denote by y, the point at which the minimum of the distance p(z,x),x € M,,, 
is reached, i.e., p(Z, Yn) = e(z,M,,) (this minimum is reached because M,., are 
closed sets). There exists a number 6, > 0 such that if p(z,x) < 6,,x € Q, then 
|yx) — v(z)| < ¢. Condition (A3) implies that there exists a number 52 > 0 such 
that if p(%n,x*) < 62, then My» C U(M,,, 51). But since lim, +00 P(%,x*) = 0, 
then there exists a number N > 0 such that for all n > N, we have, p(%,x*) = 0, 
then there exists a number N > 0 such that for all n > N, we have p(xn,x*) < 69. 
Therefore for n > N, we have z € U(M,,, 61). Hence p(z, Mx,) = p(Z. yn) < 61 and 
thus |9(z) — g(n)| < ¢. Since g(v,) = 0, then |g(z)| < ¢ and hence g(z) = 0. 
Since z € M,* is an arbitrary point, then g(x) = 0 for each x € M,*, which implies 
that x* € H. 

We shall prove that H is an open set as well. 

Let a € H be an arbitrary point and let ¢ > 0 be such that the inequality e|AA| < 
5 holds. There exists a number 6 > 0 such that for each x € Q for which p(a, x) < 6, 
the following inequality holds 


M(tMa \ Mx} supt{My \ Maj) < &. 
Let b € Q, p(a, b) < 6 and consider the set 
i {gle € C(M,), g(x) = 0 forx€e M,N M,}. 


Condition (A2) implies that the operator AK, maps T into T. Let g1, g2 € T be 
arbitrary functions. Then we have 


|AKg; — AKgolly, = |Al sup | | K(x, y)(g10) — 82()))dpy| 


xE€Mp My 


A 
ae 


af K(x.y)(e1() — g0(0) psy 
Mx\Ma 


+1 f K(x,y)(e1(9) — g2(9) dey} 
My.O0Ma 


1 
< JAJA sup (Mx \ Ma)llgi — gallu, < 5 llei — gzllm- 


xEM, 


Therefore the operator AK, is contractive on the set T (it is easy to see that the set T 
is closed) and hence from the uniqueness, we get go(x) = 0 for all x € M,. On the 
other hand, the uniqueness implies that the restriction of g(x) on M, coincides with 
go(x) and therefore g(x) = 0 for all x € Mj, i.e., b € H. Thus we prove that the set 
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H together with all its points a contains a neighborhood of any of these points as 
well, i.e., H is open. 

Furthermore, taking into account that Q is connected, we obtain H = Q and 
hence (5.4.538) yields g(x) = 0 for all x € Q, ie., Eq. (5.4.538) for each A € C 
has only the trivial solution. The Fredholm alternative implies that for each A € C, 
Eq. (5.4.534) has an unique solution g(x) € C() for each function f(x) € C(Q).O 


Remark 5.4.29 The spectrum o(K) of the open K consists of the point A = 0 only. 
Remark 5.4.30 The spectral radius t(K) of K is zero. 


The validity of the above statement follows immediately from Theorems 5.4.74 
and 5.4.75 and from [675] (Theorems 3, 4 of Sect. VIII. 2 and Theorems 1, 2 of 
Sect. X. 5). 

Therefore the solution of Eq. (5.4.534) is given by the equality 


g(x) = ((I— AK)“'f)(x) = AT (ROT| ENP), (5.4.539) 


where the resolvent R(A~!; K) is presented in Neumann series convergent in the 
operator topology for each A € C, 


R(A7!:K) = Al +. 42K + 13K? ++ 
or in a more expanded form 


ARATE KY) =f) +2 [ K(xyf duty t-- (5.4540) 


where the series (5.4.540) is uniformly convergent for each A € C (see, [675] 
Theorem 3 of Sect. VII. 2). In particular, if f(x) = 1 and A = 1, then from (5.4.540) 
we obtain a special solution @(x) of equation : 


b(x) = 1+ ff Kos vidi + f Ko i(f K(y, yi)dby, )dbly +++. 


(5.4.541) 


Theorem 5.4.76 (Bainov-Myshkis-Zahariev [41]) Let conditions (A) hold and let 
the continuous function y : Q — R satisfy the inequality for each x € Q, 


rOCtiOn [ K(x.) WO)d ty, (5.4.542) 


where the function f : QQ — R are continuous, and K(x,y) = 0 for all x,y € Q. 
Then if p(x) is the solution of the equation 


(—=704 if K(x,9) 06) dpty, 
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then for each x € (2, there holds the inequality 
W(x) < g(@). (5.4.543) 


Proof Integrating n times the right-hand side of (5.4.542), we obtain 


Wx) < fa) + [ K(x.y)f )dpty + [ K(x.) . KG nil oda 


M, 


x 


Koy) Cf K(yn-1, Yn) WOn)d by, ) +d ply. (5.4.544) 


Noting (5.4.539) and (5.4.540) and passing to the limit n — +00 in (5.4.544), 
we obtain 


g(x) < f(x) + i, Ke yO) diy == oO). (5.4.545) 


Thus the proof is now complete. O 


Theorems 5.4.75 and 5.4.76 can be naturally applied to the case when Q is not 
compact or connected, but the mapping M satisfies certain additional conditions. 
For example, it is sufficient to require that every non-empty set M,,x € Q, should 
be compact, connected, have a finite measure (assuming that jz takes the value +-oo 
as well) and, besides, should contain a point y = y(x) such that (M,) = 0. In that 
case, all considerations about the operator K must be referred to its restriction, in 
particular, the inequality 


v@)s c+ f KO)W)dpy, xe Q, 


where C is an arbitrary constant, K : Q — R is a continuous function, and K(y) > 
0, y € Q. Then Theorem 5.4.76 and equality (5.4.541) yield, for all x € Q, 


W(x) < Cha), (5.4.546) 


where the function (x) is a solution of the equation 


ee i. K(v)@()dpy, (5.4.547) 


which is given in the form 


d(x) =1+ / K(y)dpy +°°-, (5.4.548) 


x 


where the series (5.4.548) is uniformly convergent. 
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In fact, (5.4.546) presents an analogue of the Gronwall-Bellman inequality. 
If K(y) = 1 in (5.4.548), then we have an analogue of the exponent correspond- 
ing to the mapping M: 


expy (x) = 1 +f djty +f (f djty, )dply +++. 
My Mx My 


To illustrate the above results, we shall consider some examples in the case when 
Q is finite dimensional. 


Example 5.4.2 Let Q = R+,M, = [0,x]. Then exp,,(x) = e* and in inequal- 
ity (5.4.546), we have 


(x) = exp [ "K(y)dy). 


Example 5.4.3 Let Q = Ri,M, = [0,wW(x)], where w(x) is continuously 
differentiable and 0 < y(x) < x. Then exp,,(x) is a solution of the Cauchy problem 


$' (x) = WOO), 9) = 1. 
If, in particular, (x) = 3, then 


+00 x" 
EXPn(X) = Do Ant )/2p 1 
n=0 
Example 5.4.4 Let Q = R*_,x = (x1,x2),x1,%2 > Oand M, = {(y1,y2)|0 < 1 < 
x +.x2,0 < yo < x1 +22 — yi}. Then expy,(x) = cos h(x, + x2). 


Example 5.4.5 Let 2 = RY ,x = (a1,%2,+++ ,%n),x; = 0,8 = 1,2,--+,n and 
M, = [0,x1] x --+ x [0, x,]. Then 


+00 


expy(x) = > Se 


i! 
i=] 


The following theorem is valid in the general case. 


Theorem 5.4.77 (Bainov-Myshkis-Zahariev [41]) Let Q = R‘_, jz be a Lebesgue 
measure and let the following conditions hold: 


(1) For eachx € Q and each y € My, we have x; = yj,i = 1,2,-++ ,n. 
(2) The function K : 8 — R is continuous and K(y) = 0 for ally € Q. 
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Then the solution (x) of Eq. (5.4.545) satisfies the inequality for all x € Q, 
(0) <exp([ KO)ay). 
My 


Proof Let z € R‘ be a point such that the n-dimensional parallelepiped B, = 


[0, zi] x --- x [0, zn] contains M, and let us choose an arbitrary function K : B, > 
Ri,K € C(B,) such that K(y) = K(y) for all y € My. Then the function 


wo) =exp( | Ko)d)). xB, 
By 
satisfies the equation 


ie =1% : F()WO)dy. 


P 


where B, = [0, x] x --- x [0,x,], while we shall clear up the form of the function F 
in the case n = 2: 


wera) = exp[ [Cf Re. eatyagy] =1+ [° (Svor)a 


1+ A (cxot [” i. K(&, &2)d&)d&\] - i- R(y1. dba) dy 


=1+ f(x (otf of Re.sonderat)- [ Ko1.é)48)An]ays 


1+ [OE fo ew( fo Re. éoat)at ({ Rr vaabi( [Rows 


+R¢1.99))dn) Js, 


Il 


(5.4.549) 


xX] oe x2 a 2 
F(x1,%2) = i; Konaddn f K(x1, y2)dy2 + K(x, x2). 
0 0 


It is easy to verify that for an arbitrary n, the function F is equal to the sum of K 
and a polynomial with positive coefficient of integrals of K with multiplicity from 1 
to n — 1 and with integration bounds from 0 to x;. Hence F(x) > K(x) for all x € B: 
and from Eq. (5.4.547), it follows 


W(x) = 14 [ Ko)WO)dy = 14 [ K(y)WO)dy. 


5.4 Linear Multi-Dimensional Continuous Integral Inequalities 717 


Therefore using Theorem 5.4.76, and noting that #(x) is a solution of Eq. (5.4.546), 
we can obtain the inequality @(x) < w(x) which is the desired estimates. Oo 


A similar result was obtained in [216] in the case when K(y) is an integrable 
function, but the mapping M has a special form. 


5.4.6 Linear Multi-Dimensional Continuous Matrix 
Generalization of the Gronwall-Bellman Inequalities 


A variety of linear generalizations of Gronwall’s inequality, including multi-variable 
results of Snow and Young, are subsumed and extended by simple arguments 
involving the resolvent kernel of the integral operator. 

It is well-known that Gronwall’s inequality in Theorem 1.1.1 ([239]) is but one 
example of an inequality for monotone operator K in which the exact solution of 
w = a+w provides an upper bound on all solutions of u < a+ Ku. Nevertheless, 
this idea is often neglected in deriving new variants of this classical inequality. 

The next result generalizes Gronwall’s inequalities to systems of m linear 
inequalities in n variables by arguments involving manipulation of the resolvent 
kernel equation for K. These results encompass work of Chu and Metcalf [135], 
Snow [605, 636], Walter [647] (with a restriction noted below), Wendroff [47], and 
Young [677] as well as providing extensions to kernel having more general form 
and weaker regularity properties. 

Let G(x) and H(x) denote real-valued m x m matrices and a(x), u(x) denote m- 
vectors, all of which are continuous functions of x = (x1,..., Xm). Let x° be a fixed 
n-vector and f\) -dy denote the multiple integral /, 0 s+ fo dy1+++ dyn. 

Inequalities hold component-wise and / is the identity matrix. 


Theorem 5.4.78 (Chandra-Davis [128]) Let G(x), H(x) be continuous, non- 
negative matrices for all x = x°. If for allx > x°, 


u(x) < a(x) + Gx) / "iva (5.4.550) 
then for all x = x9, 
u(x) < a(x) + G(x) / : V(x, y)H(y)a(y)dy, (5.4.551) 


where V(x, y) satisfies 


Vix,y) =I+ / H(z)G(z)V(z, y)dz, x° <y <x. (5.4.552) 
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Proof \n the norm in [647, pp. 141-142], the integral operator K on the right-hand 
side of (5.4.550) is a contraction on the segment x° < x < x’ for any fixed x’. The 
resulting Neumann series consequently converges uniformly on any such compact 
set to a resolvent operator (y — K)~!, which is monotone because K is monotone. 

A sharp bound on u(x) is therefore the exact solution of w = a + Kw. 
The usual manipulations of the Neumann series, e.g., Yosida [674, pp. 147- 
149], show that this solution is just the right-hand side of inequality (5.4.551), 
where G(y)V(x, y)H(y) appears as the resolvent kernel of G(x)H(y). The resolvent 
equation for K is (5.4.552) premultiplied by G(x) and postmultiplied by H(y) (see, 
[677, Eq. (37.9)]). oO 


Remark 5.4.31 With G(x) = I and other restrictions, Snow [605, 636], Young 
[680], and Walter [647] have obtained inequalities like (5.4.551). Snow and Young 
regarded V(x, y) as the Riemann function for the initial value problem equivalent to 
Eq. (5.4.552). The equivalence of Eq. (5.4.552) and Snow’s result [605] for a system 
of two inequalities follows from Snow’s hypothesis that H(y) is self-adjoint, which 
forces the same property on V. Walter handled a more general region than x° < x, 
but defined V via the Neumann series for the operator in (5.4.550). 


Corollary 5.4.18 (Bainov-Myshkis-Zahariev [41]) Let a(x) > 0 and G(x), H(x) 
>0 for allx > x°. Define 


Jays fof A(21, 225+ ++ Zn) G(Z1, 22) «++ 5 Zn dZ2 +++ 2m 
y2 Yn 


and suppose that J(z;) commutes with exp (fy, J(s1)ds;) for all z > y, = a If 
u(x) satisfies (5.4.550), then for all x > x, 


u(x) < a(x) + G(x) fe exp ([ Hosea) H(y)a(Qy)dy.  (5.4.553) 


Proof Let E(z,y) = i H(s)G(s)ds. Since exp E(x, y) is increasing in any compo- 
nent of its first argument, we have 


/ " H@G® expE(e, dz < / woo ( / : 111d) i 
y yl 


yi 


= exp E(x, y) — I. (5.4.554) 


Consequently, exp E(x, y) satisfies an integral inequality of which V(x, y) is the exact 
solution in the case of equality; cf. (5.4.552). The fundamental argument of the 
theorem (that the solution of the equality provides a bound on all solutions of the 
corresponding inequality) now gives us V(x, y) < exp E(x, y), and hence (5.4.553) 
follows from (5.4.551). Oo 
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Corollary 5.4.18 extends a two-variable, scalar inequality originally due to 
Wendroff. In general, (5.4.553) is not sharp unless the inequalities depend only on 
a single scalar independent variable. 


Corollary 5.4.19 (Bainov-Myshkis-Zahariev [41]) Let the vector a(t) and the 
non-negative matrices G(t), H(t) be functions of the single scalar variable t for all 
t > t°. Assume that H(t)G(t) and fp H(s)G(s)ds commute for all t > t°. If (5.4.550) 
holds (with t, 1° in place of x, x ), then for all t = 1°, 


t t 
u(t) < a(t) + aw | exp (/ H(G(ar) H(s)a(s)ds. (5.4.555) 
1 s 
Proof Integration reveals that (5.4.552) is satisfied by 


V(t, s) = exp ([/ werowar) ; 


oO 


This corollary restates a result of Chu and Metcalf [135], which was obtained 
by summing a Neumann series, and includes the classical Gronwall inequalities. 
Willett’s technique [647], for treating kernels which are sums of terms like G(t)H(s) 
could be used to solve (5.4.552) and hence extends Corollary 5.4.19 to kernels of 
this more general form. 

The commutativity assumptions in the preceding corollaries are imposed to 
permit integration of the matrix exponential function. 

In the case of a scalar independent variable, Miller [405], has derived the 
resolvent kernel equations for a system of Volterra integral equations whose kernels 
are not necessarily continuous. The obvious extension of these results to several 
independent variables yields a substantially weakened form of the theorem (the 
regularity condition given below is not the most general, see [405]). 


Theorem 5.4.79 (Alternate Theorem) Let G(x), H(x) be commuting, non- 
negative matrices which are merely square integrable on xo <x = (X,°°* Xy) <x 
for each fixed x’ > x. If (5.4.550) holds a.e. on x° < x, then (5.4.551) and (5.4.552) 
hold a.e. on x® <x. 


A differential analysis like that of Snow and Young obviously requires revision if 
the Riemann function V is defined by a differential equation whose coefficients may 
not be continuous. The integral equation approach taken here avoids this difficulty 
by requiring only enough smoothness in G and # to ensure that the resolvent kernel 
actually provides a solution of the integral equation. 

The well-known Gronwall inequality in Theorem 1.1.1 gives us explicit bounds 
for a continuous function u(x), satisfying 


0<u(x) <at / bu(t)dt, 
0 
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where a, b are non-negative constants. 

Over the years this has been extended in a variety of ways, in particular by: (1) 
letting a = a(x) and b = b(t) or b = D(x, 1); (2) letting u = u(x,--- ,x,) and 
i = . tee . "; (3) letting u be a vector, giving rise to a system of inequalities. 

We shall next improve the above mentioned extensions, making systematic use 
of iteration methods, as in [142]. 

Let u(x) = (u,(x),--+ ,Un(x))", where T denotes the transpose, and we let K(x, t) 
be the m x m matrix kj(x, f), where the u; and the kj are all real-valued, continuous, 
non-negative functions for 0 < t < x. By K > M, we mean kj > mj, for all i, j, and 
u > v, we mean u; > v; for all i. 


Definition 5.4.8 The (matrix) functions K is called a good kernel if each element 
kj; of K satisfies the following conditions: 
(a) ky(x,t) = 0, 


(b) kj is a continuous function of its 2n variables, (5.4.56) 


(c) K@s)f / “K(E(o.x)0)do} < {K(E(0.x),0)do}K(sx, 5) 


where &(0; x) is a point in [o, x] such that K(&(o,x),o) = max{K(t,a): t € [o,x]}. 


In the special case where K(x,s) is non-decreasing in x (or non-increasing in 
x), then &(o,x) = x (or E(o,x) = o). Note, by condition (b), K(E(o,x),o) is a 
continuous function of the 2n variables x, o even though &(o, x) need not be. 

If K is a good kernel, and if the components of g = (g1,-*+ , gn)’ are non- 
negative and continuous, we define 


Tg(x) = T'g(x) = : K(x, t)g(t)dt, x >0, 
0 (5.4.557) 
Tit'g = (T's), 
where 


Kon =f K(x,s)ds, x>t>0, 
t 


Kj4i0,0) = i ‘ K(5)Ki(s, ds, (5.4.558) 


Ko(x, t) = Identity matrix. 


Note the Kj are not the usual kernels which appear in the theory of integral 
equations. 
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Lemma 5.4.10 (Conlan- Wang [143]) 


Tit! g(x) < / " K(x. s)K(E,s)g(s)ds, (5.4.559) 
0 


where & = &(x, s) is the function defined in condition (c) of Definition 5.4.8. 


Proof Forj = 0, 


Te(x) = ; K(x,s)g(s)ds < i “K(x. s)K E(x, 8), 8)9(s)ds 


and so (5.4.559) holds for j = 0. 
Now assume (5.4.559) holds for j = r. Then 


Tt29(x) = i; “K(x, Pt! g(s)]ds 
< i “Ke, sy i “KE A) K(E(t,s), t)g(t)dtds 
x. Ss : . 4 d 
< i K(x.5)| i K,(s, )K(E(t,x), ))g(fdtlds 
= i : [ / : K(x, s)K,(s, )ds|K(E(t, 5), t)e(t)at 
0 0 
= [ K,410%, 0K (E(t, x), Dg (Od. 


oO 


The next three lemmas will be useful in the proofs of Lemmas 5.4.13 and 5.4.15. 


Lemma 5.4.11 (Conlan-Wang [143]) Let A, B be appropriately differentiable 
matrix functions of s = (s1,°++ , Sy). Let all Ds, +++Ds;,C = 0, where C = A or B, 
and 1 <k <n—1 andall distinct j,,--- , jx € {1,--++ ,n}. Then Dy, -++Dsn(AB) = 
(Ds1 ios *Dsn a -DsnA)B ale A(Ds1 ee -DsyB). 


Proof The conclusion is true for nm = 1. Assume it is true forn = 1, Le., 
Ds} a -Ds-(AB) = (Ds1 me -Ds-A)B = A(Ds1 ee -Ds-B). 
Then 


Ds +++ Ds.) (AB) = Ds,.,Ds1 a -Ds-(AB) 
Ds, [B)] a A(Ds1 mae Ds,)B) 
(D 


IV 


IV 


s-41Ds1 _ -Ds-A)B i (Ds 3 DsrA)(Ds,,,B) 
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+(Ds,,,A)(Ds1 ne -Ds,B) zs A(Ds,,Ds1 7 -DsB) 
= (Dy-++Ds,,,A)B + A(Ds, +++ Ds,,,B). 


oO 


Lemma 5.4.12 (Conlan-Wang [143]) /fM, K are matrices satisfying MK => KM, 
then M'K > KM". 


Proof Tf the conclusion is true for r = j, then 


M'*!kK = MM'K > MKM! > KM". 


Oo 
Lemma 5.4.13 (Conlan and Wang [143]) If Mo = i, K(x,o0)do, then 
Ds +++ DsnM" > rK(x,s)M™. 
Proof The conclusion is true for r = 1, assume it is true for r = j. Then 
Dy ++: DsnM!*! = Ds +: Dyn(M'M) 
Z (Ds1 Sean Dsn»M!)M a M(Dy1 ano Ds,M) 
> jKM’"'M+ M'K 
> (G+1)KM’. 
O 
Lemma 5.4.14 (Conlan- Wang [143]) 
1 x m 
Kn(x,t) < —| K(E(s,2), s)ds| (5.4.560) 
mILJ, 


Proof Fromm = 1, 
Ki(x,t) = / K(x, s)ds < / ~K(E(s,x), 8)ds, 
t t 
and so (5.4.560) holds for m = 1. Assume it holds for m = r. Then 


K,41(x, 0) 


fe K(x, s)K,(s, tds 
< = / “Ka )/ y “K((o.s),0)do) ds 


< / “Kt s)( i “KE. x),0)do) ‘ds 


5.4 Linear Multi-Dimensional Continuous Integral Inequalities 723 


1 e : rl 
= cain f Da+Daal f K(&(o,x),0)do) ds 


_ cool f K(E(o,x),0)do)" 


Lemma 5.4.15 (Conlan- Wang [143]) 


T!*! 9(x) = =| || Kee. »).0)d0]) K(E(t,x), Dg(Odt. (5.4.561) 
r. Jo t 


Proof This follows directly from (5.4.559) and (5.4.560). Oo 


Theorem 5.4.80 (Conlan-Wang [143]) Under the previous assumptions, if u sat- 
isfies for all x = 0, 


u(x) < g(x) + i ; K(x, thu(t)dt, (5.4.562) 
0 
then for all x = 0, 
u(x) < g(x) + / : exp ( i : K(x, s)ds) K(x, t)g(t)dt. (5.4.563) 
0 t 


Proof From the above lemmas, and the continuity of u on [0,x], it follows 
that (5.4.560) implies 


r +00 
u<gt)> Tg+Tu<g+) Tg 
j=l j=l 


<gt fra. K(x, Nat) K(s, x)g(s)dx 


=gt [eo(f K(x, Ndt)K(s, x)g(s)ds. 


oO 


We can extend Theorem 5.4.80 to the case of iterated integrals. If F(x, s) and 
G(x, 5) are m X m matrices, we define F * G by 


FxG= i: . F(x, )G(t, s)dt. (5.4.564) 
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Now for any integer r > 0, let 


Ay (x, s) = Ki, (x,5), 
H,(x, 0) = (((K7,Krr-1)" Kr,r—2)* +++) * Kr, (5.4.565) 


where the K,,;, are non-negative, continuous matrices, of order m x m. Note that H, 
can be explicitly written as 


HA,(x, S) = / [ a [ K(x, Sp—1) ed ‘Kri(s1, S)ds, cae -ds;-1, 
Tg(x) = i (Halex, s) + A(x, s)) g(s)ds 
=| K3,Koig(s)ds + i Hi, (x, s)g(s)ds 
0 0 
= i : ( i ” Kn.) Koi (t, st) g(s)ds 
0 Ss 
a / Kis, )e(s)ds. 
0 
O 


Theorem 5.4.81 (Conlan-Wang [143]) /f Y=! H;(x, 8) is a good kernel, and if 
u<g+ Tu, then 


r 


u(x) < g(x) + [ exp / So Aj(x. o)do Hy(x, 8) ¢ g(s)ds. 
a 1 


J= 
Next we assume that K is a (matrix) product 
K(x, t) = F@)A(H), (5.4.566) 


where F and H are each m x m matrices, the elements of which are non-negative 
and continuous. Here condition (c) of Definition 5.4.8 is replaced by 


K(x, s) ([ xe. a)d0) < ([ x a)d0 K(x, s). 


We define 7! as in (5.4.557), and let 


Ki(x,t) = i  H(s)F(s)ds, Kix.) = i “HS Fs) Ki(s, t)ds, j = 1,2,---, 


Ko(xt) = Identity matrix. 
(5.4.567) 
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Note that we can not obtain Kj by setting K = HF in (5.4.558). 
Lemma 5.4.16 (Conlan-Wang [143]) 


Tt! g(x) = F(x) / “H(de K(x, that, j=0,1,-- (5.4.568) 
0 


Proof For j = 0, (5.4.568) follows from the definition of T!. Assume (5.4.568) 
holds for j = r. Then 


T’t? g(x) = F(x) ic H(s)T"*! g(s)ds 
= F(x) i; “H(s) [Fe / Ks, nator ds 
= F(x) i . / “HK (s, nF (ods| e(t)H(t)dt 
0 t 


= F(x) / Riz.ls, eH (de 


Lemma 5.4.17 (Conlan- Wang [143]) 
~ 1 - nn a ae 
Kx.1) < —( / H(s)F(s)ds) = —(Ki (x, ) Pe Dace (5.4.569) 
coh i! 
Proof Forj = 1, (5.4.569) is trivially true. Assume (5.4.569) holds for j = r. Then 


Kaitat) =f HO\PO)Ks.1ds 


lA 


5 / “H)F()( / “H(o)F(o)de) ds 


< an i * Dates Du( i, “H(o)F(o)do) ds 
= an / “H(o)F(o)do) 


oO 


As an immediate consequence of Lemmas 5.4.14 and 5.4.15, we have the 
following lemma. 
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Lemma 5.4.18 (Conlan- Wang [143]) 
Tit 9(x) < ; i [Ki (x, \¥H(p)g(fdt. (5.4.570) 
: Jo 


Theorem 5.4.82 (Conlan-Wang [143]) /f u(x) satisfies (5.4.562) with K as given 
by (5.4.566), then 


u(x) < g(x) + F(®) fe exp (Ki (x, t)) H(f)g(f)dt. (5.4.571) 


Proof The proof is similar to proof of Theorem 5.4.80. O 


We should point out here that Theorem 5.4.82 has previously been obtained 
by Chandra and Davis [128] and some related results can also be found in Hille 
(281, 282]. 

A general method is given whereby a large class of Gronwall-Bellman type 
inequalities can be reduced to the well-known classical case. The method is 
applicable to both the continuous case and the discrete case. 


Chapter 6 


Linear Multi-Dimensional Discrete (Difference) 


Inequalities 


6.1 Linear Two-Dimensional Discrete Gronwall-Bellman 


Inequalities and Their Generalizations 


6.1.1 Linear Two-Dimensional Discrete Gronwall-Bellman 


Inequalities 


In this section, we shall present several new linear discrete inequalities in two 


independent variables, which are due to Salem and Raslan [565]. 


Theorem 6.1.1 (Salem-Raslan [565]) Let u(m,n),a(m,n),b(m,n) be non- 
negative functions and a(m, n) non-decreasing for allm,n € No. If for allm,n € No, 


m—1n—-1 


u(m,n) < a(m,n) + > > b(s, t)u(s, t) 


s=0 t=0 
then for all m,n € No, 
n—1 m—1 
u(m,n) < a(m, n)| | [ + b2G » F 
t=0 s=0 
Proof Define 


m—1 n—-1 


z(m,n) = a(m,n) + > > b(s, t)u(s, t). 


s=0 t=0 
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(6.1.3) 
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Then, from (6.1.1) and (6.1.3) it follows 
u(m,n) < z(m,n). (6.1.4) 


Since a(m, n) is non-negative for all m,n € No, then from (6.1.3) and (6.1.4), we 
derive 


m—1 n—-1 


zm.n) _ - i 
a a= EG Na. (6.1.5) 
Define 
m—1 n—1 (s, t) 
v(m.n) =14+ °° ws, iG ay (6.1.6) 
s=0 t=0 


then, from (6.1.5) and (6.1.6) it follows 
z(m,n) < a(m,n)v(m, n). (6.1.7) 


From (6.1.6), we derive 


1 
Hin Lab) = La bm ET + 9 SD 


(m,n) a(m, t) 
m—1 m—1n—-1 

+ Lre.n ete bee 0. (6.1.8) 

=0 1=0 ? 

then from (6.1.6) and (6.1.8), we deduce 
oGed Led) ia ba, ma D4 Yom yan 
e TG. yy lt (6.1.9) 
s=0 a(s, n) 


Also from (6.1.7), we have 


iti eee = yb nam 2. (6.1.10) 


6.1 Linear Two-Dimensional Discrete Gronwall-Bellman Inequalities and. .. 729 
and 


z(s, 1) 
a(s,n) 


m—1 
v(m,n+ 1)—v(m,n) = Y° b(s,n) (6.1.11) 
=0 


Thus, from (6.1.9)—(6.1.11) it follows 
[v(m+1,n+1)—v(m, n+1)]—[v(m+1,n)—v(m, n)] < b(m,n)v(m,n). (6.1.12) 
Suppose n is fixed, then we derive from (6.1.12) 
m—1 
v(im,n+1)< [1+ UG n)|v(m, n) 
s=0 
which implies 
n—1 m—1 
v(m.n) <] | (: +> vs, ») : (6.1.13) 
1=0 s=0 


Thus required inequality (6.1.2) follows from (6.1.4), (6.1.7) and (6.1.13). Oo 


The discrete analogues of Theorems 5.1.7 and 5.1.8 are given in the following 
theorems. 


Theorem 6.1.2 (Pachpatte [498]) Let u(m,n),a(m,n), b(m,n),c(m,n) be non- 
negative continuous functions defined for all m,n € No. 


(1) Iffor allm,n € No, 


m—1 -+o0o 


u(m,n) < a(m,n) + b(m,n) > c(s, thu(s, 2), (6.1.14) 


s=0 t=n+1 
then for allm,n € No, 
m—1 +00 
u(m,n) < a(m,n) + b(m,n)f (m,n) I] : + 2 c(s, t)b(s, » , (6.1.15) 
s=0 t=n+1 
where for allm,n € No, 


m—1 +00 


fimn) => SO e(s,dals, 0). (6.1.16) 


s=0 t=n+1 
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(2) Iffor allm,n € No, 


+00 =0-F00 
u(m,n) < a(m,n) + b(m, n) + > c(s, tu(s, t), (6.1.17) 
s=m+1 t=n+1 


then for allm,n € No, 


+00 +00 
u(m,n) < a(m,n) + b(m, n)f(m, n) I] [ + DD c(s, t)D(s, 0 : 


s=m+1 t=nt+1 
(6.1.18) 
where for allm,n € No, 
+oo +00 
fimn)= Yo Yo els, tals. 0). (6.1.19) 
s=m+1 t=n+1 


Proof We only give the proof of (1), the proof of (2) can be completed in the same 


way. 
Define 
m—1 +00 
z(m,n) = > > c(s, tu(s, t). (6.1.20) 
s=0 t=n+1 
Then (6.1.14) can be written as 
u(m,n) < a(m,n) + b(m, n)z(m, n). (6.1.21) 


Thus, it follows from (6.1.20) and (6.1.21) that 


m—1 +00 


am.n) < YD) cls, plats, 1) + db, Des, 0)] 


s=0 t=n+1 


m—1 +00 


=fimn)+ >> S> cls, b(s,)2(s,0), (6.1.22) 


s=0 t=n+1 


where f(m,n) is defined by (6.1.16). Clearly, f(m,n) is non-negative, non- 
decreasing in m and non-increasing in n for all m,n € No. From (6.1.22), we 
derive 


m—1 +00 


z(m, n) ed 
Ana ae els. Nb.) e (6.1.23) 
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Define 
m—1 +00 xs t) 
vimn)=1+)° Y> els, Nb(s, 0, (6.1.24) 
s=0 t=n+1 f(s.) 
then 
2(m, n) 
< v(m, n) (6.1.25) 
f(m,n) 
and 
[v(m + 1,n) — v(m,n)] — [v(m + 1,n + 1) — v(m,n + 1)] 
z(m,n+ 1) 
= c(m,n+ 1)b(m,n + 1) ——————— 
Pe Fon) 
<c(m,n+ 1)b(m,n+ 1)v(m,n + 1). (6.1.26) 
Fixing m in (6.1.26), setting n = t and summing over t = n,n + 1,--- ,r—1 


(r > n+ Lis arbitrary in No), we obtain 


[v(m + 1,n)—v(m,n)] [v(m + 1,r) — v(m, r)] r 
ee ge, ee ORG 


(6.1.27) 


Noting that lim,40 v(m, r) = lim,-+4o0 v(m + 1, r) = 1 and by letting r > 
+oo in (6.1.27), we get 


[oer + ten) —vm 9) <n nog 


v(m, n) t=n+1 
1.€., 
+00 
v(m + 1,n) < : + >° cm, anon v(m,n). (6.1.28) 
t=n+1 
Now, by fixing n in (6.1.28) and setting m =  s and substituting s = 
0,1,2,--- ,m— 1 successively and using the fact that v(0,) = 1, we get 


m—1 +00 
v(m.n) < [] [ + S© elm. dim, 0]. (6.1.29) 


s=0 t=n+1 
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Using (6.1.29) in a < v(m, n), we conclude 


s=0 


m—1 +00 
2(m,n) < f(m.n) |] : + D> els, Nd(s, 0] (6.1.30) 


t=n+1 


Therefore, the desired inequality (6.1.15) now follows from (6.1.21) and (6.1.30). 
If f(m, n) is non-negative, then we carry out the above procedure with f(m,n) + € 
instead of f(m,n), where ¢ > O is an arbitrary small constant, and subsequently pass 
to the limit as e — 0 to obtain (6.1.15). Oo 


The next result is an analogue of Theorems 5.1.9 and 5.1.6. 


Theorem 6.1.3 (Pachpatte [499]) Let u(m,n),a(m,n),b(m,n) be real-valued 
non-negative functions defined for all m,n € No. 


(a;) Let a(m,n) be non-increasing in each variable m,n € No. If for all m,n € 


No, 
+oo +00 
u(m,n) <a(m,n)+ SY) Y~ d(s,Hu(s,n), (6.1.31) 
s=m+1 t=n+1 
then for all m,n € No, 
+00 +00 
u(m,n) < a(m, n) I] [1 >: b(s, 0] (6.1.32) 
s=m+l1 t=n+1 


(a2) Let a(m,n) be non-increasing in m € No and non-increasing inm € No. If 
for allm,n € No, 


m—1 +00 
u(m,n) <a(m,n)+ > S° b(s, tu(s. 1), (6.1.33) 
s=0 t=n+1 
then for all m,n € No, 
m—1 +00 
u(m,n) < a(m,n) | | [ + >> ws, 0] (6.1.34) 
s=0 t=n+1 


Proof We only give the details of the proof of (a;). The proof of (a2) can be 
completed similarly with suitable modifications. 
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First, we assume that a(m,n) > 0 for all m,n € No. From (6.1.31), it 
follows 


+oo +00 


u(m, 1) u(s, t) 
a(m, n) <l+ 3 b(s, Das. ‘) (6.1.35) 


s=m+1 t=n+1 


Define a function z(m,n) by the right-hand side of (6.1.35), then 
u(m, n)/a(m,n) < z(m,n) and 


[z(m,n) — z(m + 1,n)] — [zm,n + 1) —-z(m+ 1,0 + 1)] 
_ u(m+ 1,n+ 1) 
= b(m+ 1,n+ Nae Lae) Ea 


< b(m+ 1,n+4+ 1)z(m+ 1,n+ 1). (6.1.36) 


By (6.1.36) and using the facts that z(m, n) > 0, z(m+1,n+1) < c(m+1,n) 
for all m,n € No , we see that 


[c(m,n) —c(m+1,n)] — (en,n+ 1) —2c(m+1.nt))] 
~~ zm+in) am+tint+lh <b(m+1,n+ 1). 


(6.1.37) 


Fixing m in (6.1.37), setting n = t and summing overt = n,n+1,...,q—1 
(q = n+ 1 is arbitrary in No), we obtain 


a(m,n)—zm+1,n) _ z(m,q)— cm + 1,9) 


q 
z(m + 1,n) zm + 1,q) 7 pm es 1) 


t=n+1 
(6.1.38) 


Noting that limg++o0 z(m, g) = limg-++00 2(m + 1,¢) = 1 and letting g > 
+oo in (6.1.38), we can get 


z(m,n) — z(m + 1,n) 


q 
< 1 
aria oe 


t=n+1 


1.€., 


q 


z(m,n) < [14 S> b(m+ 19 z(m + 1,n). (6.1.39) 


t=n+1 
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Now, keeping n fixed in (6.1.39) and setting m = s and substituting s = 


mm+1,...,p—1,(p = m+ Lis arbitrary in No) successively, we obtain 
Dp +00 
z(m,n) < z(p.n) || [ + D> ws, » (6.1.40) 
s=m+1 t=n+1 


Noting that lim,.+ 9. z(p.n) = 1, and letting p — +00 in (6.1.40), we 
conclude 


+00 +00 
z(m,n) < I] fi > vo.0). (6.1.41) 


s=m+1 t=n+1 


Using (6.1.41) in (6.1.35), we can derive the required inequality (6.1.32). 
If a(m, n) is non-negative, we carry out the above procedure with a(m, n) + 
€ instead of a(m,n), where « > O is an arbitrary small constant, and 
subsequently pass to the limit as e — 0 to obtain (6.1.32). O 


The next theorem extends the above theorem. 


Theorem 6.1.4 (Pachpatte [499]) Let u(m,n),a(m,n),b(m,n),c(m,n) be non- 
negative continuous functions defined for all m,n € No. 


(1) Assume that a(m, n) is non-increasing inm € No. If for all m,n € No, 


m1 +00 +00 
u(m,n) < a(m,n) + 2H n)u(s,n) + Py > c(s, t)u(s,t), (6.1.42) 
s=m+1 t=n+1 


then for allm,n € No, 


m—-1 +00 
u(m,n) < q(m,n) nn + G(m,n) I] [ + > c(s, Dq(s, || : 


s=0 t=n+1 
(6.1.43) 
where for all m,n € No, 
m—1 m—|1 +00 
q(m,n) = yell + b(s,n)], G(m,n) = > x c(s, t)q(s, ta(s, t). 
s=0 s=0 t=n+1 
(2) Assume that a(m, n) is non-increasing inm € No. If for all m,n € No, 
+oo +00 
u(m,n) < a(m,n) + s b(s,n)u(s,n) + > = c(s, t)u(s, 2), 
s=m+1 s=m+1 t=n+1 


(6.1.44) 
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then for allm,n € No, 


+00 +00 
u(m,n) < q(m,n) [ain n) + G(m,n) I] : + > c(s, 1q(s, || ’ 


s=m+ t=n+1 
(6.1.45) 
where for allm,n € No, 
+00 +oo +00 
gim.n)= S> [1+ d(s,n)], Genny = > YS els, G(s, als, 0). 
s=m+1 s=m+1 t=n+1 


Proof We only give the proof of (1), the proof of (2) can be completed in the same 


way. 
Define 
m—1 +00 
z(m,n) = a(m,n) + 2 > c(s, tHu(s, t). (6.1.46) 
s=0 t=n+1 
Then (6.1.42) can be restated as 
m—1 
u(m,n) < z(m,n) + > b(s, n)u(s, n). (6.1.47) 
s=0 


Clearly, z(m, n) is non-negative and non-decreasing in m, m € No. Treating n,n € 
No fixed in (6.1.47) and using part (1) of Theorem 6.1.2 to (6.1.47), we obtain 


u(m,n) < z(m,n)q(m, n), (6.1.48) 


where g(m, n) is defined above. From (6.1.48) and (6.1.46), it follows 


u(m,n) < g(m,n)[a(m, n) + v(m, n)], (6.1.49) 
where 
m—1 +00 
v(m,n) = > > c(s, tu(s, t). (6.1.50) 
s=0 t=n+1 


Thus from (6.1.49) and (6.1.50), it follows that 


m—1 +00 


v(m,n) < Gim,n) + >> S> c(s,Da(s,)v(s.0), (6.1.51) 


s=0 t=n+1 


where G(m, n) is as defined above. Oo 
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6.1.2. Linear Two-Dimensional Discrete Generations 
of Gronwall-Bellman Inequalities 


We shall establish some new discrete inequalities in two independent variables 
which are due to Pachpatte [489] . 

The notation is as follows. The expression u(0) + a. b(s) represents a solution 
of the linear difference equation Au(n) = b(n) for all n € No, where A is the 
operator defined by Au(n) = u(n + 1) — u(n). The expression u(0) Ti b(s) 
represents a solution of the linear difference equation u(n + 1) = b(n)u(n) for 
alln € No. We use the convention of writing >. b(s) = Oand[],<g = 1. if Wis 
the empty set. We also use the following notations of the operators for m, n € No, 


Ayu(m,n) = u(m + 1,n) —u(m, n), 
Azu(m, n) = u(m,n + 1) — u(m, n). 


We often use the letters m and n to denote the two independent variables which 
are members of No. 
For our convenience, we list the following hypotheses: 


(H,) u(m,n) and h(m,n) are real-valued non-negative functions defined for all 
m,né No. 

(Hz) pi(m,n), po(m,n), p3(m, n) are real-valued positive functions defined for all 
m,n é No. 

(H3) a(m,n) is real-valued, positive and non-decreasing function in both the 
variables m and n in No. 

(H4) u(m,n) > up > 0, uo is a constant, h(m,n) > 0 are real-valued functions 
defined for all m, n € No. 

(Hs) g(u) is continuous, non-decreasing real-valued function defined on an inter- 
val I = [uo, +00), uo > Oisaconstant, and g(u) > 0 on (uo, +00), g(uo) = 
0. 

(He) qi(m,n), qo(m,n), q3(m, n) are real-valued positive functions defined for all 
m,n é No. 

(H7) W(u) is continuous, non-decreasing and sub-multiplicative real-valued func- 
tion defined on an interval J, and W(u) > 0 on (uo, +00), W(uo) = 0. 


A useful two independent variable discrete inequality is stated in the following 
theorem. 


Theorem 6.1.5 (Pachpatte [489]) Suppose that (H,) and (A>) hold. If for all 


m,néNo, 
m—-1 l x-1 1 n—-1 1 y-l 
u(m,n) <c+ +t ie ul.d, 
dX pi(x,n) 2 p2(s,n) y p3(s,y) 2 


(6.1.52) 
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where c is a non-negative constant, then for allm, n € No, 


m—1 xl | 
en eT [1+ a n) NEM nee ec n) == y) DH, a a} 
(6.1.53) 
Proof We first assume that c > 0 and define a function z(m, n) by 
m1 tp met, 
Be area n) dX pals.n) es) ye Me vn: 
(6.1.54) 
From (6.1.54) it follows that 
2(0,n) = z(m,0) =c (6.1.55) 
and 
xl n-1 
pilm, n)Ayz(m,n) = ) > —— : 2a we t)u(s, t), (6.1.56) 


zo 2s, Y) Sx = n) 


n—1 y-l 


p2(m,n)A,[pi(m, n) Ayz(m, n)] = > So him, t)u(m, t), (6.1.57) 
yao P3(mn, y) 1G 


y-l1 


p3(m, n) Ao[p2(m, n)Ai[pi(m, n) Aiz(m, n)]] = a h(m, t)u(m, t), (6.1.58) 


t=0 


Ao[ p3(m, n) Ao[po(m, n) Ay[pi(m, n)Aiz(m, n)]]| = hn, n)u(m,n). — (6.1.59) 
Using the fact that u(m,n) < z(m,n) in (6.1.59), we have 
A>[p3(m, n) A2[p2(m, n) Ai [pi(m, n)Aiz(m,n+ 1)]]] <A(m, n)z(m,n). (6.1.60) 


From the definition of z(m, n), we see that z(m,n) < z(m,n+1) forall m, n € No, 
which, with (6.1.60), gives us 


p3(m,n + 1)As[po(m,n + 1)A[pidm,n + 1) Aiz(m,n + 1)]] 
z(m,n + 1) 
__p3(m,n)Az[p2(m, n) Ail pi (m,n) Aiz(m, n)]] 


z(m, n) 


< h(m,n). (6.1.61) 
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Now fixing m in (6.1.61), setting m = t and summing overt = 0, 1,--- ,n—1 and 
using the fact that p3(m, 0) A2[p2(m, 0) Ai[pi(m, 0) Aiz(m, 0)]] = 0, from (6.1.58) 
it follows 

n—-1 
p3(m, n) Ad[ p2(m, n) Ai[pi(m, n) Aiz(m, n)]] 
i a a a ee oe Se a EY h(m, t 6.1.62 
aa =) hom). (6.1.62) 


From (6.1.62) and in view of the facts that z(m,n) < z(m,n + 1) and 
p2(m,n)Ai[pi(m, n)Aiz(m, n)] = 0, we arrive that 


palm.n+ YAilpidm.n+ DAiz@n.n+ II] patm.n)Ailpim, n)Aizim, n)] 


z(m,n + 1) z(m, n) 
A(m, t). (6.1.63) 
Se n) 2 
Fixing m in (6.1.63), setting n = y and summing over y = 0, 1, 2,...,n—1 


and using the fact that po(m, 0) Ai[pi(m, 0) Aiz(m, 0)] = 0, from (6.1.57) it follows 


n—1 


P2(m,n)Ai[pi(m, n)A,z(m, n)] 
z(m, n) = ee 


aa S yn, t). (6.1.64) 


From (6.1.64) and in view of the facts that z(m,n) < z(m + 1,n) and 
pi(m, n)Aiz(m, n) = 0, from (6.1.56), we deduce 


Pi(m + 1,n)A,z(m + 1,n) 7 Pim, n) A, z(m, n) e 1 3 1 > htm ) 
z(m + 1,n) z(m, n) ~ p2(m,n) east 2) (m, y) 
(6.1.65) 
Now fixing 7 in (6.1.65), setting m = s and summing over s = 0, 1, 2,...,m—1 


and using the fact that p; (0,2) A;z(0, n) = 0, then from (6.1.56), we derive 


m—1 n—1 


Aiz(m, nm) 1 ys - 


zlm.n) ~ pitm.n) 2 aa” aaa 


ys (s,t), (6.1.66) 


which, together with (6.1.66), gives us 


m—1 


z(m + 1,n) < 2(m,n)[1 ” ci n) ea n) « Daca 


yr 
dX h(s, t)]. 
=0 


(6.1.67) 


x n) 
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Now fixing n in (6.1.67), setting m = x and substituting x = 0, 1, 2,...,m—1 
successively and using the fact that z(0,) = c, then, from (6.1.55) it follows 


m—1 m—1 n—1 


z(m,n) < c[ [i+ aw mn rr y 


or 4 P2 j n) * 


th h(s, t)]- 


4 P38. y 


Substituting this bound on z(m, n) on the right-hand side of (6.1.52), we can obtain 
the required inequality (6.1.53). 
Now suppose c = 0. Then, from (6.1.52) we derive 


m—1 x-1 1 n—1 1 y-l 
Mm se+ ey Umm non tome 


for every arbitrary positive number € and m, n € No, which, by the above argument, 
yields 


m—1 l x—1 I n—-1 1 y-l 
u(m,n) < € Ot PCE dX pales 2 Tr) Ga DMs, t)|. (6.1.68) 


Since u(m,n) > 0 and € > 0 is arbitrarily independent of m, n, then, from (6.1.68) 
it follows that u(m,n) = 0. This thus completes the proof . Oo 


A slightly different version of Theorem 6.1.5 is now given in the following 
theorem. 


Theorem 6.1.6 (Pachpatte [489]) Suppose that (H\), (H2) and (H3) hold. If for 
allm, n € No, 


m—1 x—1 n—1 
1 1 


u(m,n) < a(m, aoe > Xe) 


4, Pi(x, n) “= pals, n) <= 


0 2 ym, t)u(s, t), 


(6.1.69) 


then for all m, n € No, 


m—1 1 x1 1 n—1 l y-l 
u(m,n) < a(m,n) It + Paes 2 Ge X AGP 2 h(s, t)u(s, t)]. 


(6.1.70) 
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Proof Since a(m, n) is positive and non-decreasing, we derive from (6.1.69) that 


u(m, n) a4 m—1 l x-1 l n—1 
a(m,n) — € a rer 2 See 


= pile.) & prls.n) & CG Dy 


u(s, f) 
yh ts, rer 


Now applying of Theorem 6.1.5 yields the required bound (6.1.70) and the proof 
is now complete. Oo 


The next result, due to Blandzi, Popenda and Agarwal [378], concerns an 
inequality with one continuous variable and one discrete variable. 


Theorem 6.1.7 (Blandzi-Popenda-Agarwal [378]) Letu: NxJ > Ra:Nx 
J > Ro = (0, +00), c € Ro and u(n, -), a(n, -) be continuous functions with respect 
to the second variable on J for every n € N, where J = [0,a@) or (J = R+). If the 
following inequality holds forallxe J, neéN, 


x on 


u(n,x) <c+ [ 2 0G s)u(j, 5) ds, (6.1.71) 
then the following estimate holds for alln > 1,x € J, 
u(n,x) <c (1 + / “ry (Helalents—ensl ar) eloanedt, (6.1.72) 
0 
where {1y(x)}°2 | is the solution of 


x 
Tn-+1(X) = rq (x)efo lant —aln+ 1.9) dt ae a(n 4+ 1a) [ rq(t)elole(n.s)—a(n+1.)] ds dt 
0 


ta(n+1,s), neN,xeJ, (6.1.73) 
ri (x) = a(1,x). 
Furthermore, if we take ro(x) = 0, a(0,x) = a(1,x),x € J, then the esti- 
mate (6.1.72) is also true forn = 1. 
Remark 6.1.1 Another estimate of the inequality (6.1.71), which is more useful in 


applications, has the following form for all x € J,n € N, 


x 


u(n, x) < cexp [ Leura 
o 
j=l 


To show how this estimate can take various forms, following [378], we give an 
example from graph theory. Let us denote by P,, the set of all subsets of the set 
{1, 2,--- ,n} such that for arbitrary p, € P,, there is {n} C pz. By Gy, we denote 
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the connected graph having no cycles, no loops, and no multiple edges, with the 
set V(G,,) of vertices equal to P, and the set E(Gn) of edges such that the edge 
[u,v] € E(Gn) if u F {n} and u = px, v = p \ {minp;z}, where min p; denotes the 
smallest number contained in the set px. 

By 7T(px), we denote the trail beginning with the vertex {n} and ending with 
the vertex p;. Furthermore, we suppose that all vertices are labeled by the function 
A(px) = min px. Let @(p;) denote the cardinal of the set p;. Furthermore, let g(p,) = 
1+ 925*** > 9b() be a strictly decreasing sequence of elements of the set px. 


Theorem 6.1.8 (Blandzi-Popenda-A garwal [378]) Let u,b: N — R, fi a \ as 
R,i=1,--- ,t. Further, let the inequality hold for alln € N, 


nl Awl jr-1—1 
Un <Pn+ ofA) VP dd YS f Ger iduj — (6.1.74) 
A=l h=l j=l 


Then, the following inequality holds 


st 
ay oe 


T(pk)PkEV(Gn) j=0 i=1 
where 


P(r.) -1 | 


t 


1 


s= 


and the summation is taken over all trails T(px), pr € V(Gy) such that s is a non- 
negative integer. If such trail does not exist, then the sum is equal to zero. 


We also note that the above result provides the best possible estimate. Indeed, the 
equality in (6.1.74) implies the equality in (6.1.75). As an example, let t = 3, so 
that the inequality (6.1.74) gives us 


uy Sb, Uy < bz, 3 < b3, 
us < ba + f1(4, 3973, D2, Dur 
whence, 
us < ba +f' (4,373, DH, Vdbr. 
Similarly, we get 


us < bs + f1(5, 3)f°(3, DAZ, Dbi + £15, YPr74, D2, Di 
+f1(5, 4)f7(4, 3), Doi + £1 (5, 4) £7 (4, 3) (3, 2)b2. (6.1.76) 


742 6 Linear Multi-Dimensional Discrete (Difference) Inequalities 


{1,5} {1,2,5} {1,2,3,5} {1,3,5} {1,2,3,4,5} {1,3,4,5} {1,4,5} {1,2,4,5} 


Fig. 6.1 Graph of G5 


To clarify the bounds given in Theorem 6.1.8, we draw the graph of G5 as shown 
in Fig. 6.1. There exist 15 trails from the vertex {5}. If card (p,) = 2, then 5 = 
—(2/3). The trail T(p,) is not taken under consideration (for example, T({4, 5})). 
Similarly, if card (p,) = 3, then s = —(1/3) (for example, T({1, 2, 5})), and if card 
(px) = 5, then 5 = (1/3) (for example, T({1, 2,3, 4, 5})). For the remaining trails 
(T({1, 2,3, 5}), TK1, 2,4, 53), TEH1, 3, 4, 5}), T2, 3,4, 53), we obtain the same 
estimate as in the inequality (6.1.76). In this case, s = 0. 


6.2 Linear Three-Dimensional Discrete Gronwall-Bellman 
Inequalities and Their Generalizations 


6.2.1 Linear Three-Dimensional Linear Discrete 
Gronwall-Bellman Inequalities 


We first collect a few of the basic notions and definitions from [448, 468]. We 
also use the following notions of the operators Au,(x,y,z) = u(x + l,y,z) — 
u(x, y, Z), Auy(x, y,z) = ux, y+ 1,z)—ua, y, z), Au. y, z+ 1) = ue+1oy,2- 
u(x, y,z) and Au? (x,y,z) = Au,(x,y + 1,z) — Auy(x, y, z) and so on. We often use 
the letters x, y, z to denote the three independent variables which are the members of 
No. For x, y,z € No, and functions a, b,c with domain No, and p with domain NB, 
set 


x-l 


(x.y, c:a,b,c:p) = fa) + dG) + c@IT I 


s=0 


x 144% _i dy (s,t.r)}. (6.2.1) 
a(s) + (0) +e@ “aide a 


t=0 r= 
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Theorem 6.2.1 (Pachpatte-Singare [511]) Let u(x, y,z), and p(x, y,z) be real- 
valued non-negative functions defined for all (x,y,z) € N3 such that the following 
inequality holds for all (x,y,z) € N3, 


x-1l y-l z-1 


u(x, y,Z) < a(x) + by) + c(z) + > = AG t,r)u(s, t,r), (6.2.2) 


s=0 t=0 r=0 


where a(x), b(y),c(z) > 0; Aa(x), Ab(Qy), Ac(z) > 0 are real-valued functions 
defined on No. Then for all (x, y, Zz) € Ni. 


u(x, y,z) < d(x, y, za, b, csp). (6.2.3) 
Proof Define a function m(x, y, z) by 


x—-1 y-1 z-1 


m(x, y,Z) = a(x) + b(y) + c(z) + > Y> pls. t,r)u(s,t,r), 


s=0 t=0 r=0 
so that, by definition, 
m(0, y,z) = a(0) + bY) + cz), 
m(x, 0,z) = a(x) + b(O) + c(z), 
m(x, y,0) = a(x) + b(y) + c(0). 
Then 


y-1 2-1 


Am,(x, y, Z) = Aa(x) + > Pwue t,r)u(x,t,r), (6.2.4) 


1=0 r=0 
and from (6.2.4) it follows 


z-1 


Am(x,y + 1,2) — Amex. y.2) =) py, Nux.y.n), (6.2.5) 
r=0 
Am (xy + 1,241) —Am(xy.2+ 1) =) ipory.nuayn. 6.2.6) 
r=0 


On the one hand, from (6.2.5) and (6.2.6) we derive 


A? myy(x,y,Z + 1) — A? my (x, y,2) = py, UY, 2) 
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which, in view of (6.2.2), implies 
MA? my (x, 9,2 + 1) — A?*my (x,y, 2) S Py, D(X, ¥, 2)- (6.2.7) 


On the other hand, from the definition of m(x,y,z), we see that m(x,y,z) < 
m(x,y,z+ 1), for all (x, y, z) € N3. Using this fact in (6.2.7), we have 


AP ris (X; y,Z+ 1) = A*my(x, y, Zz) 


S pl, y, Z). 6.2.8 
m(x, y,z+ 1) m(x,y,z+ 1) PCY?) ( ) 
Thus from (6.2.8), we derive 
five xy ef 1 A? xy oF So 
BED) = BI) 2 3), (6.2.9) 
m(x,y,z+ 1) m(x, y,Z) 
Now fixing x, y in (6.2.9), setting z = r and summing over r = 0,1,--- ,z—1, 
we can obtain 
A? myy(x, y, 2) - 3 ( ) (6 2 10) 
aa ae aaa P\X,Y,1). Le 
my.) 


From (6.2.10), in view of the fact that m(x, y,z) < m(x, y + 1,z), we derive 


z-1 
Am(x,y+1,z) Am, y,2) © y 
Aminyt Lo AmGY.D Spey. 7). (6.2.11) 
mx,y + 1,2) m(x, y, Z) = 
Fixing x, z in (6.2.11), setting y = t and summing over t = 0, 1,--- , y, we obtain 


A y=! z=1 
m(x + 1, y,z) < m(x, y, z) : + a + ¥ Fats] : 
t=0 r=0 


(6.2.12) 


Now keeping y,z fixed in (6.2.12), setting x = s and substituting s = 
0, 1,--- ,x— 1 successively in (6.2.12), we may obtain 


x-1 Aa(s) y-1 z-1 
m(x, y,2) < [a(0) + by) + c()] dX : i aaa do dE PG. t.7) 


t=0 r=0 


= (x,y, 25a, b,c; p). 


Substituting this bound for m(x,y,z) in (6.2.2), we can obtain the desired 
bound (6.2.3). Oo 
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Remark 6.2.1 We note that for the method of proof in Theorem 6.2.1 and all other 
theorems given below, the following must be satisfied: 


m(x,y,z+ 1) = m(x,y,z) > 0; A?my(x,y,z + 1) = 0; 
A? my (x, y,0) =0, Am,(x,y + 1,z) = 0, Amy(x, y, z) = 0, 


x,y,z and as well as in a,b,c. Hence there are 3! = 6 different conclusions, we 
can state in Theorem 6.2.1 corresponding to the 6 permutations of (x,y,z) and 
corresponding permutations of (a,b,c). For example, in Theorem 6.2.1, we can 
conclude, in addition to (6.2.3), that 


u(x, y,z) < (zx, y;¢, 4, b; p) (6.2.13) 


where, by (6.2.1) above, the right-hand side of (6.2.13) is 


z-l Ac(s) x-1 y-l 
[c(O) + a(x) + b(y)] 2 : + 4-40) +56) + d 2G. t; o}. 


Similarly, we can use #(y, x, z; b, a, c; p), etc. We also note that a similar permu- 
tation applies to the conclusion of Theorem 6.2.2 given below, which deals with the 
three independent variable generalization of the discrete inequality established in 
Theorem | by Pachpatte [446], which, in turn, is a discrete analogue of the integral 
inequality established in Theorem 1 by Pachpatte [511]. 


Theorem 6.2.2 (Pachpatte-Singare [511]) Let u(x, y,z),p(x, y,z), and q(x, y,Z) 
be real-valued non-negative functions defined for all (x,y,z) € N3 such that the 
inequality holds for all (x,y, z) € N3, 


u(x, y,z) < a(x) + by) + c(z) 


x—1 y-l z-1 —1 t-1 r-l 


s-l 
+ = = HG t,r)[u(s,t,r) + - > qk, L, n)u(k, l, n)], 
k=0 1=0 


s=0 t=0 r=0 =0 n=0 


(6.2.14) 


where a(x), b(y),c(z) > 0, Aa(x), Ab(y), Ac(z) < 0, are real-valued functions 
defined on No. Then for all (x, y,z) € NG. 


yal g=1 


u(x, yz) < [a(0) + by) + e(2)] + Ysa +2 > vs,4.9RG, 1,7), 


t=0 r=0 


(6.2.15) 
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where for all (x, y,Z) € NG. 

R(x, y,2) = $(x, y, 254, b,c; p + q). (6.2.16) 
Proof Define a function m(x, y, z) by 


m(x, yz) = a(x) + b(y) + cz) 


x—1 y-1 z-1 s—1 t-1 r—1 


+ ‘ » > rls, t,r)[u(s,t,r) + y > 2 qk, l, n)u(k, L,n)], 


s=0 t=0 r=0 k=0 1=0 n=0 


so that, by definition, 


m(0,y,z) =a(0) + bY) + c(2), 
m(x,0,z) =a(x) + b(0) + c(z), 
m(x,y,0) =a(x) + by) + c(0). 


Then following the same steps as in the proof of Theorem 6.2.1, we can derive 


Amy (x,y, +1) — A2my(x,y, 2) 


x-1 y-l z-1 


= plxy.Z)luay.2) + DOTY I ak Luk, ln) 


k=0 /=0 n=0 


which, in view of the definition of m(x, y, z), implies 


Net ane y,z+1)—- A?my(x,y, Zz) 


x—-l y-l z-l 


= p(x.y.2)lin(x.y,2) + 92 SO SO glk. Lnym(k, Ln). 


k=0 /=0 n=0 


(6.2.17) 
If we put 
x-1 y-l z-1 


v(xy.z) = my.) + YOY ak Lnymk, Ln), (6.2.18) 


k=0 /[=0 n=0 
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such that 


v(0,y,z) =a(0) + b(y) + cl), 
v(x,0,z) =a(x) + b(O) + cz), 
v(x, y,0) =a(x) + b(y) + c(0), 


then following the same argument as in the proof of Theorem 6.2.1, we can obtain 


A*vxy(X, Y, oly Aimy (x, y2= A? my(x, y, z+1)- Amy (x, y, 2) 
+q(x, y, zm(x, y, z). (6.2.19) 


Using the facts that A? myy(x, yztl- A? myy(x, yz) < px, y, z)m(x, y, z) 
from (6.2.17) and m(x, y, z) < u(x, y, z) from (6.2.18) in (6.2.19), we have 


A vx (x,y, 2 + 1) — A? vy (x, y,2) < [p@y. 2) + aX. y, 2]U(x, y, 2). 


Now following the same argument as in the proof of Theorem 6.2.1, we obtain 


x-1 


v(x.y.z) < [a(0) + dG) + eI] [+ 


s=0 


Aa(s) 
a(s) + b(O) + c(z) 


y-1 z-1 


+0 > [p66 + 4(s,t, 9] = RG y,2)- 


t=0 r=0 


Substituting this bound for u(x, y, z) in (6.2.17) and following the last argument as 
in the proof of Theorem 6.2.1, we can obtain 


x1 y-l z-1 
m(x,y,z) < [a(0) + BG) + e@] + DoAa(s) + YOY pls, NRO, 4.7]. 
s=0 t=0 r=0 


Substituting this bound for m(x,y,z) in (6.2.14), we can obtain the desired 
bound (6.2.15). Oo 


Remark 6.2.2 We note that, if (6.2.14) holds, then from the definitions of m(x, y, z) 
and v(x, y, z), we have 


u(x, y,z) < RO, y,2z), (6.2.20) 


on N3, where R(x, y, z) is defined by (6.2.16). Certainly, (6.2.20) is less work to 
compute in any given case. On the other hand, in the special case that a, b,c are 
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constants (> 0), and p = po, g = qo are also constants (< 0), then we have 
R@&y,2) = (a+b +e)[1 + (Po + go)’. 


while the bound in (6.2.15) is, say, 


y-1 z-1 x-1 
Rwy.) = (at b+ {1+ > Pall + (po + qo)tri't 
t=0 r=0 s= 


x—1 


<(a+b+ {1 + poyz > [1 + (po + qo)val} 


s=0 


us (fl + (Po + go)yzi* — »} 
qo 


= (a+b+o4I + 
< R(x, y, 2). 


Thus, in the case (6.2.20) gives us the simpler, but not necessarily smaller bound 
than (6.2.15). 


Remark 6.2.3 We note that the bounds obtained in (6.2.13) and (6.2.15) are 
independent of the unknown function u(x, y, z). The estimates (6.2.13) and (6.2.15) 
have interesting applications to uniqueness, boundedness, continuous dependence 
and other problems in the analysis of a class of finite difference equations involving 
three independent variables. 


Next, we shall introduce some discrete inequalities, due to Singare and Pachpatte 
[598], involving three independent variables which can be used in the study 
of discrete versions of partial differential and integral equations involving three 
independent variables. 

Let N,,. be the set of points mo + k My = 0,1,2,---), where m) > Oisa 
given integer. The expression u(no) + >-” =) ,D(s) represents a solution of the linear 
difference equation Au(n) = b(n) for all n € N,,, where A is the difference 
operator by Au(n) = u(n + 1) — u(n). 

It is supposed that peli 1 Oe = 0. The expression u(no) T=}, c(s) represents a 
solution of the linear difference equation u(n + 1) = c(n)u(n) for alln € N,,. It is 
supposed that IT"")"c(s) = 1. 


We also use the following notions of the operators, 


A,[u@, y,2)] = Aux(x, y,z) = u@ + 1, y,z) — ux, y, 2), 
Ay[u(, y, z)] = Auy(x, y, z) = uy + 1,2) — ule, y, 2), 
A.[u(x, y, z)] = Auz(x, y,z) = u(x, y,z + 1) — uu, y, 2), 
Ay[Auy(x, y, 2] = A7uay(x, 9,2) = Aur(x,y + 1,2) — Aur(x, y, 2), 


and so on. 
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We often use the letters x, y and z to denote the three independent variables which 
are the members of N,,,. 


Theorem 6.2.3 (Singare-Pachpatte [598]) Let u(x,y,z) and b(x,y,z) be real- 
valued non-negative functions defined for allx => 0,y = 0,z = O, and let 
a(x, y,Z) be positive non-decreasing in all three variables, and defined for all 
x =>0,y = 0,z >= 0, such that the inequality holds for all x = 0,y = 0,z = 0, 


x—1 y—1 z-1 


u(x,y,2) <a(x.y.2) + DOV SY dG, t. u(s, 1.7). (6.2.21) 


s=0 t=0r=0 
Then for allx => 0,y => 0,z = 0, 
u(x, y,z) < a(x, y, all |) + > +H. t, a} (6.2.22) 
s=0 t=0 r=0 
Proof Since a(x, y, z) is positive, non-decreasing, we derive from (6.2.21) that 


x—ly—1z-1 


u(x, y,Z) Pa " Sy Ms, t, r) u(s, t, r) 


a(x, y,Z) — s=0 1=0 r=0 ae) 
x—-ly—-1z-1 au t r) 
= peta ened 6.2.23 
Define 
x-ly—-1 7-1 u(s t r) 
m(x.yo2) = 1+ DD) pean 
s=0 t=0 r=0 
m(0,y,2) = mx, 0,2) = m(x,y,0) = 1, 
then 


y-1z-1 


Am,(x,y,2) = >> b(t, je (6.2.24) 


1=0 r=0 ast?) 
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which yields 


Am,(x,y + 1,2) — Am,(x,y,2) = ie y, jenn : 2. (6.2.25) 


Am,(x,y + 1,z+ 1) —Am(x,y,z+ 1) = )“b(ay, nae. (6.2.26) 
r=0 ee 


Thus it follows from (6.2.25) and (6.2.26) that 


u(x, y,Z 
M?my(x,y,z + 1) — A’my(x, y,2) = (xy, 2) SE 
a(x, y,Z) 
which, combined with (6.2.23), implies 
A? myy(x, y,Z + 1) — A?my(x, y, 2) < bx, y, Dm(x, y, Z). (6.2.27) 


From the definition of m(x, y,z), we deduce that m(x, y,z) < m(x, y,z + 1), for 
allx > 0,y => 0,z = 0. Using this fact in (6.2.27), we get 


A? myy(x, y, Z + 1) — A?my(x, y, 2) < b(x, y, Dmx, y,z+ 1), 


A? myy(x, y,z + 1) — Amy (x, y,Z) 


———— < D(x, y,z 6.2.28 
m(x.y.z+ 1) m(x,y.e+ 1) ~ asl 
From (6.2.28), we derive 
A2 XY o Ms 1 A? XY ist 
STC OEE ATO 256 5m (6.2.29) 
m(x,y,z+ 1) m(x, y,Z) 
Now keeping x,y fixed in (6.2.29), setting z = r and substituting r = 
0,1,2,---,z—1, we obtain 
A? my(X,Y.2) 
en < Sb y, 7). (6.2.30) 


m(X, y, Z) = 


Then from (6.2.30) and in view of the fact that m(x, y,z) < m(x,y + 1,z), we 
obtain 


-1 
Am, (x,y + 1,2) = Am,(x, y, 2) we S “d(x y,r) (6.2.31) 
m(x,y + 1,2z) m(x,y,z) ~ yr). 
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Keeping x, z fixed in (6.2.31), setting y = t and substituting t = 0, 1,2,--- , y—1, 
we obtain 


Am,(x, y,2) eT Foe t,r). (6.2.32) 


mey.2) Is 


We derive from (6.2.32) 


y-1 z-1 
m(x + 1,y,z) < m(x,y, 2) [ + OS Ube, | (6.2.33) 


t=0 r=0 


Again keeping y,z fixed in (6.2.33), setting x = s and substituting s = 
0,1,2,--- ,x— 1, we conclude 


y-1 z-1 
m(x, y,Z) < |: + SoS lbG, t, | 


t=0 r=0 


which, substituted in (6.2.23), gives us the desired bound (6.2.22). Oo 


We can also apply Theorem 6.2.3 to establish the following discrete inequality in 
three independent variables. 


Theorem 6.2.4 (Singare-Pachpatte [598]) Let u(x, y, z), b(x, y, z), and c(x, y, z) be 
real-valued non-negative functions defined for all x => 0, y = 0,z = 0, and let W(u) 
be continuous, positive strictly increasing function on I = |[uo,+00),Uo > 0, and 
suppose further that the inequality holds for all x = 0,y = 0,z = 0, 


x-ly-lz-1 x—1ly—1z-1 


u(x,y,z)<M+ yD) ee t,r)u(s,t,r) + eG t,r)W(u(s, t, r)) 


s=0 t=0 r=0 s=0 t=0 r=0 


(6.2.34) 


where M > 0 is aconstant. Then, forall0 <x <x,,0<y<y,,0<z<4z, 


x-ly-lz-1 


u(x, ¥,z) < 2-'[aM) +S els, NW(P(s, t, 1) Peay. z) (6.2.35) 


s=0 t=0 r=0 
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where 


—1 2-1 


P@,y,2) = nl! 4 ry, t, |, (6.2.36) 


t=0 r=0 


Qir) = a ‘a r>rm>0 (6.2.37) 


and Q7 is the inverse function of Q and 


x—-ly—1z-1 


QM) + SOS7YCe(s, 1, r)W(P(s, t,7)) € Dom (27) 


s=0 1=0 r=0 


for all x, y, z lying in the subintervals 0 <x<x,0<y<y1,0<z<z ofNo. 


Proof Define 


x-ly-lz-l 


a(x.y.2) = M+ CYS Ce(s, Ws, 1,7), 


s=0 t=0 r=0 
a(0,y,z) = a(x,0,z) = a(x, y,0) = M, (6.2.38) 


then (6.2.34) can be rewritten as 


x-1 y—1 z-1 


u(x,y,2) <a(x.y.2) + \OY SY dG, . )u(s, 1.7). (6.2.39) 


s=0 t=0 r=0 
Since a(x, y, Z) is positive, non-decreasing, we derive from Theorem 6.2.3 that 
y-lz-l 
u(x, y, Z) < a(x, y, af] if ++ Sy laGs, t, »|- = a(x, y, z)P(x, y, z). (6.2.40) 
=0 1=0 r=0 


Furthermore, since W is sub-multiplicative, we have 


Wu, y,z)) < Wa, y, z)) W(PQ, y, 2). 
Hence, 


cx, y, Z)W(u(x, y, Z)) 


W(a(x, y, z)) < cx, y, 2)W(P(X, y, Z)) 
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which, due to (6.2.38), reduces to 


A yy(x, 9,2 + 1) — A? ayy (x, y, 2) 


< c(x, y, z)W(P(, y, Z)). (6.2.41) 
W(a(x, y,z)) 
Then from (6.2.41) we derive that 
Ady (X,Y, Z + I) Ma Gay.) 
oo — << c(x, y, WP, y, z 6.2.42 
Wealey.z+D) — Wlaley,2) = PPM PRD). 2.42) 
Now keeping x,y fixed in (6.2.42), setting z = r and substituting r = 


0,1,2,--- ,z—1 in (6.2.42), we can obtain 


Axy(X, y, 2) 


WaGya) ~ ret y,r)W(P(x,y.7)). (6.2.43) 


Now from (6.2.43) it follows that 


Aa,(x, y + 1,2) _ Aa,(x, y, Z i 
Wa@y+lL2) Way) — Lee, r)W(P(x,y.7)). (6.2.44) 


Keeping x,z fixed in (6.2.44) and setting y = f and substituting t = 
0,1,2,--- ,t— 1 in (6.2.44), we can derive 


y-1 z-1 


2) eG: y, r)W(P(x, y,r)). (6.2.45) 


t=0 r=0 


Aa,(x, y, Z) 
W(a(x, y,z)) ~ 


Thus, we can infer from (6.2.37) and (6.2.45) that 


a(x+1,y,z) ds 


Male + 1.3.2) ~ abe.».2) = f OO 
a(x,y,Z 


y-lz-1 


Aa,(x, y, Zz) 
= Weasa) ee 


Again keeping y, z fixed in the above inequality and setting x = s and substituting 
s = 0,1,2,---,x—1, we conclude 


x-ly-lz-1 


Q(a(x. y.2)) — A(M) < SOY SY Ve(s, 1, )W(P(s, 1,7). (6.2.46) 


s=0 t=0 r=0 
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Thus the desired bound (6.2.35) now follows by substituting the bound on 
a(x,y,z) from (6.2.46) in (6.2.40). The subintervals of No for x,y, and z are 
obvious. Oo 


We next the following three independent variable generalization of the discrete 
inequality established by Pachpatte [447]. 


Theorem 6.2.5 (Pachpatte [447]) Let u(x, y,z),b(x,y,z), and c(x,y,z) be as 
defined in Theorem 6.2.4; and let a(x, y, z) be as defined in Theorem 6.2.3, such that 
the following inequality holds for all x = 0,y = 0,z = 0, 


u(x, y,Z) < a(x, y,z) 


x-ly—-1z-1 s—1 t-1 r-1 
+>->°> v6, t,r) c tr) + ees le 1,n)W(uk, L, »| : 


s=0 t=0 r=0 k=0 l[=0 n=0 
(6.2.47) 
Then for allx = 0,y => 0,z = 0, 
x—-ly-lz-1 
u(x, y,z) S a(x, y,2z) : + OSV 16,14, NOs, 1, | (6.2.48) 
s=0 t=0 r=0 


where for allx = 0,y = 0,z>= 0, 


yal zl 
Ox, y,2) = i | +S [b(s, 4.7) + e(s,t, al) (6.2.49) 
s=0 t=0r=0 


Proof Since a(x, y, Z) is positive, non-decreasing, we may derive from (6.2.47) 


x-ly-lz s-l t-1 r-1 


u(x, y, 2 u(s, t, Tr) u(k, 1,n) 
1+ pene t, n|- Ga + Vek, l,n) aL. a! 


a(x, y, 2 ~ 7 s=0 1=0 r=0 k=01=0 n=0 
(6.2.50) 
Define 
; x—Ly—lz-1 : u(s, t, r) a a a kl. u(k, Ln) 
ma,y.z) = 1+) )>)) dtr Meant DD dekk hn) atin 


s=0 t=0 r=0 k=0 /=0 n=0 


m(0,y,z) = m(0,x,z) = m(x,y,0) = 1. 
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Then following the similar argument as in the proof of Theorem 6.2.3, we have 


A? my(x, yz + 1) — A?my(x, y, 2) 


x—1 y—1 z-1 


2h ms yd+t YS Yelk, Lnym(k, 1, » (6.2.51) 


k=01=0 n=0 
If we put 


x-ly-lz-1 


v(xy.z) = m(xy.2) + YOY Y elk, Lnym(k, Ln), (6.2.52) 


k=0 /=0 n=0 


v(0, y, z) = v(x, 0, z) = vw, y, 0) = 1, (6.2.53) 


then again following the similar argument as in the proof of Theorem 6.2.3 and 
using (6.2.51) and the fact that m(x, y,z) < v(x, y, z) from (6.2.52), we derive 


A vry(x, 9,2 + 1) — A? vay, y, 2) < [Gy 2) + cx, y, DVO, y, 2) 
which, by following the same technique as in the proof of Theorem 6.2.3, yields 
x—1 y-1 z-1 
v(x, y,zZ) < I] [ + SoS BG. r) + c(s,t, a] = Q(x, y, Z). 
s=0 t=0 r=0 


Substituting this bound on v(x, y, z) in (6.2.51) and once again following the last 
argument as in the proof of Theorem 6.2.3, we conclude 


x-ly-lz-l 


m(x,y.2) <1+ Y/Y (s,Q, 1.7) 


s=0 1=0 r=0 


which, substituted in (6.2.50), gives us the desired bound (6.2.48). Oo 


We now apply Theorem 6.2.5 to establish the following more general inequality, 
due to Singare and Pachpatte [598] . 


Theorem 6.2.6 (Singare-Pachpatte [598]) Let u(x, y, z), b(x, y,z),c(x, y,z) and 
P(x, y, Z) be real-valued non-negative functions defined for all x = 0,y = 0,z = 0, 
and let W(u) be as defined in Theorem 6.2.4, and suppose further that the following 
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inequality holds for all x => 0, y = 0,z = 0, 


x—-ly—l1 z-1 s-l t-lr-l 


u(x, y,z) <M+ SST, t, r)| us, tyr) + yy) c& l, n)u(k, L, n)| 


s=0 t=0 r=0 k=0 1=0n=0 


x—-ly—1z-1 


+>¥“S°Y pls, t,)W(uls, t,7)) (6.2.54) 


s=0 t=0 r=0 
where M > 0 is a constant. Then for0 <x<x%,0<y<yw,0<z<n, 


ly—1 z—1 


u(x, y,z) < QT ED + PIC tr) W(R(s,t, ») R(@,y,z) (6.2.55) 


s=0 1=0 r=0 


where Q, Q7! are as defined in Theorem 6.2.4, and 


x-ly—-1z-1 t-l r-1 
Rwy.2) =14+ 0) > dt, oT if + SOY Pk Ln) + clk oi] 


s=0 t=0 r=0 1=0n=0 


(6.2.56) 


and 


x—ly—-lz-1 


Q(M) + ey ree t,r)W(R(s, t,r)) € Dom (Q7!) 


s=0 1=0 r=0 


for all x, y, z lying in the subintervals 0 < x < x2,0<y<y2,0<z< 2 OfNo. 


Proof The proof follows from similar argument as in the proof of Theorem 6.2.4, 
and using Theorem 6.2.5. We omit the details. O 


Remark 6.2.4 We note that discrete inequalities established in Theorems 6.2.3-— 
6.2.6 can be extended easily to the case of n independent variables. 


6.3. Linear Multi-Dimensional Discrete Gronwall-Bellman 
Inequalities 


6.3.1 Linear Multi-Dimensional Discrete Gronwall-Bellman 
Inequalities and Their Generalizations 


It is well-known that the discrete inequalities of the Gronwall type play a vital 
role in the theory of finite difference equations and numerical analysis (see, 
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[75, 96, 119, 176, 305, 393, 475, 535, 614, 648, 656] and the references therein). 
We shall introduce some discrete inequalities of the Gronwall type in n-independent 
variables, which are due to Yang [660], generalizes all of the known theorems 
obtained by Pachpatte and Singare [511] for the case of n = 3. 

We shall use the conventions of writing 


So bj = 0, [a = 1, 
je€Z j€Z 


if Z is not the empty set. For simplicity, in the sequel, we shall denote 
(x1,X2,...,%n) € No by x, and (x1, x2, ... xj), OG, Xj41,---.%n) and (Xj, Xi41,-.- XK) 
by x;, x; and x;, respectively, here i, k are integers from 1, 2,...,n with i < k. 
Furthermore, we denote the multiple-summation symbol 


ahem] xpd 


BP ie yw yd 


yj=0 yji=0 — yk=0 
where x;, x; € No, j <i <k, and 1 <j < k <n. Moreover, we define 
Auy,(x) = ule, — 1,49 + 1, X41) — ud), 
Mig = Auy (a; — 1, x" + 1, Xe-41) — Aus (x), 


and so on, where x;, xz, ... are numbers from No, and i, k, ...are integers from 
1, 2, ...,n. We write also here that 


AV LG) AL 2) 


for any real-valued function L(x) on Nj, here 1 < r < n, x € Nj. In addition, we 
shall define a class of functions on Nj by 


K = {f: f(x) = 0, Af) = 0,r=1,...,n—1,and A™ f(x) < 0}. 


It is obvious that the following properties are true: 


(1) if f(@) € K andc > 0 is areal number, then cf(x) € K. 
(2) if f(x), g(x) € K, then f(x) + g(x) € K. 
(3) all functions of the form 


Bee cde eS dy 2 stl) 


yg ek 


are in the class K, here 7, > O and in (h = 1,...,k — 1) are integers with 
1l<rj<in<...< ie <7. 
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Theorem 6.3.1 (Yang [660]) Let u(x) and p(x) are real-valued non-negative func- 
tions defined for all x € No, and let f(x) be a real-valued positive and non- 
decreasing function in K. Suppose further that the following discrete inequality 
holds for all x € No, 


u(x) < f(x) + Y>pO)uG). (6.3.1) 
yl 
Then we have, for all x € No, 


xj—1 xn 


u(x) < f(0,%) [] 1 + GOr.%) + > poy). (6.3.2) 
y1=0 y,2 
where 
x,2 
G(x) = g1(%1, 0,3) + Y— go(x1,y2, 0, Xa) ee 
y,2 
x,n—2 xn—1 
+ DF 8n-2(81, Fon 05%n) + DY) Bn-1%1Fan1,0), (6.3.3) 
y,2 y,2 


and for|<k<n-—1,xeENG, 


AMF (X,, 0, X42) 
, 0, x = ——_—____—_, 6.3.4 
Bk (X,, 0, Xk-+2) Fae) ( ) 


Proof We define a function U(x) on Nj by the right-hand of inequality (6.3.1), so 
that by definition 


U(%_1,9, Xe-4+1) = f(Xp_1,0, Xe41) > 0, 


‘ (6.3.5) 
U(xp_1 Xk + 1, Xe41) = U(x) > 0, x E No, Lk <n, 


since f(x) is non-decreasing. 
Furthermore, we can obtain from the definition of U(x) that, 


A™ U(x) = AM F(x) + pu) 
S p(x)UG_1.4n + 1), (6.3.6) 
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since A™ f(x) < 0, p(x) = 0, (6.3.1) and (6.3.5). Note that 


xn 


AMU(X) = AMF) + DY Py Fer1Uy Feri) 20, (6.3.7) 
yk+1 


is valid for 1 < k < n—1 and x € Nj. Applying (6.3.5) and (6.3.7), we derive 
from (6.3.6) 


AU, 14% +1) AUR 


< ; 6.3.8 
O45 1) ey <P) wre) 
Keeping x,_, fixed in (6.3.8), setting x, = y, and summing over y, = 
0,1, 2, ...,x, — 1, we obtain 
A® DU) se 
Bey <8 1G + Dot Yn), (6.3.9) 
yn 


where g,_ is given by (6.3.4). In fact, we may rewrite (6.3.9) as 


A"—AU(x 9>Xn—1 + 1, Xn) A" U(x) = 
oN ae 0 Yn) 
TGin-2 na + Lm) ug ees 2 Pe) 
(6.3.10) 
since (6.3.5) and (6.3.7). Keeping now x,_, and x, fixed in (6.3.10), setting x, = 
y,—1 and summing over y,-; = 0, 1, 2, ...,X%,-1 — 1, we get 
A@-2) U(x) xn-1 xn 
~ Ua) = Bn—2(X,_9> 0, Xn) + >. 8n—1 (X95 Yn-1s 0) + > P(X»: Yn—-1)s 
yn-l yn—1 


(6.3.11) 


where g,,—2 is given by (6.3.4). Ifn — 2 > 1, then using a similar argument as used 
above for (6.3.9)—(6.3.11), we can obtain 


A(r-3) U(x) : xn—2 
~ Ux) = 8n—3(X,_3, 9, Xn—-1) > Bn—2(Xp,—35 Yn—2; 0, Xn) 
yn—2 


xn— 


1 xn 
e Bn—1(Xp—3+ Yn—2.n—1 0) a > P(X,—3Yn-2)- 
yn—-2 yn—-2 


760 6 Linear Multi-Dimensional Discrete (Difference) Inequalities 


Continuing in this way, we obtain 


AM U(x) 


Tay = G0) + Yo ple 5a) 


y2 


where G(x) is defined by (6.3.3). Obviously, the above inequality can be rewritten 
as 


xn 


U(x + 1,22) = 
——_ < 14+ G(x) + D(x1, V2). (6.3.12) 
U(x) 2 
Keeping X2 fixed in (6.3.12), setting x, = jy, and then substituting y) = 
0, 1, 2, ...,x; — 1 successively in (6.3.12), we can conclude 
xj—-1 xn 
U(x) 1 7 
ay 14+ G01, x2) + : (6.3.13) 
(0.5) Itt (1,2) 20] 


Thus the desired bound for u(x) in (6.3.2) follows from (6.3.1), (6.3.5) and (6.3.13) 
immediately. Oo 


Example 6.3.1 Suppose that the discrete inequality 


Ke 
V(X], X2,%3) S a+ X2x3 + xix Ss ~ O(y1, ¥2,¥3)U01, ¥2,¥3) (6.3.14) 


yl 
holds for all (x, x2,x3) € N3, where a > 0 is a constant, v and Q are real-valued 


non-negative functions defined on Nj. Then, by Theorem 6.3.1, we have the non- 
decreasing function 


f(01,%2,%3) =atxxx+x4x2 (> 0) EK, 
since the following conditions hold for all (x1, x2,.x3) € ike 


AF (x1, 2,43) = x2(1 + 4x1 + 6x7 + 4x7) > 0, 
AF (1, x2, X3) =1+4%+ 6x} + 4x3 > 0, 
AF (1, x2,.%3) = 0. 
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Therefore, 


AD F(x, x2, X3) 


Hejo oO) G5 
21 (x1, 0, x3) aes 
APF (x1, X2,%3) 14+ 4x, + 6x? ne ax 
20,30) = = 
f(%1, x2, 0) atx; x2 


Hence we can derive the desired bound on v from (6.3.14) such that for all 
(x1, x2,x3) € NB, 


oe at yiy2 


yi=0 


xj—-1 x,3 
14+ 4y, + 67 +4 
v(x1,¥2,¥3) < (a +323) |] f ae 3 ui aaa oF $201.00 
y,2 


We note here that the above inequality (6.3.14) can not be treated by means of the 
known results established in [511]. 


Theorem 6.3.2 (Yang [660]) Let u(x), f(x), p(x) be the same as in Theorem 6.3.1, 
and let q(x) be a real-valued non-negative functions defined for all x € No. Suppose 
that the following inequality holds for all x € No, 


XN yin 


u(x) <f() + >) pO)[uO) + oe q(z)u(z)]. (6.3.15) 


yl 
Then for all x € NG, we have 


Xn yi-l 


u(x) < F(x) + Pe 92) | [ [1 + Gz, 52) + Dw + q(2))]. 


z1=0 
(6.3.16) 


where G is the same as in Theorem 6.3.1, and F(x) is given by 


x,1 x2 
F(x) = f(0,%2) + YAP FO1,0, 33) + D> APFO,, 0,54)... 


yl yl 


x,n—2 x,n—1 


+> A" PY _,.0.%n) + DS A” L(y, ,0,0). (6.3.17) 


yl yl 
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Proof We define a function V(x) and W(x) on No by the right-hand side of (6.3.15) 
and the following equality 


xn 


W(x) = V(x) + Yg0)VO) (6.3.18) 


yl 


respectively, so that by the definitions, we know that f(x) is non-decreasing, and 


W(x_1,0, X41) = VOxq_1,0, %41) = F(G1,0,%41) > 0, (6.3.19) 
V(q_1.4) + 1X41) = VO) = 0, (6.3.20) 
W(x_ 1.47 + 1,441) = W(X) > 0, (6.3.21) 
where x; € Nj, j = 1, 2, ...,”. In addition, we obtain 


xn xr yn 


AOV(x) = AMF) + DO PG, 54), 5-41) + > D5 a@ul. 


yr+l zl zr+1 
(6.3.22) 


and 


xn 


AOW() = AMV) + Y> GG, 54)V HF), for lor<n,xeNf. 
yr+l 


(6.3.23) 


Letting r = n in the above (6.3.22) and using A” f(x) < 0, we then derive for all 
xe Nj, 


AM V(x) < p(x) W(a), (6.3.24) 


since p(x), q(x) are non-negative and u(x) < V(x) < W(x). Now by (6.3.23), we 
obtain for all x € No, 


AW (x) < p@)W(x) + a) V(x) < [P@) + 4@]WO), — (6.3.25) 
since q(x) => 0 and V(x) < W(x). Thus it follows from (6.3.19) that, 


AM W(x,. 0, X42) _ a VQ, 0, Xr+2) 


= Sr Gvil ese 
WOG,,0,542) WO, Okra) Er Setz) (6.3.20) 


where 1 <r<n—1,x€Nj, j= 1, 2,...,nand g, is given by (6.3.4). 
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Now following the same argument as used in the proof of Theorem 6.3.1, and 
using (6.3.19), (6.3.26), we derive from (6.3.25) for all x € No, 


xj-1 xn 


W(x) < f(0,%) [ [ [1 + G01.) + DD @® + a)]. (6.3.27) 


y,=0 y,2 
Substituting this bound for W(x) in (6.3.26), we can rewrite it as 
A®YV(, 1.40 + 1) — A®PVQ) < h@). (6.3.28) 


where the function (x) is defined by 


x1-1 xn 
h(x) = p@fO.%) | [+ G01.%) + 0 @@ + 4))- 
yi =0 y,2 


Keeping x,,_, fixed in the above (6.3.28), setting x, = y, and summing over y, = 
0, 1, 2, ...,%, — 1, we may get 


xn 


A’) ES AP Vy (4;,0) a SY hG,—1+In) 
ywn 


xn 


= AYER 1,0) + 3 Nh(&,-1Yn)- 


yun 


Keeping now x,,_», Xn fixed in the last inequality, setting x,-; = y,—1 and summing 
over yy-1 = 0, 1, 2,..., X,»-1 — 1, we obtain 


xn—1 


AP 2IV(x) < APP, 90,40) + D> APF, 95 In-1,0) 
yn-l 
4 > h(x,,-9s Yn—1)- 
yn-l 


Continuing in this way, we finally conclude 


AM V(x) = Vx + 1,52) — V(x) 


x2 
< AM F(x1,0,%3) + > APF (x1, y2, 0.54) +... 
y,2 
xn—1 xn 


es 3 APF (x1, Fy 91,0) + Y > aCe. 52). (6.3.29) 


y,2 y,2 
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Keeping 2 fixed in (6.3.29), setting x; = y; and substituting y) = 0, 1, 2,...,x;-1 
successively in (6.3.27) to derive the bound for V(x) such that 


V(x) < F(x) + ye h(x), (6.3.30) 


y,2 


since V(0,x.) = f(0,%2), where F(x) is defined in (6.3.18). Hence the desired 
bound (6.3.16) follows from (6.3.15), (6.3.30), and the definition of V(x) and sic 
immediately. 


Remark 6.3.1 If n = 3 and f(x) = a(x) + a2(%2) + a3(x3) in Theorems 6.3.1 
and 6.3.2, where aj : No — (0, +00), Aaj(z) => 0 for all z € No, j = 1, 2, 3, then 
we can derive Theorems 6.3.1 and 6.3.2 of [511] respectively. 


The discrete inequalities play an important role not only in the field of finite 
difference equations and numerical analysis, but also in certain areas of engineering, 
technology, economics and biological sciences. One of the most used result in this 
direction is the discrete analogue of the celebrated Gronwall-Bellman-Reid inequal- 
ity [595, 611] and its variants [2, 14, 17, 271, 299, 305, 449, 465, 471, 611, 648]. 
The two and more independent variable generalizations of this inequality were 
established in [511, 595, 597]. 

In the next Theorems 6.3.3—6.3.6, we shall discuss some discrete inequalities in n 
independent variables which are further generalizations of some results obtained in 
[17] for n = 1. Some unified results are also presented which covers several results 
of Pachpatte and Singare [511, 595, 597] (see, Theorem 6.2.1, etc.). 


A point (xj,...,x/) in Nj is denoted by x’. The first difference with 
respect to the variable x; of the function on u(x,...,%,) is defined as 
Auy;(X1,.-- Xn) = U(X, ..-  Xia1, Xi + AS Ki41,---, Xn) — U1, ...,Xn). The second 
difference with respect to the variables x;,x; is defined as DS thea (On, Leen) = 
Aux, (%1, 2.67164) + OL Xje1s.- Xn) — Ady, 1... Xn) = Uy... X17 + 
1, x41, see XMJH1 AFH], - +> Xn) —U(x1, te Ms AEE 1, x41, eck Xn) —U(a1, see XI, 
Xj + 1, xjp41,.-.5Xn) + u(X1,...,Xn). The higher order differences are defined 


analogously. The functions which appears in the inequalities are assumed to be 
real-valued, non-negative and defined in N}- 


Theorem 6.3.3 (Agarwal-Thandapani [19]) Let the following inequality hold for 
allx € NG, 


n 


u(x) < >? aj(x;) + wEG u) (6.3.31) 


i=1 r=1 
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where 
x1 x] rn | 
E'(x,u) = DU faa!) fio?) DE fer )ue’) 
xl=0 2=0 axT=0 


where a;(x;) > 0, Aa;(x;) = 0. Then for all x € Nj, 


n xy-1 
(+. Aaj(s1) 
u(x) < [ai(0) + 2 aie) It + Saya Fae) 


m 


+50 AEX, (51,32, ...5%n D]. (6.3.32) 
r=1 
Proof Let $(x) be the right-hand side of inequality (6.3.31). Then 


Ady, (X) = Aayxy + > AEX, (x, u) 
r=1 
and 


A" be(x) = D> A"EL(x, u) (6.3.33) 
r=1 
where 


n 


(x1, ...5Xj-1,0, Xj41,--- Xn) = aj(0) + > aj(xj). (6.3.34) 
j=ly#i 


Since u(x) < $(x) and (x) is non-decreasing in x, from (6.3.33) it follows 


A", (x) < > A"E'(x,) < ~~ A"E" (x, 1) (x). (6.3.35) 


r=1 r=1 


On the one hand, by (6.3.35) and using the fact @(x41,...,Xn—1,% + 1) = (x), we 
obtain 


BO ig 24 (x1, Sie »Xn—1,Xn = 1) _ ae (x) 


< Y\A"E"(x,1). 
P(X, . +6 Xn-15 Xn + 1) p(x) B ) 
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Now keeping x1,...,%n—1 fixed and setting x, = s, and summing over s, = 
0,1,...,xX, — 1 in the above inequality, we find 


Xn—l m m 


A 4 ay 
afi) - ; 1@) A ee wate YATE. 5 
xX 


s,=0r=1 r=1 


On the other hand, repeating the above arguments successively, we obtain 


m 


i ec 
$@) ~ ai) +430) + yy a(x) + DAE: (x1). (6.3.36) 


From (6.3.36), we derive 


Aa, (x1) “ z 
(x1 + 1,x2,...,X%n) < c + APR + Se > ate) 4 d AE\, @, o| p(x). 


Now keeping x2,...,X, fixed and setting x; = s,; and summing over s; = 
0,1,...,x; — 1 in the above inequality, we thus deduce from (6.3.34) that 


xy-1 


(x) < fai) + a (x,)] IT [1+ 


i=2 = 


m 


Aa; (x1) 4 y Ae (x, 1)]. 
r=1 


ay (81) + a2(0) + Do; ai(xj) 


Thus (6.3.32) now follows from u(x) < (x). Oo 


Remark 6.3.2 There are n! different conclusions possible for Theorem 6.3.3, 
corresponding to n permutations of (x1,...,x,) and corresponding permutations of 
Q1,...,Qy. 


Remark 6.3.3 Forn = 3, m = 1, the estimate (6.3.32) is same as that in Theorem | 
of [S11]. Forn = 3, m = 2, fi: = fa, the estimate (6.3.32) is not comparable to 
that obtained in Theorem 2 of [511]. Form = 2 and m up to 2, some results are given 
in [571]. 


Theorem 6.3.4 (Agarwal-Thandapani [19]) Let the following inequality hold for 
allx € Nj, 


u(x) < a(x) + B(x) S> E"(x,u) (6.3.37) 


r=1 
where: (i) a(x) > 0 and non-decreasing, (ii) b(x) = 1. Then for all x € Ni, 


xjy—1 


u(x) < a(x)b(x) |] [1 + So AE AE Si 8iscucite Dk (6.3.38) 


sj=0 r=1 
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Proof From the assumptions on a and b, inequality (6.3.37) can be written as 


v(x) <1+ SEG, bv) 


r=1 


where v = u/ab. The rest of the proof is the same as that of Theorem 6.3.3. O 


Remark 6.3.4 For inequality (6.3.31) under the assumptions of Theorem 6.3.3, we 
have from Theorem 6.3.4 


xj-1 
Qeys xi) [J+ SAE’ Cre ere 0) (6.3.39) 
i=1 51 =0 r=1 


Remark 6.3.5 There are n! different conclusions possible for Theorem 6.3.4 and 
(6.3.39). 


Remark 6.3.6 If a, = k (constant), then (6.3.32) and (6.3.39) are same. In the 
general case, (6.3.32) and (6.3.39) are not comparable. In applications, (6.3.39) 
require less work to compute the estimate than (6.3.32). 


Theorem 6.3.5 (Agarwal-Thandapani [19]) Let the inequality (6.3.31) hold 
where a;(x;) is the same as in Theorem 6.3.3 and 


fic) =fix), Lsism,  fitiils) =fitri) =... =fni@) = gil), 
(6.3.40) 


for allx € Nj and 1 <i<m-—1. Then for allx € Nj, 


u(x) < P(x), i=1,2, (6.3.41) 
where 
xj 1 
Aa,(s1) 
P 0 ii a a ae Ca a nr eG 
(x) = [ar )+ Daw) a wile) Fant) + Yaa) 
Xn—-l om m—1 


+ y.. OCF) U gi(s))], (6.3.42) 


s2=0 5n=0 r=1 


P2(x) = Da (xi) + a (s) LU) gils))Pi(s). (6.3.43) 


s=0 


In (6.3.42) and (6.3.43), the term ¥~"_, f-(x) U2, gi(x) represents the sum of all 
functions except when f(x) = g(x) for some 1 <k <r, 1 <1 <1, then g(x) is 
taken to be zero, also \_);_, = 0. 
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Proof Indeed, inequality (6.3.31) with (6.3.40) is equivalent to the following system 


n x-1 
wi(x) <>) ala) + YT (sun(s) + g1(s)u2(s)], 


i=1 s=0 
x—-1 

uj-1(x) = )“Tf-i(sn(s) + g-1(s)uy(9)] 3S Sm, (6.3.44) 
s=0 


x—l 


um(x) = ¥ > fn(s)ur(s). 


s=0 


Define (x), @-1(«) (3 < j < m), }m(x) as the right-hand side of (6.3.44), 
respectively. Then we find 
A" bir) Si Mi) + si)o2)], 
A" j-1x0) =f-1 bi) + 8-1) Oj), 357 sm, (6.3.45) 
A" binx(X) <fin(x)O1 (x), 


where ¢)(x) satisfies (6.3.34) and (x) (2 < j < m), together with all mixed 
differences up to order n — | are zero at x; = O(1 < i < n). Adding (6.3.45), 
we obtain 


m m m—1| 


Do A'Gxl2) < DOF @O10) + YO a br+i”) 


r=1 r=1 r=1 
whence 


m m 


-1 m 
Yo Aba) < OCF) [J ai) O35 6-0). 
r=1 r=1 i=1 r=1 


Now following the proof of Theorem 6.3.3, we obtain )-"_, ¢,(x) < Pi (x). Using 
this in (6.3.45), we get 


A" d(x) < (x) |_) s1@)) Pie) 


and similarly Theorem 6.3.3, we can get @)(x) < P2(x). Since u(x) = u,(x) < 
Pi(x) < 7", $-(x), (6.3.41) follows. o 


Remark 6.3.7 As in Theorem 6.3.3, there are n! different conclusions possible for 
Theorem 6.3.5. 
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Remark 6.3.8 Forn = 1, m = 2, Theorem 6.3.5 reduces to Theorem | of [511]. 
For n = 3, m = 2, fi = g1, Theorem 6.3.5 reduce to Theorem 2 of [511]. This also 
covers some results given in [571] for n = 2,m up to 2. 


Remark 6.3.9 P(x) and P2(x) cannot be compared. 


The next result is a discrete analogue of Willett’s inequality [634] as discussed 
in [17] forn = 1. 


Theorem 6.3.6 (Agarwal-Thandapani [19]) Let the following inequality hold for 
allx € No, 


x-1 


u(x) < a(x) + D> glx) D> hi(s)u(s) (6.3.46) 


i=1 s=0 


where: (i) a(x) > 0 and non-decreasing, (ii) g(x) > 1 for 1 < i < mand non- 
decreasing for 2 < i < m. Then for all x € No, 


u(x) < Fina(x) (6.3.47) 
where 
xy-1 x2-1 Xn—1 
Fow=w,  Fyw = w(Fe-ige) [+ 0... So heels) Fe-ige(s)] (6.3.48) 
5; =0 s2=0 5n=0 


fork =1,-++,m. 


Proof The proof is by finite induction. For m = 1, we derive from Theorem 6.3.4 
that 


x,—-l x2-1 Xn—1 
u(x) < a(x)gi(x) I] [1+ > ie > hy(s)g1(s)] = Fya(x). 
5,=0 52=0 5n=0 


Now, assume that the result is true for some k such that 1 < k < m-— 1, then for 
k + 1, we have 


k x—1 
u(x) < a(x) + geri) D(s)u(s) + D2 gia) D7 hils)u(s) 
k+1 i=1 s=0 


and 


u(x) < Fra™ (x) 
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where 
x-1 
a* (x) = a(x) + gx4i(x) > hy+i(s)u(s). 
s=0 
Thus we find 
x1 u 
<1+ ys Fgn41——_. 
APS k+1 dX reas TOF gk 
Now applying Theorem 6.3.4 yields 
xj-1 x21 Xn—1 
u(x) < a(x) Frgesis) |] J 1+ DO... D2 tats (9)Fegeti(s) | = Fepia(x). 
5, =0 5s2=0 sn=0 


Hence (6.3.47) follows for all m. 


Corollary 6.3.1 (Agarwal-Thandapani [19]) Let the inequality (6.3.46) hold for 
all x € No, where: (i) a(x) > 0 and non-decreasing, (ii) gi(x) => 1 for alll <i<m. 
Then for all x € Ni, 


xj-1 xj—-l Xp—l m m 
wo = 009 [09 TT 1+)0.. 2 det) [Tau 
5j=0 5s2=0 sn=0 r=1 


Proof 1n fact, inequality (6.3.46) can be rewritten as 


m x-l om 
u(x) < a(x) + [] gil) )>Q Ai(s))u(s). 


i=1 s=0 i=1 


Thus, the desired result follows from Theorem 6.3.4 immediately. O 


We shall establish an essentially new generalization of linear Gronwall discrete 
inequalities in several independent variables, which are due to [534]. We shall 
use the following notations: R, Ro, and R+ the set of real, non-negative real, and 
positive real numbers, respectively. Ns = {&,& + 1,---} where & is a non-negative 
integer. Let v = (11,-+* , Vm), then N, = N,, x---xN,,, (the Cartesian product). Let 
a = (a,-++ ,@m) where a; € No, then |a| = )~""., a; we shall call w a multi-index 
or m-index. 

We shall need the following operators which can be defined both for 
sequences of integers as well as multi-indices. Forn = (n,---,mm) € Ny, 
we define Ein = (N,°°+ ,Ni-1,N + j,Nit1,°°+ Mm), shift operators (acting 
here on arguments). In particular, Ej; = (m,---,mj-1,mi + 1,mi4i.-+: .Mm), 
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P(nsny = V) = (My Vays My tists Vugs'** > Mm), projection operators, in 
short P,/yn, where ~ = {j1,°++, px} is any subsequence of the sequence 
{l,...,m}. For example, ifn = (n,n2,n3,n4),u = (2,4),v = (1,7,5,3), 
then P(n;ng4) = v) = (m,7,n3,3). In particular, P(n;nj = a) = Pian = 


(my, +++ ,Mi-1,4, Niti*++ Mm). RK) = (1,77 ,m-~) forO < k < m 
reduction operator. It is clear that P,,/,n can be presented as the compositions 
Ptnyny = Vv) = Puypye++ Pugs ,n. The difference operators on any function 


w:N, — R are defined as follows: 
Alla(n) = AF (ABC -(Afzo(n))) 


where, for all k > 1, 


k 
Aiw(n) = bs C(-)* tom, +I Niti. Nn), 
j=0 


and on using shift operators 


k 
A‘o(n) = D> C(-1)*Fo(E},n). 
j=0 
It is supposed that Avon) = w(n) so that if in the multi-index a, some of 


a; = 0, then in the definition of Al |e(n) suitable partial differences A“ should 
be omitted. For a sequence o = (0},---,0;), not necessarily of different elements 
0; € {1,---,m}, we shall use 


Ai,0(n) = Ajo, (Ajor(-*+ (Ajo,(n)))) . 


Let us note the difference between Aj and Aig. For this, let 6 = (1,2, 1), then 
according to the definitions, AVlo(n) = A}, (A7,(A},0(n))), while Aj,a@(n) = 
A}, (A7,(A},0(n))) (here all the differences are of the first order, and 6; denotes 


the order of the difference with respect to the i-th variable to which variable the 
difference has to be applied). For the multiple summation operators, we denote 


nl Jla;—171 Am JM,Otm—1—1 


Sq(n,v;@) = . bed De ny > uk > OGig ia’. 


A= Jloy =V1 JmiA=Vm Imo =m 
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It is obvious that suitable summations have to be omitted if some of a; = 0. In 
particular, if a = (0,---,0,a;,0,--- ,0), then 


ni-1 Jiaj——-1 


Sa(n, v;@) = Sa(n,vi@) = Yo YO wn s Mimtsdiay Mitte Mm): 


Jil =Vi Jia =Vi 
while 


ni-1 Jiaj—1—1 


Sa(n, v; @(Pi/y,n)) = > ee a @(n,++* ,Ni-1, Vi, Ni-1,°** , Mm) 


Jil =Vi Jie =Vi 


nj-1 Jiaj—1—1 


@(N1,°** ,Mi-1, Vi, M-1,°** 5 Mm) pS an > 1 


Jil =Vi Jiaj=Vi 


II 


Oy isis VaMiais** 5 Mm) CL y;+ 
We shall follow the standard convention that the empty sums are zero. Therefore, if 
for some i we have n; < v; + a;, then Sy(n, v;@) = 0. 


If @ = (@1,--- ,@m) and B = (f1,--- , Bm) are two multi-indices, then a — 6 = 
(a; — B1,--+ ,@m — Bm) and if a; > B;, for alli € {1,---,m}, 


VAC? Vv; @) = Su—g(n, v3 @). 
Moreover, 
AYSa(n, v3) =o(n),  Al'Sa(n,v;@) = o(n). 


If w : N, & R4, then from the above Alls u(n, v;@) > 0 and A) Sa(n, V;@) > 
0 for j < a;. On the other hand, 


k 
Aj, Sa(n,v;0) =) C(-1)'ISq(E)in, vi0) = 0 if mth < vita. 
j=0 
If B; > a;, then 


Mi Sa,(, V;@) = So,—p,(n, Vi @) = Abi“ eo(n). 


t 
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It is clear that for some values of n, we have Sg(n,v;w) = 0, while 
AF Sai v;@) # 0. For example, let @ : Ni...) > Randa = (3,2), then 


m—-l flav) fiz—-l m-1) jai-l 


Sa(n, Vv; @) = » > > » a (j1,3>J2,2); 


AI=Y1 A 21 A 3=M1 (212 f2,2= 2 


m—-l fi2-l m—-l j2i-l 


Ap Sa(n, (Vi, ¥2);@) = > > a 2 o(j1,3,J2,2), 


A2=V1 A Z=V1 j21=V2 j22=v2 


Ma rySaln, (11, V2); @) = Aj, Sa(n, (14, ¥2);@) = Af oy Sa(n, (v1, — 2); @) 


m—-l m—-1 j2i-l 


YY DY DY otis.) 


AZ=V1 j21=v2 j22=v2 


II 


and Sy((v1 +2, v2 +2), (v1, v2); @) = 0, in fact, Sy ((v1 +i, v2 +), (V1, v2); @) = 0, 
ifi < 3 orj < 2, while A) So((v1 + 2, v2 + 2), (V1, v2); @) = w(11, V2). 


For a given multi-index a = (qa ,---,Q@m), we can construct the set Ey of 
la|! [];2, 1/(ai!) sequences Ey = {0 : (01,-++ , Ojg|)} such that oj = i for some 
i€ {1,--+,m} and allj € {1,--- , ||} and card {o; : oj = a} = aj. Here by card 


{A}, we shall denote the cardinal of the set A. For example, let a = (3,2), then 
Sy = {(1,1,1,2,2), (1,2, 1, 1,2), (2,1, 1,2, 1),----}, and card Sy = 5!/(2!3!). 
We shall say the function f belongs to the class M(f) if f : N, > R+ and 
(i) Ai (By -» Bot M >0 for s=1, ---,r—1 and all né€N,, and, 
(11) A jp f) >0 for j=1,---,r and all ne N,, where B = (f1,--- , B,) and 
Bi € {1,--- ,m} for alli € {1,----,r}. 
It is clear that if fi,f2 € M(B) anda > 0, then fi + fo € M(B) and afi € M(B). 


Moreover, if f € M(B) is such that Aig po (n) = 0 for all n € N,, thenf € 


M(y) for any y = (71,°++ , Yrs+ ++, Ye) Such that y; = f; for alli € {1,---,r}. For 
example, let 6B = (3, 1,2, 1), then f € M(f) if from condition (i), 


Meaaaf(n) = Ap(An(Apf(n))) = 0, 
Miaaf(n) = Ap(Anf(n)) = 0, Ai3f(n) = 0, 


and by condition (ii), 


A}, f(n) = Anf(n) = Ali fin) = 0, Alf) =0, Alf) = 0. 


Theorem 6.3.7 (Popenda-Agarwal [534]) Letu,b,c:N, — R+ and there exists 
a sequence 0 € Sq such that c € M(o). Then for every solution u of the inequality 


u(n) < c(n) + Sg(n,v; bu), WneN,, (6.3.49) 
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the following holds for alln € N,, 


Noy —-1 
u(n) < Ming ek,y:ceM(o)C(P(n: No, = Vo,)) I] {1 s Diy (P(n; No, = j\a\))} , 
J\a| = Voy 
(6.3.50) 
where 
0, Ale" 
SiG) on 25G 
c(n) 
and 
fuer Ane nce Nolq\—k+1 = Vojg\—k-+1)) 
+ = 
C(P(1S Noyy—k-+1 = Vojgi—k+1)) 
Noy) —k+1 
+ yy Dx (P(1; Noyyj—k-+1 = Je), K = 1,+++, [a] — 1. 
Jk=Vo}q)—k+1 
Proof Leto € &, be such that c € M(o) and let 
z(n) = c(n) + Sy(n,v; bu), ne Ny. (6.3.51) 
Then inequality (6.3.49) reduces to 
u(n) < z(n). (6.3.52) 


Therefore, for all n € N,, from (6.3.51) it follows 


Altl2(n) = Altle(n) + b(n)u(n) < Alile(n) + b(n)z(n) < max(0, Alle(n)) + b(n)z(n). 


oO oO 


Since c € M(o) and z(n) > c(n) > 0, we get 


Al om) = A@z(n)_~— max(0, A'!c(n)) 
oss 7 a <i + b(n) = Bin. 


Hence, 


la|-1 |a|-1 
A iR(o.1)%(E/oja\”) _ A iro.) 


< \(n). (6.3.53) 
2(n) 
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Notice that 
A jo2(n) = Ajoje(n) + AjoSa(n,v; bu), j = 1,--+, lal, 
and by condition (ii) of the definition M(c), 
A/o;Sa(n, v; bu) > 0, Ajojc(n) = 9. 
Thus it follows that for all j = 1,---,|a| andn € N,, 
2(E jon) = 2(n). 
Moreover, by condition (i), 


Ane = Ane nel) + NRE? v: bu) > 0. 


Hence, from (6.3.53) we may derive 


le| le| 
Miron Elomi) Ae pein ee 


6.3.54 
2E/oyy,7) z(n) Put): ( ) 


Now substituting in (6.3.54), = P(n;no,,, = ji) and summing with respect to j; 
from Vojq; LO Mota) — 1, we can get 


Alel- 1 Ja|-1 Noy4)—1 
A iro, pen) A R(o,1) PUM Nog = Vou) — < 
AO = EE 2 Ging = hy). 
z(n) LPC; Nojq, = Vojai)) = ay 
(6.3.55) 
Let jg, = € € {1,--+ ,m}, then card {o; : 0; = € and o; € R(o,1)} = ag — 1; 
furthermore, let tT = (t1,-++ , Tjq|) where t; = 0; if o; A &,t; = O if o; = &, then 
foralln € N,, x--- x Ny-1 x Ve X Nyt x---xXN,, 


a a|—a. ae—1 
Alelt Su(P(n: ng = ve), vi bu) = ANT (ASS, (P(n: ng = v5), v; bu)) = 0. 


Therefore, 


Aico.) S(PUM Moja = Voj_\)) = Ae ye(P(ns ng = v¢)) 
+ Ae (P(n; ng = ve), v; bu) 


a|—1 
= =An, OCP Nojai = Vojai)) 
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and noting 


2(P(1; No}, = Vora) )) = c(P(n; Novy, = ee) Te Sa(P(1; Noy, = Vora )> v; bu) 
= c(P(N; Ng), = Voja\)): 


from (6.3.55) we can derive 


1 |-1 Noy) —1 
Aeon 2) A Fae.yo(PO: Roya = Voiai)) > 


a) (PCy = Youd) i a ia 


1 = Vo 
which thus yields 


2 
Ne /R(o, ent aus in) — Ae ee) 
2(n) 


ie., an inequality similar to that of (6.3.53). Now following the same reasoning and 
inductive hypotheses, we can conclude 


< y(n), 


Aig, Zn) 
on < D\,\ (1) 


which gives us readily 


UE jon) < (1 + Pjgi(n)}z(n), 
Ng, —1 


2(n) = 2(P(n; Noy) = Vora) I] {1 + Diy (P(n; No, = jla|))}- 


J\a|= Voy 
Noting 
2(P(N; No, = Vo,)) = C(P(n; No, = Vo;)) 
and using (6.3.53), we conclude 


Ng, —1 


u(n) < x(n) < c(P(nine, = Vo)) T] (+ ®jq\ (P(r: ne, = jja\)))- 


J\a|=Voy 


An similar estimate can be obtained for each o € Hy, such that c € M(o). 
Therefore, (6.3.50) follows immediately. Oo 
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Remark 6.3.10 The estimate (6.3.50) can be rearranged as follows for all n € N,, 


No, —1 
win) S _gminc(P(H: Mo, = Vo,)) LT] (+ ®a)(P@: 1, = jat))) 


0€8g:cEM(o : 
J\a|=Yo, 


FSi (P(r No, = jla|)) v; b), 


where 
max(0, Alle(n) 
W(n) = PaO, De ED) 
c(n) 
C(P(N; Noyy\—k+1 -_ Vojqi—k+1)) 
i P(n: _ _ 
Fig eH K(P(n; Noy ;-kt1 — 1 = jx), K=1,-++, la] —1. 


Remark 6.3.11 The method used in Theorem 6.3.7 can be applied (with slight 
modifications) to general type of inequalities such as for alln € N,, 


k 
u(n) < c(n) + > Syi(n, v; bin), 


i=1 


where a’ = (ai, tes, a), i= 1,---,k andc belongs to a suitable class M. In fact, to 
obtain such a bound, it first suffices to obtain some linear inequality of the type 


Aiyc(n) < A(n)z(n) + Y(n) (6.3.56) 
and then to follow the method of Theorem 6.3.7. To illustrate this, we present the 
following examples. 

Example 6.3.2 Consider the inequality 


nj—l 


u(m,n2) < c(mi,n2) + D> bi(juasma)| (jis) 


Aa=1 


Ail jiaz-l n-1 


+ OY VaUishvuisin] ©6357 


A2=1fi3=1j21=4 
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Denoting the right-hand side of (6.3.57) by z(n, 12), we get 


Jal jiz-l ng-1 


Anzn) = Anc(n) + bi) | un) + YS DS DS bois. jou)uCina.j2.) 


A2=1i3=1 p1=4 


Aas} fia-l m1 


< Anc(n) + b(n) | en) + > > x ba(ji3.J21)Ui3.J2.1) 


A2=1fi3=1 j21=4 


(6.3.58) 


Let b; = 0,b2 = 0,u => 0, if Ane = 0, then Ajyz = 0, if, moreover, Aj2c = 0, 
Aj2b; = 0, and we need to estimate u such that Au > 0, then by the definition of 
z(1,N2), we have 


Aj2z(n) 


n—l AIT) Aral 
= Ape(n)+ D> biGia.m +1) anion ape mension 


Al=1 A2=1fj3=1 


ml ATA! m1 
+ > pdm > Ss > hi aioe) Aj2bi(jii.n2) = 0. 


Ad=1 A2=1fi3=1j1=4 
Let 


n—l fi2—-l m—-1 


on) =2n)+ Yo SO YO bois. ineia-j2)- 


fL2=1 fi 3=1 p1=4 


Hence it follows 


m—-l nm-l 


Ajo(n) = Anz(n) + > > bo(ji3.J2.1)2(41.35J2.1) 


A2=1f3=4 


ni—l nm-l 


< Ape(n) + bon) + eQ — 1m — 1) YO bois.) 


A2=1fi3=4 


m—l nm—-l 


< Anc(n) + | bil) + SY) YE boi3.2.1) | OW), (6.3.59) 


Az=1fi3=4 


which is of the form (6.3.56). Now we can apply the method of Theorem 6.3.7. 
The obtained bound for w(n) is then used in the inequality Aj;z(n) < Ajjc(n) + 
b,(n)w(n), which, in turn after suitable summations, leads to the bound for z(n), 
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and consequently, the bound for u(n). We can get another inequality for A/;z, which 
follows directly from (6.3.58), namely, 


m—l fi2—-l m-1 


Ajnz(n) < Ane(n) + b(n) | 1+ ~~ 2 > bo(j135J2,1) | 2) 


A2=1j3=1jp1=4 


which is also of the form (6.3.56), consequently, the method of Theorem 6.3.7 is 
applicable. 

In Example 6.3.1, we have three summations with respect to the first variable, 
and one with respect to the second. In fact, we do not suppose that all w; in a are the 
same. 


Example 6.3.3 Consider the inequality 


u(n) < c(n) + Sa(n, vs bi Gu) + Sei vs bau). 


where B < a, that is, By < a, for all k = 1,---,m. Letc € M(o) ando € 
Bp, Alle > 0. Let 


z(n) = c(n) + Sg(n, v; bi (u + Sp(j, v3 bou))), 

then 

AVPle(n) = AlPle(n) + So—p(n, v; bi (ut Sp Cj, v; bow) < APPle(n) + Sa—p(n, v1.0), 
where 

(n) = 2(n) + Sg(n, v; b22). 
Hence, 
Ale(n) = Alle(n) + bo(n)aln) < Aff c(n) + Sup(n, vi bia) + ba(n)z(n) 
< AM le(n) + [(Sa—p(n, v: bi) + ba(n)lo(n). 


Thus, the resulting inequality is of the form (6.3.56), and so the method used in 
Theorem 6.3.7 allows us to get an estimate on w, and consequently, after suitable 
summations on z and then on uw. If 6 = a as in [489] and Al lc(n) = 0, then 


Ap a(n) < [bi(n) + bo(nJo(n). 


The next result, due to Yeh [671], is concerned with some discrete Bellman- 
Gronwall inequality. 
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We give the notation used in next result as follows: . 
For x = (x1,°++ .Xn),¥ = O1.+++ sn), 1 = ,-++ , 1),0 = (0,--+ ,0) € No and 
u: Nj > R4+, we define 


(a) x= (x1, 5), where x = (X2, uae Xi 

(b) x < y if and only if x; < y; fori = 1,--- ,n, 

(c) ae: u(y) := peal Bae U(Yi,7**, ses, u(y) := 0 for some x; = 
0, 

(d) ie u(y) = Ten Loe U(VI.*** 5 Yn)s ig eam u(y) := 1 for some x; = 0, 


(e) Auy, (x) = uy +1, 5) — u(x), Aug, (x) = u(y, X2 + 1,43, °°° 5 Xn) — UX), , 
Auy, (x) := u(Xq,+** ,Xn—1,Xn + 1) — ua), and so on. 


Theorem 6.3.8 (Yeh [671]) Let u(x), k(x) : NG — Ry and f(x;s) : Ne > Ry 
with s < x. Iffor allx € No, 


x-i 


u(x) < k(x) + Sf (x; s)u(s), (6.3.60) 
s=0 
then for all x € NO, 
xj—1 X-1 
u(x) < K(x) T] | 1+ 55 F@551.5) |, (6.3.61) 
51=0 3=0 


where 
K(x) := sup{k(s):0<s <x}, F(xs):= supff(ts):0<t<x}. (6.3.62) 


Proof For any fixed point Y on Nj, it follows from (6.3.60) and (6.3.62) that for all 
0 <x</Y, 


i 
u(x) < K(Y) + > F(Y: s)u(s). 


s=0 


Setting for all e > 0, 


i 
V(¥;x) = K(Y) + )) FY; s)u(s) + €, (6.3.63) 


s=0 


so, by (6.3.63), 


u(x) < V(Y;x) 
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and 

AV, (Y;x) = F(Y; x)u(x) < FIV; x)V(Y; x). (6.3.64) 
Hence it follows from (6.3.64) that 


DV isteac (Y; X1y0t yXn—1,Xn + 1) = DOTY rece gees 


< F(Y; x). 
V3 x1,°°* .Xn-1,4n + 1) V(Y; x) 
Keeping x,,--+ ,X,—1 fixed in the above inequality, setting x, = s,, and summing 
over s, = 0,1,--- , ¥, — 1, we have 
KAN ne (Fix ** tet Yo). 
a soi : = ”) < > F(Y;x1, 7 »Xn—15 Sn). 


V(Y3x1,-°° >Xn—15 Yn) 


Sn=0 


Continuing in this way and using the method described in [670] , we have 


Vei(¥ie1,¥) — Vim + 1,Y) 
V(¥; x1, Y) V(¥;x1, Y) 


Keeping Y fixed in this inequality, setting x; = s,, and taking the product over 
5; = 0,1,--- ,¥; — 1, we have 


Y\-1 Y-1 
u(¥) = V(V:¥) s (KY) +e) [] J 1+ D0 FO s1.3) 
51=0 3=0 


Letting « | 0 and replacing Y by x, we can obtain the desired result (6.3.61). O 


Remark 6.3.12 For n = 1, the continuous analogue of Theorem 6.3.8 is due to 
Butler and Rogers [118]. 


As an application of Theorem 6.3.8, we can prove the following theorem. 


Theorem 6.3.9 (Yeh [671]) Let u,k,f,K,F be defined as in Theorem 6.3.8. Let 
g(x; s) No” > Rx with s < x. Ifforallx € Ni, 


x-l s-l 


u(x) < k(x) + DOF 8) [u(s) + Do g(s; Duo], (6.3.65) 


s=0 t=0 
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then for all x € NG, 


xy-1 t-1 
u(x) < K(x) I] f + > [FQ 51,5) + civ] 


sj=0 3=0 


or 


x-1 sil 3-1 


u(x) < kx) + Df Os )K(8) [] 41+ Do [FGin.d) + Gs: 41.9) 


s=6 n=0 7=0 


where G(x; s) := sup{g(t; s) : j2¢= x}. 


Proof Let 
i 
(x) = ux) + Y° gO dul). 
1=0 
Then 
u(x) < w(x) 


and , by (6.3.65), 


x-1 x-1 
u(x) = w(x) — ) 7 g(x sus) < k(x) + DF sols). 


s=0 s=6 
Thus 


xi 
w(x) S kx) + DFG 5) + 8c sols). 


s=0 


Applying Theorem 6.3.8 to the above inequality, we have 


xj-1 X-1 
w(x) < K(x) [] f +> [FG 51,3) + GG wa 


sj=0 3=0 


(6.3.66) 


, (6.3.67) 


(6.3.68) 


(6.3.69) 


(6.3.70) 


Therefore, from (6.3.68) and (6.3.70), we can obtain (6.3.66) and from (6.3.69) 


and (6.3.70), we have (6.3.67). 


Oo 
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Remark 6.3.13 The discrete inequalities established in Theorem 6.3.9 can also be 
extended either to nonlinear cases as shown in [670], or continuous analogues, or 
both; we omit the details. 


We note that a continuous analogue of inequality (6.3.66) was established by 
Beesack [57]. 
Now we may use Corollary 1 of [670] to give another brief proof of Theorem 6.3.8. 


Proof For any fixed point Y of Nj, it follows from (6.3.60) and (6.3.62) that for all 


0<x<Y, 


x-l 


u(x) < K(Y) + > F(Y¥;s)u(s). 


s=0 


By Corollary 1 in [670], we have for all 0 <x</Y, 


xj-1 x-1 
u(x) < K(Y) [ [+ }) FY 51,5)]. (6.3.71) 
1=0  3e6 


In particular, (6.3.71) holds for x = Y. Replacing Y by x in (6.3.71) gives 
us (6.3.61). O 


6.4 Difference Inequalities in Several Independent Variables 


In this section, we shall introduce some difference inequalities in several indepen- 
dent variables. 


6.4.1 Discrete Riemann’s Function 


In this section, we begin with the established discrete analogue of Riemann’s 
function. The function is repeatedly used to study linear Gronwall-Bellman type 
inequalities. Next we shall provide an upper estimate on the Riemann’s func- 
tion which is quite adequate in practical applications and provides Wendroff’s 
type estimates. Inequalities involving higher order differences in two independent 
variables are also directly considered. For this, the relevant Taylor’s formula in 
multi-dimensional linear discrete inequalities, and wherever possible provide upper 
bounds in terms of discrete resolvent function. 

First, we first introduce the notation as follows. Let the product No x 

- x No (m times) be denoted by Nf’. A point (x1,--- ,xm) in N@ is denoted 
by x, whereas x; represents (X),--- ,Xi—-1,Xi+1,°°* Xm), and (%;,-) stands for 
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(X1,°°* | Xj—-1,°sXit1,°°* > Xm), also for all s,x € NJ, O < s < x represents 
O < s; < x, 1 < i < m. Fora given function u(x) on Nj, the first order 
difference with respect to the variable x; is defined as A,,u(x) = u(x, x; + 1) —u(x), 
and the second order difference with respect to the variables x; and x; is defined as 
Ay, Ay u(x) = AxuQq, xj+1)— Aru) = ua, x1, 41+ 1, Kit, 1, G+ 
Lees Xppasets Xm) — U(Xi,x; + 1) — uyj.xj + 1) + u(x). The higher order 
differences are defined analogously. The Siri u(l) represents the m fold sum 
Poke eT u(lr,-++ Lm), and A”u(x) denotes Ay, +++ Ay,,W(t1, +++ Xm). 


l)=5) Lm=Sn 


Lemma 6.4.1 (Agarwal [9, 10]) Let g(x) be defined on Nj, then the function 
V(s;x), s<x—1, (s;x) € NO x N@ is a solution of 


(-1L)"AYV(s;x) = g(s)V(s t+ 1,x), (6.4.1) 
V(Si,x3x) = 1ll<i<m (6.4.2) 

if and only if 
V(s;x) = 14 Sil e(Q)V(E + 1;x). (6.4.3) 


Proof Obviously, from (6.4.1) it follows 
(-1)"A?"[V(Em, &m + 13x) - V(¢;x)] = g(OV(E + 1:4), 


and hence by summing the above equality from €,, = sto £m = Xm — 1, we get 


m=Sm 


Xm—-1 
("az | VE. bn : |- dD sOVve + 1:9), 


Lm=Sm 


which , together with (6.4.2), is the same as 


Xm—l 
(1) AP VE, 5mix) = DY) g(Q)VE + 15x). 
Lm=Sin 
Continuing in this way, we obtain 
x)—-1 
(-1yrtrtt as V(S1, £1; x) — > g(L)V(e + 13x) 
O=5 


and hence by summing the above equality from 2; = s, to £2; = x; — 1, we have 


eye [yeti = SHrig(£)V(E + 1:4), 
1=51 
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which , combined with (6.4.2), is the same as 


—1+ V(s;x) = SfIig(2)V(e + 1; x). 


Thus the proof is now complete Oo 


Lemma 6.4.2 (Agarwal [10]) The problem (6.4.1) and (6.4.2) or equiva- 
lently (6.4.3), has a solution V(s;x). Furthermore, if g(x) = 0 on Nj, then 
V(s;x) = lon N” x Nj. 


Proof Obviously, for the following iteration 
Vo(s;x) = 1, 


(6.4.4) 
Vn4i(six) = 1+ S7Ig(Q)V(E+1;x), n=0,1,--, 


an easy introduction gives us 


m 


1 
IVa(s:x) — Vaalsia)l < Oo Ie — si)", 


where G = maxo<¢<x-1 |g(€)|. 
Therefore, for all (s;.x) € No’ x Nj’, we have 


[Vo(s:x)| + 52 |Ve(s; x) — Vi-1(s;2)| 
k=1 


n m k m 
<1+ > Gt TT = | < exp c | [qi az o| 
k=1 * Lisl i 


i=1 


whence the sequence {V,,(s;.x)} converges to a solution V(s;x) of Eq. (6.4.3). The 
uniqueness of V(s; x) and the inequality V(s; x) > 1 on N¢’ x Nj’ (when g(x) > 0 on 
N@) follow easily from (6.4.4). 


Lemma 6.4.3 (Agarwal [10]) Let g(x) = 0 and h(x) be defined on Nj and the 
following inequality holds for all x € Ng, 


Avu(x) < g(x)u(x) + AQ), (6.4.5) 
where 


u(x;,0) =0, 1<i<m. (6.4.6) 


786 6 Linear Multi-Dimensional Discrete (Difference) Inequalities 
Then for all x € No, 
u(x) < S=hA(s)V(s + 1; x), (6.4.7) 
where V(s; x) is the solution of problem (6.4.1)-(6.4.2). 
Proof Clearly, from (6.4.1) and (6.4.5) it follows that 
SSOV(s + 1; )AYu(s) — SSIp(—I)"APV(s; x)u(s) < Sfoh(s)V(s + 15). 
(6.4.8) 
An application of (6.4.5) easily implies 


Xm 


S=h(1)"u(s) AV (53x) = (I)"SZh] ul) AN" V6; 2) 


Sm > 
Xm—1 


— > Ag u()AZ"VG ns Sm + 1x). (6.4.9) 


Sm=0 
Using (6.4.2) and (6.4.6), the right-hand side of (6.4.9) reduces to 


Xm—1 


(-1)"1 S* Sth Ag, u(8) AZ !V Gin. Sm + 132). 


Sm=0 
Repeating the above arguments successively, we finally obtain 


Xm—1 x2—-1 


sD haat >, ee > [ Asn 2+ Asat(s)VOs1, 59 +1,...,5m + 15x) 


5;=0 
Sm=0 s2=0 


xj—1 


— YF Agus + 19], 


sj =0 
which is the same as 


Xm—1 x2-1 


(-1)7" 1 DS Ag, + AsgtG1, 11) + SHA, u(9)V(5 + 15x) 


Sm=0 s2=0 


or 
—u(x) + SIH A,,,u(s)V(s + 1;x). 


Substituting this in (6.4.8), hence (6.4.7) follows immediately. Oo 
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Remark 6.4.1 For all g(x) and h(x), equality in (6.4.5) implies equality in (6.4.7), 
and hence V(s; x) the solution of problem (6.4.1)—(6.4.2) is the discrete analogue of 
Riemann’s function. 


Corollary 6.4.1 (Agarwal [10]) Let g(x) and h(x) be as in Lemma 6.4.3, and 
(x), W(x) be defined on Nj and satisfy for all x € NJ, 


AYO) < gO) + hQ), 

Ary (x) = gx)w) + AQ), 

o(%j,0) = Wi,0), 1<i<m. 
Then for all x € Nj, we have 

o(x) < VQ). 

Lemma 6.4.4 (Agarwal [10]) Let g(x) be as in Lemma 6.4.3, and V(s;x) be the 
solution of problem (6.4.1)-(6.4.2). Let W(s;x) be hold for alls < x—1, (s,x) € 
No x Ng and 

(—-1)"A"W(s; x) = g(s)W(s + 1:4), (6.4.10) 

W(s,,x3x) = 1, L<i<m. (6.4.11) 
Then for alls < x—1, (s,x) € Nj x NG, 


V(s;x) < W(s;x). 


Proof Let $(s;x) be defined and non-negative for all s < x— 1, (s;x) e Nj x NG 
so that 


(-1)"A"W(s; x) = g(s)W(s + 15x) + G(s; x). (6.4.12) 
Next we define the iterates as follows 


Wo(s; x) = V(s;x), 
Wr+i(s;x) = 1+ IW, CE + 13x) + §alb(Gx; n=0,1,--°. 
Obviously, W,(s;x) > V(s;x) for all n > 1, and as in Lemma 6.4.2, 


the sequence {W,(s;x)} converges to W(s;x) which is the solution of 
problem (6.4.10)-(6.4.11). oO 


Next, we shall assume that the functions appearing in the inequalities are real- 
valued, non-negative and defined on N77. 
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Theorem 6.4.1 (Agarwal [10]) Assume that the following inequality holds for all 
xeENQ, 


u(x) < p(x) + g@)Ssof (subs). (6.4.13) 
Thus for all x € NG, 
u(x) S p(x) + qa) Sof (s)p(s)V(s + 154), (6.4.14) 
where V(s; x) is the solution of 
(-1)"APV(s;x) =fQ)Vs+1;x), s<x-1, 
V(s;,.x3x) = 1, 1<i<m. 
Proof Define a function v(x) on N¢ as follows 
v(x) = Sof (s)u(s). 
For this function, we have 
AN u(x) =f()u(ax), v@j,0) =0, 1<i<m. (6.4.15) 
Since u(x) < p(x) + q(x)v(x), and f(x) = 0, from (6.4.15) it follows 
Axx) Sf@)pPO) +f@Mq@v@), v@,0)=0, 1sism. 
Now applying Lemma 6.4.3 to the above inequality, we conclude 


v(x) < SZ f(s)p(s)V(s + 1x). (6.4.16) 


Therefore (6.4.14) follows from (6.4.16) and the inequality u(x) < p(x) + 


q(x)v(x). O 


Remark 6.4.2. Note that the inequality (6.4.14) is the best possible in the sense that 
the equality in (6.4.13) implies the equality in (6.4.14). 


Theorem 6.4.2 (Agarwal [10]) Assume the following inequality holds for all x € 
No: 


u(x) < p(x) + q(x) by E;(x, u), (6.4.17) 
i=1 


where 


Ex(x, 4) = S72 fa @ S22) fa?) Sop Fa !)u(x). (6.4.18) 
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Then, for allx € NG, 


u(x) S pa) + qn S%p bp aren) Vis+14), (6.4.19) 


i=l 
where V(s; x) is the solution of 


(-1)"A"V(s;x) = bs A" E,(s, Vist1;x), s<x-l, 


i=1 


V(si,.x3x)=1, 1<i<m. 


Proof The proof uses the arguments of Theorem 2.1.37 and Theorem 6.4.1. O 
In the need of next theorem, we now introduce a definition of Condition (c). 
Definition 6.4.1 We say that condition (c) is satisfied if for all x € Nj, (6.4.17) 

holds, where 
Fi) = filx), 1 < i < ry 
fit i) = fit2i0) 
=: =fri(x) = gi), Isisr-l. 
In the next result for all x € N@, we shall denote 
r—j+l 
G(x) = max {0, D> goVfilx) — ape: 
i=] 
Bix) —8rj41@), 1Sis<r- \, LS) SF 
where g,(x) = 0 for all x € Nj. 


Theorem 6.4.3 (Agarwal [10]) Assume the condition (c) holds. Then for all x € 
No: 


u(x) <p) +9qQ)WmX), lsj<r, (6.4.20) 


where 


f=jFil 
Wi(x) = Si9 [ns S> fils) + oe) Vi(s+ 13x), 1 <j<r, 


i=1 
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and V;(s;x), 1 <j <1, are the solutions of 


(-1)"APV;((s; x) = O(s)Vj(s + 13x), s<x-1, 


Vi(si.x5x) = 1, 1<is<m. 


Proof The proof is similar to that of Theorems 2.1.39 and 6.4.1. O 
Theorem 6.4.4 (Agarwal [10]) Assume the following inequality holds for all x € 
No; 
u(x) < pol) + > pila) Sh qi(s)u(s). (6.4.21) 
i=1 
Then for all x € Nv, 
u(x) < F,[po()], (6.4.22) 


where 
F; = DDj-1---Do, 
Do[w] = w, 
D,[w] = w + [F)-i[pj]] Sk04gj(s)w(s)Vj(s + 13x), 
and V;(s;x), 1 <j <r, are the solutions of 
(-1)"AEVjG; x) = ai) Fi-1[PASIVjG + 13x), ss x-1, 


Vi(si,xix)=1, Lsj<r. 


Proof The proof is similar to that of Theorems 2.1.40 and 6.4.1. O 


6.4.2 The Multi-Dimensional Wendroff Type Inequalities 


In this section, we shall introduce some discrete Wendroff type inequalities in 
multiple independent variables. 
Let W(s; x) be any function defined for all s < x— 1; (s;x) € Nj x Nj and 


(-1)"A"W(s; x) = f(s)q(s)W(s + 13x), s<x-1, 


W(s,xiix)=1, 1sism. 


(6.4.23) 


Then from Lemma 6.4.4 it follows that in (6.4.14), V(s + 1;x) can be replaced by 
W(s + 1; x). However, finding a suitable W(s; x) in advance which satisfies (6.4.23) 
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seems to be quite difficult. Therefore, for the function V(s; x), we shall give an upper 
estimate which is quite adequate in practical applications. 


Lemma 6.4.5 (Agarwal [10]) Let V(s;x) be as in Theorem 6.4.1. Then for all s < 
x—1, (s;x) € NY x NG, 


xj-1 


vis;x) < T] [! + $7! (Oa). (6.4.24) 


£)=s| 


Proof Since f(x)q(x) = 0 for all x € Nj’, Lemma 6.4.2 implies that V(s;x) = 1. 
Therefore, (—1)”"A”"V(s;x) = 0, which, by following the proof of Lemma 6.4.1, 
gives us that (—1)/A,, «+ Ay, V(s; x) => 0, 1 <i < m. Now since 


A V(s; x) 
(- 1)"As,, $4 
V(Sm + 1, 53x) 


1 


—1)"A2"'V(s; x) | ——____ — ——___ 
+(-DM 45, © leew V(s + Lx) 


| =10040. 
(6.4.25) 
we obtain 


A”! V(s; x) 


(1)7Ay, ea | < f(s)q(s). (6.4.26) 


In (6.4.26), keeping S,, fixed and setting s,, = £,, and summing over £,, = 5, to 
Lm = Xm — 1, we have 


Ami V(s; x) Xm—1 

—1 me} | sm s Sms lm Sins Lm . 

Repeating the above arguments successively with respect to 5,,-1,-++ , 52, we finally 
conclude 


AsV ; ~~ e é 
(-1)""1 Pasi < > fi. si)q(E1, 51), 


ey =S] 
which is the same as 


xy-1 


Vis:x) < 1+ SO fi. svq(€.s1) | V@— 1,91 + 1). 


£,=51 


Therefore, the above inequality easily gives us (6.4.24). O 
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Corollary 6.4.2 (Agarwal [10]) Let V(s;x) be as in Theorem 6.4.1. Then for all 
s<x—-1, (s;x) © NY xNQ, 


xj-1 


Visa) s min) [] [1+ Sra] 


Theorem 6.4.5 (Agarwal [7, 10]) Assume the following inequality (6.4.18) holds 
for all x € Ng. Then for all x € Nj, 


xj—1 


u(x) <p) + g@)S=HF)P) min y TT [14577 FOI] 


£;=s;+ 
£;=s;+1 


(6.4.27) 


Remark 6.4.3 In fact, form = 1, (6.4.27) is the same as (2.1.193) with a =0. 
Corollary 6.4.3. Let in Theorem 6.4.1, p(x) be non-decreasing and q(x) = 1. Then 
forall x € Nj, 


xj-1 


w(x) = p@dq(x) min ) || [1+ Sy Oao| (6.4.28) 


£;=0 
Proof For such p(x) and q(x), inequality (6.4.19) gives us 


u(x) < p(xq(x) [1 + Sh F()q()V(s + 1:)] 
= p(x)q(x) [1 + S=h(-L)” A" V(s;.x)] - (6.4.29) 


Now using V(s;,x;;x) = 1, 1 <i<m, we have 


xy—-1 


u(x) < p(x)q(x) | 1+ (-1)"" DAs, VGo1, 0,..- 052) 


5, =0 


= p(x)q(x) [1 + (-1)?""! (Var, 0,...,0:x) — V(0;x))] 
= p(x)q(x)V(0; x), (6.4.30) 


which thus yields the inequality (6.4.28). O 
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Theorem 6.4.6 (Agarwal [10]) Assume the following inequality (6.4.17) holds for 
all x € Ng. Then, for all x € NG, 


u(x) < p(x) + gh pp A™E\(s, n| 


i=0 


471 7 
i jo m 
on TL [1+ seh Dareea| (431) 
js} i= 


Furthermore, if p(x) is non-decreasing and q(x) = 1, then for allx € NG, 


xj-1 r 
u(x) < p(x)q(x) min I] : +> Ae Eid, &, a) (6.4.32) 
- £ 


j=0 i=1 


Remark 6.4.4 Results involving V;(s;x), 1 < j < r, in Theorems 6.4.3 and 6.4.4 
can be stated analogously. 


Theorem 6.4.7 (Agarwal-Thandapani [10, 19]) Assume the following inequality 
holds for all x,X € No with x < X, 


u(X) > u(x) — g(X) Spa. 4 f(Ou(l). (6.4.33) 


Then for all x, X € No with x < X, 


—1 


x : 
w(X) > ua) } min y |] [i+ asi KO] P| - (6.4.34) 
~ Ga sytl 


Proof With the transformation x = X—a, & = X—B whereO<a,B <X, a,peé 
Nj; inequality (6.4.33) can be written as 


u(X) = u(X — a) — q(X)Sp! of (X — B)u(X — B). 


Therefore, if u(x — a1) = u(ai), f(X — Bi) = f(B1) where 0 < a, Bi < X, then it 
follows that 


i(r) < u(X) + Shq(X)f(B)uB). (6.4.35) 


Since the inequality (6.4.35) satisfies the hypotheses of Corollary 6.4.3, 
from (6.4.30) it follows that 


u(a) < u(X)V(0, @), (6.4.36) 
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where V(f; @) is the solution of the equation 
V(B; 0) = 14+ Stpq(X)f()V(r + 1s). (6.4.37) 


However, from Corollary 6.4.2 it follows 


aj—1 7 
V(B@) = min I] [! + gX)S2 7) 


Using the above estimate in (6.4.36), we then obtain 


aj—1 


(a) < min u(x) TT [1+ as? 7) | 
< a 
which yields 
Xj—aj1 — 
u(x) < u(x) min) TT [1+ q0oszay rer) 
xj : 
= Gj=xj+1 


oO 


In the sequel, we shall consider linear systems of m discrete inequalities involving 
functions of n independent variables, which are due to Agarwal [9]. The origin 
of these inequalities is so called Gronwall’s type discrete inequalities. When 
m = 1, in [7] a discrete analogue of Riemann’s function has been obtained and 
employed to establish some best possible inequalities. This approach is motivated 
by the continuous inequalities [4, 621] and easily provides Wendroff type explicit 
estimates. Further, this technique has the advantage that it requires fewer restrictions 
on the functions that appear in the inequalities than are needed in direct methods, 
see, e.g., [6, 20, 529, 620, 670, 671]. When n = 1, several comparison results for the 
nonlinear systems were proved in [2]. These results are very useful in establishing 
asymptotic behaviour, dependence on parameters, etc., for the systems of discrete 
equations. However, it does not provide explicit upper estimates on the unknown 
functions. For the general case m,n, nothing much seems to be known. We state a 
lemma which is needed and is of independent interest. Then, we provided the best 
possible upper estimates on the known m-vector function u(x) satisfying (6.4.38). 
This estimates is in terms of solution of an m x m matrix summation equation 
(equivalent, a discrete analogue of m x m matrix Riemann’s function), and is in fact 
a discrete analogue of the result proved in [128]. Third, we shall use the method of 


6.4 Difference Inequalities in Several Independent Variables 795 


splitting and the method of maxima respectively to obtain explicit upper estimates 
on u(x) satisfying (6.4.38). These techniques have been used for the continuous 
inequalities in [58, 163, 292, 294, 639, 683]. Fourth, we use the best possible result 
and matrix norms to obtain explicit upper estimates on u(x) satisfying (6.4.38). Last, 
we consider a more general linear inequality and show that the above methods can 
be used to obtain upper estimates on the function u(x) satisfying (6.4.84). 

A point (x;,...,%,) in Nj is denoted by x, whereas x; represents (x,,...,Xi-1, 
Xit1s-+++,Xn) and (x%;,t) stands for (x,...,%j-1,t,%i41,---,%n). For all s,x € 
Nj.0 < s < x, ie, 0 < 5s; < x;,1 < i < n and any f(x) defined on 
NG; Beis (1) represents the n-fold sum ee dlc .-+,Pn) and Af f(p) denotes 
Ap, +++ Ap,f(P1,+-+sPn) Where A is the forward difference operator Af(t) = 
f(t + 1) —f(®. The empty sums and products are taken to be 0 and 1, respectively. 

We shall need the following lemma. 


Lemma 6.4.6 (Agarwal [9]) Let the mxm matrix A(x) be defined and non-negative 
on No. Let the m-vector functions h(x) and u(x) be defined on No. Further, let for all 
x € Nj the following inequality hold 


Ayu(x) < AQ)u(x) + h(x), 
where 
u(x,0) =0, 1l<i<n. 
Then for all x € No, 
x-l 
u(x) < D> V(s + 1; x)A(9), 
s=0 
where the m x m matrix V(s,x),5 < x —1,(s,x) € Nj x NG is a solution of 
(-1)"APV(s; x) = V(s + LX)A(s), 
V(5;,x;3x) =I (mx m identity matrix), 1 <i <n, 
or equivalently, 


x-1 


V(s;x) =1+ $0 V(p + 1:x)A(p). 


p=s 


Proof We refer to the proof of Lemma 6.4.3 of [7]. O 
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Theorem 6.4.8 (Agarwal [9]) Let the m x m matrices G(x) and H(x) be defined 
and non-negative on Nj. Let the m-vector functions a(x) and u(x) be defined on No. 


Further, let for all x € Nj, the following inequality holds, 


x-1 


u(x) < a(x) + G(x) )> H(s)u(s). 


s=0 
Then for all x € Nj, 


x-1 


u(x) < a(x) + G(x) J) V(s +: 1) A(s)a(s), 


s=0 
where V(s;x) satisfies 


x-l 


Visix) =1+ D1 V(p + DH @)GO). 


p=s 
Proof Define a m-vector function ¢(x) such that 


x-1 


$(x) = D> H(s)u(s), 


s=0 
then 
AYO (x) = H(x)uQ), 
o(x;,0)=0, l<i<n. 
Since u(x) < a(x) + G(x) (x), we obtain 
AYO (x) S Hx)a(x) + H(x)GX)p (a). 
Now applying Lemma 6.4.6 to the above inequality gives us 
x1 
(x) < J) V(s + 1: x)H(s)a(s). 
s=0 


Therefore, using (6.4.41) in (6.4.38), (6.4.39) follows. 


Obviously, the equality in (6.4.38) implies the equality in (6.4.39). 


(6.4.38) 


(6.4.39) 


(6.4.40) 


(6.4.41) 
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Lemma 6.4.7 (Agarwal [7]) Let ¢\(t) and ¢2(t) be defined on No, then for all 
te No, 


t-1 


Y> b1(L)Ado(L) = o1(O)G2(€) 
£=0 


t t—-1 


— >> Agi Odg2(E + 1). 
£=0 


£=0 


Lemma 6.4.8 (Agarwal [7]) Let g(x) be defined on NG, then the function v(s, x), 
s<x—-1, (s,x) € Nj x NO is a solution of 


(—1)"A"v(s, x) = g(s)u(s + 1, x) (6.4.42) 
forall s,; =x, 1<1<n, 
v(s,x) = 1; (6.4.43) 
if and only if 
v(s,x) = 1+ Saig(p)u(p + 1,2). (6.4.44) 


Lemma 6.4.9 (Agarwal [7]) Let g(x) and h(x) be defined and non-negative on No 
and the following inequality holds, 


Aru(x) < g(x)u(x) + h(x) (6.4.45) 

where 
u(X1,++* ,Xi-1,0,Xi15°++ Xn) = 0,1 Si <n. (6.4.46) 

Then, 
u(x) < Stzph(s)u(s + 1, x) (6.4.47) 


where v(s, x) is the solution of problem (6.4.42)—(6.4.43). 
Proof From (6.4.42) and (6.4.45), we have 


S*hu(s+1, x) AZ u(s)—Skhu(s)(—1)" A" v(s,x) < SIhh(s)v(s+1,x). (6.4.48) 
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An application of Lemma 6.4.7 provides 


a u(s)(—1)" A? v(s, x) 
xj-1 %=1=1 Xn 


= (-1" So SS [usr v(s,x) 


sjy=0 Sn—1=0 5,=0 
Xn—1 
= a A,a(syAr v(s1 yttt y Sn—15 Sn + 1, x)]. (6.4.49) 
Sn =0 


Using (6.4.43) and (6.4.46), the right-hand side of (6.4.49) reduces to 


Xn—1 x1—-1 Xn—1—1 


(-1)""! > ys te > A,,u(s)AP-), u(si,-+- »Sn—1,5n + 1,x). 


sn=0 51 =0 Sn—1=0 


Repeating the above arguments successively, we obtain 


Xn—1 x2—-1 xi xy-1 
(11 DY POAT OU 2+L FLD] — DO Au(s)u(o+1,2)] 
5n=0 s2=0 5;=0 51=0 
which is same as 
Xn—1 x2-1 
(HV) Se SP AM utr 82,06 Sn) + (HLS Atu(s)v(s + 1, x) 
5n=0 59=0 


or 
—u(x) + SI A7u(s)v(s + 1, x). 


Substituting this in (6.4.48), the result (6.4.47) follows. 


Remark 6.4.5 For all g(x) and h(x), the equality in (6.4.45) implies the equality 
in (6.4.47) and hence v(s, x) the solution of problem (6.4.42)—(6.4.43) is a discrete 
analogue of Riemann’s function. 


In what follows, we shall assume that the functions which appear in the 
inequalities are real-valued, non-negative and defined on NG. 


Theorem 6.4.9 (Agarwal [7]) Let for all x € Nj, the following inequality be 
satisfied, 


(x) < a(x) + d(x) )° EE", ¢) (6.4.50) 


r=1 
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where 


xt] 


E'(x, 6) = St) fi )S 2) fio?) +++ So fer )O@’). 


Then, 


(x) < a(x) + D(X) ZOD) APE"(s, a)]u(s + 1, x) (6.4.51) 


r=1 
where v(s, x) is the solution of 


(-1)"Atv(s,x) = [D> ATE"(s, byJu(s + 1.x), s< x1, 


r=1 


v(s,x) = 1; 5, =x, Si<n. 


Proof Define a function u(x) such that 
u(x) = > EG, ¢), 
r=1 


then 


m 


Atu(x) =) AZE"(x, @). (6.4.52) 


r=1 


Since @(x) < a(x) + b(x)u(x) and u(x) is non-decreasing in x, from (6.4.52) we get 
successively 


Atu(x) < 2 ATE" (x,a + bu) 
r=1 
= a ATE" (x, a) + 2 ANE" (x, bu) 
r=1 r=1 


< 0 ARE'(x,a) + [> AtE"(x, b)]u(a). (6.4.53) 
r=1 r=1 
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Now an application of Lemma 6.4.9 provides 


u(x) < SIL) AtE"(s, b)Jv(s + 1,2). (6.4.54) 


r=1 


Therefore (6.4.51) follows from (6.4.54) and the inequality ¢(x) < a(x) 
+b(x)u(x). Oo 


Remark 6.4.6 For m = 1, (6.4.51) is best possible, i.e., the equality in (6.4.50) 
implies the equality in (6.4.51). 


Theorem 6.4.10 (Agarwal [7]) Let for all x < No, the following inequality be 
satisfied 


(x) < polx) + Y- pilx) SX) Gils) (8). (6.4.55) 
i=1 
Then, 
cv) = Fn[po@)] (6.4.56) 
where 
F; =D;D;-1-:-Do, 


Dow = w, 


Dyw = w+ (FralpSzhailsw(s)yj(s + Lx) 
and v;(s,x), 1 <j < mare the solutions of 


(—1)"Afuj(s,x) = 9gj(s)Fi — lL pj(s)Juj(s + 1.x), s<x-1, 
(6.4.57) 


yj(s,x)=1; ss =x, 1<isn, 1<j<m. 


Proof The proof is by finite induction. For m = 1, we have from Theorem 6.4.9 
that 


@ < polx) + Pi(x)S*zpq1(s)po(s)v1 (s + 1,x) 


where v;(s,x) is the solution of (6.4.57) when j = 1, and hence (6.4.56) is true. 
Now assume that the result is true for some k, where 1 < k < m-— 1, then for all 
k + 1, we have 


k 
(x) < [pole + Peri @)SZhaesi(s)O(9)] + Y- pi@Shgi(s)o(s) 


i=1 
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which, along with (6.4.56), yields 


$(x) < Felpox) + prvi) So ge+1(5)G(s)].- 


Next, using the definition of F;, and the fact that S*=)qx+1(s)@(s) is non-decreasing 
for all x € No, the above inequality can be written as 


(x) < Fel pox)] + Fel peti (yp gesi(s)b(s)] 
< Fy[po(x)] + Fil pets @O)Szoges1(s)o(s) 


and again an application of Theorem 6.4.9 provides 


P(x) < Fel po(x)] + Fel peri (S329 9e-+1(5) Fel po(s) veri (s, x) 
= Fy+i[po(x)]. 


Corollary 6.4.4 (Agarwal [7]) Let v(s, x) be same as in Theorem 6.4.9. Then, 


x1 x1-1 Ke =1 Xj4171 Xn 


v(s,2) S min [Ju+So-° % Dd - FS y AME"(p.d) 


Pi=Si P\=S1 Pi-1=Si-1 Pit+1=Si+1 Pn=Sn r=1 


In the next result, the methods of splitting is used. 


Theorem 6.4.11 (Agarwal [9]) Let, in addition to hypotheses of Theorem 6.4.8, 
u(x) = 0 for all x € NO. Then for all x € No, 


uj(x) < aj(x) + g; (x)ro(x), (6.4.58) 
where 
gj (x) = ymax g(x), 1S jsm, 
| (6.4.59) 
ro(x) = = a* (%, 81) 21 4,, + bG.n)), 
51=0 
and 


m om x1 


a* (1.01) = S02 Ye hai x11, x1), 


k=1 [=1 3;=0 
(6.4.60) 


m om x;-1 


b(x1, x;) = = max x > ye hls, X1) Sia (S1, X1). 


l<a<m 
k=1 I=1 s=0 
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Proof In component form, inequality (6.4.38) is the same as 


m 


uj(x) < a(x) + > giu(xrne(e), 1s j<m, (6.4.61) 
k=1 

where 

r(x) = 3 5 hy(s)u(s), 1<k<m. (6.4.62) 
1=1 s=0 

Define 

r(x) = 3 re(X). (6.4.63) 
k=1 


Then it follows from by (6.4.62) and (6.4.61) that 


Ayr) = ys Ax re(x) 


m m x;—l 


= - > > hya(S1, X1)ui(S1, X1) 


k=1 [=1 35,;=0 
m om x\-1 m 
< OO haGi.x) a. x1) + Y euGraetn) 
k=1 [=1 5,=0 
m m x\-1 
= 


Him) + »S ra(x) 9) >) dS esr. x1) 81a (51¥1), 


k=1 [=1 5;=0 


since each rx is an increasing function of each of its component variables. 
Using (6.4.61) and (6.4.59), we derive 


Ax r(x) < a* (X1,%1) + BG, x1) r(). (6.4.64) 


Summing the inequality (6.4.64) with respect to x; for arbitrary x; > 0 (e.g., see, 
[4]), we conclude 


r(x) < ro(x). (6.4.65) 
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Now from (6.4.61) and (6.4.59), it follows 


m 


uj(x) < aj(x) + g*(x) D> ex) 


k=1 
= aj(x) + 37 xr). (6.4.66) 


Therefore, using (6.4.65) in (6.4.66), we can get the required inequality (6.4.58). 0 


In the next result, we use the method of maxima. In addition to hypotheses of 
Theorem 6.4.11, we shall assume that a(x) > 0 for all x € Nj. Taking maxima 
in (6.4.61) over 1 <j < m to obtain 


m 


u(x) < a(x) + D> gala) (x), (6.4.67) 


k=1 


where 


u(x) = max uj(x), a(x) = max aj(x), gx(x) = max g(x). (6.4.68) 
l<j<m l<j<m 1l<j<m 


Since /yi(x) = 0, from (6.4.62) it follows 


m x-l x-1 
ri) SD) DT hialsyu(s) = D7 hels)uls), (6.4.69) 
i=1 s=0 s=0 
where 
hy(x) = > hu (x). (6.4.70) 
1=1 


Inserting (6.4.69) into (6.4.67), we get 


m x—l 


u(x) < a(x) + > gee) > he(s)u(s). (6.4.71) 


k=1 s=0 


For the inequality (6.4.71), Agarwal [7] have obtained recursive upper bounds for 
u(x) in Theorem 6.4.10; however, these bounds are in terms of a discrete analogue 
of Riemann’s function which is generally not known. We remark that recursive 
Wendroff type estimates are possible; however, these are rather complicated. To 
obtain such an easy estimate, we define 


m 


h(x) = max hy(a), BX) =D) se), (6.4.72) 
k=1 


<k 
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so that (6.4.71) can be written as 


x-1 


u(x) < a(x) + g@) Py h(s)u(s). (6.4.73) 


s=0 


In fact, inequality (6.4.73) is exactly the same as (6.4.39) with m = 1 and hence 
from Theorem 6.4.8, it follows 


x-l 


u(x) < a(x) + g(x) ) vo(s + L:x)h(s)a(s). (6.4.74) 


s=0 
In Corollary 6.4.4, an upper estimate on the function u(s, x) can be obtained as 


a= 
v(six) < min tea +y hips). (6.4.75) 


Pi=Si 


Using (6.4.75) in (6.4.74), we obtain an explicit upper estimate on u(x) 


x1 x,—-1 
u(x) < a(x) + g(x) Moat min Tc + YAP ely. 6.4.76) 
s= Pi=Si 


We summarize the above considerations in the following theorem. 


Theorem 6.4.12 (Agarwal [9]) Let the mxm matrices G(x), H(x) and the m-vector 
functions a(x), u(x) be defined and non-negative on No. Further, let for all x € 
Nj, the inequality (6.4.38) be hold. Then for all x € No, the inequality (6.4.76) 
holds, where g(x), h(x), a(x), and u(x) are defined in (6.4.72), (6.4.71) and (6.4.68), 
respectively. 


Theorem 6.4.13 (Agarwal [9]) Let, in addition to hypotheses of Theorem 6.4.12, 
a(x) be non-decreasing and g(x) = 1 for all x € Nj. Then for all x € Nj, 


xj—-1 xj—-1 
u(x) <a(x)g(x) min [[i + dSS2@s@l¢- (6.4.77) 


pi=0 pi=0 


Proof Since a(x) is non-decreasing and g(x) > 1, (6.4.74) gives us 


s=0 


x—1 
u(x) < a(x)g(x) [ +l vet Kone 
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which, with (6.4.40), gives us 


u(x) < a(x)g(x)v(0; x). 


Therefore (6.4.77) now follows from (6.4.75). Oo 


Theorem 6.4.14 (Agarwal [9]) Let the m x m matrices G(x) and H(x) be defined 
and non-negative on Nj. Let the m-vector functions a(x) and u(x) be defined and 
a(x) < 0 on No. Further, let for all x € N6, the inequality (6.4.38) be hold. Then, 
for all x € No, the inequality 


uj(x) < aj(x) + 2 gil) S 163 > mor) 


k=1 [=1 


xi—-1 
x min [1+ D> |A@)INGO)III (6.4.78) 


l<i<n PISi — 
PiFSi 


holds, where ||G|| is any m x m matrix norm such that |gij| < ||G\- 


Proof Let ||G|| denote any m x m matrix norm which, in addition to the usual 
conditions, also satisfies ||g,j|| < ||G|| for all 1 < i,j < m. 
In component form, inequality (6.4.39) is the same as 


m m m 


u(x) Sax) + DTD) Dd gi) y vie(s + 1s x)hua(s)ai(s). (6.4.79) 


i=1 k=1 [=1 


Hence, if all gji(x), hy(x), and aj(x) are defined and non-negative for all x < No, 
then it follows that 


m m m 


uj(x) < a(x) + Y> YD giilx) 3 |V(s + 15x) [IFui(s)ar(s) 


i=1 k=1 J=1 s=0 


or 


m x—1 m m 
uj(x) < a(x) + D> glx) )~ (x: Shuts) [Vis + 1;x)]|. (6.4.80) 
0 I=1 


i=1 k=1 [= 


Next, from (6.4.30) we derive 


x—1 


Vis <1+ DS 0 1Vet LIA INGO)| (6.4.81) 


p=s 
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which is a one-dimensional inequality. Hence, Corollary 6.4.2 yields that 


x;-1 
[Vis] < min TL + DO A@MIG@MN,- 6.4.82) 


PiFSi 


Inserting (6.4.82) into (6.4.80), we then obtain (6.4.78). Therefore, the proof is 
complete Oo 


We also note that if ||u|| is any m-vector norm and ||G|| is the m x m matrix 
compatible norm, and the conditions of Theorem 6.4.12 are satisfied, then we 
conclude 


Pi=Si 


x1 xj—1 xXi—1 
le) < lal] + [IGGO|| >) min LI] [ +> Inula \|A(s)[Illa(s)II. 
s=0 7 


= Pi=Si 


(6.4.83) 


The next result is a general linear inequality. 


Theorem 6.4.15 (Agarwal [9]) Let the m x m matrix K(x, s) be defined and non- 
negative for all (x,s) € Nj x Nj. Let the m-vector functions a(x) and u(x) be defined 
and non-negative on N}. Further, let for all x € No, the following inequality holds, 


x-1 


u(x) < a(x) + So K(x, s)u(s). (6.4.84) 
s=0 
Then for all x € NG, 
x-1 
u(x) < [ + Y°V(s + 1X) K(x, | a(x), (6.4.85) 
s=0 


where a(x) = sup{a(p) : 0 < p < x}, K(x,s) = sup{K(p,s) : 0 < p < x} and 
V(s; x) satisfies 


x-1 
V(s:x) =1 +S) V(s + 1:x)K(a,p). (6.4.86) 


s=0 
Proof For any fixed point X in Nj, it follows that for all 0 < x < X, 


x—1 
u(x) < a(X) + Y° K(X, s)u(s). (6.4.87) 


s=0 
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Thus, Theorem 6.4.8 implies that for all 0 < x < X, 


x—1 
u(x) < [ + SOV(s + 1x, X)K(X, | a(X), (6.4.88) 


s=0 
where V(s; x, X) satisfies 


x-1 


V(s;x,X) =1+ DY) Vp + 1x, X)K(X,p). (6.4.89) 


p=s 


In particular, (6.4.88) holds for x = X. Replacing X by x in (6.4.88) and (6.4.89) 
and noting that V(s;.x,x) = V(s; x), we can get the desired inequality (6.4.85). O 


Remark 6.4.7 The above techniques can be employed to inequality (6.4.87) to 
obtain explicit upper estimates on the function u(x) satisfying (6.4.84). 


6.4.3 Linear Multi-Dimensional Inequalities 


In this section, we shall introduce some multi-dimensional linear inequalities. 
The multidimensional version of Lemma 6.4.3 can be stated in the following 
lemma. 


Lemma 6.4.10 (Agarwal [8, 10]) Let the n x n matrix A(x) be defined and 
non-negative on Nj. Let n vector functions H(x) and U(x) be defined on Nj. 
Furthermore, let the following inequality hold, for all x € Nj, 

ATU(x) < AQ)UG) + H(a) 
where 

U(x%,0) =0, L<i<m. 

Then for allx € NJ, 

U(x) < SAAV(s + 1, )H(s) 


where the n x n matrix V(s;x), s <x—1, (s;x) € No x N@ is a solution of 


(-1)" A" V(s; x) = V(s + 1; x)A(s), 
(6.4.90) 


V(s,xix) = 1, L<i<m, 
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or equivalently, 
V(s;x) =1+ SHuV(E + 1;x)A(£). 
Theorem 6.4.16 (Agarwal [8, 10]) Let the nxn matrices G(x) and H(x) be defined 


and non-negative on Nj and the n vector functions P(x) and U(x) be defined on Nj. 
Furthermore, let the following inequality hold, for all x € Nj, 


U(x) < P(x) + G(x) S*z},H(s)U(s). (6.4.91) 
Then for all x € NG, 
U(x) < P(x) + GX) SZGV(s + 1; x)H(s)P(s), (6.4.92) 
where V(s; x) satisfies 
V(s;x) = 14+ SIUV(E + 1x) A(OP(L). (6.4.93) 
Proof The proof is similar to that of Theorem 6.4.1. O 


Theorem 6.4.17 (Agarwal [10]) Let in addition to hypotheses of Theorem 6.4.16, 
U(x) = 0 for all x € Nj. Then for all x € NG, 


uj(x) < pi(x) + ee ij(x)q(x) (6.4.94) 
where 
xj-1 x1—1 
aa) = dl aGi.n) [] + 6G.) 
s,=0 £;=514+1 
and 


n 


oe(%1.01) = Yo Shh x1)prGi.41), 


jr=l 


B@,x1) = max x Ys aT Mir (B1. M1) Bre (1, — 1). 


"j=l 


Proof The proof is similar to that of Theorem 2.2.6. O 
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Theorem 6.4.18 (Agarwal [8, 10]) Let in addition to hypothesis of Theo- 
rem 6.4.17, P(x) = 0 for all x € Nj. Then for allx € Ng, 


u*(x) < p* (x) + 8* @)SZph*(s)p(5) 


471 


i aj—1 * 
x min} [] [1+S72 Os*O], 64.95) 
Gast 

where 

u(x) = eee (x), p'@) = max aX Pi(X), 

g(x) = ‘ oe ext] » h*() = max pp it) 

ir = 

Proof The proof is similar to that of Theorem 2.2.7. oO 


Theorem 6.4.19 (Agarwal [8, 10]) Let the hypotheses of Theorem 6.4.18 hold. 
Then for all x € NG, 


uj(x) < p(x) + > Si (X)S8= 3 s lirn(8)P9(S) 


r=1 n=1 
X—1 
: xXK—1 
x mins TT [1+52 IAOUIGOI], 64.96) 
lLp=sp41 
where ||G|| is any n x n matrix norm such that |gij| < ||G|l. 


Proof 1n component form, the inequality (6.4.92) is the same as 


uj(x) < = pj(x) "P > 3 Tex athe (s+ 1; X)hzy(s)py(s). 


i=1 t=1 n=1 


Hence it follows that 


uj(x) < pj(x) + 3 5 y Si (X)SA||V(s + 15.2) ||hen(s)pn(s) 


i=1 t=1 n=1 


n n 


= pix) + D> Sh] YS Aen()Pn(s) | V(s + 152)|]- (6.4.97) 
i=1 


t=1 n=1 
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Next from (6.4.93), we can derive 
IV(s; x] <1 + SEIVE+ LE DINAOMWMGOI 


which is a one-dimensional inequality. Hence, Corollary 6.4.2 gives us that 


X—-1 
Visxl] < min 4 T] [1+ 522 IMOUIGOI] ¢ (6.4.98) 
k=Sk 
Inserting (6.4.98) into (6.4.97), thus (6.4.96) follows. Oo 


Remark 6.4.8 (Agarwal [10]) Let ||U|| be any vector norm and ||G|| be the matrix 
compatible norm, and the conditions of Theorem 6.4.18 hold, then 


IU@I < IPO + IE@ISZIAOIPO)| 
xj—1 


x min) T] [1+572, IHOUGOI]). 64.99) 


l<j<m £ =5; +1 
a Ej=sj+l 


Theorem 6.4.20 (Agarwal [8, 10]) Let the n x n matrix K(x,s) be defined and 
non-negative on N” x Nj. Let n vector functions P(x) and U(x) be defined and 
non-negative on Nj. Furthermore, let the following inequality hold, for all x € Nj, 
U(x) < P(x) + S82) K(x, s)U(s). (6.4.100) 

Then for all x € Nv, 
U(x) < [1 + SIQV(s + 1: x) K* (x, 8)] P* (@) (6.4.101) 


where P* (x) = sup{P(£) : 0 < € <x}, K*(x,5) = sup{K(£,s) : 0 < £ < x}, and 
V(s; x) satisfies 


V(s;x) = 14+ SHV(E + 1;x)K*(x, ©). (6.4.102) 
Proof For any fixed point X in N@, it follows that for all 0 < x < X, 
U(x) < P*(X) + SS=pK* (X, s)U(s). 
Thus Theorems 6.4.16 implies that for all 0 < x < X, 


U(x) < [1 + SIhV(s + 1:x)K*(X, s)] P*(X), (6.4.103) 
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where 
V(s;x) = 1+ SIQV(E + 1;x)K*(X, 2). (6.4.104) 


In particular, (6.4.103) and (6.4.104) hold for x = X. Thus, replacing X by x in 
the resulting equation (6.4.103) and (6.4.104), we can get (6.4.101). Oo 


Theorem 6.4.21 (Agarwal [10]) Assume the inequality (6.4.13) holds for all x € 
N@. and p(x) and q(x) be non-decreasing for all x € No. Then for all x € Nj, 


xT 2 
u(x) <p) min) TT [1 + a@sz_fO| 
~ \&=0 


Theorem 6.4.22 (Agarwal [10]) Assume the function f (k, £, u,v) is defined for all 
k, £ EN, and u, v € R, and non-decreasing in u, v. Further, let the functions $(k, €) 
and f(k, £) be defined for all k, £ € N, and satisfy the inequalities 

P(k + 1,£) < fk, €, 6(k, &)), 

VEFLO RSE LC VED, WER), 

(0, £) < w(0, £). 


Then for allk,£€ N, 
p(k, £) < Wik, ©). (6.4.105) 


Theorem 6.4.23 (Agarwal [10]) Assume the following inequality holds for all 
x, X-1€ENQ withx <X-1, 
u(X) > u(x) — g(X) STII f(O)u(L). (6.4.106) 


l=x. 
Then for allx, X —1 € Nj withx < X—1, 


X\-1 - 
u(X) > u(x) T] [1 = g(X)S*7! £0] (6.4.107) 
£;=x] 


as long as 1 — q(X)Se7! f(L) > 0. 


;=xy 


Theorem 6.4.24 (Agarwal [10]) Assume the following inequality holds for all 
x, X EN} withx < X, 


u(X) > u(x) — g(X)W" [S74 LOWUO)] (6.4.108) 
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where the function W is positive, increasing, convex and sub-multiplicative on 
(0, +00) and limy++00 = +00. Then for all c, X € Nj with x < X, 


Xx) 
ux) = acxyw'faaywae) TT [d+ 8eOWw@@s XO) 


é;=x14+1 


xX fo] |. (6.4.109) 


,=x1+ 
where the functions a(x) and B(x) are positive and a(x) + B(x) = 1 forall x € Nj. 


Theorem 6.4.25 (Agarwal [10]) Assume the following inequality holds for all 
x, X ENG withx < X, 


u(X) > u(x) — F(X) Sf. f (OW (u(O) (6.4.110) 


where the function W is continuous, positive and non-decreasing on [0, +00). Then 
for allx, X € Nj withx < X, 


u(X) = G*[GU@)) — qs fO] (6.4.111) 
where 
W dt 
a Wo Wit)’ we 


and arbitrary Wo = 0 as long as 
GU) — U(X)Siaryf(O) € Dom (G~'). 


Theorem 6.4.26 (Agarwal [10]) Assume the following inequality holds for all 
(k,£) eNxN, 


r k—-1 é-1 


Ay Ajuk, £) < pl) +g) + 952 So Ale, AL AL u(t, n), (6.4.112) 


i=0 t=0 n=0 
where Ayp(k) = 0, Aeg(£) = 0, p(0) = q(0). Then for all (k, £) EN x N, 
Ai Aju(k, £) < Bik, f), l<is<rt+l, (6.4.113) 
where 
k-1 -1 


Bi(k,£) = [p() +a] ] [} 1+ oh@m) +7] 


t=0 n=0 
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and 
k—1 £-1 

By(k, £) = [p&) + (O) + 5 Yo ACen) + W141) B-1Gn), 2<isr+l. 
T=0 n=0 


Theorem 6.4.27 (Agarwal [10]) Assume that U(x,T(A)) is the solution of 
A"U(x) = F(x,U(x)), A"V(X) = F(x, V(x)) where T(A) denotes the term 
i (-1't! YS; A(x). Furthermore, let V(x,0) be the solution of the problem 
A™V(x) = F(x,V()), V(x) = 0, where the function F(x,V) for all 
O<x < X, V © R} is defined as F(x,V) = sup,_raj<v |F (x, U)|. Then 
forallx, 0<x<X, 


|U(x, T(A)) — T(A)| < VG, 0). (6.4.114) 
Theorem 6.4.28 (Agarwal [10]) Assume that the following conditions hold 
(i) Forallx,0 <x < X anduU,V € R", 
IF (x, U(x)) — F (x, U(x))| < Gx, |U— VI), 


where the function G(x, W) is defined for all x,0 < x < X,x € R‘; and 
for all fixed x,0 < x < X, and1 <i <n, the function g;(x, w1,--- , Wn) is 
non-decreasing with respect to W,,--- ,Wn- 

(ii) There exist functions U' (x), U? (x), Z' (x) and Z(x) which are defined for all 
x,0 <x < X and satisfy the inequalities 


[AU (x) — F(x, U' (x)| < Z'Q), 
and 
[APU (x) — F(x, U(x))| < F(x) 
(iii) U(x)is a solution of the difference equation 
ATU(x) = G(x, U(x) + Z'(~) + ZW) 


which satisfies the inequality 


m m 


IoD! a" @xn - UW (Ja) = DCD Ua. 
i=] i i=1 i=1 


Then for allx,0 <x < X, 


|U' (x) — U(a)| < UG). 
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Theorem 6.4.29 (Agarwal [10]) Assume that condition (i) of Theorem 6.4.28 
holds, and U(x, T(A)) is the same as those in Theorem 6.4.27. Furthermore, assume 
that U(x, T(8)) is the solution of ATU(x) = F(x,U(x)) satisfying U(x) = 
B([xi]). Then for allx, 0< x <X, 


|U(x, T(A)) — UG, T(8)) < V(x), (6.4.115) 
where V(x) is a solution of A"V(x) = G(x, V(x)) satisfying 
|T(A) — T(B)| < TY). (6.4.116) 
Theorem 6.4.30 (Agarwal [10]) Assume that for allx, O<x<X,UeER", 
IF (x, W)| < G(x, |U|) (6.4.117) 


where the function G(x,V) is defined for all x, 0 < x < X, V © R‘; and for 
all fixed x, 0 < x < X, and1 <i < n, the function g;(x, V1,-+- , U,) is non- 
decreasing with respect to V1,-++ , Un. Furthermore, let U(x) be any solution of 
ATU (x) = F (x, U(x)) and V(x) be a solution of A"V(x) = G(x, V(x)) such that 
|T(U)| < T(V). Then 


(i) if V(x) is bounded, so is U(x); and 
(ii) if V(x) > Oas |x|] = Gt +++: +22)? > +00, so is U(x). 


Definition 6.4.2 We say that a given function u(x),x € N”, satisfies the property 
(L), if there exist p; > 0,---, Om > 0 such that 


SE lu) ley X +++ X pai” < +00, 


where p; > 0,-+-, 0m > 0 depend on the function u(x). 


Theorem 6.4.31 (Agarwal [10]) Assume the following inequality holds for all x € 
No: 


u(x) < p(x) + g(a) Sg (s)u(s) + Sif — 5 — Lu(s) (6.4.118) 


where p(x) and q(x) are non-decreasing and f (x) satisfies the property (L). Then for 
allx € Ng; 


xj __ 
u(x) < pra) min 4 TT] [1 + 4532 ¢(0)] (6.4119) 
~  (G=0 


where 


Pix) = pla) [1 + Spr(s)]. q(x) = g(x) [1 + Sor(s)] 
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and r(x) is given by r(x) = (20i)"" [+++ fR(zi.-* aa x +++ x gm lz x 
ante 4 dZm- 


We shall note that the application of Riemann’s function to study Gronwall type 
inequalities in several independent variables is known from the 1980s, see, e.g., 
Thandapani and Agarwal [621], and references therein. The discrete analogue of 
Riemann’s function and its applications to several inequalities discussed are from 
Agarwal [7]. Lemma 6.4.5 which provides an upper estimate on the Riemann’s 
function and its usefulness to obtain Wendroff’s type estimate in Theorem 6.4.5 
are also discussed in Agarwal [7]. Using a different approach, Wendroff’s type 
inequalities are also investigated in Agarwal [6], Agarwal and Thandapani [19], 
Pachpatte and Singare [511], Popenda [529, 531], Singare and Pachpatte [597-599], 
Thandapani and Agarwal [620], Thandapani [619], Yang [661], Yeh [670, 671]; 
however, as a consequence of the present approach, Theorem 6.4.6 relaxes some 
of the conditions needed on the functions appearing in (6.4.31), and the obtained 
estimate (6.4.32) is sharper. 

Theorem 6.4.7 uses the transformation introduced by Beesack [56]. Results are 
taken from Agarwal and Thandapani [19]. 

Two independent variable discrete Taylor’s formula and the inequalities involv- 
ing partial differences have appeared in Agarwal and Wilson [20]. Some related 
results are also available in Thandapani [618]. 

Multi-dimensional discrete analogue of Riemann’s function given in 
Lemma 6.4.10 and Theorems 6.4. 16—6.4.20 are proved in Agarwal [8]. 


Chapter 7 
Linear Multi-Dimensional Discontinuous 
Integral Inequalities 


In this chapter, we shall introduce some multi-dimensional linear discontinuous 
integral inequalities. 


7.1 Linear Multi-Dimensional Discontinuous Volterra 
Integral Inequalities and Their Generalizations 
In this section, we shall introduce some multi-dimensional linear discontinuous 


Volterra integral inequalities. 


7.1.1 Linear Multi-Dimensional Discontinuous Volterra 
Integral Inequalities 


We shall study the problem of obtaining explicit upper bounds of solutions u(x) of 
linear Volterra integral equations 


u(x) = f(x) + / K(x, thu(t)dt + i g(x, t, u(t))dt, (7.1.1) 
or the corresponding inequalities 

u(x) < f(x) + i K(x, t)u(t)dt + i; g(x, t, u(t))dt. (7.1.2) 
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We shall also provide some global existence theorems for Eq. (7.1.1) in both the 
bounded, measurable case and the L?-case of f, K, g. Most of results deal with the 
unperturbed cases where either g = 0 or K = 0. 

Here, u(x) = (uy(x),--- ,uy(x))? and x = (x),--- ,X,), So we are dealing with 
systems of N equations or inequalities in n independent variables. If either n = 1 
or N = 1, (7.1.1) and (7.1.2) have been studied by many authors. For example, if 
n= 1, N => 1, then we refer to Miller [405], see also Tricomi [625] and Mikhlin 
[403]. The case N = 1,n > 1 of (7.1.2) was considered as so-called Gronwall- 
type inequalities or so by Pachpatte and his coworkers [89, 92, 483, 600], by Yeh 
[667, 669], Young [677, 678, 680], and others [54, 55, 294, 621]. 

Some special case for N > 1 andn > | are dealt with by Greene [235], Das 
[163], and Shinde and Pachpatte [589], and by Chandra and Davis [128], Beesack 
[235], and Conlan and Wang [143] who considered general N, n. 

Beesack [59] first considered linear equations, Eq. (7.1.1) with g = 0, and then 
used a lemma proved in [55] to give easy proofs of existence theorems and related 
matters both for the bounded, measurable case and the Lebesgue square integrable 
case. 

The special case for K(x,t) = G(x)H(t) was investigated with by Chandra 
and Davis [128]. Beesack [59] obtained the Neumann series solution for the both 
solution vector u(x), and the general matrix resolvent kernel I(x, t). A number of 
explicit bounds are given for |I"(x, f)| and |u(x, f)]. 

One of the above results involves a generalized exponential function, 


+00 
exp,(2) = Do 27/(r)", (7.1.3) 
r=0 


where n is the dimension of the space of x = (x1, X2,+++ , Xn). 
We now consider a system of N linear equations of Volterra type in the variable 
x = (X1,+++ , Xn), namely, 


N x 
uj(x) = fi(x) + >| k(x, uj()dt, 1<i<N, (7.1.4) 
j=l“ 


which can be rewritten as the system (7.1.4) in the vector form 


ule) =f) + / “K(x, Of dt, (7.1.5) 


where K denotes the N x N matrix (kj), and u,f are the N-column vectors 
(uy,-++ ,un)’, (fi.-*+ fv)’. Set 


J= [a,b] = {xe R’:a<x<b}, T={@)¢€R’xR :a<t<x<b}, 


where a < b. 
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In the continuous or the bounded, measurable case considered below, all 
components of a,b are to be finite (so the cell J is compact), but in the L?-case, 
we may have any a; = —oo or bj = +00. 

In the case n = 1, system (7.1.4) can be conveniently reduced to a single linear 
Volterra equation. See, for example, Mikhlin [403], Hoheisel [287], and Tricomi 
[625]. The last two references actually apply this method of dealing with systems 
of Volterra equations for the case n = 1, and the method consists of an extension of 
the second of these for n > 1. This method was used also in [55] for N = 1,n > 1, 
and amounts to showing that, under an appropriate hypothesis, (7.1.5) has a unique 
solution (of an appropriate class) given by the Neumann series 


+00 
u(x) = > v,(x), (7.1.6) 
r=0 
where 
vo(x) = f(x), v-(x) = i “KO(x, t)f(tdt, r>=1, (7.1.7) 


and the K“” are the iterated kernels of K defined recursively by 
K% (x, 1) = K(x, 1), K(x.) = K(x, s)K°(s,t)ds,  r > 2. (7.1.8) 


As usual, we say that K is continuous, or bounded and measurable on 7, or that 
K € L’(T), if and only if each ky has the corresponding property, and similarly for 
N-vectors u,f relative to the cell J. If we write 

1/2 


N N 
m= (Sout i= (So i?) : (7.1.9) 
i=1 i=1 


then we have the compatibility conditions 


1/2 


|Ku| < |K||u|, |KM| < |K||M|, (7.1.10) 


where M = (mj). Moreover, if f € L?(J) and K,M € L?(T), then 


/ : K(x, t)f(t)dt € L’(J), / : K(x, s)M(s, t)ds € L?(T). (7.1.11) 
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This follows from the fact that the corresponding results hold for the correspond- 
ing component functions 


x N x 
( / K(x, ag) = / k(x, tf (Oat, 
a i yale 


L 


x N x 
(/ K(x, s)M(s, nas) — ay Kia (x, t)ing;(s, t)ds. 
ij a=1¢4 


a ij 


Observe also that, according to the above definitions, if f and K are measurable, 
then 


fev) e |fleVvou, 
and similarly 
KeV(T) & |K| €L (2), 


precisely as for the case N = 1. Finally, for f €¢ L?(J) and K € L”(T), we define the 
L?-norms ||f||, ||K|| by 


b 1/2 
We = ( ‘l fcoPar) mia 


b x 1/2 b b 1/2 
Kt = (fof iko.naar) = (fof Kenan) . (7.1.13) 
a a a t 
and note that 


1/2 


N 1/2 N 
uai= (Sour) » IKI= | UWP? | (7.1.14) 
i=1 


ij=l 


We shall use the following lemma proved in Beesack [55]. 


Lemma 7.1.1 Let f : J — R be Lebesgue integrable and either non-negative a. e. 
or non-positive a. e. If F : I — R has a non-decreasing derivative on an interval I 
containing J. fat for all x € J, then for all such x, 


F(0) + [tor (1) dt < F Cz) (7.1.15) 
F(0) + [ tor ([ «) dt < F ([ x) : (7.1.16) 
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We now assume that f € L?(J), K € L*(T) in (7.1.5) where J need not 
be bounded, and prove the assertions made concerning (7.1.6), (7.1.7). First, 
by (7.1.7), (7.1.8) and (7.1.11), an induction on r shows that all Ke L?(T) and 
ve LJ). 

Moreover, for r > 2 repeated substitution in (7.1.8) shows that (with fo = x), 


K(x, 1) = / , / te / ae ey eee ce eee oe 
t t t 
a ce PP RGA) KO.) Klas ay od, (7.1.17) 
t J tp—1 t 
which, by repeated substitution, is equal to 
i “ROD (x, t--1) K(t-—-1, Ddt,-1, 
t 


where 
KYA) = Kix), KO) = / ROD (x, 5) K(s, ds, (r > 2). 
t 
Hence, precisely as for the case N = n = 1, we have K” = K®. Thus 
K(x,1) = i KD (x, s)K(s, ds, > 2. (7.1.18) 
t 

More generally, by (7.1.8), (7.1.18) and induction on j, 

K(x, 1) = i K®(x,s)K%(s,)ds, r>2,it¢j=ri<j<r-1. (7.1.19) 

t 


However, that the matrices K, K” do not commute when N > 1. Before 
discussing L’-convergence of the series (7.1.6) and related matters, we note that a 
statement of ordinary convergence of matrix and vector series relative to arbitrary 
matrix and vector norms may be found in Chap. 4 of Stewart [608]. 

We now prove the L?-convergence of the series (7.1.6). It clearly suffices to 
prove that the scalar series yeie |v,(x)| is convergent in L?(J), from which by 
comparison: 


lv,i(x)| < |v-(®)| for 1<i<N, r2=0, xeJ, 
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it follows that the L?-convergence on J of each of the N component series in (7.1.6). 
As usual, if we set Sy = ar |v,|, then, due to the following inequality, 


k k 
ISe—Spll = S> [lol] = So lori. 


r=p+l1 r=p+l 


it suffices to prove that the series year ||v,|| converges. To prove this, we follow the 
method used for the case N = m = 1 by Tricomi [625] and Hochstadt [286] and for 
cases N = 1, n > 1 by Beesack [55]. Since |K| € L?(T), both functions 


4 b 
A’(x) = / |K(x,f)|/"dt, B°(t) = |K(x, t)|?dx 
a t 


are in L*(J), with f,A*dx = [, B’dt = ||K|l*. 
Thus all is now reduced to the scalar N = 1,n > 1 as in Beesack [55], we know 
that r > 2, 


x r—2 
|K (x, t)|? < A? (x)B?(t) (/ A*()ds) /e- 2)!, ae. on T 
(7.1.20) 


(in fact, the proof of (7.1.20) depends on Lemma 7.1.1). Hence from (7.1.7), (7.1.10) 
and the Cauchy-Schwarz inequality, it follows 


2 x x 
< / |KO (x, Nat / LF@Pat 


x x r—2 
<irr f A2(x)B2(t) (/ A*()ds) dt (r= 2)!, 


a 


-@P = i “K(x, Nf dt 


x r—2 
|u|? < III? = KI? (/ (ous) /e-21, ae. on J. (7.1.21) 


Indeed, there is a better estimate than (7.1.21). We now use in (7.1.15) in 
Lemma 7.1.1 with F(u) = uv’! to obtain 


b 
lvl? = / ju-Pde < IIPIKIP /(r- DI. (7.1.22) 


By (7.1.7) and (7.1.10), we know that (7.1.22) also holds for r = 1, hence for all 
r > 1. This proves the convergence of the series > ||v,|| as required, hence the 
?-convergence of the series (7.1.6), and consequently, the a. e. pointwise absolute 
convergence of the series )° v, on J. 
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Similarly, using (7.1.15) in Lemma 7.1.1 again, we can infer from (7.1.10) that 


[ |K” (x, 1)/?dtdx < i *A2(x) / * BU) ( / “Ads) dtdx ij (r—2)! 
= / ” Bq) / : ( / “A ds) Aaya / (r—2)! 
< [ Fo (Zoe dt] (r- 2)!. 


Since [, B’dt = |, A’ds = ||K||’, it follows that 


IK < IKI /VO=DL re, (7.1.23) 


which, as above, shows that the Neumann series for the resolvent kernel, 


+00 
ro.) = > K(x, t) (7.1.24) 


r=1 


is also ?-convergent, as well as a. e. pointwise absolutely convergent on T. 

Thus that u, as defined by (7.1.6), is a solution of (7.1.5) follows precisely as for 
the case N = n = | by direct substitution into (7.1.5), the term-by-term integration 
being justified by the monotone convergence of the series )~ |v,(x)|. This integration 
also gives us the representation 


u(x) = f(x) + - TQ, s)f(s)ds, xeJ. (7.1.25) 


a 


Moreover, a similar term-by-term integration gives us, by using (7.1.8) and (7.1.18), 
the usual resolvent equation 


TQ@,t) = K(x, + i. K(x, s)U(s, tds 
= K(x,t) + [ T(x, s)K(s,t)ds, (x,t) € T. (7.1.26) 


Finally the uniqueness, in the class L7(J), of this solution u follows from the fact 
that v € L?(J) satisfies (7.1.5), then by successively substitutions in (7.1.5), we have 
by using (7.1.17), 


m 


v(x) = Do v-(x) + Rng), 


r=0 
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with v,, given by (7.1.7) and 


*% 
Rint1(x) = / ROU tn+1)U(tn+1)dtm+1- 


a 


Hence, 


neil? < i IK" (x, 3) Pds- i; |v(s)2ds 


b m—1 
< |lv||? ||K|/?A20) (/ A(9yds) dt [(m— 2! ae. on J. 


Thus Rm+1(x) > 0a. e. onJ, so v = uin L*(J) proving the uniqueness. 
We summarize results in the following theorem. 


Theorem 7.1.1 (Beesack [59]) Let a, b € R” so —00 < a < bj < +00 for 
1 <j <n, letJ denote the cell [a,b], T = {(x,t): a< t <x < b}, and suppose that 
f¢€L(J), K €L?(T). Then the system of integral equations (7.1.4) or (7.1.5) has a 
unique solution u € L?(J). This solution is given by the Neumann series case (7.1.6); 
the series pee |v,(x)| is convergent in L?(J) as well as a. e. pointwise convergent 
on T. The solution is also given by the corresponding (7.1.25), where T € L?(T) 
denotes the resolvent kernel defined by the L*-convergent series (7.1.24). 


Remark 7.1.1 By appropriate modifications, the same results can be obtained for 
systems of Fredholm equations if the kernel K satisfies the usual strong condition 
that 


b b 
KP = f / |K(x, t)|?dtdx < 1. 


Remark 7.1.2. The special case K(x, t) = G(x)H(t) was considered rather briefly 
by Chandra and Davis in [128], with primary attention given to the continuous case. 
For the L?-case the necessary assumption was made that the matrices G(x), H(x) 
commute. For further details concerning the case K = GH, see Remark 7.1.4. 


We now turn to the case that f and K are continuous or, more generally, 
essentially bounded measurable on J and T respectively. In this case, we also 
suppose that the cell J is bounded (—oo < aj < bj < +00 for 1 <j < n), hence 
compact. Of course, we then have f € L?(J) and K € L?(T), hence Theorem 7.1.1 
and all the preceding estimates still apply, but we now seek better results. First, if 


M = ess sup{|K(x, t)| : 1) € Th, 
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then 


A(x) < we | 1-dt=M | [i —a)). 


’ i=1 


B’(t) <M [ 1-dt=M Te: — tj). 


t i=1 


Thus it follows from (7.1.20) that for r > 2, 


| S | THja16; — a)? — Ta. - a} /e- ayI. 


[K® (x,)| <M? [[@ — aj)(bi — ti) Qn 


i=1 


(7.1.27) 


Although this is an explicit bound for K“, it is not useful for determining bounds 
for either I’, or for v, or u, but establishes the uniform convergence on T of the 
Neumann series (7.1.26) for ’ since, from (7.1.27), 


n r-1 
[KO (x, 0)| <M? {He = al /Ve- 2), @AET, r>2. 
i=1 


Hence, if K is bounded and measurable (or continuous ) on T, so also is I. 
By (7.1.25), it then follows that if f is bounded and measurable on J (or continuous 
on J), so is the solution of (7.1.4). The uniqueness of the solution-within the class 
of functions—is clear from the uniqueness proved in Theorem 7.1.1 since bounded 
measurable (or continuous) functions on (compact) J are also in L- (J). We thus have 
the following result. 


Theorem 7.1.2 (Beesack [59]) Let J = [a,b] be compact in R", and suppose that 
J, K are bounded and measurable (or continuous) on J and T, respectively. Then 
the system of integral equations (7.1.4) or (7.1.5) has a unique solution u which 
is bounded and measurable (or continuous ) on J. The solution is given by the 
Neumann series (7.1.6) which is uniformly absolutely convergence on J, and is 
also given by the representation (7.1.25), where Y is bounded and measurable 
(or continuous) on T. The Neumann series (7.1.24) for T is uniformly absolutely 
convergent on T. 


Note that the only point not already proved is that the uniform absolute conver- 
gence on J of the series (7.1.6). However, this follows at once from estimate (7.1.21). 

There are, in fact, many alternative bounds to (7.1.27) and (7.1.21) which can 
be established when f and K are bounded and measurable (or continuous) and J is 
compact, and we shall obtain three such sets of bounds. 

In what follows, the vector and matrix norms need not be the Euclidean 
norms given by (7.1.9), but can be any compatible pair of norms, i.e., norms 
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satisfying (7.1.10). For example, two more such pairs are 


N 
|u| = max |u|, |K| = max y lkij| 
1<i<N 1<i<N 4 1 

= 


and 


N N 
= |, |Kl= kil. 
|u| ) luil, |K| max) Iki; 
i=1 j=l 


Moreover, we note that all the bounds given below have a form 
independent of N and so apply equally to the scalar or vector case. 
(1) Set 
A,(x) = / |K(s,t)|ds, B(t)= sup |K(x,s)]. 
t t<s<x<b 
Note that 


Kno] = f [KE sIK.dlds <= BOA), 
t 
By induction on r > 3, we obtain, by using (7.1.8), 
[KO] < BMA) / * Aus) | [oi — 513s /i-3. 
; i=1 
We obtain the more useful bound by noting that 
Ads) <B) f tas = BOOT [ou~0). 
t i=1 
which, together with (7.1.30), yields 


x 


KG] = BD fT] lit) — sy dsr ayy 
Pel 


|K (x, t)| < B'() ie: = / [(r7-1", @ eT, 
i=1 


which is 


(7.1.28) 


(7.1.29) 


(7.1.30) 


(7.1.31) 


(7.1.32) 
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this is now valid for all r > 1, as can be seen by (7.1.28), (7.1.31) and (7.1.29). 
It therefore follows from (7.1.24) that 


I(x, 1)| < B(t) exp, a | [@- 0) , @deET, (7.1.33) 
i=l 
where we have introduced the n-exponential function, exp,,(z), defined for all 
zeC, 
+00 
exp, (2) = DoZ2/()", n=1,2,- (7.1.34) 
r=0 


the function is the special case of the generalized hypergeometric function 


pFq(a1.-* Op; Bi,-* » Bai D 


forp = 1,g=nandq, = 1,6; =--- = B, = 1. See Slater [601] and also 
Remark 7.1.3. 
Similarly, from (7.1.25) and (7.1.33), we obtain for all x € J, 


\u(x)| < | f(x)| + i | (1) |B() exp, [a [oo] dt, (7.1.35) 


i=1 


where B(f) is defined by (7.1.28). 


(2) Set A;(x) = PP |K(s, t)|ds as in (7.1.28) and 


wa 


B,(x) = sup |K(x,5)|,  C,(x) = A;(x)B,(x). (7.1.36) 
t<s<x 
For r > 3, we find, as from (7.1.8)—(7.1.17), that 
F xX pSp—2 s2 
KD] Bay [foe [ Bisr2)---BuoadGovdsy sda 
t t t 
and 
|K (x, t)| < B,(x) i, A,(s1)C;(s1)ds1, 
f 


where A3(s1) = 1, and for r > 4, 


A,(s1) = / 7 vee / B,(s,—2) +++ By(82)d5,—2 +++ dso. 
Ss] YSZ Sp—3 
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We can now show, by induction on r that for all r > 3, 


x r= 2 
Ais) <(f Bua) /o-d asnsxsn 


the proof needs using in (7.1.16) in Lemma 7.1.1. Hence, for all r > 3 and for 
all (x, t) € T, 


x x r—2 
[KO(x, D| < B(x) f (/ Bud) Ci(sidsi / (r- 3)!. (7.1.37) 
t S| 
For a more useful bound, note that by (7.1.36), 


C= BG) / “1K(s, lds < B,(s1) / "B,(s)ds. 


Hence (7.1.37) by using (7.1.16) in Lemma 7.1.1 twice implies 


x S] x r—3 
K(x, 1)| < B(x) | / B,(s)B,(s1) (/ Bw) dsds, / (7 - 3)! 


= Ri [40 | [a0 (coe asf ds [ (r- 3)! 
< B,(x) i *B,(s) ( / “yande) ds ' (r—2)! 
< B,(x) (coe /e- DI, 


whence, for all (x, f) € T, 


x r-1 
[K (x, t)| < By(x) (/ B,(w)au) /e-. (7.1.38) 


and we easily verifies that (7.1.38) holds for all r > 1. 
Now the bounds corresponding to (7.1.33) and (7.1.35) of (7.1.4) are as 
follows 


IT (x, t)| < B,(x) exp ( 1 . Bud) , (NET, (7.1.39) 
and 


lu(2)| < LFGO| + [ (rer. ex ( [" B.enau) ar, xeJ, (7.1.40) 
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where B,(u) = sup,<,<, |K(u, s)|. Note that B,(u) < B(t) and B;(x) < B(ft) as 
well, in (7.1.40). 

Here we use the direct analogue of the method used for the L?-case, where 
Hélder’s inequality (for p = g = 2) was applied to K),--- | K,--- to obtain 
bounds. We again use Hélder’s inequality (for p = +00, q = 1) to obtain 


(3 


wm 


KD] sf 1KO.s)IKG.Nlds = OED. 
where 
b 
D(x) = sup |K(x,5)|, Bw = | |K(s, t)|ds. (7.1.41) 


(Observe that B,(x) < D(x), and A;(x) < E(t) with A;(b) = E(t).) Using (7.1.8) 
and induction on r, we conclude that for all r > 2, for all (x, f) € T, 


x r—2 
IK (x, 1)| < DWE) ( i Dtwdi) /@-21, (7.1.42) 


which is the analogue of the inequality (7.1.20) for the L?-case, but is somewhat 
better. We now have for all (x, t) € T, 


[P'(x, t)| < |K(x, t)| + D(QX)E(A exp ([ Dlu)du) : (7.1.43) 


Thus using (7.1.25) a corresponding bound for |u(x)| can also be obtained. 
Therefore we note that by using p = 1, g = +00, 


[KO (x,)| < Di@E(), 
with 


Di) = / “IEG Mids. EG)= sup [KG.9). (7.1.44) 
a t<s<b 


Using (7.1.18) instead of (7.1.8), we can also obtain for all r > 2, for all (x,t) € 
T, 


x r—2 
[KK (x, 1)| < Di(E(d) ( / Edu) } (r—2)!, (7.1.45) 
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and 
IP (x, 2)| < |K(x,d| + DiQEi (1) exp ([ naw) ; (7.1.46) 
. oO 


Remark 7.1.3 (Beesack [59]) The bound (7.1.33) for the resolvent kernel involves 
the n-exponential function exp, (x), while the bounds (7.1.39), (7.1.43) and (7.1.46) 
involve only the special case n = 1, the ordinary exponential function. As noted 
following (7.1.44), exp, (x) =1 Fn(1;1,--+ , 15x), but it appears that little is known 
about such generalized hypergeometric functions [601]. It is obvious that, x > 0 and 
n > 1, they are much smaller than exp(x), and the series expansion converges are 
rapidly. Here are some explicit estimates: 


exp, (x) < 1+x+ (x7°/2")exp(x/3") if x>0, n> 3; 
exp, (x) < 1 +x + (x°/6") exp(x/12"?) if x>0,n>2. 
To prove the above second inequality, for example, we write 
k 


i 2 jan 3 6" 1 *~ nae ee 7 
Pet O/2) +O /6) 14 7 + *45...4+3" 


exp, (x) 


2 
1+x+ = + x3/6" exp(x/A”), x>0, n> 2, 


IA 


provided that A is chosen so that (A”)* - k! < [4-5---(k + 3)]" holds for all k > 
1, n> 2. 

By induction on k and elementary analysis, we find that A = 12 is the best 
(=largest) A for which this holds. 


Now we shall discuss consider the systems of Volterra inequalities of the linear 
form 


N x 
ui(x) < fils) + > i kilx, )uj(tdt, 1<i<N, (7.1.47) 
j=l "4 
or in vector-matrix form 


u(x) < f(x) + i K(x, t)u(tdt. (7.1.48) 


Note that special cases of (7.1.47) with n = 1, N = 2 and degenerate kernels-in 
fact, separable kernels K(x, t) = g(x)A(t)-were considered by Greene [235], Das 
[163], and Wang [639], and generalizations of these to cases n > 2,N = 2 were 
given by Shinde and Pachpatte [589]. The case of general N, n with a separable 
kernel K(x, t) = G(x)H(t) had been handled somewhat earlier by Chandra and 
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Davis [128]. For more details of this separable case and references to still earlier 
results, see Beesack [58]. This case and the general case (7.1.48) under rather 
restrictive hypotheses were considered by Conlan and Wang [143]. 

Usually, we hope to obtain upper bounds: u;(x) < U;(x,f,k),1 < i < N, valid 
for any functions u; satisfying (7.1.47). Also we wish that the functions U; are as 
explicit as possible, and in particular, that they do not depend on the solution of a 
functional equation. 

We shall obtain explicit bounds which are due to Beesack [59] for the sys- 
tem (7.1.47) . Recall in all of the works mentioned above except for [128] and 
[58], it is assumed that all kj > 0, uj; = 0, f; = 0; one or both of the last two 
non-negativity conditions are not required for some of the results of [58, 128]. We 
begin by extending these results to the general system (7.1.47) or (7.1.48), which 
are due to Beesack [59]. 

First, for N-vectors u = (uy, u2,+++ , uy)’ and N x N matrices K = (kj), we write 
u=>O(or0<u)Su;j>0 (1 <i<N), and 


K>0@k;2>0, (Sij <Q). 
Similarly 
u<vSv-u=>0, 


then we have the usual order properties 


Gd) u>0,v>0S>u+v=>0; 

Gi) u>0,aE€Ra>O0>au>0; 

Gi) u>0,K >0=> Ku= 0; 

(iv) K>0,M>O05>K+M>0,KM>0,ak>0 if a>0. 


Theorem 7.1.3 (Beesack [59]) Let J,T,f,K be either as in Theorem 7.1.1, or as 
in Theorem 7.1.2 and suppose that K = 0 on T. If u satisfies the same hypothesis as 
f on J, and also satisfies (7.1.48) on J, then for all x € J, 


u(x) < f(x) + i “Da pf dt, (7.1.49) 


a 


where T is the resolvent kernel of K defined by (7.1.24). 


Proof By (7.1.8), we know that each iterated kernel K” > 0 on T, hence also 
T > 0onT. Now define the function f on J by 


f(x) = f(x) + " "K(x, t)u(t)dt — u(x), 


832 7 Linear Multi-Dimensional Discontinuous Integral Inequalities 


where f (x) > 0 on J by (7.1.48). Also for all x € J, 
u(x) = (f(x) —f@)) + / K(x, )u(tde. 


Hence f —f is a function of the same class as f and u, it follows from the uniqueness 
in Theorem 7.1.2 that for all x € J, 


ud) =F) =F) + / Px. n(f —PO)at. 


Hence (7.1.49) follows from (7.1.7) by noting f >0,T>0. oO 
Note that Theorem 7.1.3 for N = n = | and f,K continuous appears to have 
been first proved explicitly by Chu and Metcalf [135] (see, Theorem 1.2.38), whose 
result was extended to the L?-case by Beesack [59], where it was shown that when 
K(x, t) = G(x) (1), then 

TQ, 1) = G@)V@, HAD), (7.1.50) 
where 


V(x,t) =I+ / " H(s)G(s)V(s, t)ds. (7.1.51) 


These results also follow from (7.1.17) and (7.1.24), which further give K(x, t) = 
G(x) V,(x, t)H(t), where Vi (x, t) = J and, for all r > 2, 


V(x, ft) = i / 1 ae | = H(t1)G() --- H(tp-1)G(t--1)dt,_1 ---dt 


=f A(t)G(t)V,-1(t, Nt. 


By using the second part of (7.1.17), we also obtain 


V(x, t) = a V,—-1(x, tr-1) A (t-—1) G(t--1 )dt,-—1 (7.1.52) 


since by (7.1.24), 7 = )}t° K® =G oe v,) H, we set V = 7*° Vv, 
Then (7.1.50) holds, where 


+00 +00 +00 px 
V= ». Vp=I+ » Vii, =1+ ~/ A(t))G()V-(t, dt, 
1 r=i°t 


r=1 r= 


which gives us (7.1.51). 
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By using the alternate expression above for V,, we also obtain 
V(x, t) =I+ / V(x, s)H(s)G(s)ds, (7.1.53) 
t 


as already mentioned in Beesack [58]. oO 


Corollary 7.1.1 (Chandra-Davis [128]) [f either J is compact and u,f,G,H 
are bounded and measurable, or continuous, on J, or (inequality for possibly 
unbounded J), the functions u,f,G,H € L-(J), with G > 0,J > 0 on J, and if 
forallx € J, 


u(x) < f(x) + GQ) a A (t)u(t)dt, (7.1.54) 


then for all x € J, 
u(x) < f(x) + G(x) / “V(x, DH (OF (dt. (7.1.55) 


Remark 7.1.4 Note that in [128], the L?-case of this result was stated (as an 
alternate theorem ) under the additional (unnecessary) requirement that the matrices 
G(x), H(x) commute. In the case N = 1,n > 1 of inequality (7.1.54) (or of 
the corresponding system of equations), it was shown in [55] that the results of 
Corollary 7.1.1 hold even under weaker hypothesis: J may be unbounded with u, f 
measurable on J such that Hu, Hu € L(J) and HG € L(G) (or just Hu, Hu € L(/) 
in the case of equations). In [58], it was essentially noted that this same weakening 
holds for the generate case N > 1,n = 1. 


The bounds for u(x) given in (7.1.49) or (7.1.55), in order to obtain more 
elementary bounds from (7.1.49), for example, we follow the method used in 
[58] for (7.1.55). First, suppose |v| and |M| denote any compatible norms satis- 
fying (7.1.10) for which |v;| < |v| for] < i < N. If K > OonT andu = (uj) 
satisfies (7.1.48), then for all x € J, 


uo) <A) + [IPA [fOld, 1 isn. (7.1.56) 
In fact, by taking components in (7.1.49), it follows from (7.1.56) that 


wil) < fila) + / P(x Of O}dt < fie) + i. "|Po.af (Olde. 
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Similarly, suppose that |M| denotes any compatible norm such that |mj| < |M| 
for 1 <i, 7 <N,f => OonJ and K > 0 on T and (u;) satisfies (7.1.48), then 


wey sh0)+ f [I (x, t)| - 5 (Oat 1<i<N,xEeT (WAST) 


j=l 


and 
x N 
ute) <0) +f Dhue nfiar =f) + J Pel Yoyo 
j=l 


Now simpler explicit bounds can be obtained by using (7.1.56) or (7.1.57) with 
any of the bounds (7.1.33), (7.1.39), (7.1.46), for |’, t)|, where |v], || are any 
compatible norms for which |v;| < |v| or |mj| < |M| for 1 <i,j < N. 

In case (7.1.54), a more elementary bound than (7.1.55) was given in [128], under 
some commutativity hypothesis which was relaxed by Conlan and Wang [143] and 
an alternative upper bound to (7.1.49) was given under a corresponding hypothesis. 
In addition, K(x, t) was also assumed to be non-decreasing in each component x; of 
xX = (x1,-:: ,xX,). For brevity, we shall simply say: K(x, ft) is non-decreasing in x, 
etc. 

In what follows, we shall obtain and extend all these results. We begin by proving 
some matrix analogues of Lemma 7.1.1. 


Lemma 7.1.2 (Beesack [59]) Let F(s) = (fj(s)) be integrable and non-negative 
on the cell J = [a,b] C R" and let N > 1. Let 
M,(s) = i eeade M,(s) = : ” F(o)do, eer (7.1.58) 
Then, 
ak F(s)Ma(s)""'ds < Ma(b)’ if Ma(s)F(s) = F(s)Ma(s), s€J, (7.1.59) 
r | ” Mls)" F(s)ds <M,(b)" if F(s)Ma(s) = M.(s)F(s), 8 €J, (7.1.60) 
r / ” (5)My(s)"—"as <M,(a)’ if My(s)F(s) => F(s)Mp(s), s€J, (7.1.61) 
r / ” Ma(s)"|F (ds <My(a)" if F(s)Mp(s) = My(s)F(s), s€J. (7.1.62) 


Proof In fact, inequality (7.1.59) is essentially proved in Conlon and Wang [143], 
with F(s) = K(x,s),a=b=x. 
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Inequality (7.1.60) follows from (7.1.59) by taking transposes, and noting that 
A<BSA'<B and (A)’ =(A'), r=0,1,-:-, 
while (f Fds)'’ = f F'ds. Similarly, (7.1.62) is equivalent to (7.1.61) with F 
replaced by F = FT. 
Inequality (7.1.61) follows from (7.1.59) by making the change of variables 


o=-6, s=-s, a=-a, b= -b, F(G)=F(-6),6<6 <4), 


which thus yields 


[ Fevae = cay [ rCay0 = [ (aaa. 


Since F is integrable and non-negative on the cell [b, a], it follows from (7.1.59) 


that 
= = r—l1 = r 
r i F(s) ( / roo) ds < ( [ roa) (7.1.63) 
since ([; F(@)d6)F (8) = FG@)(f; F(@)dG) for b < & < Gholds when 


b b 
(f Fodor) = Foy f Flo)do) 
for a < s < b. In the same manner, (7.1.63) reduces to the conclusion of (7.1.61), 


and thus (7.1.61) follows. oO 


Remark 7.1.5 For the matrices F(s), when i. Fdo commute, for all s € J, (7.1.59) 
and (7.1.60) reduce to a single result. Similarly, so do (7.1.61) and (7.1.62) if 
F(s), i Fdo commute for all s € J. When N = 1 , Lemma 7.1.2 thus reduces 
to the special case of Lemma 7.1.1 with F(u) = wu’. 


To give a full generalization of Lemma 7.1.1 to the matrix case, we consider analytic 
functions of N x N matrices X = (x) such as 


+00 
K(X) = >> aX! where X°=J (even if X =O). (7.1.64) 
j=0 


Here a; € R are such that the ordinary power series }° ajzj is convergent with radius 
of convergence R satisfying 


b 
/ |F(a)|do < R. (7.1.65) 
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Then we set 


CO 
K(X) =j )\jajX"! for X= (xj) with |X| <R. (7.1.66) 
j=l 
In (7.1.65)—(7.1.66), the matrix norm may be any compatible norm. 


Lemma 7.1.3 (Beesack [59]) Let K, K’ be given by (7.1.64), (7.1.66) where all 
aj = 0. Let F(s) = (fij(s)) be integrable and non-negative on the cell [a,b] C R" 
and suppose R satisfies (7.1.65). Then 


b Ss 
Ko + [ F(s)K’ (/ F(o)de ) as<x/( “Foo if (7.1.59) holds, (7.1.67) 


b b 
K(0) + i, K’ ( / F(o)ds ) Foods < k( i: F(o)dc ) if (7.1.62) holds. (7.1.70) 


K(0) + a K’ ( i Fto)o) royds <x [ F(o)do if (7.1.60) holds, (7.1.68) 


b b 
K(0) + / F(s)K’ ( is Floydo) ds =k [ F(a)do if (7.1.61) holds, (7.1.69) 


Proof The proofs follow from the corresponding parts of Lemma 7.1.2 by 
using (7.1.64), (7.1.66) and the fact that all a; > 0, since term-by-term integration 
may be carried out when (7.1.65) holds. Under the commutativity assumptions of 
Remark 7.1.5. The four inequalities above reduce to only two, and when N = 1, we 
obtain a (weaker ) version of Lemma 7.1.1. 

We now use some of these results to obtain upper bounds on the iterated kernels 


and on I’ using the matrix order relation “<”. 


Lemma 7.1.4 (Beesack [59]) Let K = (kj) be non-negative, bounded and measur- 
able on T, and set 


K(x,) = sup{K(s,f):t<s<x}, K(x,t) = sup{K(x,s):t<s <x}. 
(7.1.71) 


Then for all r = 1, 
x) r-1 . 
K(x,1) < ( i R(x, a)do) R(x,1) i (r—D!, (ET, Aq) 
t 
if either 


(| &c.0y40 J R(x, s) > K(x,s) (| &c.040) , ax<t<s<x<b, 
/ (7.1.73) 
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or 


K(x, S) (f K(s,a\de) > (| kano) K(x, S) a<s<x<b. 
(7.1.74) 


Similarly, we have 


x r-1 
K(x, 1) < K(x, 0) ( / K(x, oyds ) /e-v. Gp eT, (7.1.75) 


if either 
( i me hao K(s, t) > K(s, 1) ( / . K(o, hac , @8tassb, (7.1.76) 


or 


K(s,t) ([ ke, hac) > ([ ke, hac K(s,t), a<s<t<x<b. 
(7.1.77) 


Proof Observe that K (x, t) is non-decreasing in each component of x, while K(x, t) 
is non-increasing in each component of t. The proofs follow from this observation 
and (7.1.59), (7.1.60) of Lemma 7.1.2, by induction on 7. We omit the details, 
observing only that to prove (7.1.72) when (7.1.73) holds, or (7.1.75) when (7.1.76) 
holds, we can use (7.1.8); for the remaining two parts, we may use (7.1.18). oO 


Corollary 7.1.2 (Beesack [59]) Under the notation of Lemma 7.1.4, we have for 
all (x,t) € T, 


T(x, t) < exp ( / . K(x, a)d0) K(x, 0), (7.1.78) 


if either (7.1.73) or (7.1.74) holds, and for all (x, t) € T, 


T(x.) < R(x, A) exp ( i “Ro. hac (7.1.79) 


if either (7.1.76) or (7.1.77) holds. 
Proof The conclusions follow readily from (7.1.24). oO 


Corollary 7.1.3 (Beesack [59]) If in addition, f is non-negative, bounded and 
measurable on J = [a, b], then for any bounded, measurable u satisfying (7.1.48), 
we have for allx € J, 


u(x) < f(x) + / oo ( ; “Rox, a)d0) R(x, Of (dt, (7.1.80) 


838 7 Linear Multi-Dimensional Discontinuous Integral Inequalities 


if either (7.1.73) or (7.1.74) holds, and for all x € J, 


u(x) <f(x) + / "EE ( y “R(x, a)do) f(ddt, (7.1.81) 


if either (7.1.76) or (7.1.77) holds. 
Proof This assertion follows at once from Corollary 7.1.2 and (7.1.49). oO 


Remark 7.1.6 If K(x, t) is non-decreasing in x, then K (x,t) = K(x, ft) , and similarly 
K(x, t) = K(x, t) if K is non-increasing in x was proved by Conlan and Wang [143], 
under hypothesis (7.1.9), by a somewhat different method. For a comparison of the 
two methods, we only note here that if K(x, f) is non-decreasing in x, then 


Kot), th < K,(x,)K(x,t), r>=1, 


follows easily by induction on r, where K is defined as in [143]. 


Remark 7.1.7 Vf f(t) < c (a constant > 0) for all t € J, 1 < i < N, and we write 
ue = (c,c,-++ ,c)’, then by applying Lemma 7.1.3 with K(X) = exp(X), (7.1.80) 
implies that if (7.1.74) holds, 


u(x) < fx) + jexp ( / "kG, a)da ) : i i 


Theorem 7.1.4 (Beesack [59]) Let u,f,G,H be bounded and measurable on |a, b| 
with f, G, H non-negative, and suppose u satisfies (7.1.54). Then for alla < x < b, 


u(x) < f(x) + GQ) / see ( ‘| “H()Gs)As) H(of (dt, (7.1.82) 
either 


(| Hate) H(s)G(s) => H(s)G(s) ([ #eG0a0) », ax<t<s<b, 
(7.1.83) 


or 


H(s)G(s) ([ HG00) > ([/ H@yavovae ) H(s)G(s), a<s<t<b. 
(7.1.84) 
Proof Using (7.1.50) and noting (7.1.51), we get 
+00 


T(x,t) = G@V(x,NH(), V(x.t) = = V,(x, t), 


r=1 
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where 
x 
Vint) =I, Vt) = / H(s)G(s)V,-1(s, ds, r> 2. 
t 
Therefore 
x 
V,(x, t) = V,-1(s, )H(s)G(s)ds, r>2 
t 


which was the notation used by Conlan and Wang [143], here V,-(x, t) = K,-1 (x,t) 
for all r > 1. Hence, as shown by Lemma 5.4.11, if (7.1.83) holds, then for all 
r>0, (DET, 


V-41(%,1) < ( / “H(GU)ds), j vt, (7.1.85) 


which was shown in [143] by induction on r, by using the first recursion relation 
above for V, together with part (7.1.59) of Lemma 7.1.2, with F = H-G,a = t. To 
obtain (7.1.85) under the alternative hypothesis (7.1.84), we should proceed in the 
same way, but use the second recursion relation for V, and (7.1.62) of Lemma 7.1.2 
with F = GH,b =x. 

It now follows that if either (7.1.83) or (7.1.84) holds, then for all (x, f) € T, 


+00 ie 
Vix.) =) VG, 1) < exp ( / GAs) 


r=1 


which yields (7.1.82) from (7.1.55). oO 


Remark 7.1.8 The half of this theorem with the hypothesis (7.1.83) and all contin- 
uous functions is in [82]. In this continuous case, when N = | and G(x) = 1, the 
function V(x, f) is the so-called Riemann function appearing in hyperbolic partial 
differential boundary value problems, see, for example [4, 54, 92, 621, 669, 677]. 


We conclude giving bounds similar to those given in (I)—-(III) below, but using 
matrix inequalities rather than inequalities involving their norms. Throughout we 
still assume that J = [a, b] is bounded, and that f, K are bounded, measurable, and 
non-negative on J, T respectively. We now use (7.1.49) instead of (7.1.25). 


(I) Set 


AG, 1) = / "Kudis, BO= Rep - Rew: (7.1.86) 


t<s<x<b 


840 


(I) 


(I) 
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Precisely as for the scalar case, using (7.1.8) and induction on r, we find 


K(x, 1) < By [Tes — 5)" 7A(s, ds [ (r- 3), r>3, 
sl 


(7.1.87) 
and further, 
K(x, 1) < ie = ny BD [(r- )!, r=. (7.1.88) 
i=1 
Thus for all (x, t) € T, 
T'(, t) < B(t) exp, NG - 00 ‘ (7.1.89) 
i=1 


where exp,,(X) is defined by (7.1.34). If u is any bounded, measurable (N- 
vector) function on J which is a solution of the inequality (7.1.48), then for all 
xeJ, 


u(x) < f(x) + [ 0 exp, Ts _ ono f (tat. (7.1.90) 
¢ i=1 


The bounds (7.1.89), (7.1.90) do not depend on any pseudo-commutatively 
hypotheses such as those given below. However, the order of the two matrix 
factors in (7.1.89), (7.1.90) is essential. 

Here we define A(x, t) as in (7.1.86) and set 


B(x, t) = sup K(x,s), C(x,t) = B(x, HAG, 4), 
t<s<x 


the matrix versions of (7.1.36). In fact, B(x, t) = K(x, t) as defined by (7.1.71). 
An analogue of the most useful result in the scalar case, namely (7.1.38), 
has already been proved above, as (7.1.75). There are, matrix analogues 
of (7.1.37), (7.1.39) and (7.1.40), but we omit details here. 

Here we define the matrix functions 


b 
D(x) = sup K(x,s), E(t) = K(s, t)ds, 


ass<x t 


i (7.1.91) 
pia) = | K(x,s)ds, E\(t) = sup K(s,f). 


t<s<b 
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By using (7.1.8), we obtain for all r > 2 and all (x, ft) € T, 


x r—2 
K(x, 1) < Dix) ( / Dlu)du) E(t) i (r—2)!, (7.1.92) 


provided that 


([ Dudu) D(s) => D(s) ([ rua) », axt<s<b. (7.1.93) 


Similarly by using (7.1.18), we obtain for all r > 2 and all (x, 4) € T, 


x r—2 
K(x, 1) < Di(x) ( / E(u) E\(t) i (r—2)!, (7.1.94) 


provided that 


E\(s) ([ excnau) > ([ eau) E\(s), a<s<x<b. (7.1.95) 


We note that in (7.1.59) in Lemma 7.1.2 is used in proving (7.1.92) and in (7.1.60) 
in Lemma 7.1.2 in proving (7.1.94). The inequalities (7.1.92), (7.1.94) are the 
matrix analogues of (7.1.42), (7.1.45) respectively, but note the order of the factors. 
Similarly, from (7.1.24), we now obtain the matrix analogues of (7.1.43), (7.1.46) 
respectively, namely, 


T(x, t) < K(x, t) + D(@&) exp ([ ewan) E(t), («0 €T, 


if (7.1.93) holds, (7.1.96) 


Tq, t) < K(x, t) + D(x) exp ([ E(u) Ei\(t), (x, €T, 


if (7.1.95) holds. (7.1.97) 


7.1.2 The Volterra Integral Equations and Inequalities 


In this section, we shall study the semilinear Volterra integral inequality in the 
general form 


x(t) < w(t) + ic s)x(s) ds + aff. s,x(s)) ds (7.1.98) 
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and shall provide the sufficient conditions that Eq. (7.1.98) exists a unique global L? 
solution. Note that this result, due to Hu [297], can cover many known results in the 
literature, for example, it can cover many important results about multi-dimensional 
Volterra integral inequalities in [59], but the method used here is essentially different 
from those in [59], i.e., those in Sect. 7.1.1. 

Let G be the local compact Hausdorff space with regular Borel measure ju, “<” 
be the given order in G, and satisfy 


(Ai) r<s<t(rsteGDoar<t 

(Ar) {(t,s);t <s < ft} is the yz x pe zero-measurable set in G x G; 

(A3) G,; = {s € G: s < t} is acompact set, G = {s€ G:t< stisap 
measurable set; 

(As) let g(t,-) be the eigenfunction of G,, then g(t, 5) is 4 x jf a measurable 
function in G x G (this means that D = {(f,5) : s < t} is 4 x je measurable in 
G x G)); 

(As) lims—., 4(G;AG,) = 0, where A is the symmetric difference; 

(Ac) for any t € G, there exist a countable set G’ C G and some /’ € G’ such that 
t</. 


Remark 7.1.9 The notation “<” is not necessarily the ordinary partial order, even it 
can not be required to satisfy the property of reflexivity. We can’t use the assumption 
on “connectedness” that plays an important role in [41, 560, 561], so that the present 
result on G can be also extended to the discrete case. 


Remark 7.1.10 It is easy to prove that G, U {t} and G’ (t € G) satisfy (A1) — (Ao), 
thus the present results are also valid on G, U {t} and G’ (t € G). 


There are special cases about G in the following : 


() G=a+t+ Ri (a € R”), let = be ordinary vector order <. 

(2)G=Ri;lettt<s ot < o(s),9 = @) : RL > R4 satisfy gp < 
t, sup, g(t) = +00 (1 <i <n), and < be ordinary vector order. 

(33) G=R"; t<s< |t| <|s|, |-| is the Euclidian norm. 

(4) G=Q~xR", QC R’ is acompact set; let (x,y) < (u,v) @ |y| < |v] Que 
Q,y,v € R"). 

(5) G= at Zn (aE ZZ"); lett<s@t<s A <i<n,t= (t),s = (s;) € G). 


It is easy to verify that (1)—(4) satisfy (A;)—(A¢) in terms of the Lebesgue measure 
and (5) satisfies (A,)—(Ae) in terms of countable measure. Note G, = B(0, |t|) (t € 
R") for (3), and G, = Q x B(O, |y|) (t = (x,y) € Q x R") for (4). 

Let (X,| - |) be an ordered real Banach space, where < is determined by some 
cone X, (see, [172]). For any K € L(X), let K > 0 @ KX 4 C X4. For any 
x € Ll (G,X), we know that x is integrable on every G; by using (A3); let 


loc 
[ xas= [ (9) dO). / sOnS i gt dnt 
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By (As) and using 


| [ xsyas— [xyes 


we deduce th [ ’ x(s) ds is continuous. 


< ) |x(s)|ds, 
GiNG: 


Lemma 7.1.5 (Hu [297]) Let A € Ll. (G,R+), k = 1, then for allt € G, 


loc 


fae | [ae a] ds < ; | [40 a) 


843 


(7.1.99) 


Proof Obviously, (7.1.99) holds for k = 1. Suppose k > 2 and J is the left-hand 


side of (7.1.99), then for any i € {2,3,--- ,k}, there holds that 


J= If of Aa Ate)-Ate) dt,-- + dtydt, 


t al tk 
=f f of A(t )A(t2) +++ A(tg) dty +++ dti4 dtjdt;_\ +++ dtydty 


= ff [Tl et.manratey---ata) dridis---di, 


JFi 


where @ satisfies (A4), whence 


t et t_k 
J= -/ / of DET [eli Aw Aa(e)---AG) dada dt. 


i=1 jf 


On the other hand, we derive from (Az) that 


k 
YT [ eG. <1 ae. on G 


i=1 ji 
which, along with (7.1.100), implies (7.1.99). 
Lemma 7.1.6 (Hu [297]) Let A € L!, (G,R4), then for allt € G, 


loc 


1+ [awex ([ scar) ds < exp ([ soa) : 


(7.1.100) 


(7.1.101) 


Proof Using the Taylor expansion of function z +» e* to expand the both sides 
of (7.1.101) into two series, then using (7.1.99) to compare each term of the above 


two series, we can complete the proof. 


oO 
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To study the generalized Volterra integral inequalities, we now introduce some 
knowledge of the corresponding Volterra equations. To this end, we shall give some 
sufficient conditions that there exists a unique global solution x € L?(G, X) to the 
equation 


x(t) = w(t) + [x6 s)x(s) ds + af F0 s,x(s)) ds (7.1.102) 


with 1 < p < +00, 1/p+1/q = 1, which can be used to study the special type 
of (7.1.98) in the following: 


wy =e(t f “Flt. sx(s)) as), (7.1.103) 
x(t) = w(t) + / “R(t. s)x(s) ds + / ft, s,x(s)) ds (7.1.104) 
x(t) = w(t) + / ROO / / "L(t, s)f(s,t,1(2))deds, (7.1.108) 
x(t) = w(t) + | “RE OHO as (7.1.106) 
x(t) = w(t) + / ends (7.1.107) 


Note that the authors in [59, 560] once studied L?-solution of Eqs. (7.1.106)— 
(7.1.107) under special assumptions, but their methods can not be generalized 
directly to employ to the present case. 

For any u € L?(G), we set ||u||p¢ = ||ula,||p- For A, f, g, K, L, we assume: 


(Hi) A: LP(G,X) > L(G,X), let x,y € L?(G,X) satisfy one of the following 
conditions: 

(H') there exists a constant 6 > 0, independent of x, y such that |Ax(t)—Ay(t)| < 
B\x(t) — y()| Chere and hereinafter “<” holds in the sense of “jz — a.e.”). 

(H'/) _ there exists a function u € L?(G, R+), independent of x, y such that |Ax(1)— 
Ay(t)| < u(t)||x — yllp.s- 

(Hy) f(t,s,x) : Dx X — X is measurable with respect to (t,s5) € D; and there 
exists a measurable function wy : D — R¥+ such that | f(t,5,x) —f(t,s,y)| < 
Wit,s)lx—yl, ((t,8) € D,x,y © X) and v9) = |W )Gilg € LO; m(t) = 
[| F(t, s,0)| ds € L(G). 

(H3) K:D->» L(X) is measurable; k(t) = ||K(¢,-)|Gill, €¢ L(G). 

(H4) g(t, x) : Gx X — X is measurable with respect to t; g(t, 0) € L’: there exists 
a constant 6 > 0 such that |g(t, x) — g(t, y)| < Blx—y| (t€ G,x,y eX). 

(Hs) L:D-> L(X) is measurable; /(t) = ||L(¢,-)|Gilla ¢ L(G). 
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Theorem 7.1.5 (Hu [297]) Suppose that w € L?(G,X), and (H\)—(H3) hold, then 
there exists a unique global L?-solution in G to Eq. (7.1.102). 


Proof 
(1) For any x € L’(G, X), let 


Fx(t) = [te s,x(s))ds, teEG. (7.1.108) 


We deduce from (H) that f satisfy Caratheodory condition, thus s bt 
f(t, s,x(s)) is measurable. Applying (#2) and the Holder inequality, we have 


Pireesaoplas sf UF0.s.01-+ esol as 
< m(t) + v()||xl|p> < +oo, pw-ae., 
which implies that Fx(f) is well-defined for almost all t € G, and 
|Fx(t)| < m(t) + (0) |x|. (7.1.109) 


We derive from (A4) that the function (t, 5) g(t, s)f(t, s,x(s)) is measurable. 
For any t € G, we have 


/ / lott. s\f(t.s,x(s))|dids < ; [m(t) + v()|xlle] dt 
< (4G,)"/4 (\lmllp + [llpllxllae) < +00, 


which, by Fubini Theorem, yields that 


Fx(t) = [ve s)f(t,s,x(s))ds, teEG, 


is measurable on G;. On the other hand, we deduce from (H¢) that Fx(f) is 
measurable on G; and it follows from (7.1.109) that Fx € L?. Thus, (7.1.108) 
can define the operator F : L?(G, X) — (G,X). 

(2) Applying condition (H3) and (1), and using 


Ux(t) -| K(t, s)x(s)ds, x €L?(G,X), (7.1.110) 


wm 


wa 
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we can define a linear operator U : L?(G,X) — L?(G,X). Thus, by the 
following relations 


Tx =w+Ux+AFx, x€L(G,X), (7.1.111) 


we can define the operator T : L?(G, X) > L?(G,X). 
Let h(t) = v(t) + m(t) (if (H}) is satisfied, we set h(t) = v(t) + m(t) + u(t); 
choose a > | and set 


w(t) = exp (-<in.) .. #24 (7.1.112) 
P 


Iellp = sup wOllallpa xe LGX). (71.113) 
teG 


It is clear that || - ||,,, is a norm verifying ||x||p < ||xl|p; next, we deduce from 
(Ao) that sup, ||x||p+ = |x|); thus, 


1 
>i > ——|A||? : 
lla = inf w(0) sup Llpy = exe (—IMH) Il 


This means that || - ||, is equivalent to || - ||, on L?(G, X). 
For every x, y € L?(G, X), we derive from (H), 


|Fx(t) — Fy(f)| < / w(t, s)|x(s) — y(s)| ds < v(t) lx — yllpx < ACO|lx — yl: 
t 1/p 
IF Flye =| fF (HG )hx — vty ash 


t 1/p 
= if [hi (s)?? a| IIx — yllpw (7.1.114) 


where hy = h/w. 
Applying Lemma 7.1.6 to A(t) = a[h(t)]?, we obtain 


fro ds = ~ [409 exp (fa ar) ds 


1 t I 
= exp (/ A(s) as) = 7 exp (allAll..) (7.1.115) 


IA 


2 


a 
ahw(n]?’ 


w(t)|[lAillp: Sa!” = ra 
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which, together with (7.1.114)-(7.1.115), yields 
Fx — Fy|lpw < rallx — yllpsw- (7.1.116) 


(5 


wm 


Using condition (H3) and (4), we derive for all x € L?(G, X), 


|| Ux |p.w < ral|xllp.w- (7.1.117) 


For any x,y € L?(G, X), and if (H‘) holds, then 
|| Ax — Ay||p.w = Bllx — yllpw- (7.1.118) 


If (H/) holds, then u < h, similarly to the proof of (7.1.116) in (4), we can 
obtain 


|| Ax — Ay|lpw < rallx — yllp.w- (7.1.119) 
Thus combination of (7.1.116)—(7.1.119) implies 
|| 7x — Ty|lpw < cl + B + Ya)¥allx — Yllpw- (7.1.120) 


Now taking a > 1 so large that (1 + 6 + rg)rq < 1, then T is a contractive 
mapping with respect to || - ||)». Using the Banach Fixed Point Theorem, there 
exists a unique x € L?(G,X) such that x = Tx, that is, x is a unique global 
I?-solution of (7.1.102). The proof is thus complete. 

oO 


Corollary 7.1.4 (Hu [297]) If (Hz) and (H4) hold, then there exists a unique L?- 
solution on G for problem (7.1.103). 


Proof Let Ax(t) = g(t,x(t)), we infer from (H4) that A : L?(G,X) > L?(G,X) 
and A satisfies (H/). On the other hand, (7.1.103) is equivalent to x = AFx. Thus 
we obtain the corollary by virtue of Theorem 7.1.5. oO 


Corollary 7.1.5 (Hu [297]) [fw € L’, and (Hz), (H3) and (Hs) hold, then there 
exists a unique L?-solution on G to Eq. (7.1.105). 


Proof Let Ax(t) = f " L(t, s)x(s) ds, we can deduce from (Hs) that A : L?(G,X) > 
L?(G,X) and A satisfies (H//). On the other hand, (7.1.105) is equivalent to x = 
w + Ux + AFx. Thus we obtain the corollary by virtue of Theorem 7.1.5. Oo 


Taking A = identity operator = id, we get from Theorem 7.1.5 the following 
corollary. 


Corollary 7.1.6 (Hu [297]) If w € L?, and (H2)—-(H3) hold, then there exists a 
unique L?-solution on G to Eq. (7.1.104). 


Taking K = 0 or f = 0, we derive the next corollary from Corollary 7.1.6. 
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Corollary 7.1.7 (Hu [297]) [fw € L?, and (H2) (or (H3)) holds, then there exists 
a unique L?-solution on G for (7.1.107) ( or (7.1.106)). 


Remark 7.1.11 If taking G = a+ R4 (a € R"),X = R",p = 2, we can 
conclude Theorem 7 in [59] by virtue of Corollary 7.1.7. But the method in [59] 
is only designed for L? framework, it is difficult to generalize to this case. Thus the 
results here have essentially improved those in [59], and the method used here is 
also stimulated by Kosinski [328]. 

If (H3) holds, then ||U|],, < ra < 1 by virtue of (7.1.117), where || - || is the 
relative operator norm with respect to || - ||), U is defined by (7.1.110). Then the 
unique L? solution of (7.1.106) can be expressed by Neumann series 


+00 
x = (id—U)'w =) > Uw. (7.1.121) 


j=0 


A straightforward calculation gives us 
; t 
Uwi(t) =i Kj(t, s)w(s)ds,  j>1 (7.1.122) 
where Kj = K; whenj > 2 (let fo = 0), 
a a y-1 
K,(t,s) =i i f K(t, t1)K(t, t2)---K(t-1, 8) dtj_1 +++ dty. (7.1.123) 


Remark 7.1.12 If w € L?, K € L?, we can improve (7.1.121), by virtue of more 
delicate argumentation, as 


x(t) = w(t) + : T(t, s)w(s) ds (7.1.124) 


where, for all (f, 5) € D, 
+00 
PGs = ¥ Bas (7.1.125) 
j=l 


where the right-hand side series of (7.1.125) is absolutely convergent almost 
everywhere and L’? convergent on D. 


Having discussed the Volterra equation, we now turn to discuss the corresponding 
Volterra integral inequality (7.1.98). These results can be applied to the inequalities 
relative to Eqs. (7.1.103)-(7.1.107). 

The natural order “<” can be determined by a cone in L’(G, X), and it is obvious 
that A : L?(G, X) — L(G, X) is an accretive operator. 
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Theorem 7.1.6 (Hu [297]) Under the assumptions of Theorem 7.1.5, and suppose 
A is an accretive operator, f(t,s,y) is monotone increasing with respect to y; 
x € LP(G,X) satisfies inequality (7.1.98), and x is the unique L?-solution of 
Eq. (7.1.102). Then x < x. 


Proof Let y = w + Ux + AFx — x, where U and F are defined by (7.1.110) 
and (7.1.108) respectively. Then, y € L’. We deduce from (7.1.98) that y > 0 and x 
satisfies 


x = (w—y) + Ux + AFx = Tix. (7.1.126) 


By virtue of the assumptions that U, A, F are accretive operators in Theorem 7.1.6, 
we deduce that T is accretive, where T is defined (7.1.111). By y => 0, we get 
T\z < Tz (for all z €¢ L?(G,X)). Furthermore, we obtain T/z < T"z (n = 1) by 
induction. Using the Banach Fixed Point Theorem and the proof of Theorem 7.1.5, 
we have 


x=lim7/0, x=limT"0 (7.1.127) 
where 0 is the zero element in L?(G, X). Noting that L? convergence must imply 


that a subsequence converges almost everywhere, we get T/0 < T"0. This, along 
with (7.1.127), implies x < x. Oo 


Corollary 7.1.8 (Hu [297]) Under the assumptions of Corollary 7.1.4, suppose 
that f(t, s,y) and g(t, y) are monotone increasing with respect to y; x € LP(G,X) 
satisfies 


t 
x(t) <g («/ f(t, 5, x(s)) as) ; (7.1.128) 
and x is the LP-solution of Eq. (7.1.103), then 
x<X. (7.1.129) 
Corollary 7.1.9 (Hu [297]) Under the assumptions of Corollary 7.1.5, suppose 


that K(t,s) => 0, L(t,s) => 0; f(t,s,y) is monotone increasing with respect to 
y; x € LP(G,X) satisfies 


t t Ss 
x(t) < w(t) +f K(t, s)x(s) ds +f / L(t, s)f(s, t, x(t)) dtds, (7.1.130) 
and x is the LP-solution of Eq. (7.1.105), then 


x<i. (7.1.131) 
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Corollary 7.1.10 (Hu [297]) Suppose w € L?, and f(t, s, y) is monotone increasing 
with respect to y and satisfies (H); x € L?(G,X) satisfies 


t 
x(t) < w(t) + / f(t, s,x(s)) ds (7.1.132) 
and x is the LP -solution of Eq. (7.1.107), then 
xX< x. (7.1.133) 


If K satisfies (H3) and K(t,s) = 0; x € L?(G,X) satisfies 
t 
x(t) < w(t) + / K(t, s)x(s) ds (7.1.134) 
and x is the LP-solution of Eq. (7.1.106), then 


x<i. (7.1.135) 


Remark 7.1.13 Tf w € LP, K € LP, x € LP(G,X) satisfies (7.1.134), then 
combining Corollary 7.1.10 with Remark 7.1.11 gives us 


x(t) < w(t) + a T(t, s)w(s) ds. (7.1.136) 


This is a general Gronwall inequality, and implies essentially Theorem 3 in [59]. 


If w = 0, f(t, s,0) = 0, then (7.1.132)-(7.1.133) admit zero solutions, which can 
be deduced from Corollaries 7.1.9—7.1.10. 


Corollary 7.1.11 (Hu [297]) Suppose f(t, s,0) = 0, and K, L,f satisfy the assump- 
tions of Corollary 7.1.9; x € L?(G,X) satisfies 


x) =w) + / K(t,s)x(s)ds + / / "L(t.s\f(s,t.x(t)) dds, (7.1.137) 
then 
x<0. (7.1.138) 


If f(t,8,y) satisfies (Hz) and is monotone increasing with respect to y; and x € 
L?(G, X) satisfies 


x(t) < i ; f(t, s, x(s)) ds, (7.1.139) 
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then 
x<0. (7.1.140) 


If K satisfies (H3) and K(t,s) = 0; x,y € L?(G,X) satisfy 


x(t) — [ Ke. s)x(s) ds < y(t) — [x s)y(s) ds, (7.1.141) 
then 


7.2 Linear Multi-Dimensional Discontinuous Integral 
Inequalities in Banach Spaces 


In this section, we shall introduce some multi-dimensional linear discontinuous 
integral inequalities in Banach spaces which are due to Chandra and Feishman 
[130], and Ronkov and Bainov [560]. 


7.2.1 A Generalization of the Gronwall-Bellman Inequalities 
in Partially Ordered Banach Spaces 


In this section, we shall introduce the results due to Chandra and Feishman [130]. 

Let B denote a real Banach space, let K C B be a cone (see, [320]) of “positive” 
elements and let L is a linear operator mapping a subset of B into B. A partial 
ordering may be introduced in B in the following way: for all 


x,ye€B, x<y if and only if (W-x EK. 


In spaces of common interest like C[0, 7], L?[0, 7], etc., a natural choice for K is 
the cone of non-negative functions. In these cases, the partial ordering assumes a 
simple meaning. For instance, if u,v € C[0, 7], then u < v means that u(t) < v(t) 
for all t € [0, T]. 

Consider the operator equation 


u=Nu+p (7.2.1) 
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where p is a fixed element in B and N maps B into B. Throughout this section, we 
shall assume that for all u € B, the following holds 


Nu+p<Mu+q (7.2.2) 


where gq is a fixed element in B and M maps B into B. Then clearly any solution 
of (7.2.1) will satisfy the operator inequality 


u< Mu+q. (7.2.3) 
Clearly, inequality (7.2.3) may be regarded as an abstract analogue of the classical 


Gronwall-Bellman inequality (1.1.3) in Theorem 1.1.2. 
We make the following assumptions once and for all: 


(Al) Lhas a bounded inverse L~! which is defined on B and leaves the cone K 
invariant. 
(A2) Mis Lipschitz continuous with Lipschitz constant £ satisfying 
BIL" <1. 


We shall obtain bounds on the solution of inequality (7.2.3) in terms of the 
solutions of the corresponding equation 


v=Mv+4q. (7.2.4) 


Lemma 7.2.1 (Chandra-Feishman [129]) Let (A;),(A2) and (7.2.2) hold. Let 
either N or M (or both) be monotonic on B, that is, if for all u,v € B, 


u=v, 
then 
Nu = Nv. (7.2.5) 
Ifz € Bis a solution of Lu = Nu + p, then 
Zo. 


Proof 


Case 1. Let M be monotonic. Forn = 1,2,---, set 


dn =L7'(Mbnr1+q), $0 =z 
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Then using (7.2.2) 
go =< =L' (Nz +p) <L | (Mz + q) =L' (Mbo +g) = bh. 

We have used here the fact that 

{(Mz + q)— (Nz + p)} EK, 
therefore, 

L7'{(Mz + q) — (Nz + p)} 
is in K. Now from (7.2.5) 

2 — $1 = L' (Mg — Mo) € K. 
Thus by induction 
Zio Sg¢o5+-S bn S:, 
that is, the sequence {(¢, — z)} is in K. Since K is closed lim(¢, — z) € K. But 
on converges to the unique solution of Lu = Mu + q. Hence (¢ — z) € K. 
Case 2. Let N be monotonic. Again z < ¢,. Now from (7.2.2) and (7.2.5), 
oo —2 = L" (Md + q) — (Nb + p) + (Noi + p) — (Nz + p)] EK. 
If we assume 
(on — 2) € K, 
it follows similarly that 
(dnt — 2) € K. 


Proceeding to the limit, we have (¢ — z) € K. 
oO 


The following hypothesis is common to Theorems 7.2.1 and 7.2.2 : For all u,v € B, 
let M satisfy 


|| Mu — Mo ||< (|| u—v ||) (7.2.6) 


where w(r) is non-negative and continuous for all r > 0. 
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Theorem 7.2.1 (Chandra-Feishman [130]) Let w(r) < r for all r > 0 and let M 
or N or both be monotonic. Then the unique solution @ of Eq. (7.2.4) is an upper 
bound on all solutions of inequality (7.2.3). 


Proof From the hypothesis on a, it is clear that M is a nonlinear contraction on B. 
Hence in view of [110], the proof of Lemma 7.2.1 may be modified to complete the 
proof of the theorem. Oo 


Theorem 7.2.2 (Chandra-Feishman [130]) Let M be completely continuous and 
monotonic on B and let w(r) be a non-decreasing function of r with the following 


property: 


(A) — there exists r* > 0 such that for all r > r*, 
o(r)+ lla + || M6 Isr. 
If @ is the maximal solution of Eq. (7.2.4), then @ is an upper bound on all solutions 
of inequality (7.2.3) 
Proof Let u be any solution of Eq. (7.2.1). Forn = 1,2,..., set 


Un = Mv,z-1 + q, Vvo= U4, (7.2.7) 
then 
v} = Mv +q>=Mu+qz>u=v0 


where we have used inequality (7.2.3). From the monotonicity of M, an induction on 
n shows that {v,} is non-decreasing sequence in B. If now we suppose that for some 
n, || Un || < R, (R > 0), then (7.2.7) in conjunction with (7.2.6) and the monotonicity 
of the scalar function w gives us 


Il Untill < OC) Mm D+ | Me || + Ill 
S o(R)+ || MO] + Ill. 
Therefore, by using the above property (A), we conclude that || vr+: ||< R 
whenever R > r*. Recall that M is a completely continuous operator; hence for 
the compactness of the sequence {v,}, we need only select R > max(|| wu ||,7*). 
Thus, the monotonic and compact sequence {v,} converges to some v € B, and 


the continuity of M implies that v is, in fact, a solution of Eq. (7.2.4). But from the 
maximality, v < @. Thus u < v < ¢, which finishes the proof. oO 


Let the mapping f : [0, 7] x R” — R" be continuous and satisfy for any x, y € R", 


xS y= fon Sf@y). 


7.2 Linear Multi-Dimensional Discontinuous Integral Inequalities in Banach. . . 855 


Here the relation “<” between any two points x = (%1,...%,),y = (1,---,Yn) in 
IR" means that 


x<y if and only if x <y; b= 1, 2,...,7. 


Let B = C"[0,T] whose components are non-negative on [0,7]. Define an 
operator M mapping C"[0, T] into itself as follows for all x € C”[0, T], 


Mx = [ fo.x0a 
0 


where f is the above function which is assumed to be continuous and non-decreasing 
in its second argument. An application of Arzel’s Theorem guarantees that M is 
completely continuous operator, and the monotonicity of M is a consequence of the 
monotonicity of f. Now for any u,v € B such that || u ||< R,|| v ||< R, where 
0 < R < +00, we observe that 


|| Mu — Mv ||< 27F 
where 


F= max (|f(t,x)|. 


O<t<T,||x||<R 


Thus by choosing for w(r) the identically constant function 27F, we can satisfy the 
remaining hypotheses of Theorem 7.2.2. 

We should point out, however, that an application of either Theorem 7.2.1 or 
Theorem 7.2.2, in general, poses the formidable task of choosing properly the scalar 
function w(r). This, in turn, will depend on a judicious selection of “majorant” 
operator M for a given problem so that the inequality (7.2.2) holds. 

Note that Theorems 7.2.1 and 7.2.2 still hold in any Banach spaces, as we have 
made no assumptions on the spaces involved. We shall mention now some related 
results in which the structure of the cone K plays a crucial role. In fact, there have 
been many generalizations of Gronwall inequality in this direction. For instance, 
using a lattice fixed point theorem, Hanson and Waltman [255] obtained such results 
for functional inequalities, which, in particular, include a generalization of Gronwall 
inequality due to Viswanatham [633]. In a similar context, a typical result for 
operator inequalities in partially ordered linear spaces is contained in Pelczar [522]. 


Theorem 7.2.3 (Pelezar [522]) Let M be a monotonic operator mapping B into B. 
Define the subset Q C Bas follows: 


O={z| ce B,z<Mz+q}, qeEB. 
If Q is non-empty and sup Q (say Vv) exists, then 0 is the maximal solution of 


v=Mv-+4q. 
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The assumption that sup Q exists is, however, a restriction on the cone K which 
may exclude many spaces of practical interest. For instance, it may not be true in 
C[0, t], the space of continuous functions, which is partially ordered by the cone of 
non-negative functions in C[0, tT]. 

Now we begin to study matrix inequalities. 

Let A denote the linear space of real n x n symmetric matrices. In A, we can 
introduce a partial ordering in more than one way. For instance, using cones of 
non-negative matrices and non-negative definite matrices, respectively, two different 
types of orderings can be introduced in A. Since a non-negative definite matrix is 
a natural generalization of non-negative number, we adopt here the second kind of 
ordering. Then with this ordering in A, we have 


XYea X<¥ if W=yyex, 


A function P : A — A is called monotonic [47] if X,Y ¢€ A and X < Y imply 
P(X) < P(Y) (that is, P(Y) — P(X) is a non-negatively definite matrix). 


Theorem 7.2.4 (Chandra-Feishman [130]) Let H be a real symmetric matrix. Let 
G be a monotone and Lipschitz continuous function from A into A: 


| G(X) - GY) |< p | X-Y]. (7.2.8) 


Then the inequality 


xy s H+ [Gods 
0 
implies 

X(t) < Y(t) 


on their common interval of existence, where Y(t) is the unique solution of the 
corresponding equality. 


Proof Forn = 1,2,--: , set 


Walt) = HC) +f GOn-6))d 


where Yo(t) = X(t) € A. Then {Y,},n = 1,2,---, are all in A. Next, using the 
monotonicity of G, we easily verify that 


X() < Vi) <:--< Y,(. 


Since G is Lipschitz continuous, {Y,,(¢)} converges to the unique solution Y(t) of the 
corresponding equality. This completes the proof. Oo 


7.2 Linear Multi-Dimensional Discontinuous Integral Inequalities in Banach. . . 857 


The following results used by Bellman [73] may be regarded as corollaries of the 
above theorem. 


Corollary 7.2.1 (The Bellman Inequality [73]) The matrix inequality 
S <F(O)+G(Xx), XO)=C, 
implies 
X(t) < Y@) 


where F and C are real and symmetric, G has the properties above, and Y(t) is the 
unique solution of the initial value problem 


ad <F()+G(Y), YO)=C. 


Proof Integrating the inequality gives us 


X(t) < C+ [ Fovas + [ cexonas 
0 0 
If we set 
A(t)=C+H+ [ Fos EA, 
0 


then the result follows immediately from Theorem 7.2.4. oO 


Corollary 7.2.2 (Bellman [73]) The inequality 
= < F(t) +RX + XR" + ys o.xo!, X(0)=C 
dt : 
implies 
X() < YO 


where F and C are real and symmetric, Rand Q; (i = 1,2,--- ,m) are real constant 
n Xn matrices, and Y(t) is the unique solution of the corresponding initial value 
problem. 
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Proof Following a familiar procedure (multiplying from the left and right by e* 
and ef"! , respectively, etc.), we have 


m 


t 
X(t) < oRtCeR +f Rls) [ros 1 Sox okMI-9) dg 
7 i=1 


= A(t) + [ G(t, s, X(s))ds 
0 
where 
H(t) = e%ceRt + [terriers 
and 
G(t,s,x) = ee) Soxorer 9), 
i=1 


Clearly, H(t) € A. Also G is Lipschitz continuous in its last argument and 
monotonic, because if X < Y, foreachi (i = 1,--- ,m), and for any Q;, 


O;YO? — O:XO? = OY —X)Q? €K. 


Again, 
m 
T 
eS OY — x)OFe® ™ EK. 
i 


Having established the desired properties for H and G, we may now apply 
Theorem 7.2.4 to obtain our conclusion. Oo 


7.2.2 Integral Inequalities of Volterra Type for Functions 
Defined in Partially Ordered Spaces 


In this section, we shall introduce the results due to Ronkov and Bainov [560]. 

To this end, we shall study the Volterra type integral operators action on numeric 
functions defined in partially ordered topological spaces with a measure. Integral 
equations and inequalities for such operators have been considered. Note that, 
Bainov, Myshkis and Zahariev [41] is the first contribution to consider linear integral 
equations and inequalities of Volterra type for functions defined in metric spaces. 
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We shall consider complex functions defined in the partially ordered set T, (T,), 
employing the following notations: 
T, := {y: y € T and y < x} for the segment of the element x and 


1, if y<x, 


XY) = 0, otherwise, 


for its characteristic function. 
Concerning the set T, we shall assume that the following conditions (C1)-(C4) 
are fulfilled: 


(Cl). T is a partially ordered connected topological space with positive mea- 
sure [L. 

(C2). For every x € T, the function x(x, -) is “-measurable. 

(C3). IPfXg is a generalized sequence of elements of T, convergent to x, then 


|y¥(%a,-) — x(x, -)||2 tends to 0. 


(C4). There exists an element x9 € T such that || (x0, -)||2 = 0. 


Definition 7.2.1 The operator @ : L?(T) > L?(T) will be termed as characteristic 
provided for all x € T, w € L?(T) and x(x,)Ww() = x(x, )@W(-) holds. 


Remark 7.2.1 Vf ¢@ is a linear characteristic operator, then for any x € T and every 
function y € L*(T), the equality y(x,)@Ww(%) = x(x,)¢W(x) holds, where 
WO) = x0 )V0). 


Indeed, since 


XZ IYO -¥2O) = 2.0 -— 0) = 9, 


then 


XZ, JOWO) — ¥eC) = 0 


whence, taking into account the fact that the operator ¢ is linear, it follows that 


Xz. JOVO) — Xz, OW) = 0. 


Definition 7.2.2 By V denote the integral operator defined in L?(T) in the following 
way: 


Via): = [ x, KG. y)FO)dUO) 


= [ x. KGW) O)dUO) (7.2.9) 
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where 


(1) The kernel K(x, y) € L?(T x T). 
(2) @ is a bounded linear characteristic operator. 


Remark 7.2.2 V is a compact operator acting from L7(T) onto L?(T) since it is 
composition of the operator @ with a Hilbert-Schmidt operator, the latter being as is 
well-known (see, e.g, [254, Chap. 15, problem 135]) a compact operator from L7(T) 
onto L?(T). 

To prove Theorem 7.2.1, we need the following lemma. 


Lemma 7.2.2 (Ronkov-Bainov [560]) The integral equation 
yg =AVo (7.2.10) 


(here X is an arbitrary complex number) only possesses the trivial solution . 


Proof Let the function g € L?(T) be a solution of the integral equation (7.2.10). By 
To denote the following subset of T: 


To := {x:x € T and x(x,-)o(-) = O}. 


We shall show that 7) = T whence it follows that g = 0. Indeed, 
Wells = f lwPaeco 
T 
=1aP [1 f cesyxte.syeH0) P diets) = 0 


because, in view of Remark 7.2.1, y(x,-)¢9(-) = 7@,-)O¢x(-), where ¢,(-) = 
Xx, -)p = 0. 

Since T is a connected topological space, then in order to establish that Ty = T, 
it is sufficient to show that Tp is not empty, closed and open at the same time. 

In view of condition (C4), an element x) € T exists such that ||7(xo0,-)|/2 = 0 
whence ||97(%0,-)||2 = 0, i-e., x9 € T and therefore To is not empty. 

It will be shown that To is a closed set. Indeed, let {x,} be a generalized sequence 
of elements of 7p, convergent to x. But then 


Ie) x Vl2 = lex, +) - Ox le f Ilo) |?) 


xOL xq 


and since in view of (C3), ||7(@,-) — 7@a;-)||2 tends to 0, then ||g(-) x(x, -)||2 = 0. 
Hence, x € Ty, which implies that To is closed. 

Now we shall show that Tp is open, too. Let z) € Ty. According to the condition 
(C3), for every 6 > 0 a neighborhood U(zo, 6) of zo exists such that if z € U(zo, 8), 
then (T,\T,,) < 6. We shall show that if 6 > 0 is sufficiently small, then 
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U(z,5) C To. Let z € T and consider the function g-,(y) := y(z, y)y(y). For the 
square of the norm of the function ¢,, the following holds: 


Ieell2 [ L.Xlo@) Pau) 


lA 


2. 
2 / x) | / xo. NIKG. »lloeorlano)| d(x) 
T Te 


ll 
~~ 


2 
2 / / x0 91K(% 660)1d0)| d(x) 
T T 


s 


2 
i K(x, d d(x). 
i) AKG 9ONAMOH ain 
Since Zp € To, then ||¢7(Zo, -)||2 = 0, and therefore, || (zo, -)@9(-)||2 = 0, and 
[ike neeolanoy =f Ke. penidieoy. 
T; T./Tz 
On the other hand, 


/ K(x.) 90)|dn0) 
(cee 


1/2 


1/2 
i. oeo)dnont 


< | / K(x.» Pau) 


z\T zg 


However, noting Remark 7.2.1, 


i. $9) duly) = : x@.9)O)Pdu) = / lx. )ooe() 2d) 
T. T T 


< ll e213 < IP llallgell- 


Therefore, 


lle < AP [ [ enna d(x) lla lI3lIvell3: 


2\T zo 


By assumption |K(x, y)|*? € L(7x<T) and since the set of the functions of the form 
f(xy) = U2) Xs(x)¥;(y) where X,(-) and Y,(-) are proportional of characteristic 
functions of measurable sets with finite measure, is dense in L(T x T), then, without 
loss of generality, we can consider that |K(x, y)|? = S~"_, Xs(x) ¥,(y). 
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Thus 


i | [ IRC Pane) an(s) = [ 


n 


seononduc d(x) 
1 


0 z 0 s= 


= (/ | Y x.¢oiduto) “Cl: H(T\T 9) 
Te s=1 


< C- w(T,\Tz) 


I, 


where 


= Y,(x)|; C=C X;(x)|d, ; 

C= _ max | |Y(0) 1 [LL xeolduen 
Let 5 be a positive number so small that 6 - C|5|*||A||5 < 1. Then if z € U(zo, 8), 
then j4(T;\T)) < 6 and hence ||g,||3 < 5+ c+ |A/?||O||5||@-||5 which implies that 
\|~z||2 = 0. Therefore, U(zo,5) C To, i.e, To is an open set. This completes the 
proof of the lemma. Oo 


Theorem 7.2.5 (Ronkov-Bainovy [560]) Let the function g be from L*(T) and for 
the space T the conditions (C1)-(C4) are fulfilled. Then the integral equation 


g=gt+Vo (7.2.11) 


possesses a unique solution g € L?(T), and 


G= ze SV. 


Proof Since V is a compact operator, then Lemma 7.2.2 implies that the spectral 
radius of the operator V equals 0, i.e., limp—>+oo ||V"|| I/n = 0), 

However, in this case the Cauchy criterion implies that the series See V" is 
convergent with respect to norm, and hence it is convergent. Its sum, as is seen by 
an immediate verification, is an operator inverse to the operator E — V. Therefore, 
the integral equation (7.2.10), which can be written, otherwise, as 


(E—V)p=8 
possesses a unique solution 


+00 
p=) V"s 


n=0 


which completes the proof. Oo 
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Definition 7.2.3 If f and g are two real functions from L?(T), thenf < g } f(x) < 
g(x) for almost every x € T. 


Definition 7.2.4 The operator W (W: L?(T) —> L?(T)) is called monotone if 
Wf = Wg for = ¢. 


Definition 7.2.5 The operator W (W : L?(T) > L?(T)) will be said to be 
characteristically monotone if, for every x € T and for any two real functions 
f.g € L’(T), for which (f(-) — g(-))x(x,-) < 0, the inequality Wf(x) < We(x) 
holds. 


Obviously, if W is a characteristically monotone operator, then W is monotone. 
Theorem 7.2.6 (Ronkov-Bainov [560]) Let the following assumptions hold: 


1. For the space T, conditions (C1)-(C4) hold. 

2. The kernel K(x, y) of the integral operator V is non-negative, while the operator 
@ is monotone. 

3. For some x € T and for two real functions f, g € L”(T), the inequality 


(FO -8O- WO) <0. (FO-8O- VFO) xe.) 20) (7.2.12) 
holds. 
Then 
(0 -9O)x@) <0, (FO-9O)xe-) = 0) 


where @ is the solution of the integral equation (7.2.10). 


Proof We shall first show that the operator V is characteristically monotone. Indeed, 
ifh € L*(T),z € T andh,(-) = x(z,-)h(-) < 0, then in view of Remark 7.2.1, 
xz, oh) = y(z,-)bh-(-) and since h,(-) < 0, and ¢@ is monotone, then 
x(z.-)@A(-) < 0. On the other hand, Vh(z) = J, K(z.y) x(z, y)@h()du(y) and since 
K(x, y) = 0, then Vh(z) < 0. 

Next we shall show that inequality (7.2.12) implies that 


(VF(-) — Ve) — VF) x@,-) < 0. 


Indeed, if z < x, then (7.2.12) yields that (f(-) — g(-) — Vf(-)) x(z,-) < 0. But 
since V is characteristically monotone, Vf(z) — Vg(z) — Vf(z) < 0. Therefore, 


(VEO — VO — V°FO) x@,) <0. 
Analogously, by induction, it follows that for every n = 0, 1,2,---, the inequality 


(V"F(-) — V"8(-) — V"F"FC)) x.) <0 
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holds. Summing by n = 0,1, 2,---, and taking into account that V"f > 0 asn > 
+oo, and that g = oT V"g is a solution of the integral equation (7.2.10), thus it 
follows that (f(-) — g(-)) x(x, -) < 0. The inverse inequality can be proved similarly. 

oO 


Theorem 7.2.7 (Ronkov-Bainov [560]) Jf under the conditions of Theorem 7.2.6, 
the inequality f(-) — g() — Vf(-) < 0 holds (or f(-) — g(-) — Vf) = 0), then 
f<g=ZUt&Xv"g (f >, respectively). 


n=0 


Proof The inequality f(-) — g(-) — Vf(-) < 0 implies that (Vf(-) — Vg(-) — V7f(-)) 
x(x,-) < O for every x € T. However then, in view of Theorem 7.2.6, 
(f(-) — g(-)) x@,-) < 0 for any x € T, and since the operator V is characteristically 
monotone, then this implies that Vf < Vg. Hence 


f<gtVf<gtVo=¢@. 


The inverse inequality can be proved analogously. oO 


Corollary 7.2.3 (Ronkov-Bainov [560]) Jf in the conditions of Theorem 7.2.6 
(Theorem 7.2.7) g = 0, then it follows that the inequality f —Vf <0 (yx, )(f - 
Vf) < 0, respectively ) implies the inequality f <0 (y(x,-)f < 0, respectively). 
Then, since V is a linear operator, then the inequality f —Vf <h—Vh (his a real 
function from L?(T)) implies that f < h. 


Now consider in detail the case when the operator ¢ is identity operator. Then 


vf(a) = [ K(x yf du(y) 


and, in view of Theorem 7.2.5, the integral equation 
oa) = 8 + [ KereOrduO) (7.2.13) 
Ts 


(here g denotes an arbitrary real function from L?(T)) possesses a unique solution 
g € L?(T). We next shall obtain some explicit estimates for this solution which, in 
view of Corollary 7.2.3, will hold for the solutions f of the corresponding integral 
inequality 


f<etvyp. (7.2.14) 


Next we shall employ Theorem 7.2.5 to prove that the solution @ of (7.2.13) is 
actually the sum of the Neumann series py V"g. The idea is to compare the 
terms of this series with the ones of an exponential series, whence the demanded 
estimate follows at once. 
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Theorem 7.2.8 (Ronkov-Bainov [560]) Assume that 


(1) For the space T conditions (C1)-(C4) hold, and, for the ordering in T, beside 
being transitive, it is assumed that it satisfies the requirement ifx < y andy < x, 
thenx = y. 

(2) The diagonal D := {(x,x) : x € T} of the space (T*, D7, 42) := (T,d, ) x 
(T,X, fL) is a fto-null set. 

(3) The kernel K(x, y) of the integral operator V is a non-negative function from 
L?(T?), which, for a fixed y from T, is a non-decreasing function of x. 

(4) g(x) is anon-decreasing, non-negative function from L?(T). 


Then, for the solution @ of the integral equation (7.2.13), the estimate 


eras ( [ Ku vdeo) (7.2.15) 


holds. 


Proof By Theorem 7.2.5, the integral equation (7.2.13) possesses a unique solution 
y = >>*°5 v"g. On the other hand, 


+00 
(V(1)Q@))" 
a n! , 


n=0 


on ( [ K(s.y)du0)) = exp(V(1)(x)) = 


Hence, in order to obtain the estimate (7.2.15), it is sufficient to prove that the 
inequality 


nlV"g < g-(V(1))” (7.2.16) 


holds for every natural number n = 0,1,---. (Form = 0, we obviously have an 
equality.) 


V"g(x) = i K(x. yi)du(y) i Rw i K int, Yn) 80) 44 On) 


Yn—-1 


= [xem x01. 92)-+ 100-199) Ke yIKOVI) 
++ K(Yn-1, Yn) 8 On)d pny) 

= i. XO, Yor) XCar» Yar) *** XOen—1> Yan) ** KO, You )K (Var sa ) 
+ K(Yay—1 + Yan) 8 Wa, )dUn(y), 
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where @ is an arbitrary element from the aggregate II of all permutations of 
{1,2,--- , a}. Hence the monotonicity of g and K implies that 


V" g(x) < g(x) 7. XO, Vor Xa» Var) XVan—1 > Yon) °K, ¥2) +++ K(X, Yn) din (y). 


Since the number of all permutations of {1,2,--- ,n} is n!, then 


niV"g(x) < s(0) f (Soe Z0 Yo) 0% dnn)°* XO Fq)) KIA) 
++ K(x, yn)dun(). (7.2.17) 


Now we shall show that the inequality 


Loe A(X, You) X ar» Yar) *** XVon—1> Yon) S XO Wi) XO Y2) +++ XO Yn) 
(7.2.18) 


holds almost everywhere in T”. 

Indeed, let x, y,, --- , y, be elements of T. In view of condition (2), without loss 
of generality, we may consider that taken two-by-two they are different. However, 
if the left-hand side of (7.2.18) is different from zero, then for some permutation 
aeéll, 


Yan < Van S<*°* < Vay < X (7.2.19) 


will be fulfilled. Since x, y1, --+ , y, are different from one another, then there will 
not be another similar permutation and hence 


> XO Yar) X War» Vor) °° XOan—1+ Yon) = 1. 


aell 


Moreover, (7.2.19) yields that in this case the right-hand side of (7.2.18) also 
assumes the value one. 

This in fact proves that inequality (7.2.18) holds almost everywhere in T”. Then 
it follows from inequalities (7.2.17) and (7.2.18) that 


nV" g(x) < g(x) il : XY) XO, V2) K(X yo) ++ Xn) K(X, Yn) dn) 
Lge) ( [ ke sdu)) = g(a)(VII)(a))", 


ie., inequality (7.2.16) is fulfilled for every natural number n. This completes the 
proof of Theorem 7.2.8. oO 
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Corollary 7.2.4 If, under the conditions of Theorem 7.2.8, for some function f € 
L?(T) inequality (7.2.14) holds, then the estimate 


YOR exe ( / K¢sy)du0) 


holds for it since, in view of Theorem 7.2.3, f < @. 


Note that Theorem 7.2.8 was proved under the assumption that the measure of 
the diagonal of the space T x T is zero. A sufficient condition for this assumption to 
be satisfied is supplied by the following lemma. 


Lemma 7.2.3 (Ronkov and Bainov [560]) Let T = (T,&, 2) be a space of non- 
negative measure. If for any positive €, a sequence {U.,} exists, consisting of sets 
that are measurable with respect to j and such that 


T=UnaUen, and pwUen) <€ 


for every n = 1,2,---, then the diagonal D = {(x,x) : x € T} of the space 
Tx T = (T,%, w) x (T, &, 2) is of zero measure. 


Proof Since T can be represented as a denumerable sum of sets having a finite 
measure, then T is a space with o-finite measure. First consider the case when 
LT) < +00. Let € be an arbitrary positive number and T = UP2, Ue, and Ue € XU 
and w(U.,) < € for every natural number n. Without loss of generality, we can 


consider that Ue, A Uem = @ when n 4 m because otherwise, we could have set 
Wea = Ue; Wer = Ue2\Uen3 We3 = Ue2\Uer U U_2). 


Consider the set Ee := US,(Ucn X Ucn). Obviously, E. is a measurable set 
with respect to the measure of the product 2 = yw x and D C E,. By E, denote 
the following subset of T : Ey := {x : (x,y) € E.}. As is known (see, e.g., [200], 
TILII.7), W2(Ec) = fp u(Ey)du(y) < eu(T) since w(Ey) < € for every y € T 
because Uen A Uem = 0 whenn 4 mand y(U-»,) < € for any n, whence, taking 
into account that 4(T) < +00 and € is arbitrary, it follows that u(D) = 0. 

Now consider the case when the measure of T is not finite. Since D = UP? Den 
where Den := {(x,x) : x € Ucn}, and besides w(Ucn) < € for any n, then 
(Den) = 0, thus it follows that 4(D) = 0. This completes the proof. Oo 


In Theorem 7.2.8, the function g from the integral equation (7.2.13) was assumed to 
be non-negative and non-decreasing. 

The next theorem provides an estimate for the solution of (7.2.13) without these 
assumptions. 


Theorem 7.2.9 (Ronkoy-Bainov [560]) Let conditions (1), (2), and (3) from The- 
orem 7.2.8 hold. Then, if g is an arbitrary function from L(T), then for the solution 
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gy of the integral equation (7.2.13), the estimate 


l@)| < le@| + i, Jonikecvese( ats ln} duly) (7.2.20) 


y 


holds, this implies immediately the weaker but simpler estimate: 


Ponce: [ 91K.) exp ( [ |KGs.)lldu)) (7.2.21) 


Proof For the solution g of the integral equation (7.2.13), we have |g(x)| = |g(x) + 
Jr, 80) K(x, y)de(y)|, which implies 


nce: [ loO)IKG, du). (7.2.22) 
Since K(x, y) = 0, then 


y lO)IK@y)du(y) < / leQ)IK(x.»)du) 
G Ty 


+ / K(x, y) ( / Kau) du(y). (7.2.23) 
Ty Ty 


Obviously, g(x) = te |g(y)|K(x, y)du(y) is a non-negative and non-decreasing 
function. Therefore the estimate (7.2.21) follows from Corollary 7.2.3 and by 
inequalities (7.2.23) and (7.2.22). 

We know that estimate (7.2.20) is obtained by means of calculations analogous to 
those carried out in the proof of Theorem 7.2.8. So, if by g; we denote the solution 
of the integral equation 


g=8+ Voi, 


then it follows from Theorem 7.2.5 implies that 
+00 
y| = ~ V"g). 
n=0 
Thus inequality (7.2.23) and Theorem 7.2.6 yield that 


+00 
[ Woorike. nano < 0) = 2 vet (7.2.24) 


n=0 
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However, 


V"gi(x) = i Ke,yddubn) [ KGuwans 


Yn—1 


KG agit [ K (nyo) |¢(70)dp.(90) 


= iz K(x, yi)K(y1, y2) ++ Kn, Yo) |8(0)| 
XX(%, YI) XO1, V2) XOn=1 Yn) XOVn—-1, Yn) Xn» Yo Ln) 
= i K(X, Yas )K Vays Yar) °K Yay-1 + Yen) K Ou, ¥0) 18090)! 
XH Yor) XO» Yar) *** XV 1» Yon) Xan» YOEHn+10), 


where a denotes any element of the aggregate I of all permutation of {1,2,--- ,n}. 
Since K(x, y) for a fixed y is a non-decreasing function of x, then 


n!V"g1 (x) <|/., K(x, yo) K(x, y1) ++ K(x, yn) 90) 
T" 
X (Leen XO, Yor Xa» Var) °° XVon—1 > Yon) Xa,» YO)) dn+1(y). 


On the other hand, since almost everywhere in 7”, the inequality 


by XX Yar )X a1» Yar) ioe Xen —1> Yon) Xan» Yo) 


aell 
<= XO, Yo) (XO Ya) — XW. Yar )) (XO Yar) — Xo, Yar)) 
++ (1%, Yan) — X00, Yond) (7.25) 


holds, which is proved quite analogously to inequality (7.2.18) of Theorem 7.2.8, 
then 


mvt) = f leowik@ns[ [Key )KG.92) Ky) 
x (x, v1) — XV0-¥1)) X12) — X00-Y2)) 


(10, Yn) — X00. Yn) dytn(y) |e) 


oh |g(vo)|K(x, yo) (/ Kis.) d.(yo) 
Ty T, 


Tr\Tyo 
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whence 


+00 n 
gia) = Do V"ei) < A |g(v)|K(x, y) - exp (f., K(x, adn) du(y). 


n=0 


Hence the above expression and inequalities (7.2.24) and (7.2.22) imply the 
estimate (7.2.20). This completes the proof. Oo 


Corollary 7.2.5 (Ronkov-Bainov [560]) Jf under the conditions of Theorem 7.2.9, 
for some real function from L?(T), inequality (7.2.14) holds, then the following 
estimate holds 


FO) < |e@)|+ [ le@)IK(z,) exp ( [ Kiso} duly). (7.2.26) 


Remark 7.2.3 (Ronkov-Bainov [560]) If the ordering in T is linear, then there will 
be an equality in (7.2.25). Then, if by T we denote the real interval [a, B) (here 
B may be +00 as well) having the usual ordering and topology, and if jz denotes 
the Lebesgue measure, then conditions (1) and (2) of Theorem 7.2.9 are obviously 
fulfilled. Let K(x, y) = K(y) be a non-negative function from L?(T). In this case, 
for every solution f of the integral inequality (7.2.14), it is possible to give the more 
precise estimate 


y 


FQ) < ex) + / * @(y)K(y) exp ( / : Kean) duly) (1.2.27) 


which follows from the fact that in this case (7.2.25) is an equality hence 
[ sorKoyew ( I. Kiounto) dyi(y) 
a Tx\Ty 


+00 x 
=v" ( / Kd) = 9(2), 


n=0 


which, in view of Theorem 7.2.1, is a solution of the equation 


g(x) =| 2K OIdUO) + f p(y) K(y)dn). 


However, inequality (7.2.14), since K(y) => 0, implies that 


/ “fO)KQ)duly) < / * eK) duly) + / “KO) ( / “FlOK (edn (2)) duly) 
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whence, in view of Theorem 7.2.7, 


i; fO)KO)dHO) < oC). 


The above expression and inequality (7.2.14) imply the estimate (7.2.26), which in 
fact is the well-known Gronwall-Bellman inequality (see, e.g., [338]). 


7.3. Linear Multi-Dimensional Discontinuous Integral 
Inequalities in Measure Spaces 


This section introduces some multi-dimensional linear discontinuous integral 
inequalities in measure spaces. These results are due to Horvath [290], and Gyori 
and Horvath [245]. 


7.3.1 Gronwall-Bellman Type Integral Inequalities in Measure 
Spaces 


In this section, we introduce theorems from Horvath [290]. 

Let (X, A, 4) be a measure space. A always denotes a o-algebra in X. The p- 
integrable functions over A € A are considered to be almost measurable on A (the 
function f is said to be almost measurable on A if there exists a measurable subset 
H of A such that j4(A\H) = 0 and f is measurable on H ). We shall discuss explicit 
bounds of the solutions of integral inequality of the form 


60) <f0) +80) [du xeXx (7.3.1) 


where ¢, f and g are real-valued functions on X and S(x) € A for every x € X. 
Such a problem is due to Gronwall [239] and Bellman [61], therefore the functional 
inequality (7.3.1) is usually called the Gronwall-Bellman type integral inequality. 
Special cases of the problem often appear and play a fundamental role in the study 
of differential and integral equations. 

Recall that the above problem has been investigated by many authors (see, e.g., 
[42, 338] and the references therein). However, these results mainly concerns the 
next case: X is an interval in R"; ¢, f and g are continuous; the sets S(x) (x € 
X) are bounded intervals with the same left-hand end-points and with right-hand 
end-points x; and integral in (7.3.1) is interpreted in the Riemann senses. We also 
note that even X is subset of IR”, there exist relatively few results when the sets 
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S(x) (x € X) are not intervals [592], and the integral in (7.3.1) is not a Riemann 
integral [166, 204, 244, 305, 547, 580]; but these cases are important in applications. 

In this section, we show that (7.3.1) admits explicit bounds in measure spaces 
under fairly general conditions. We obtain not only integral inequalities but the 
unique solvability of special integral equations. Choosing the measure spaces 
properly, discrete inequalities can also be obtained from these results. 

Suppose we are given n measure spaces (X;, Aj, Wi), i = 1,--- ,n (n = 2). Let 
X =X, xX---X Xn, R= Al X +--+ X An, let the set function jz be defined on R by 
p(A, X-++xAn) = []jL, wi(Ai). Then R is a semiring in X and p is a measure on R. 
The outer measure on the power set of X induced by yz is denoted by jz, too. Let A 
be the jz-measurable (in the Caratheodory sense) subsets of X. We call the measure 
space (X, A, jz) the product of (X;, Aj, wi), i= 1,...,n. 

If (X, A, 4) is a measure space, then (X", A”, jw”) denotes the n-fold product of 
(X, A, pL) (n = 2,3,-+-). 

We say that the function $ : X — A satisfies the condition (C) if the following 
properties hold 


(C\) x ¢S(x) for every x € X, 
(C2) if y € S(x), then S(y) C S(x) (x € X), 
(C3) {(x1,%2) € X?|x1 € X, x € S(xi)} € A’. 


We now give some important types of functions satisfying the condition (C). 


Example 7.3.1 Let N,:::,Jp (p = 1,2,...) be intervals in R (not necessary 
bounded). Then J = /; x --- x J, is an interval in R’. Consider the measure space 
(I, B?, 2) where 8? is the o-algebra of Borel sets of J and jz is a Lebesgue-Stieltjes 
measure on 8”. 


(a1) Define S; : 1 > B? by Si (x1,°++ . Xp) = 1) X +++ X TpOp)\{O1,-+* Xp) fs 
where J;(x;) is (not exclusively) J; ( )(—0oo, x;) or I; (\(—o0, xi] (i = 1,--- , p). 
(a2) Define Sp : 1 > B? by S2(x1,°++ . Xp) = (1) X +++ X Tpp)\{ 1, -++ Xp) fs 
where J;(x;) is Ji (i, +00) or i (Pi, too) (i = 1,--- ,p). 

Then S; and S> satisfy the condition (C). 


Example 7.3.2 Let X = {x1,--+ ,x,} (n = 1,2,---) be a set and A its power set. 

Consider the measure space (X, A, 4) where jz is a measure on A. 

(b,) Define S3 :X COA by S3(x1) = @ and S3(x;) = {X,°°° ,X-1} (i = 
2, mae n). 

(bz) Define Sy: X > A by S4(%,) = @ and S4(xj;) = {x41,°°+ Xn} GE = 
1,2,---,n—1). 
Then $3 and S4 satisfy the condition (C). 


Lemma 7.3.1 (Horvath [290]) Let (X,A, 1) be a measure space, let A € A and 
let S: X — A satisfy the condition (C). Then 


Ai, (A) = {(%1,°++ Xn) © X”" [xy € A, xy € S(xg-1), & = 2,-++ 1} 
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is an element of A" (n = 2,3,-:-). 


Proof Since H>(A) = Hy(X)(\(A x X) and H,+41(A) = (H,(A) x X)(\(x""! x 
H(X)), the result follows from (C3) by an easy induction argument. Oo 


The next inequality provides the key to the proof of the main results. 


Theorem 7.3.1 (Horvath [290]) Let (X, A, 1) be a measure space, letS :X >A 
satisfy the condition (C), and let f,,i = 1,---,n +1, (n = 1,2,---), be non- 
negative, ,1-integrable functions on X. Then 


cca ; (-- (/. o (1) ++ fa nYfn1 nti) dene) +++ der) ) decor) 
ntl 


1 
<wemL fi 


Proof Let us denote the set of the permutations of the integers 1,2,--- , by Ph. 
Suppose z € P,,41, it is obvious that 


/ (/. (-- ( a fie) ae ful nf \(n+1) UKn+1)) --+ da) duc) 


={(, a . Ailsncy) fos 1 Cosy) diners) x +++) 
Xn(l Xar(n) 


x dln) MGn))- 
(a2) 


Now Lemma 7.3.1 allows us to use Fubini’s theorem. This thus implies that 


(73.2) = i. AG PGi ae (7.3.3) 
Ay 


where 
A, — {(x1, °° sXn+1 € ea) € X,Xx(1) € S(%x(K-1)), = Q,+0: n+ 1}. 


If tc € P,»+, and t # z, then there exists 1 < k < n such that k is the smallest 
natural number for which t(k) 4 z(k), and there exists k < 1,m < n+ 1 such 
that t(k) 4 2(k) and t(/— 1) = x(m). Suppose that (x),-++ ,%n+1) € Ha () At. 
Then xx € SQ&ru—1)) and x7~-1) € S(%z~m—1)), and hence, by the condition (C2), 
Xax(k) © Sx(m—1)). Since S(Xz~m—1)) C SQx~m—2)) C +++ C Sx), it follows that 
Xx(k) © S(Xz(~), and this contradicts the condition (C;). We have thus shown that 
H, (\H, = 9, if a and t are different elements of P,+1. Parts (7.3.2)-(7.3.3) and 
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the last statement imply that 


(n+ 1)! [ ( / age (ff, fie fet Git du Cont) --)dieor)) dace) 


> J Rs00))--fet alent n de 


TEPn+] Ax 


n+1 
| Ailes) frei Qn41) dunt! = IT f a 
xn+l 7-1 0X 


lA 


which is the required inequality. The proof is complete. Oo 


Let (X, A, 4) be a measure space, let Y be a set, and h be a mapping of X into Y. 
Then R = {BC Y|h"!(B) € A} is a o-algebra and v(B) = p(h!(B)) defines a 
measure v on R. The measure space (Y, A, v) is called the image of (X, A, jz) under 
the mapping h, and v is denoted by p(h7'). 

We shall need the following result whose proof is a straightforward computation, 
SO We omit it. 


Lemma 7.3.2 (Horvath [290]) Let (X;, Aj, i), (i = 1,2) be measure spaces, let 
Y, and Y2 be sets, h; be a mapping of X; into Y; (i = 1,2), and let the measure 
spaces (Y;,R;, 1(h;')) be the image of (X;, Ai, 14i) under the mapping h; (i = 1,2). 
The product of (X;,A;, Wi), (i = 1,2) is denoted by (X,A, 1) and the product of 
(Y;,R:, (A; ')), (i = 1,2) is denoted by (Y,R,v). If hy and hy are one-to-one 
mappings and h = (hy, hz) : X > Y, thenv = p(h"!). 


We now introduce a general Gronwall-Bellman type integral inequality. 


Theorem 7.3.2 (Horvath [290]) Let (X,A, 1) be a measure space, S :X > A 
satisfy the condition (C). Suppose f and g are real-valued functions on X, and [L- 
integrable over S(x) for every x € X. Then 


(a) the integral equation 
y(x) = f(a) + 8) / ydu (7.3.4) 
S(x 


has one and only one solution on X (this means that s : X — R is js-integrable 
over S(x) and y = s satisfies (7.3.4) for every x € X), 

(b) s can be written in the form paar Sn, where so = f and Spy, = 
g(x) Sse Srdu (xe X,n EN), 
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(c) for non-negative f and g, we have x € X, 


0 <s(x) <f@) + e@) [ ft 


1, iffyy edu =0 
«| Isis (7.3.5) 


Torta (&%P ( Soe gdp) = 1), if fo 8d F O. 


(d) Suppose g is non-negative. If @ is a real-valued function on X such that > is 
-integrable over S(x) for every x € X, and 


(x) < f(x) + g(x) [ ; gdp, f—a.e. on X, (7.3.6) 


then b(x) < s(x) whenever (7.3.6) holds atx € X (so that@ < 5s, wr 
a. e. on X). 


Proof First let f and g be non-negative. Let H be the set of points x € X such that 
P(x) Sf) + 8) [ pdp. 
S(x) 


Since g is non-negative, it follows from (7.3.6) that for x € H, 


$0) <fQ) + ex) [ fide ts / : (con / | edn) Pen 


which, by induction, implies that 


(x) < fo) + s( f, faut rf (/ 
x kay 


g(x) dye(xo)) diu(x1)) +++ ) duv)) 


+800 ( / _ (---( i olf, Poms 


Xg(tn41) dp(ao)) dear) +++) dun) deiner) 


n+1 


= Joss) + Roi), xeH, n=1,2. (7.3.7) 
k=0 


(Cf roasts 


(xx) 
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By Theorem 7.3.1, we obtain 


n+l 


n 1 A 
< d (k+D! q 
ao) ee (im a =i (k+ 1)! La ‘ (/., eau) 
k 
= f(x) + eo) [ Dor esy es 1)! (J, sa) 


<soy tee [fay 
S(x) 
7 fgg B= 0, 
x 1 pe (7.3.8) 
| Torta ( ex? (fo 844) — 1), if fy @du #0. 


To estimate R,4+1, we now apply Theorem 7.3.1 again 


n+1 
Rn) ea ff ddn(f edu). vex, wen 
(7.3.9) 


Let s = pene Sy. Relation (7.3.8) implies that s is a non-negative real-valued 
function on X such that s is jz-integrable over S(x) for every x € X, and satisfies 
(C). It can be verified by direct substitution that s is a solution of (7.3.4). Thus 
g(x) < s(x),(« € AH) is an immediate consequence of (7.3.7), (7.3.9), and 
lim, +00(z"/n!) = 0 (z € C). 

Since |f| and |g| are non-negative real-valued functions on X with the same 
properties as f and g, it now follows easily that s = pies S, 1s a solution of (7.3.4) 
in the general case, too. 

Suppose that t : X — R is another solution of (7.3.4). Then for allx € X, 


Is@) — 1] < |e [ bola 


By what we have already proved, it follows from this that |s(x) — t(x)| < 0 (x € X), 
so that s = t. We have thus shown (a), (b) and (c). 
It remains only to prove (d). Let H be the set of points x € X such that 


$(x) <f() + g(x) [ ft 


Let B = {x € A|p(x) > s(x}, andlet VU: X > R, 


0, xéB 


He) = o(x) —s(x), x EB. 
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Then W is a non-negative real-valued function on X such that W is jz-integrable over 
S(x) for every x € X. Thus it follows from (7.3.4) and (7.3.6) that for each x € B, 


W(x) = H(x) — 510) < g(a) [ 9d 59 [ wa 
which yields, for all x € X, 
0 < W(x) < et) f Wd. (7.3.10) 
S(x) 


We have shown that (7.3.10) implies Y(x) = 0 (x € X), and therefore B = 9. The 
proof is complete. Oo 


Remark 7.3.1 Let (X,A, 4) be a measure space, and S : X — R satisfy the 
condition (C). Suppose f, g and / are real-valued functions on X such that h is non- 
negative, and hf, hg are j1-integrable over S(x) for every x € X. Then the integral 
equation 


yO) =f) + g(x) / nae 
is equivalent to 
yx) = fl) + g(x) [ ie 


where the measure j1,, is defined on A by un(A) = |, hd. This shows that we can 
apply Theorem 7.3.2 in the considered situation, too. 


The following result is a typical example of Gronwall-Bellman type integral 
inequalities involving Stieltjes integral. 


Theorem 7.3.3 (Jones [305]) Let a,b € R, a < b, and ¢,f,g,h be real-valued 
functions on [a, b], with g,h non-negative. Let a : [a,b] > R be increasing left- 
continuous function. Suppose that $,f , g, h are right-continuous at the discontinuity 
points of a. If for all x € |a, b], 


ot) <0) + 80) | hae. 
[a,x) 
then for all x € [a, b], 


60) </0) +89 [ fooncexp( | 


[s.x) 


gh aa) da(s). (7.3.11) 
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If X = [a,b] and S(x) = [a,x) (x € X) (see Example 7.3.1 (a)), then the 
conditions of Theorem 7.3.2 are closely similar to those of Theorem 7.3.3, but 
the estimates (7.3.5) and (7.3.11) are rather different. This follows from essential 
difference between the proofs. In the proof of Theorem 7.3.3 ( and most of the 
similar theorems ), it is substantial that the integration is performed over intervals, 
and differentiation is employed. We illustrate by examples that the character of the 
estimates (7.3.5) and (7.3.11) is not the same. 

Let X = [0, +00), A be o-algebra of Borel sets in X, jz be the Lebesgue measure 
of A, S(x) = [0,x) for every x € X. Let u and v denote that functions on the right- 
hand side of (7.3.11) and (7.3.5), respectively. 


(a) Iff,g:X — [0, +00) are continuous, f = g and h(x) = 1 (x € X), thenu = v. 

(b) If f(~) = e* and g(x) = A(x) = 1 (x € X), then u(x) = e*(1 + x) (x € X) 
and v(x) = e* + (1/x)(e* — 1)? (x € (0, +00)), so that u(x) < v(x) for every 
x € (0, +00). 

(c) If f(x) = e™~ and g(x) = h(x) = 1 @ € X), then u(x) = ch(x) (x € X) and 
v(x) = e* + (2/x)(ch(x) — 1) (x € (0, +00)), so that v(x) < u(x) for every 
x € (0, +00). 


The next result is an extension of Theorem 7.3.2. 


Theorem 7.3.4 (Horvath [290]) Let (X, A, 1) be a measure space, letS :X > A 
satisfy the condition (C). Suppose h : X — X is a one to one mapping such that 
h(S(x)) C S(x) for every x € X. Suppose f and g are real-valued functions on X 
such that f oh, go hare 1-integrable over S(x) for every x € X. Then 


(a) The integral equation 
ya) =se) +e [ yohdn (7.3.12) 
S(x) 


has one and only one solution s on X (this means that s is real-valued, s © h is 
-integrable over S(x), and y = s satisfies (7.3.12) for every x € X). 

(b) scan be written in the form pales Sn, Where Sy = f and Sy41(x) = g(x) Soca) SO 
hd (xeX, neN). 

(c) For non-negative f and g, we have 


eres =f) +809 f Sohdy 


: 1, if Isc) Sond = 0, 
Tonnes (&*P (Su 82d) — 1), if fy gohdu #0. 
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(d) Suppose g is non-negative. If ¢ is a real-valued function on X such that $ 0 h is 
L-integrable over S(x) for every x € X, and 


(x) < f(x) + g(x) [onan p(h')—a. e. on X, (7.3.13) 


then @(x) < s(x) whenever (7.3.13) holds at x € X (so that@ < s, ph!) — 
a. e. on X). 


Proof Let (X, 8, (h~')) be the image of (X,A, 1) under the mapping h. Since h 
is one-to-one, h(S(x)) € 8 for every x € X. It follows from (C), (C2), and the 
injectivity of f that x ¢ h(S(x)) and if y € A(S(x)), then h(S(y)) C A(S(x)) (« € X). 
By (C3) and Lemma 7.3.2, {(x1, x2) € X x X|x1 € X1,.x2 € h(S(x))} € B’. We have 
thus shown that the function x + h(S(x)) from X into B satisfies the condition (C). 
Since the integral equation (7.3.12) is equivalent to 


yoo) =f) +90) f ydytn™) 
h(S(x)) 
and the inequality (7.3.13) is equivalent to 
0) <F6) + 60) [| ydwlt), w(t) =a. &. on X. 
S(x) 


then the theorem is an immediate consequence of Theorem 7.3.2. The proof is 
complete. Oo 


7.3.2 Gronwall-Bellman Type Integral Inequalities 
for Abstract Lebesgue Integrals 


In this section, we introduce the results on Gronwall-Bellman type integral inequal- 
ities for abstract Lebesgue integrals which are due to GyGri and Horvath [245]. 

It is well-known that the Stieltjes type inequalities are employed to study func- 
tional differential equations, generalized differential equations, impulse differential 
equations, and Volterra-Stieltjes integral equations (see, [204, 238, 278]). However, 
there seems to be relatively few results dealing with integral inequalities for abstract 
Lebesgue (especially Lebesgue-Stieltjes) integrals, even in the one variables case 
[290]. One reason could be that the proofs of these inequalities are usually based on 
methods involving abstract Lebesgue integrals. 

Next, we shall discuss linear integral inequalities of the Gronwall-Bellman type 
for scalar functions of several variables involving abstract Lebesgue integrals. The 
interesting features of these results are that some delay and advance effects are also 
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included in the inequalities, which could be important in applications to differential 
equations with aftereffects. 

For any two elements of R’,a = (a),--- ,a,) and b = (bj,--- , bp), we write 
a<b (a< b)ifa <b; (qa < b;) for alli = 1,--- ,p. All integral in R’ is 
the Cartesian product of p ( not necessary bounded ) intervals of real numbers. For 
points a,b € R? with a < J, the intervals (a, b), [a, b), (a, b], [a, b] are defined in 
the usual way. 

If 7 is an interval in R? and x € J, then the intervals {u € I|u < x} and {u € I|x < 
u} are denoted by R(x) and L(x). If it is necessary, we write R;(x) and L;(x) instead 
of R(x) and L(x). 

Let f be a function from a subset H of R? to R?. We say that f is increasing if 
f(x) < f(y) whenever x, y € H,x < y. Function f is strictly increasing if f(x) < f(y) 
whenever x,y € H,x < y,andx # y. 

We assume that any o-algebra in an interval of R’ contain the Borel sets in the 
interval. 

In the proofs of the main results, we use the following statement, which is a 
special case of Theorem 2.1 in [290], i.e., Theorem 7.3.1. 


Theorem 7.3.5 (Horvath [290]) Let I be an interval in R’, (I, A, 4) be a measure 
space, and b be an increasing and continuous function from I to R? such that b(x) < 
x for every x € I. If f is a non-negative j-integrable function on I, then for all 
xex,neN 


/ (/ ( . (/ f(x): flnesddytsnes)) +) duce)) du(x1) 
R(D(x)) KY R(b@1)) R(DOn)) 


1 n+l 
a fay.) . (7.3.14) 
(n+ 1)! (/... 
Proof Let X = I and S : I > A, S(x) = R(b(x,)) in Theorem 2.1 in [290], ie., in 
Theorem 7.3.1. oO 


Let / be an interval in R’, and let b an increasing function from J to R? such that 
b(x) < x for every x € I. 

It is easy to see that the set J = Uf{[b(x), y]|x,y € J} is an interval which 
contains /. 

The following result is a many-sided generalization of the usual Gronwall- 
Bellman type integral inequalities (functions of several variables, general intervals, 
abstract Lebesgue integral). 


Theorem 7.3.6 (Gy6ri-Horvath [245]) Let I be an interval in R’, b be an increas- 
ing and continuous function from I to IR? such that b(x) < x for every x € I, 
J = U{[b@), y]lx,» € TD}, and let (J, A, 4) be a measure space. Suppose f is a real- 
valued function on I and ¢o is a real-valued function on J\I such that the function 
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z_ Joo), xe J\, 
fa {oe xel 


is p.-integrable over R;(b(x)) for every x € I. Suppose g is a real-valued function on 
I, and it is j4-integrable over R;(b(x)) for every x € I. Then we have the following. 


(a) The integral equation 


y(x) = f(x) + 8@) yd, (xe) (7.3.15) 
Ry(b@)) 


has one and only one solution s on J such that the restriction of s to J\I is 
do (s : J — R is p-integrable over R;(b(x)) for every x € I, andy = 5 
satisfies (7.3.15) for all x € I). 

(b) Introducing the functions 


~ (0, ery, 
8 g(x), xe, 
and 
0, xeJ\I, 
S(x) = 
@) Rj(b()), x ET 
s can be written in the form p isin Sn, Where sy = f and Sy4\(xX) = 


a(x) Ss Sd, xEJ, nEN. 
(c) For non-negative f, g and $0, we have for allx € I, 


0 < s(x) <f@) +.e(x) i soo (roo exp ( i] - edu) ) duu) 


+g(x) dod exp (/ edu) : (7.3.16) 
RIw@)\RbO)) R(bQ)) 


(d) Suppose g is non-negative. If is a real-valued function on J such that go is the 
restriction of ¢ to J\I, ¢ is [4-integrable over R;(b(x)) for every x € I, and 


d(x) < f(x) + 2) | od, p—a.e.on 7, (7.3.17) 
Ry(b(x)) 


then o(x) < s(x) whenever (7.3.17) holds atx € I (so that@ < s, wr 
a.e. on I). 
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Proof We can apply Theorem 7.3.4 (see also Theorem 3.1 in [290]) with 
J,A, 1, S,f,%.@, and hence assertions (a), (b), (d) follow readily. Thus it remains 
to prove (c). 

By (b), for every x € Jandne€N, 


n+1 


(x) =f() +8 fd 
YH) = Fla) + at0( [ae 


n 


43. [ : ( i 7 ( " ( f _feoeto- Huddy) ) : 2) 


k=1 


xdyu(-1)) dyu(xi)) 
= f(x) + ane . 
FO) eof . lines pee 
nea eae d 
+ d = (foc ( (/,,,. “aoe 8(xx) 1(0)) 
Mas 2) au(s-1)) 


aoa d - cn ( - Ol caren 
do(o) g(r) +++ g(xn)dye@o)) «++ )dee(xi-1) Ja UC%4)). 


To estimate = a, sz on J, first we use that b(x) < x for every x € J, then apply 
Fubini’s theorem, and finally use Theorem 7.3.5, 


n+1 


Dae <6) + eco f 


fd + i dodu 
= Ry(b(2)) Ry(bO))\Ri(bO) 


+f (/ (-(f Fst) + eCsdeC)) 
k= 1 YR) RO) Ry(b(x1))\Ry(b@1)) 


+++ d(x) ) de) + (/ bods) (/ aay 
Ry(b(x))\Ri(b(x)) Ri(b()) 


n 


-* X1)°++ g(x, )du(x Piri 
ee Cer (J... 8 i) 8Qx)du( ») ) 


x ayes) dusi)) 
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= ‘d d d 
pore eco fo sins fo (roof aterrducsy) ance) 


a / sa V@ [ veo [ . ( ( [ ; ator) ated) ~) 


k=2 


xdju(si-1)) due) dye(vo)} 


+8(x) ( / ond) {! a i gdu 
Ry(b(x))\Ri(b@)) Ry(b(2)) 


n 


aa es d oes in Oe: 
>> i: an ( i suo ( [ “pay 86) win) ) ayes ») 


x dut)| 


n 1 k 
<f0 +80)" f (ro (/..,..,s) duo) 


n 


1 k 
+20 ood.) 2 ([ edu) pel no 3c, 
Ry(b(x))\Ri(b@)) too KE roe) 


Therefore, we can see that (c) follows from (b) and the previous estimate. The 
proof is complete. Oo 


Remark 7.3.2 The estimate in (c) of Theorem 7.3.6 is a straightforward generaliza- 
tion of the estimates in the classical Gronwall-Bellman type integral inequalities. It 
is worth nothing that the integral inequality (7.3.17) is discussed in a very general 
case, and hence, the obtained result depends on the technique which is applied. A 
similar result is included in Theorem 7.3.4 (see also Theorem 3.1 in [290]), but the 
explicit estimates has another form. 


Let J be an interval in R’, b be an increasing and continuous function from J to 
R? such that b(x) < x for every x € I, J = Uf{[b(x), y]|x,y € 7}, and let (J,A, 12) 
be a measure space. Suppose f is a real-valued function on J, ¢o is a real-valued 
function on J\J, and h is a real-valued function on J such that / is non-negative and 
the function f :J>R, 

ro A(x)Po(x), x € J\I, 
~ (hOdf@), xe 


is j4-integrable over R;(b(x)) for every x € J. Suppose g is a real-valued function on 
I, and hg is j4-integrable over R;(b(x)) for every x € I. Then the integral equation 


y(x) = f(x) + ato) | hydp, x el, 
Ry((x)) 
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is equivalent to 
yoy =soy +80) ydun xe, 
Ry (B(x) 


where the measure jl, is defined on A by u;,(A) = dt ((3) can be transformed 
similarly), so the previous theorem can be applied in this case too. 

The next result follows from Theorem 7.3.6 easily, but it is interesting enough to 
be stated separately. 


Theorem 7.3.7 (Gyéri-Horvath [245]) Let I be an interval in R’, b be an increas- 
ing and continuous function from I to R? such that x < b(x) for every x € I, 
J = Uf{fy, b@)]|x,» € I} (VJ is an interval which contains I), and (J,A, JL) be a 
measure space. Suppose f is a real-valued function on I and go is a real-valued 
function on J\I such that the function f ‘J >R 


> fdox), xeJ\l, 
f= f(x), xel, 


is (.-integrable over L;(b(x)) for every x € I. Suppose g is a real-valued function on 
I, and it is -integrable over L;(b(x)) for every x € I. Then we have the following 
conclusions. 


(a) The integral equation 
yoy =f +90) [yd xe (7.3.18) 
Ly (b(x)) 


has one and only one solution s on J such that the restriction of s to J\I is 
do (s : J > R, is p-integrable over L;(b(x)) for every x € I, andy = s 
satisfies (7.3.18) for all x € I). 

(b) Introducing the functions 


a 0, xeJ\I, 
g(x), xe, 
and 
isk, jel” nedM 
Ly(b(x)), xe, 
s can be written in the form eae Sn, Where sy = f and Sy4,(xX) = 


&(x) Soc Sd, xEJ, nEeN. 
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(c) For non-negative f, g and do, we have for all x € I, 


0 < s(x) < f() + g@) Drees (roo exp (/ 


u,b(x)) 


+(x) dod exp (/ edu) . (7.3.19) 
Li((0))\Ly W() L,(b(x)) 


(d) Suppose g is non-negative. If is a real-valued function on J such that po is the 
restriction of ¢ to J\I, is [-integrable over L;(b(x)) for every x € I, and 


edu) du(u) 


o(x) <f(x~) + 2) f od, w—a.e.onT, (7.3.20) 
Lj (b(x)) 


then o(x) < s(x) whenever (7.3.20) holds atx € I (so that®h < s, pwr 
a.e. on I). 


If, in addition to the hypothesis of Theorem 7.3.6, the range of b is a subset /, 
then we have the following corollary. 


Corollary 7.3.1 (Gyéri-Horvath [245]) Let I be an interval in R?, (J,A, 4) be a 
measure space. Suppose b is an increasing and continuous function from I to I such 
that b(x) < x for every x € I. Suppose f and g are real-valued functions on I, and |L- 
integrable over R(b(x)) for every x € I. Then we have the following conclusions. 


(a) The integral equation 
yoy = soy ta fo yd, wer 13.21) 
RQ) 


has one and only one solution s on I (s : I > R, is [4-integrable over R(b(x)) 
for everyx € I, andy = satisfies (7.3.21) for all x € 1). 
(b) s can be written in the form aaa Sn, Where so = f and Sy4i(x) = 


g(x) Srwwy Syd, xel, neéeNn. 
(c) For non-negative f and g, we have 


0 <9 = se) +409 [ - (ro exp ( i sagt) ) aie, rel. 
i (7.3.22) 


(d) Suppose that g is non-negative. If $ is a real-valued function on I such that @ is 
p-integrable over L;(b(x)) for every x € I, and 


P(x) < f(x) + g(x) I a p— a.e.onl, (7.3.23) 


then (x) < s(x) whenever (7.3.23) holds at x € I (so that@ < s, wr 
a.e.onl). 
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We shall illustrate by examples that Corollary 7.3.1 (so that Theorem 7.3.6) may 
not be true, if we use right-half closed intervals ({u € I|u < b(x)}) in (7.3.21) 
and (7.3.22) instead of R(b(x)) = {u € I|u < b(@)}. 

Let c be a positive constant, ¢, be the unit mass at 1 (e€;(A) = 1 if 1 € A, and 
€,(A) = Oif 1 ¢ A, for any A C R ), and consider the integral equation 


yx) = 1+ | yde}, x E Ry. (7.3.24) 
[0.2] 


It is easy to see that (7.3.24) has a solution on R if and only if c 4 1 (compare with 
(a) in Corollary 7.3.1 and see [238]). If c 4 1, then the unique solution s: Ry > R 
of (7.3.24) is 


If dé: Ri > R, O(x) = 1 andc > 1, then for all x € R,, 


o(x) <1 +ef yde}, 


(0,x] 


but @(x) > s(x) (x = 1) (compare with (d) in Corollary 7.3.1). If 4 <c < 1, then 


for all x > 1, 
s(x) > 1+ aI exp (/ cde de\(u), 
[0.x] (0,x] 


(compare with (c) in Corollary 7.3.1). 

Let (X, A) and (Y, 8) be the measurable spaces, and T : (X, A) > (Y,8) bea 
measurable mapping. Then for every measure p on A, B— y(T~!(B)) defines 
a measure on 8. This measure is defined by (T~!). 

Now we consider a result which provides a closer analogue of Theorem 7.3.6. 


Theorem 7.3.8 (Gy6ri-Horvath [245]) Let I be an interval in R’, and (I,A, 1) 
be a measure space. Let h be a function from I to R” such that h(x,,-++ ,xXp) = 
(h(x1),°++ , A(Xp)), where h; is strictly increasing and continuous (i = 1,--- ,p), 
and h(x) < x for every x € I, and let J = U{[h(x), y||x, y € I}. Suppose f is a real- 
valued function on I and @o is a real-valued function on I and ¢o is a real-valued 
function on J\I such that the function f oh is ft-integrable over R;(x) for every x € I, 
where f :J—-R, 


ve do(x), x E J\I, 
~ (fs), xel. 
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Suppose g is a real-valued function on I, and g 0 his j1-integrable over Ry-\() (x) 
for every x €1. 
Then we have the following conclusions. 


(a) The integral equation 


y(x) = f(x) + 0 | yohdu, xel (7.3.25) 
Ri(x) 


has one and only one solution s on J such that the restriction of s to J\I is 
do (s : J > R,s oh is -integrable over R,(h(x)) for every x € I, andy = s 
satisfies (7.3.25) for all x € I). 

(b) Introducing the function g : J > R, 


~ 40, xe JM, 
= g(x), xe, 


and s can be written in the form paar Sn, Where so = f and Sy4\(x) = 
g(x) ls S,ohdu, xeJ, EN. 
(c) For non-negative f, g and $0, we have for all x € I, 


0 < s(x) < f(x) + 20) i . (romeo) = ( ig in) ) du) 
nln & Ux 


+g(x) do 0 hd exp / gohdu). (7.3.26) 
Ri(x)\R, 1p @) R,-1(y@) 


(d) Suppose g is non-negative. If is a real-valued function on J such that go is the 
restriction of $ to J\I, @ © his tt-integrable over R;(x) for every x € I, and 


d(x) < f@) + ec) | dohdu, wh ')—a.e. onl, (7.3.27) 
Ry(x) 


then (x) < s(x) whenever (7.3.27) holds at x € I (so that@ < s, p(h')— 
a. e. onl). 


Proof If B = {B CJ | h'(B) € A}, then B is a o-algebra in J which contains 
the Borel sets in J, and h : (J, A) — (J,8) is measurable. Then the integral 
equation (7.3.26) is equivalent to 


yx) = f(x) + g(x) ydu(h'), 
Ry(h(x)) 
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and the integral inequality (7.3.27) is equivalent to 
0) <0) +80) | ddutir), Ui!) ae. on, 
Ry(h(@)) 


thus the assertion follows from Theorem 7.3.6. oO 


Chapter 8 
Applications of Linear Multi-Dimensional 
Integral and Difference Inequalities 


8.1 Applications of Theorems 5.1.1 and 5.1.10, 
and Corollaries 5.1.2 and 5.1.4 to Nonlinear Vector 
Hyperbolic Partial Differential Equations 


In this section, we shall use Theorems 5.1.1 and 5.1.10 and Corollaries 5.1.2 
and 5.1.4 to study nonlinear vector hyperbolic partial differential equations. 


Example 8.1.1 Consider the nonlinear vector hyperbolic partial differential 
equation 


Uxy = f (x, y, u) (8.1.1) 


with boundary conditions prescribed on x = xo and y = yo. We assume that f is 
continuous and satisfies a matrix Lipschitz condition; i.e., there is a non-negative 
matrix K such that 


If@y,u)—f@y,™| < Klu—a| (8.1.2) 


where the absolute values are taken componentwise and wu and Ww are any vectors. 
If each component of f satisfies a scalar Lipschitz condition, then K reduces to a 
diagonal matrix and letting k be the largest of the diagonal elements we could use 
kI, where J is the identity matrix, for the Lipschitz constant matrix. 

Using the boundary conditions the equivalent vector Volterra integral equation 
for (8.1.1) is 


x py 
u(x, y) = g(x,y) + i / f(s, t,u(s, t))dsdt, 
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where g depends on the boundary values. Then for any two solutions u and w of the 
integral equation, we have 


x py 
u-au= i / f(s, t, u) —f(s, t, @)|dsdt. (8.1.3) 
xo “Yo 


Hence, if (x — xo)(y — yo) = O and we take absolute values componentwise, we 
get 


x y x y 
lu — Ul =| [ f(s, t, u) —f(s.tt)|dsat = f / K\u—7W. (8.1.4) 
x0 “YO x0 “YO 


Applying Theorem 5.1.1 to (8.1.4), we have |u — “| < 0 componentwise, so 
u = W; i.e., the solution is unique. Oo 


This result can also be proved by using a norm instead of absolute values 
componentwise to get 


x py 
igaiz / / ILF(s.t,) — f(s, 1,7) ||dsde 
x0 Yo 


and noting that the matrix Lipschitz condition implies a norm Lipschitz condition 


so that 
x py | 
wa = | / Kllu —al|dsat 
X0 Yo 


where K is a scalar. The desired conclusion now follows from the scalar two 
independent variable Gronwall inequality in Theorem 5.1.1 or Corollary 5.1.2. 
The first method, the vector approach, may be easier to verify for some problems. 


Example 8.1.2 Consider the vector characteristic initial value problem for the linear 
hyperbolic partial differential equation 


Uxy — B(x, yu = f(x,y), (8.1.5) 


where B is a non-negative continuous matrix and the vector u is prescribed on x = xo 
and y = yo. Using the boundary conditions, this problem is equivalent to the vector 
Volterra integral equation 


u(x, y) = F(x, y) + A a B(s, t)u(s, t)dsdt (8.1.6) 
xo J yo 


where F is computed from f and the boundary conditions and we assume F is 
continuous. Now suppose the vectors v and w satisfy 


xX py x py 
v< r+ | / B(s, t)u(s, thdsdt, w> r+ f ] B(s, t)w(s,t)dsdt. (8.1.7) 
xo 4 Yo x0 yO 
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Then applying Theorem 5.1.10 and Corollary 5.1.4 to the above inequalities 
shows that for any solution u to the boundary value problem, we have 


vsus<w 


which is a componentwise comparison theorem for the solution w. 


Example 8.1.3 Consider the two vector boundary value problems 


Ury = f (x,y, U), 

u(xo,¥) = g(y), 

u(x, yo) = A(x), (8.1.8) 
g(vo) = h(xo) 


and 


Uxy = F(x, y, U), 
U(x, y) = GO), 
U(x, yo) = H(x), 
G(v0) = Ho) 


(8.1.9) 


where all the functions are continuous and f satisfies a matrix Lipschitz condition. 
This, of course, implies a norm Lipschitz condition as in Example 8.1.1 so a norm 
type continuous dependence result can be obtained by using the scalar inequality in 
[603]. Here we shall obtain a componentwise result. We write the equivalent vector 
integral equations and subtract to get 


u—U = (g—G) + (h—H) — [g(0) — G00) 


+ / . / ‘Ha —FrG awa (8.1.10) 
x0 “yo 


By adding and subtracting f(s, t, VU) in the integrand and taking absolute values 
componentwise, we get, for (x — xo)(y — yo) = 0, 


|u—U| < |g—G| + |A— Al — |g) — GOo)| 


. [ | ; | f(s, t,u) — f(s, t, U)|dsdt 


+f [ | f(s, t, U) — F(s, t, U)|dsdt. (8.1.11) 
x0 “Yo 
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If |g —G| < €, |h-—Al| < «, and |f(s,t,U) — F(s,t,U)| < ©, where € is a 
non-negative constant, then 


x py 
ju U] 33e + ele —xo)y—90) + f / K|u — U|dsdt (8.1.12) 
x0 yO 


where K is the non-negative Lipschitz constant matrix for f. By Theorem 5.1.10, we 
have 


lu — U| < 3€ + €(x — xXo)(y — yo) + eh V' K[Be + €(x — X0)(y — yo) |dsdt 


x0 “Yo 


= M(x, y)e 


where M is a continuous matrix function which can be computed at least in theory. 
On a compact domain in the xy-plane, M is bounded so the solution to the boundary 
value problem we started with depends continuously on f and the boundary values. 


8.2 Applications of Theorem 5.1.3 to Hyperbolic Partial 
Integrodifferential Equations 


In this section, we shall use Theorem 5.1.3 to investigate nonlinear hyperbolic 
partial integrodifferential equations. 


Example 8.2.1 As a first application, we obtain the bound on the solution of a 
nonlinear hyperbolic partial integrodifferential equation 


ix y 
Uxy = f [ssa f / k(x, y, Ss, t, ids : (8.2.1) 
0 Jo 
with the given boundary conditions 
u(x, 0) = a(x), u(0, y) = Diy), a(0) = D(O) = 0, 


where all the functions are continuous on their respective domains of their defini- 
tions and 


|k(x,y, s,t,u)| < q(s,t)|ul, (8.2.2) 
lflx.y, 4, r]| < p@.y)[lul + Ir], (8.2.3) 
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where p and gq are as defined in Theorem 5.1.3. Equation (8.2.1) is equivalent to the 
Volterra integral equation 


u(x, y) = a(x) + by) + i is f E t, u(s, 0. f / k(s, t, &, n, u(&, mga dsdt, 
(8.2.4) 


where u(x, y) is any solution of Eq. (8.2.1). Using (8.2.2) and (8.2.3) in (8.2.4) and 
assuming that |a(x)| + |b(y)| < M, where M > 0 is a constant, and applying 
Theorem 5.1.3 when g(x, y) = M, we have 


lu(x.y)| <M [1+ i [  p@es ( i i peé.n) +48. maa) ava). 


(8.2.5) 


Thus the right-hand side of (8.2.5) gives us the bound on the solution u(x, y) of 
Eq. (8.2.1) in terms of the known functions. We also note that (8.2.5) implies the 
stability of the solution u(x, y) of Eq. (8.2.1), if the bound obtained on the right side 
of (8.2.1) is small enough. Oo 


Example 8.2.2 As a second application, we establish the uniqueness of solutions of 
Eq. (8.2.1) with the given boundary conditions. We assume that the functions k and 
f in Eq. (8.2.1) satisfy 


|k(x, y, 5, t,u) — k(x, y, s,t,@)| < q(s,t)|u—, (8.2.6) 
|flx.y.u.r] —flx.y.u.7]| < p@y)[lu—al+|r—F], (8.2.7) 
where p and q are as defined in Theorem 5.1.3. The problem is equivalent to 


Eq. (8.2.4). Then for any two solutions u and u of Eq. (8.2.1) with the given boundary 
conditions, we have 


wma abo — Boor) + [Of fp[en ff ko.1 8 nandéan] 
_f E ia i ; [ He 1, €, mtd] \dsdt (8.2.8) 


where g and g depends on the given boundary conditions. Using (8.2.6) and (8.2.7) 
in (8.2.8) and further assuming |g — 2| < €, for arbitrary « > 0, and applying 
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Theorem 5.1.3, we get 


x py s pt 
wm} se[14 i | p(s.1)exp ( [ [ (6.1) + a6. niaéan) ava. 


(8.2.9) 
Since € > 0 is arbitrary, we have u = U, i.e., there is at most one solution of 
Eq. (8.2.1). Oo 


Remark 8.2.1 We note that the inequality established in Theorem 5.1.3 can be used 
to study the continuous dependence of the solution of Eq. (8.2.1) by following the 
similar argument as in [603] with suitable modifications. We omit the details. 


8.3. An Application of Theorem 5.1.7 to Terminal Value 
Problem for the Hyperbolic Partial Differential 
Equations 


In this section, we present some immediate applications of Theorem 5.1.7 to study 
certain properties of solutions of the following terminal value problem for the 
hyperbolic partial differential equation 


Uxy(x, y) = A(x, y, u(x, y)) + 7%, y), 
U(X, CO) = Oo0(x), u(OO, y) = Too(y), (8.3.1) 
u(co, co) = d, 


where hh : Ry xR-R,r: Ri — R, 090, Too : Ry — R are continuous functions 
and d is a real constant. 

The following theorem deals with the estimate on the solution of prob- 
lem (8.3.1)—(8.3.2). 


Theorem 8.3.1 (Pachpatte [498]) Suppose that 
A(x, y, u)| < e(x, y)|ul, (8.3.2) 


+00 +oo 
Ooo + Too (y) —d + / i] r(s, t)dtds| < a(x, y) (8.3.3) 


where a(x, y),c(x, y) are as defined in part (az) of Theorem 5.1.7. Let u(x, y) be a 
solution of problem (8.3.1)-(8.3.2) for all x,y € R, then for all x,y € Ry, 


+oo p+oo 
|u(x, y)| < a(x, y) + e(x, y) exp (/ / c(s, na ; (8.3.4) 
x y 
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where 
+oo p+oo 
e(x,y) = i / c(s, ta(s, t)dtds. 
x y 


Proof Vf u(x, y) is a solution of problem (8.3.1)-(8.3.2), then it can be written as, 
e.g., (see [42], p. 80]) for all x,y € Ry, 


+00 p+oo 
u(x, y) = O(0)+ toot) a+ | / (ns, t, u(s, t))+r(s, 1)) dtds. (8.3.5) 
From (8.3.6), (8.3.3), (8.3.4), it follows 
+0o too 
|u(x, y)| < a(x, y) + i i c(s, t)|u(s, t)|dtds. (8.3.6) 


Now applying part (a2) of Theorem 5.1.7 to (8.3.6) yields the required estimate 
in (8.3.4). oO 


The next result deals with the uniqueness of the solutions of problem (8.3.1)— 
(8.3.2). 


Theorem 8.3.2 (Pachpatte [498]) Suppose that the function h in Eq. (8.3.1) satis- 
fies the condition 

|A(x, y, u) — A(x, y, v)| < c@, y)|u— vI, (8.3.7) 
where c(x, y) is as defined in Theorem 5.1.7. Then the problem (8.3.1)-(8.3.2) has 
at most one solution on R}. 


Proof The problem (8.3.1)—(8.3.2) is equivalent to the integral equation (8.3.6). Let 
u(x, y), v(x, y) be two solutions of problem (8.3.1)—(8.3.2). 
From (8.3.6), (8.3.8), it follows 


+00 f+oo 
|u(x, y) — v(x, y)| < / i c(s, t)|u(s, 1) — v(s, t)\dtds. (8.3.8) 


Now applying part (a2) of Theorem 5.1.7 yields u(x, y) = v(x, y), ie., there is at 
most one solution to the problem (8.3.1)—(8.3.2). Oo 
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8.4 Applications of Theorem 5.1.12 and 
Corollaries 5.1.7—5.1.8 to Nonlinear Non-self-adjoint 
Vector Hyperbolic Partial Differential Equations 


In this section, we shall use Theorem 5.1.12 and Corollaries 5.1.7-5.1.8 to study 
nonlinear, non-self-adjoint, vector hyperbolic partial differential equations. 


Example 8.4.1 Let us discuss the uniqueness of the solution of the nonlinear, non- 


self-adjoint, vector hyperbolic partial differential equation 


Uxy = {a(x, y)u(x, y)}y + a(x, y) P(x y, u) 


with the conditions prescribed on x = x9, and y = yo. suppose that a(x, y), ®(x, y, u) 
are continuous functions of their arguments, a(x, y) is ann x n symmetric matrix, u 
and ® are n x | matrices, ® satisfies a matrix Lipschitz condition, viz., 


| P(x, y,u) — (x, y,u")| < Klu—u"| 


for any two vectors u and u*, where the absolute values are taken componentwise. 
Let the boundary conditions be such that the given partial differential equation is 
equivalent to the vector Volterra integral equation given by 


x x py 
u(x, y) = g(x,y) + / a(s, y)u(s, y)ds +f / a(s, t)®(s, t, u)dsdt, 
x0 x0 “Yo 


where g(x, y) is a continuous vector function depending on boundary conditions. 
Then for any two solutions u and u* of the integral equation, we have 


u-—ue = i a(s, y){u(s, y) — u*(s, y)}ds + [ [ a(s, ){P(s, t, u) — O(s, t, u*)sdsdt. 
x0 xo “Yo 
Now if (x — x9) - (vy — yo) = 0, we have 


x x py 
ww ek f lal: |u—utlds-+ f / la|- K-|u—u*|dsdt, 
x0 Y 


x0 “Yo 


where K |a|K|u—u*| = |a||u—u 
Now applying Corollary 5.1.8, we obtain |u — u*| < 0, componentwise, which 
implies u = u*. Therefore there is at most one solution of the differential equation. 


i 


Example 8.4.2 Let us consider the vector characteristic initial value problem 


Uxy — ta(x, y)U(x, Y) fy — a(x, yu(x, y) = f(y), 
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where all the functions involved are continuous, and a(x, y) is a non-negative matrix, 
and u(x, y) is prescribed on x = xo, y = yo. This problem with the given conditions 
is equivalent to the vector Volterra integral equation 


u(x, y) = h(x, y) + [ y)u(s, y)ds + [ f t)u(s, t)dsdt, 


where h(x, y) is computed from f(x, y) and the conditions at x = x9, y = yo. 
Let the vectors u(x, y) and u(x, y) satisfy 


u(x, y) < A(x, y) + is a(s, y)u(s, y)ds + [ ih a(s, t)u(s, t)dsdt 


x0 


and 


u(x, y) > A(x, y) + [ a(s, y)u(s, y)ds + [ [ t)u(s, t)dsdt. 


x0 


Now by (5.1.87) in Theorem 5.1.12 and Corollary 5.1.7, we find that for any 
solution vector u to the boundary value problem, we have 


u<u<u. 


This is a componentwise comparison theorem for the solution vector. 


Example 8.4.3 Let us consider the following pair of vector boundary value prob- 
lems: 


Uxy = {a(x, y) P(x, y, w)}y + a(x, yu y) 


with 
u(xo,y) = gy), u@,yo) = h(x),  g(Yo) = h(x), 
P(x, yo, h(x)) = FO), 
and 
Uny = {a(x y) Wy, U)}y + a, YU, y) 
with 


U(xo,y) = Gy), U(x, yo) = H(x), Gyo) = HQo), 
W(x, yo, H(x)) = F(a), 
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where all the functions involved are continuous and ® satisfies the Lipschitz 
condition, by, 


| P(x, y,u) — Ox, y,w)| S$ K+ lua 


and K is the non-negative Lipschitz constant matrix for ® for two vectors u and u. 
Here from the equivalent vector integral equations and subtracting, it follows that 


(026220 EHC -{ / ais, yo) (f — Fas 
+ / “ als.y)[@(s.y.uls,y)) — W(s,y. Uls,y))]ds 


0 
x py 
+f i a(s, t)[u(s, t) — U(s, t)]dsdt. 
xo “Yo 
Adding and subtracting ®(U) in the integrand and taking absolute values 
componentwise, we obtain, for (x — x9) - (vy — yo) = 0, 


lu U| < |g G] + lh H+ leo) — Gon) + f lal « [f — Flas 


x0 


+ lal -|®(u) — a(u)|as + | lal - |®(U) — WU) las 


x py 
+f |a| - |u — U|dsdt. 


0 “yO 


Now if |g — G| < ¢,|4 -— Al < «, |®(s,t, U) — W(s,t, U)| < €, and |f —F| <.e, 
where € is a non-negative vector, then 


, xX py 
wu] sea +k f Alu uplas+ ff A: Uldsan 
x0 


x0 “YO 


where 
q(x, y) = 3 + 2A(x — x0), K Alu— U| = AK|u— U| 
and 


A = {lal}. 
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Thus that by (5.1.87) in Theorem 5.1.12, we obtain 


ju—U|< e[a(x.9) + [ i V"(s, t)Aq(s, t)dsdt + Ka - {q(s, y) 


x0 
S y pe 
- i / V"(0,1)q(0, dBdt} eX LAGE gs] 
x0 ¥ YO 
< [M(x, y)]e, 


where M is a continuous matrix function and obviously bounded. If ¢ — 0, then 
u — U in the domain. This means that the solution of the characteristic initial value 
problem depends continuously on the initial data. 


8.5 Applications of Theorems 5.1.15, 5.1.18, 5.1.19 and 5.1.21 
to Some Integral Inequalities in 2D 


In this section, we shall use Theorems 5.1.15, 5.1.18, 5.1.19 and 5.1.21 to study 
some integral inequalities in 2D. 


Example 8.5.1 Let 
x py 
o(x.y) <xty+ = / PY) eae (8.5.1) 
4 xo Jy SHH 


Let the domain D in Theorem 5.1.15 be conditioned in x > 1,y > 1; and let 
(x, y) = 0 on D. Then, in the notation of Theorem 5.1.15, 


a(x,y)=xty, h@wyy)=x+y, bx, y) = 1/4(e+y). 
The Riemann-Green function for this problem is (Copson [149]), 


V(s,t,x,y) = b(@—s)—H"). 


The functions a,h,b, and ¢@ in this example satisfy all the conditions of Theo- 
rems 5.1.15, 5.1.18, 5.1.19 and 5.1.21. Applications of these theorems to Eq. (8.5.1) 
yields the following estimates for ¢, respectively, 


o(x,y) <xt+ty+(@+y) ie if In((x — x0)(y — t)!/7)dsdt, 
(x,y) < («+ y)?/ (0 + yo)lo((x — X0)(y — yo)!/7)dsdt, 
: iv (8.5.2) 
(x,y) < + y)Io((X — X0) (9 — Yo) '"*), 
b(x,y) < (x+y) exp ((x — x0)(y — yo))- 


Estimates (8.5.2) for ¢ may be compared. Oo 
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Example 8.5.2 Consider the pair of integral equations 


x y 

dix. y) = g(x,y) +f / ki (x, y, 5, t, 1 (s, t))dsdt, (8.5.3) 
x0 “Yo 
x y 

ga(x,y) = g2(x,y) + / / ko(x, y, 8, t, b2(s, t))dsdt. (8.5.4) 
x0 yo 


Theorem 8.5.1 (Kasture-Deo [312]) Let the solutions of problem (8.5.3) 
and (8.5.4) exist on a domain D. Let the kernel k, and ky satisfy on D the condition 


Iki (x,y, 8,1, b1(S, 1) — ko(x, y, 8, t, b2(5,9))| < AG, y)b(s, D/i(s,.) — b2(5,9)| 
(8.5.5) 
where h(x,y) = 0, and b(s,t) => 0 are continuous on D. Let V(x, y,s,t) be the 
solution of the characteristic initial value problem defined by (5.1.104) and (5.1.64). 
Let D* be a sub-domain of D on which V > 0. If (xo, yo), (x, y) with xo < x, yo < y 
are points of D* such that 
&1(X,y) = g2(x, y), (8.5.6) 
then 


Pix, y) = $2(x, y). (8.5.7) 


Proof From the integral equations (8.5.3) and (8.5.4), 
x py 
JbrCs.y) = bal y)| < levee») —satesyl+ ff tka — holds 
xo 4 y0 


< i: / h(x, y)b(s, )|di(s, 1.) — pa(s,t)|dsdt. (8.5.8) 


Application of Theorem 5.1.15 to (8.5.8) implies (8.5.7). The proof is now 
complete. Oo 


8.6 Applications of Theorem 5.1.25-5.1.30 to Some 
Integrodifferential Equations in 2D 


In this section, we shall use Theorems 5.1.25—5.1.30 to investigate some integral 
and integrodifferential inequalities in 2D and prove the uniqueness and continuous 
dependence of the solutions of some nonlinear hyperbolic partial integrodifferential 
equations. 


8.6 Applications of Theorem 5.1.25—5.1.30 to Some Integrodifferential. . . 901 


Example 8.6.1 (Uniqueness Test) As a first application, we discuss the uniqueness 
of solutions of the nonlinear hyperbolic partial integrodifferential equation of the 
form 


Ury(X,y) = fx, y, ux, y), P(x, y)], (8.6.1) 
in which 
xX py 
bee =olar + ff Ko.y.s1.us.0)ds (8.6.2) 
xo J yo 
with the conditions prescribed on x = x9 and y = yo, where o,k, and f are 


continuous functions of their arguments and such that 
| K(x, y, s, t, u(s, t)) — K(x, y, 5, t, u(s, t)) |< B | u(s, t) — u(s, ft) |, (8.6.3) 
and 


| fly, u(x, y), OC, y)] — fb y, a, y), 60, y)] | 
< Al] w(x, y) — a(x, y)| + |phi(x, y) — 6. y) |] (8.6.4) 


for any two solutions u(x,y) and u(x,y) of the given equation, where A and 
B are positive constants. Let the boundary conditions be such that the given 
equation (8.6. 1)—(8.6.2) is equivalent to the Volterra integral equation given by 


u.9) = #9) + i 1 “fls.t.u(s,t),0(s,1) 


7 [, i K(s,t,&,n, u(E, ))dédn|dsar, 


where g(x, y) is continuous. Now if u(x, y) and u(x, y) be two solutions of the given 
boundary value problem, then 


x py Spt 
u-a= [ / ffisnuo+ f / K(s, t, &, n, u)dEdn| 
x0 Yo x0 yo 
AY t 
“f.nio+ f / K(s, t, &, n, i)dédnjdsat\. (8.6.5) 
xo 4 yo 


Now, if (x — x9)(y — yo) = 0, then using (8.6.3) and (8.6.4) in (8.6.5), we have 


x py x py Ss et 
lu—u| < / / Alu —ilasar + f / ac / Blu — uld&dn)dsdt. 
x0 “YO x0 “Yo x0 “yO 
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Now applying Theorem 5.1.25 when a(x, y) = 0 ando(x, y) = 0 yields |u—u| < 0. 
Therefore, u = u; i.e., there is at most one solution of the problem. 


Example 8.6.2 (Continuous Dependence Test) We consider continuous dependence 
of the solutions on the equation and boundary data of the boundary value problem 


Uxy(x, y) = fi, y, u(x, y), ox, y)], (8.6.6) 


in which 
x y 
o(x,y) = a(x, y) +f i K(x, y, 5, t, u(s, t))dsdt, (8.6.7) 
xo 4 yo 


with the given boundary conditions 


u(xo, y) = Ggy), u(x, yo) = h(x), g(x%o) = hQo), 


and 


U,y(x, y) = Flx, y, U(x, y), O@, y)], (8.6.8) 


in which 
x py 
201.9) = pea») + ff KUny.s.t, Uo dat (8.6.9) 
xo Fyo 
with the given boundary conditions 


U(xo,¥) = Gly), UX. yo) = A(x), Go) = Ho) 


where all functions are continuous on their respective domains of their definitions 
and |g — G| < «, |a—A| < «, and 


s t 
| fIs, t, uot | / K(s,t,& n, U)d&dn] 
x0 “yO 


Ss t 
He ee i / K(s,1,€.n, U)dédt] |<, 
x0 “YO 


| K(s,t,&,,u) — K(s,t,&,,u)| < Blu—ul, 
and 


[fix y,u,6] —flx,y,u, ®] |< Allu-—u|+|o—]], 
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where €,A and B are positive constants. The equivalent integral equations of 
problem (8.6.6)-(8.6.7) and problem (8.6.8)—(8.6.9) are 


x py 
ule») = 80) +h) —g00) + ff F[snuls.9.06.0 


Es i: ; / “Ks. 1, €,n,u(E, n) adn | sd, 


and 
U(x,y) = Gy) + H@)— Goo) + f [ Fls.t,U6,0, (5,9 
X y X Yo [ [ [s S p S 
+ / | iy K(s. 1.8, n, UCE, m))d6dn | dsc, 
then 


u—U = (g—G) + (h—#) — [g(0) — G60) 


x py Ss pt 
+f / fr[snmo+ f / K(o.t& manasa | 
Xo Yo xo Yo 
AY t 
_F E t,U, p+ / i: K(s,t,n, wat | hasdt. 
x0 “YO 


By adding and subtracting f[s, t, U,o + es c K(s, t, €&,n, U)d&dn] in the integrand, 
we obtain, if (x — x0) (y — yo) = 0, 


|u—U| <|g—G| + |A— Al — |8(0) — GOo)| 


xX Py Ss t 
+ ff ifonwos ff xe..8 nagar 
x0 Yo xo yo 
x py ee 
-| / fls,t, U,o +f ff K(s, t, &, n, U)d&dn] | dsdt 
xo Y yo x0 “yO 


x py s et 
+ / / |fls.t, Uo + / i K(s,t€.n, U)dédn] 
x0 yO xo yo 


KY t 
—Fls,t,U,o+ / / K(s, t, &, n, U)d&dn] | dsdt 
x0 y 


yo 


< €[3 + (x—x0)(y — yo)] + [ fae U|dsdt 


x0 


yO 
x y Ss t 
+f fag / B\u — U|dédn)dsdt. 
xo “Yo xo “Yo 
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By using Theorem 5.1.25 with o = 0, we have 
xX py 
wu} se{B+e-x0 01+ ff [AB + 6—x090-o) 
x0 “Yo 


+ [ [ac + (& — x0)(n — yo) (A + B)v(E, 1; s, Ndédn| \asdt, 


provided that (x—x9)(y—yo) = 0. On a compact set, the quantity in braces is bounded 
by some constant M*. Therefore, |u — U| < M*e on this set; so the solution to such 
a boundary value problem depends continuously on f and the boundary values. If 
€ — 0, then |u — U| — 0 on the set. 

We note that Theorems 5.1.26 and 5.1.27 can be used to establish similar results 
as given in Examples 8.6.1 and 8.6.2 for nonlinear hyperbolic partial integro- 
differential equations of the forms 


x py 
Uxy = fx, y,u] + wey | / K(s, t, u)dsdt], (8.6.10) 
xo yo 
and 
x py s pt 
= flix y, uf ‘ K(s, t, uf , e(&, n, u)dEdn)dsdt], (8.6.11) 
Xo yo Xo “yo 


respectively, under some suitable condition on the functions involved in (8.6.10) 
and (8.6.11) and the prescribed boundary conditions. Further, we note that Theo- 
rems 5.1.28—5.1.30 can be used to study the behavior of solutions of hyperbolic 
integro-differential equations of the form 


x py s et 
uy = Seared + Whey ff xo. ff et€.nwaganasai, 
xo Y yo x0 4 yO 
(8.6.12) 


x y 
Uy = f(y) + i [ K(5, t, u, Us:)dsdt, (8.6.13) 


ny = f(xy) +f [ K(s, t, u, Us;)dsdt 


+f [ ws Hi [ ik e(E, 7, u, tu)dean] dsdt, (8.6.14) 


respectively, under some suitable conditions. 

We also note that the inequalities established in (5.1.177) and (5.1.178) can 
be used to establish similar results as given in Examples 8.6.1 and 8.6.2 for 
the following class of nonlinear self-adjoint hyperbolic partial integro-differential 
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equations of the forms 
Uxy = (a(x, y)u(x, y)}y + ae, yf lx y, ul 


x py 
+ Why, f / a(s, t)K(s, t, u)dsdt], (8.6.15) 
xo J yo 
and 


Uxy = {b(x, y)u(x, y) fx alr b(x, y)f ix, y; ul 


x py 
+WiIx, yf / b(s, t)K(s, t, u)dsdt], (8.6.16) 
x0 yo 


under some suitable conditions. 


8.7. An Application of Theorem 5.1.33 to Some Nonlinear 
Hyperbolic Partial Integrodifferential Equations 


In this section, we shall use Theorem 5.1.33 to study the boundedness and 
uniqueness of the solutions of some nonlinear hyperbolic partial integrodifferential 
equations. These applications are not stated as theorems so as to obscure the main 
ideas with technique details. 


Example 8.7.1 As a first application, we obtain the bound on the solution of a 
nonlinear hyperbolic partial integrodifferential equation 


Uxy(x, y) = f(x, y, u(x, y) +h [so u(x, y), [ - k(x, ys, t, u(s, Hy , 
xo Yyo 
(8.7.1) 
with the given boundary conditions 
u(x, Yo) = a(x), u(xo, Y) = aa(y), 41%) = a2(yo) = 0, 


where all the functions are real-valued, continuous and defined on a domain D and 
such that 


fy, u)| Sc, y)|ul, 
k(x, y,8,t,u)| < q(s, Olu, (8.7.2) 


|A[x, y.u, v]] Sp y)(lul + |v), 
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where c(x, y) p(x, y) and q(x, y) are as in (H,). Equation (8.7.1) is equivalent to the 
Volterra integral equation 


u(x, y) = ai (x) + a2(y) + [ [t. t, u(s, t))dsdt 


+f Palsauso ff mone n. ug, n))dédn| dsdt, 


(8.7.3) 


where u(x, y) is any solution of (8.7.1). Using (8.7.2) in (8.7.3) and assuming that 
|ai(x)| + |a2(y)| < a(x, y), where a(x, y) is as defined in (H1), we have 


x py xX py 
mexsyisatard+ ff es nuds.nldsar+ ff po.n(\u(s.0) 
x0 “yo x0 “YO 


+f a6. mbué, mlazan) asa (87.4) 


Now applying Theorem 5.1.33 with b(x, y) = 1 yields 
x y 
oxy) sate + ff wo.nxyfab.nle(.0 + P60] 
x0 “YO 


+00 ff até. mle.n + p66.) + 46.0) 
xou(E, nis, t)dédy| dsat, (8.7.5) 


where v(s, f;x, y) and w(s, ft; x, y) are the solutions of the characteristic initial value 
problem (5.1.208) and (5.1.209) respectively with b(x, y) = 1. Thus the right-hand 
side in (8.7.5) gives us the bound on the solution u(x, y) of Eq. (8.7.1) in terms of 
the known functions. 

If |ay(x)| + |ao(y)| < €, where € > 0 is arbitrary, then the bound obtained 
in (8.7.5) reduces to 


lu(x.y)] < ef + [ / w(s.t:,9)[ els.) + ps.) + rls. 


xf [vce n) + p(&.n) + 4(&, mv. 0: s, )dédn|dsar\. 
(8.7.6) 


Oo 
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In this case we note that, Example 8.7.1 not only the boundedness but the stability 
of solution u(x, y) of (8.7.1), if the bound obtained on the right-hand side in (8.7.6) 
is small enough. 


Example 8.7.2 We discuss the uniqueness of the solution of the nonlinear hyper- 
bolic partial integrodifferential equation (8.7.1). We assume that the functions f, k 
and h in Eq. (8.7.1) satisfy 


[fay u) —f@, y, w)| < c(x, y)|u— al, 
k(x, y.8, 1,0) — K(x, y,5,60)| < als, lu — il, (8.7.7) 
|h[x, y.u, 7] — Ale, y, uw, FI] < px, y) [lu — ul + |r — 7], 
where c(x, y) p(x, y) and q(x, y) are as in (H,). Equation (8.7.1) is equivalent to the 
Volterra integral equation (8.7.3). Now if u(x, y) and u(x, y) be two solutions of the 


given boundary value problem (8.7.1) with the same boundary conditions, then we 
have 


wa= ff Gon — f(s, t, u)) dsdt 


+f Hfsstam [of als... apa 
-As, t, ii, a . [ k(s, 1,&,n,i)dédn]\ dsat. (8.7.8) 


Using (8.7.7) in (8.7.8), we have 


x py 
wal < f / c(s, t)|u — uldsdt 
x0 “YO 
x y Ss t 
+f / p(s,t) (Ww- a+ f / al. | — ily) da 
xo J yo xo J yo 


Now applying Theorem 5.1.33 yields, |u —u| < 0. Therefore u = u; i.e., there is 
at most one solution of the problem. Oo 


8.8 An Application of Theorem 5.1.34 to the Nonlinear 
Non-self-adjoint Hyperbolic Partial Differential 
and Integrodifferential Equations 


In this section, we shall Theorem 5.1.34 to study the behavioral relationships 
between the solutions of the nonlinear non-self-adjoint hyperbolic partial differen- 
tial and integrodifferential equations. 
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Consider the nonlinear non-self-adjoint hyperbolic partial differential equation 
Uxy(X, y) = {co(x, yu, y)}y + co YF, y, u@ y)), (8.8.1) 
with the given boundary conditions 
u(xo,y) = 8oly), u(x, yo) = ho(x), — o(vo) = ho(xo) 
and the nonlinear non-self-adjoint hyperbolic partial integrodifferential equation 
Zxy(x, y) = [colx, yz, y)]y + Cola, FO y, 2% y)) 
+H E y, 7: , i ‘ k(x, y, 5, t, 2(5, nasa (8.8.2) 
x0 “YO 
with the given boundary conditions 


2(x0, 9) = g1(y), 2X, Yo) = A(X), 810) = M1), 


where all the functions are real-valued, continuous, and defined on a domain D and 
are such that 


co(x, y) |< cx, y), (8.8.3) 
F(x, y,z) — F(x, y, 4) |S Mo |z—u|, (8.8.4) 
K(x, y,5,t,2) |S Moe(s, £) | z |, (8.8.5) 
A(x, y,2) |S gy) | ZI, (8.8.6) 
Mae ¥) |S es (8.8.7) 


where 


A(x, y) = g1(y) — go(y) + A(x) — Ao(x) — [g100) — go) 


_ [ c(s, yo) [A1(s) — ho(s)]ds, 


x0 


and the functions c(x, y) and g(x, y) are as defined in (H,) and Mp and € are positive 
constants. Equations (8.8.1) and (8.8.2) are equivalent to the integral equations 


1) hb) hw=aon i Po / Coon 


x0 x0 


x py 
+f / co(s, t)F (s, t, u(s, t))dsdt, (8.8.8) 
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and 


2,3) = 2:6) +) — £160) + / Gils Hae Nes 


x0 


=f co(s, yo) u(s, voyds-+ [ co(s, t)F (s, t, u(s, t))dsdt 


+f fa alse ff Konsnat. m)d§dn] dsr (8.8.9) 


respectively. From (8.8.8) and (8.8.9), we derive 


2(x, y) — u(x, y) = Ay) + / co(s, y)[z(s, y) — u(s, y)]ds 


x0 


+ a is co(s, t)[ F(s, t, 2(s, 2) — F(s, t, u(s, 1) |dsdt 


x py Ss pt 
i / / Hls.t, i / k(s,t, &, n, 2(E, m))dé dnldsdt. 
XO Yo x0 Yo 


(8.8.10) 


Using (8.8.3)-(8.8.7) and | z | — | uw |<| z—u | in (8.8.10) and assuming that 
the solution u(x, y) of Eq. (8.8.1) is bounded by No, where No > 0 is a constant, we 
have 


| z(x,y) — u(x, y) | < ay) + [ c(s, y) | z(s, y) — u(s, y) | ds 


+Mo / ‘ / Cer ee ce (8.8.11) 
Xo “Yo 


+Mp [ [ g(s, t) (/ / c(E,n) | 2(&, 9) — u(é, n) | dé an) dsdt, 
a(x,y) =e +My [ g(s, t) (/. iA Noc(&, n)d& an) dsdt. 


Now applying Theorem 5.1.34 yields 


where 


| 2(x, y)—u(x, y) |S A, yf c(s, y)fo(s, y) exp (/ c(6.y\aé) ds (8.8.12) 


x0 


where 


f2(x, y) = a(x, y) + MoQo(x, y) + Mo f A 2(s, t)O2(s, t)dsdt, 
x0 “Yo 
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in which 
x iy 
Qo(x,y) = / / W(s, tix, y)c(s, ft) 
xo 4 yo 
s pt 
x fats th+ Mo [ / v(E, 0; 5, Hal, n)d& dno dsdt, 
x0 yo 


where V(s, t;x, y) and W(s, t;x, y) are as in Theorem 5.1.34 with suitable changes 
in the values of p,q, b,r and h. If the right-hand side of (8.8.12) is bounded, then 
we obtain the relative boundedness of the solutions u(x, y) and z(x,y) of (8.8.1) 
and (8.8.2). 

If a(x, y) defined in (8.8.11) is small enough and, say, less than €9, where €9 > 0 
is arbitrary, then we infer from (8.8.12) that 


x y 
| z(x,y) — u(x, y) | < eof! + MoQ3(x,y) + 7, / g(s, t)O3(s, t)dsdt 
xX0 “Yo 


ae is c(s, y) exp ([ e@.»na8) [1 + MoQ3(s, y) 


x0 


+Mo / : / ” e(E, DOSE. dédt|ash. (8.8.13) 
x0 Yo 


If in (8.8.13) the expression in bracks is bounded and €9 — 0, then we obtain 
z(x, y) —u(x, y) | 0, which gives the equivalence between the solutions of (8.8.1) 
and (8.8.2). Oo 
We note that Theorem 5.1.34 can be used to study the stability, boundedness, 
and continuous dependence of the solutions of (8.8.1) and (8.8.2) by following 
arguments similar to those in [227, 477, 603] with suitable modifications. Further 
we note that the integral inequality established in Theorem 5.1.34 can be used to 
study the similar problems for nonlinear non-self-adjoint partial differential and 
integrodifferential equations of the form 


Uxy(x, y) = (dots. y)u(x, y)). + bo(x, y)F (x, y, u(x, y)), (8.8.14) 
and 
Zxy(x, y) = (do(x, yet, y)). + bo(x, y) F(x, y, 2%, y)) 


x py 
+H|x, y, / / k(x, y, s, t, 2(s, t))dsdt] (8.8.15) 
xo J yo 


with the given boundary conditions and some suitable conditions on the functions 
involved in (8.8.14) and (8.8.15). 
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8.9 An Application of Theorem 5.1.35 to the Nonlinear 
Volterra Equations 


In this section, we shall use Theorem 5.1.35 to study the nonlinear Volterra 
equations. 
Let us consider the nonlinear Volterra equation 


sesysfea< i ; 1 " k(x,9,5,t)[uls, 1) + H(s,t,u(s,))\dsdt, x,y > 0, 


(8.9.1) 
where f = f(x,y) is continuous for x, y > 0, k = k(x, y,s,f) is continuous for 
x>s>0,y>t>0,andH = A(x, y,u) is continuous in D = {(x,y,u) : x, y > 
0, |u| < +oo}. Suppose that for all (x, y, w) and (x, y,@) € D, we have 

|H(x, y,u) — H(x, y,@)| < h(x, y)|u— WI, (8.9.2) 


where hj = /\(x,y) is continuous for all x, y > 0. Assume that there exists a 
continuous positive function g = g(x, y) such that 


R= sup i / “Iriy,s, DI (e(s, D/C, »)yasat <+oo, (8.9.3) 


x,y>0 
and r is the resolvent kernel given by (5.1.235) in Theorem 5.1.35, and that 
Ir(x, y, 5, f)| < M(g(x, y)/g(s,t)), forx>s>0, y>t>0, M =constant8.9.4) 


Finally, suppose that 


R= sup iM [a t) exp (ff al é, naka) dsdt< +00, (8.9.5) 
x,y>0 0 0 0 J0 


where h(x,y) = Mh,(x,y) for x,y = 0. If we denote by C, the Banach space 
consisting of all continuous (for all x, y > 0) functions f = f(x, y), with the norm 


lf lle = sup (Lf y)/g(x, y)|) < +00, (8.9.6) 


then we can state the following stability result. 


Theorem 8.9.1 (Corduneanu [152]) Assume that the cited above condi- 
tions (8.9.2)-(8.9.5) are fulfilled. If u, = uj(x,y) (i = 1,2) are two solutions 
of Eq. (8.9.1) corresponding to the free terms f; = f;(x, y) (i = 1, 2), then it follows 
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that 


[v1 — walle SA +RA+AllA—Alle- (8.9.7) 


Proof The existence and the uniqueness of the solution to Eq. (8.9.1) are guaranteed 
and we shall use the representation formula 


x py 
uj(x, y) = v;(x, y) +f i: r(x, y, 5, 0A(s, t,uj(s,t))dsdt, i= 1,2, (8.9.8) 
0 Jo 


where 


x py 
uj(x, y) = fi(x, y) +f i; r(x, y, 5, Ofi(s, )dsdt, i= 1,2. (8.9.9) 
0 JO 
From (8.9.9), we deduce that 


ll — valle < A+ RDA — Salle. (8.9.10) 


Using the remaining conditions, and the result established in the Theorem 5.1.35, 
form (8.9.8), we obtain (8.9.7). Oo 


8.10 Applications of Theorems 5.1.41-5.1.42 to Nonlinear 
Hyperbolic Partial Differential Equations 


In this section, we shall employ Theorems 5.1.41—5.1.42 to study nonlinear 
hyperbolic partial differential equations. 


Example 8.10.1 We shall consider the lower bound on the solution of a nonlinear 
hyperbolic partial differential equation of the form 


Uxy(x, y) = Fix, y, ue, y)] (8.10.1) 
with the given boundary condition 
u(x, t) = u(s, y) = u(s, f) 


where functions uw and F are real-valued, defined, and continuous on the respective 
domains of their definitions and 


| Flx, y, u(x, y)] |S be, y) Wu, y))), (8.10.2) 


where b and W are defined in Theorem 5.1.41. 
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Integrating (8.10.1) first with respect to y from y to ft, and then with respect to x 
from x to s, we have 


u(x, y) = u(s,t) + [Pf remn. u(m, n)|dmdn. (8.10.3) 


Using (8.10.2) and (8.10.3), we have 


Ss 


lu(x,y)| < lu(s, | +f 


x 


[om n)W(|u(m, n)|)dmdn, 
y 


S t 
juts] = Jucx.s9l = ff b(n. wv(u(m. dnd, 
x dy 
Now applying Theorem 5.1.41 yields 
S t 
|u(s, t)| > Qu! jaducs.sa0 — f [o0n,mamdn], (8.10.4) 
x y 


where Q and Q7! are as defined in Theorem 5.1.41. Thus the right-hand side 
of (8.10.4) gives us the lower bound on the solution u(s, t) of Eq. (8.10.1). Oo 


Example 8.10.2. We establish the lower bound on the solution of a nonlinear 
hyperbolic partial integrodifferential equation of the form 


s t 
Uxy (x,y) = F[ x y, u(x, » | / k(x, y, m, nu(m,n)) dm an| , (8.10.5) 
x dy 


with the given boundary conditions u(x,t) = u(s,y) = u(s,f), where u, k and 
F are real-valued continuous functions defined on the respective domains of their 
definitions and the functions k and F involved in (8.10.5) satisfy 


| k(x, y, m, n, u(m,n)) | < c(m, n)| u(m,n) |, (8.10.6) 
| Flxy,u@y),v] | < b@ yl u@y) [+ vl], (8.10.7) 


where b and c are as defined in Theorem 5.1.42. Integrating (8.10.5) as in 
Example 8.10.1, we have 


u(x, y) = u(s, 2) 


. [ / F lm n,u(m,n), / / * k(n, n, €,£,u(E, 0) dé at| dm dn. 


(8.10.8) 
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Using (8.10.6) and (8.10.7) in (8.10.8), we have 
S t 
jucxy) Fs fas. + ff bon) | wma) | din a 
x dy 


ff bimn| ff cE.) | wlé. 0) | ae at] dm dn, 


Le., 


ju(s.) zwar [ff Ba, n) | u(r) | dm dn 


ff mtn” fF e609 | mb. 6) | ae ae] dine 


(8.10.9) 
Now a suitable application of Theorem 5.1.42 yields 
s t 
| u(s,t) | > | u(x, y) | [! +f i b(m, n) 
x dy 
Ss et = 
xexp (ff [o0.2)-+ o(6.8)] a8 at) aman) 

which gives us the lower bound on the solution u(s, t) of Eq. (8.10.5). Oo 


8.11 Applications of Theorem 5.2.2 and Corollary 5.2.2 
to Nonlinear Integral Equation of the 
Volterra-Fredholm Type 


In this section, we shall use Theorem 5.2.2 and Corollary 5.2.2 to study nonlinear 
integral equation of the Volterra-Fredholm type. We present some applications of 
Theorems to study the boundedness, stability, and uniqueness of the solutions of 
certain integral equations, their systems, and initial boundary problems for parabolic 
partial differential equations. 


Example 8.11.1 Consider the following nonlinear integral equation of the Volterra- 
Fredholm type: 


t pb 
u(x, t) = f(x, t) + / / K|x, t, y, 5, u(y, s)|dyds, (8.11.1) 
0 da 
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with assumptions: 

(1) f and K are continuous in D and 
O={(,ty,s,u):a<x,y<b0<s<t< +o, |u| < +00}, 

(2) |K[x,t, y, 5, u]| < BO, s)|u] in Q, 


(3) [K[x1, ti, ¥1, 51, U4] = K [x2, to, Y2, 82, Ua]| < Biy, s)|uy = up| in (2, where B is 
continuous and integrable in D. 


Notice that from (8.11.1), we get the inequality 


t b 
lu(x,)| < Lf@| + i / B(y.5)|u(y, s)|dyds. (8.11.2) 


Applying Remark 5.2.1, we have 


t pb 
|u(x, t)| < wo f i Biy, s)dyds, (8.11.3) 
0 da 
where 
W(t) = sup {If(«.0) La<x<b,0<s< i. 


In this way, the following result holds. 


Theorem 8.11.1 (Hacia [247]) If assumptions (1) and (2) are satisfied and V(t) is 
bounded in I = [0, +00), then a solution of Eq. (8.11.1) is bounded in D. 


Furthermore, we can prove the stability and uniqueness of solutions to Eq. (8.11.1). 


Theorem 8.11.2 (Hacia [247]) If assumptions (1) and (3) are. satisfied, 
then (8.11.1) has at most one solution, which is stable. 


Proof Let u; and uz be the solutions of Eq. (8.11.1) corresponding to free terms 
ji. f2, respectively, such that | fi (x, 2) —fo(x, | < ¢ for arbitrary e > 0. 
Then, applying assumption (3) of Example 8.11.1 to (8.11.1), we get 


t pb 
[21 (x, 1) — w(x, t)| < |fi@.d) —A@, | +f i B(y, s)|u1(y, 8) — ua(y, 8) |dyds 


tf b 
ee i; / B(y, 8)|us(y, 8) — u(y, s)ldyds. 
0 a 


Using Corollary 5.2.2, we obtain the inequality 


t pb 
|ui(x, t) — u2(x, f)| < € exp | 1 BY, sas : 
0 Ja 


which gives us the stability result. 
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The uniqueness of solutions of Eq. (8.11.2) is proved, because if fi(x,f) = 
Sa(x, 0), then 


|i (x, 1) — u(x, | < 0, 


uy (x, t) = u2(x, ft), in D. 


Oo 


Example 8.11.2 Now consider the following system of integral equation of 
Volterra-Fredholm type 


+00 Z b 
uj(x,t) = file.) + >> / / k(x, ty, s)uj(y, s)dyds, (8.11.4) 
j=l 0 a 


where fj,i = 1,2,...,m and ky,i,j = 1,2,...,m are continuous in D and Q, 
respectively. 
Introducing the following notation 


m 


> ba, Ol = uO, DO 1AG OD =FG9, 
i=1 i=1 


m 


Y> max [kj(x,t,y,5)| = B(y,s) in Q, 
4 l<j<m 
we get 
t pb 
u(x,t) < f(x, 1) +f / Biy, s)u(y, s)dyds. (8.11.5) 
0 Ja 
By virtue of Remark 5.2.1, we obtain 
t pb 
u(x, t) < ®(t) expl f / B(y, s)dyds], (8.11.6) 
0 Ja 


where 
@(t) = sup{| f(x, s)|:a<x<b,0<s< th. 


From the above arguments, the bounds of solutions of system (8.11.4) follow. 
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Theorem 8.11.3 (Hacia [247]) Let f;,i = 1,2,...,m, be continuous in D and 
ky,i,j = 1,2,...,m, be continuous in Q2, such that 


m 

y max |ky(x,t,y,5)| < BO, s), 
— I<jsm 

= 


where B is continuous and integrable in D. 
If ®(t) is bounded in I = [0, +00), then a solution {u;(x, t)},i = 1,2,...,m, of 
system (8.11.4) is bounded in D and an estimate is defined by (8.11.6). 


Remark 8.11.1 If f is bounded in D, ice., (| f(x, t)| < C), then the bounded solution 
of system (8.11.4) is estimated by the inequality 


ue t pb 
> |u;(x, t)| < C exp[ / i B(y, s)dyds]. 
i=1 0 Ja 
Theorem 8.11.4 (Hacia [247]) If the assumptions of Theorem 8.11.3 are satisfied, 


then system (8.11.4) has at most one solution, which is stable. 


Proof It follows from the inequality 
t pb 
|u(x,t) —u*(x,t)| <e+ i / |u(y, s) — u*(y, s)|dyds, 
0 da 
that 


t pb 
|u(x,t) —u*(x,1)| <e expl 7 B(x, t)dyds] 


|u(x, t) — u*(x,f)| <. 


oO 


Example 8.11.3 Some initial-boundary-value problems for partial differential equa- 
tions of the parabolic type (Fourier problems) reduces to the Volterra-Fredholm 
integral equation 


u(x,t) = f(x, t) +f [ t,y, s)u(y, s)dyds, (8.11.7) 
0 JG 


where G is a compact subset of R” and f depends on the given initial and boundary 
conditions. 


918 8 Applications of Linear Multi-Dimensional Integral and Difference Inequalities 


Theorem 8.11.5 (Hacia [247]) If f and k are continuous in G x I and (G x 1)’, 
respectively, such that 


k(x, ty, 8)| < BOs), 


where B is continuous and integrable in G x I, then a solution of Eq. (8.11.7) is 
stable. 
Moreover, if f is bounded, then the solution is bounded, too. 


Proof It is clear that for | fi (x, t) — fox, 1)| < e, 


|uy (x, t) — u2(x, t)| < e+ / / By, s)|u1(y, 8) — ua(y, s)|dyds. 
G 


Using Corollary 5.2.2, we obtain 


|uy (x, t) — u2(x, t)| < € exo (ff 30 s)dyds), 


which proves the stability of the solution of Eq. (8.11.7). 
The boundedness of the solution of Eq. (8.11.7) follows from the inequality 


lu(x.t)| < Lf] + ‘ / BOy.s) uly, ) dvds, 


which implies 


|u(x,t)| <C exp([ [ 20. s)dyds), 


because f is bounded, i.e., | f(x, f)| < C. 


8.12 Applications of Theorem 5.3.1 to Hyperbolic Partial 
Delay Differential Equations 


In this section, we present applications of Theorem 5.3.1 to study the boundedness, 
uniqueness, and continuous dependence of the solutions of the initial boundary 
value problem for hyperbolic partial delay differential equations of the form 


DyD,2(x, y) = f(x, y, 2, y), 2% — h(x), y — hoy), (8.12.1) 


2(X, Yo) = a(x), 2(X0, ¥) = 42(y), a1 (Xo) = a2(yo) = 0, (8.12.2) 
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where f € C(A x R?,R), a; € C'({,R), a2 € C'(),R),m € C'W,R+),m € 
C'(Jo,R+) such that x — A\(x) > 0,y — hn(y) = 0A) (x) < 1,440) < 1, and 
hy (x0) = h(yo) = 0. 

The first result gives us the bound on the solution of the problem (8.12.1)- 
(8.12.2). The notation used here is the same as in Theorem 5.3.1. 


Theorem 8.12.1 (Pachpatte [501]) Suppose that 
If@,y,u, v)| S ax, y)|ul + b@, y)|v| (8.12.3) 
and 
|ai (x) + ao(y)| < k, (8.12.4) 


where a,b € C(A, R+) and k => 0 is a constant, and let 


1 1 
M, = —__—_.,, M, = ———__.. 8.12.5 
rte 1h) 2 yeh 1— Waly) oe 
If z(x, y) is any solution of problem (8.12.1)-(8.12.2), then 
le(x.y)| < kexp (AG. y) + BGy)). (8.12.6) 
where A(x, y) is defined by (5.3.3) in Theorem 5.3.1 and 
- $0) p¥O) _ 
B(x, y) = MMe | b(o, t)dtdo, (8.12.7) 
$(x0) J Wo) 


in which $(x) = x —hi(x),.x € i. W(y) = y— In), y € Jy, and b(o,t) = 
b(o + hy(s),t + Ao(t)) foro, 5 € Jy, 7, t € Jd. 


Proof The solution z(x, y) of the problem (8.12.1)-(8.12.2) satisfies the equivalent 
integral equation 


z(x,y) = a(x) + a(y) + a [16 t, z(s, t), z(s — hy (s), t — ho(t)))dtd(8.12.8) 
xo J yo 


Using (8.12.3), (8.12.4), and (8.12.5) in (8.12.8) and making the change of variables, 
we have 


x py a) Pvo)_ 
Iz(x,y)|] <k+ / / a(s, t)|z(s, t)|dtds + mm, [ / b(o, t)|z(o, t)dtdo. 
x0 Yo $(xo) Y Wyo) 


(8.12.9) 
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Now applying Theorem 5.3.1 to (8.12.9) yields (8.12.6). The right-hand side 
of (8.12.6) gives us the bound on the solution z(x, y) of problem (8.12.1)—(8.12.2) 
in terms of the known functions. Thus if the right-hand side of (8.12.6) is bounded, 
then the solution of problem (8.12.1)—(8.12.2) is bounded for all (x, y) € A. Oo 


The next result deals with the uniqueness of the solutions of the prob- 
lem (8.12.1)—(8.12.2). 


Theorem 8.12.2 (Pachpatte [501]) Suppose that the function f in (8.12.1) satisfies 
the condition 


f(x, y, u,v) — f(x, y, u, v)| < a(x, y)|u— u| + D(x, y)|v — v, (8.12.10) 


where a,b € C(A, R+), and let M,, M2, ¢, W, b be as in Theorem 8.12.1. Then the 
problem (8.12.1)-(8.12.2) has at most one solution on A. 


Proof Let z(x,y) and Z(x, y) be two solutions of problem (8.12.1)-(8.12.2) on A, 
then we have 


en=2Ga= / / VGte@ eG Ose y) 
f(s, 1, 2(s, t),2(s — hy (s),t — ho(1)))latds. (8.12.11) 


Using (8.12.10) in (8.12.11) and making the change of variables, we have 
x y 
Iz, y) — 2(x, y)| < i i a(s, t)|z(s, t) — 2(s, t)|dtds 
xo Y yo 


oQ) pyO)_ 
+m [ / b(o, t)|z(o, t) — Z(0, t)|dtdo. (8.12.12) 
(x0) YJ W(yo) 


Now applying Theorem 5.3.1 yields 
z(x,y) — Za, y)| < 0. 


Therefore z(x,y) = Z(x,y); ie., there is at most one solution of the prob- 
lem (8.12.1)-(8.12.2). Oo 


The following theorem deals with the continuous dependence of solutions on the 
equation and the given initial boundary conditions. 
Consider the problem (8.12.1)-(8.12.2) and the problem 
DD, a(x, y) = F(x, y, ox, y), o(% — (), y — hn), (8.12.13) 
w(x, yo) = a(x), @(%0,¥) = &(y), a1 (Xo) = a2(y0) = 9, (8.12.14) 


where F € C(A x R?,R), a € C!({, R), anda € C!(J2,R), and hy, ho are as in 
problem (8.12.1)-(8.12.2). 
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Theorem 8.12.3 (Pachpatte [501]) Suppose that the function f in (8.12.1) satisfies 
the condition (8.12.10) in Theorem 8.12.2 and further assume that 


lai (x) — 1 (x)| + la2(y) — @2(y)| < €, (8.12.15) 


x py 
J f l96.1.06.9,06 = in(o).t= mo) 
xo yo 
—F(s,t, w(s, t), o(s — hy(s), t — ho(t))) |dtds < e, (8.12.16) 
where € > 0 is an arbitrary small constant, and let M,,M>,¢,, and b be 


as in Theorem 8.12.1. Then the solution of problem (8.12.1)-(8.12.2) depends 
continuously on f and the initial boundary data. 


Proof The equivalent integral equations corresponding to problem (8.12.1)—(8.12.2) 
and (8.12.13)—(8.12.14) are (8.12.8) and 


w(x, y) = a(x) + (y) + a [ F(s, t, @(s, t), o(s — hy(s), t — ho(t)))dtds. 
. (8.12.17) 


From (8.12.8) and (8.12.17) and using (8.12.10), (8.12.15), and (8.12.16), and 
making the change of variables, we have 


|z(x, y) — w(x, y)| < Jai) — a1 (~)| + |G) — a)| 
r / : / PG taCdae A=) 


= fe [ 1 t, w(s, ft), o(s — hy (s),t— ha())| dds, 


[ [ 
x0 “YO 


<2e+ y [ t)|z(s, t) — w(s, t)|dtds 


x0 “YO 


f(s, t, o(s, 01), o(s — hy(s), t — ho(t)))F(s, t, w(s, 1), o(s — hy (s),t — ha())| dds 


$@) py) _ 
+M\M> / b(o, t)|z(o, t) — w(o, t)|dtdo. (8.12.18) 
(x0) ¥ W(yo) 


Now applying Theorem 5.3.1 to (8.12.18) yields 


Iz(x, y) — w(x, y)| < 2€ [exp (AG. ») + BG, »))] (8.12.19) 
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where A(x,y) and B(x,y) are as in Theorem 8.12.1. On the compact set, the 
quantity in square bracket in (8.12.19) is bounded by some constant M. Therefore, 
|z(x, y) — w(x, y)| < 2Me on the set, so the solution to boundary value problem 
depends continuously on f and the initial boundary values. If € — 0, then 
|z(x, y) — w(x, y)| > 0 on the set. Oo 


8.13 Applications of Theorems 5.3.2—5.3.3 to Retarded 
Non-self-adjoint Hyperbolic Partial Differential 
Equations 


In this section, we present applications of Theorems 5.3.2—5.3.3 which display 
the importance to the literature. Consider the following retarded non-self-adjoint 
hyperbolic partial differential equation 


Zxy(x, y) = Do(a(e, y)z(x, y)) +f, y, 2 — hi), y — 810)),°°* 2 — In). ¥ — Bn), 
(8.13.1) 


with the given initial boundary conditions 


Z(x, yo) = ay (x), 2(X0,y) = a2(y), a1 (Xo) = a2(0) = 0,7 (8.13.2) 


where f € C(A x R",R), a € c'(,,R), a € C! (hb, R), and a € C(A,R) is 
differentiable with respect to y; h; € C(1, R+), g; € C(2, R+) are non-increasing, 
and such that x—h;(x) > 0, x—Aj(x) € C'(h, hh), y—gi(y) = 0, y—gi(y) € Clb, hb), 
h(x) < 1, gi(y) < 1, Ai(%0) = gi(vo) = 0 fori = 1,--- ,n;x € Th, y € bh and 


1 1 
M; = max 


eo ee ee 8.13.3 
xen 1 — h(x) yen 1= gi) 


and I, = [xo, X], 15) = [yo, Y] and A = q xh. 
The first result gives us the bound on the solution of the problem (8.13.1)- 
(8.13.2). 


Theorem 8.13.1 (Pachpatte [507]) Suppose that 


f(x,y, urs sUn)| < Yo di(x, y)|uil. (8.13.4) 
i=1 
le(x, y)| < k, (8.13.5) 


where b;(x, y), k are as in Theorem 5.3.2 and 


e(x, y) = aj (x) + an(y) — / a(s, yo)ai(s)ds. (8.13.6) 
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Tf z(x, y) is any solution of problem (8.13.1)-(8.13.2), then for allx € h,y € h, 


i (x0) i(Yo) 


nr Pix) PWi) _ 
|z(x, y)| < kq(x, y) exp (xf / b;(a, t)qG(a, ound) , (8.13.7) 
i=] 


where (x) = x —hj(x), x Eh, wily) = y— gily), y € ly, bilo, Tt) = MNibi(o + 
hj(s),t + g(t) foro,s €h,t,t € lh andforallx €h,y € h, 


3G. y) = exp ( / Jat. Nl. (8.13.8) 


Proof Note that the solution z(x, y) of the problem (8.13.1)-(8.13.2) satisfies the 
equivalent integral equation 


x 


z(x,y) = e(x,y) + / a(s, y)z(s, y)ds 


x0 


+f ia f(s, t, 2(s — hy (s), t— g1(1)),-*+ . (8 — An(s), t — gn(t)))dtds, 
xo J yo 
(8.13.9) 


where e(x, y) is given by (8.13.6). From (8.13.9), (8.13.4), (8.13.5), (8.13.3) and 
making the change of variables, we have 


x e yon 
lol e+ f latsvlletesylds-+ ff Yo os.olets— his).4 gio) 
XO x0 yo = 
F 2 Pdi) prvi) _ 
<k +f la(s, y)||z(s, y)|ds + | / bi(a, t)|z(a, t)|dtdo. 
re i=? Filo) Y Yi(o) 
(8.13.10) 
Now applying Theorem 5.3.2 to (8.13.10), we conclude (8.13.7). oO 


The next theorem deals with the uniqueness of solutions of problem (8.13.1)— 
(8.13.2). 


Theorem 8.13.2 (Pachpatte [507]) Suppose that the function f in Eq. (8.13.1) 
satisfies the condition 


[F(x y.uise+* Un) FO y, U1. Un) SYS Biz, y)|ui = vil, (8.13.11) 


i=1 
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where b;(x, y) are as in Theorem 5.3.2. Let Mj, Ni, $;, Wi, bj be as in Theorem 8.13.1. 
Then the problem (8.13.1)-(8.13.2) has at most one solution on A 


Proof Let u(x, y) and v(x, y) be two solutions of problem (8.13.1)-(8.13.2) on A, 
then 


u(x, y) — v(x, y) = [ esrntus.» — u(s, y)]ds 


xo 


+ [ [, [Fo. t,u(s — hy(s),t— g1(f),-++ ,u(s — hn(s), t — Bn) 


—f(s,t, v(s — hi(s), t— g1(0)),--- , v(s — hy (5), t- gn(t))) |dtds. 


(8.13.12) 


From (8.13.11)-(8.13.12), making the change of variables and in view 
of (8.13.3), we have 


lu(e,y) — v(,9)| “als, y)llu(s.9) — (6, 9) lds 


+f [ YrG.olu hi(s),t — gi(t)) — v(s — hj(s), t — g(t) |dtds 
xo J yo 


i=1 


< ) “as, y)llu(s.y) — 9(6, 9) Ids 


x0 


MP Pile) pwily) _ 
+ ys / b;(o, t)|u(o, t) — v(a, t)|dtdo. (8.13.13) 
j=1 2 PICO) Y Vivo) 


Now applying Theorem 5.3.2 to (8.13.13), we obtain 


|u(x, y) — v@,y)| < 0 
which gives us u(x,y) = v(x,y), ie., there is at most one solution of the 
problem (8.13.1)—(8.13.2). Oo 


The following theorem shows the dependence of solutions of problem (8.13.1)- 
(8.13.2) on given initial boundary data. 


Theorem 8.13.3 (Pachpatte [507]) Let u(x,y) and v(x,y) be the solutions of 
problem (8.13.1)-(&.13.2) with the given initial boundary data 


u(x, yo) = c1(x), u(xo, y) = c2(y), C1 (Xo) = C200) = 9, (8.13.14) 
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and 


u(x, yo) = di(x), v(x, y) = do(y), di (xo) = d2(y0) = 0, (8.13.15) 


respectively, where c,,d, € C!(I,,R), c2, d2 € C!(h, R). Suppose that the function 
f satisfies the condition (8.13.11) in Theorem 8.13.2. Let, for allx € l,y € h, 


dG) 42eg)= / als, yo)er()ds, (8.13.16) 
€2(x,y) = d(x) + do(y) — i a(s, yo)d\(s)ds, (8.13.17) 

and 
lei (x, y) — e2(x, y)| < k, (8.13.18) 


where k is as in Theorem 5.3.2. Let Mi, Ni, $;, Wi, bi, q be as in Theorem §.13.1. Then 
forallxe€h,y €h, 


ui g(x) pV) _ 
|u(x, y) — v(x, y)| < kq(x, y) exp) > (/ / b(o, t)qG(o, ord : 
i=l v 


i (x0) (yo) 
(8.13.19) 


Proof Since u(x,y) and v(x,y) are the solutions of problem (8.13.1)-(8.13.14) 
and (8.13.1)-(8.13.15) respectively, we have, for allx € ,y € h, 


u(x, y) — v(x, y) = e1(x, y) — e2(x, y) + / a(s, y){u(s, y) — v(s, y)$ds 


xo 


=f [ [ jr t,u(s > hi(s),t— gi(t)), 7h us _ h,(s),t — 8n(t))) 


f(s, t, v(s — Ai(s), t— 810), +++. U(8 = hn(s), tt — Sn(D))¢ atds. 
(8.13.20) 


From (8.13.20), (8.13.18), (8.13.11), making the change of variables and in view 
of (8.13.3), we have, for allx € lh, y € h, 


|u(x, y) — v@, y)| < ae |a(s, y)||u(s, y) — v(s, y)|ds 
ix) PWO) _ 
+Df b;(o, t)|u(o, tT) — v(a, t)|dtdo. 


i(xo) 4 Wyo) 
(8.13.21) 
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Now an application of Theorem 5.3.2 to (8.13.21) yields the required estimate 
in (8.13.19), which shows the dependence of solutions of problem (8.13.1)—(8.13.2) 
on given initial boundary data. Oo 


We next consider the following retarded non-self-adjoint hyperbolic partial 
differential equations 


Zay(X, y) = Da(a(x, y)z(x, y)) + fy, Ze — M10), 
Y—810)).-** Ze — Mn), ¥— Bn), ), (8-13.22) 
Zay(x, y) = D(a, y)z(x, y)) +f, y, 2% — 11), 
y—Bily))s-++ 2% — Min), ¥ — 8n(¥)), Ho), (8.13.23) 
with the given initial boundary conditions (8.13.2), where f ¢ C(A x R” x R,R), 
and h;, g; are as in (8.13.1) and j2, Zo are real parameters. 


The following theorem shows the dependence of solutions of prob- 
lems (8.13.22), (8.13.2) and (8.13.23), (8.13.2) on parameters. 


Theorem 8.13.4 (Pachpatte [507]) Suppose that 


[FY Mis Uns) —F RLY, Vis-++ Uns WLS D> Bix, y) [ui — vil, 


i=1 
(8.13.24) 
[f(x,y wis +++ Uns) — f(y, Ui, ** Un, o)| S m(x, y)|M — Mol, 
(8.13.25) 


where b;(x, y) are as in Theorem 5.3.2 andm : A — R is a continuous function 
such that 


xX py 
i / m(s, t)dtds < M, (8.13.26) 
x0 “Yo 


where M > 0 is a real constant. Let M;, Ni, ¢;, Wi; be as in Theorem 8.13.1. 
Tf z(x,y) and z(x,y) are the solutions of problem (8.13.22), (8.13.2), and prob- 
lem (8.13.23), (8.13.2), then for allx €I,,y €h, 


= Pe phi) pyo) _ 
nay-ateyl stave (S ff bio. nao. nara 
i=1 v 


i (x0) (yo) 


(8.13.27) 


where k = |u — [to|M and G(x, y) is defined by (8.13.8). 
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Proof Let z(x,y) = z(x,y) — z2(x,y) for all x € 1,y € ty. As in the proof of 
Theorem 8.13.2, from the hypotheses, we have 


2(x, y) -| a(s, y)z(s, y)ds 


x0 


+f [ {p(s. t.<1(8— (3). g1()ooe> .1(8— halt Bul) 1) 


f(s, t, za(s — hy (8), t— 91), +++ Z2(8 — hn(s), t— gn(d), ) 
+f (s, t, 22(s — hi (s),t— 119), +*+ .22(8 — Ans), t— an), HL) 


<fl8, 1,228 = hi (8). = gi(D)s+** 5 22(8—In(s).t = Bn(0), o)hdtds. (8.13.28) 


From (8.13.28), (8.13.24)-(8.13.26), making the change of variables and in view 
of (8.13.3), we have 


Ieoy)] < i la(s,y)|lz(s.y)lds 


4s [ a. Yds, ler (s— hls), gd) ~ zals — his), t— gi(O) dts 


i=1 


ff m(s,t)| [4 — oldtds 


<h+ [ la(s, y)||z(s, vides f ie bile, t)|z(o, t)|dtdo. 


(8.13.29) 


Applying Theorem 5.3.2 to (8.13.29) yields (8.13.27), which shows the depen- 
dence of solutions of problems (8.13.22), (8.13.2) and (8.13.23), (8.13.2) on 
parameters jz and [Uo. Oo 


We note that the inequality in Theorem 5.3.2 can be used to study the sim- 
ilar properties as in Theorems 8.13.1-8.13.4 by replacing D, (a(x, y)z(x, y)) by 
Dy, (a(x, y)z(x, y)) in Egs. (8.13.1), (8.13.22), (8.13.23) with the corresponding given 
initial boundary conditions under some suitable conditions on the functions involved 
therein. 

We also note that the inequalities given in Theorem 5.3.3 can be used to establish 
similar results as in Theorems 8.13.1—8.13.4 by replacing D2(a(x, y)z(x, y)) by 


Dy (2 (x0 2(x, yf ki (a, y, 2(0, yaa) ) 
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or 


D, (2 (x. z(x,y), i ko(x, T, 2(x, *)) dt 
yo 


in Egs. (8.13.1), (8.13.22), (8.13.23) with the corresponding given initial boundary 
conditions and under some suitable conditions on the functions involved therein. 
Furthermore, note that the inequalities and their applications given here can be 
extended very easily to functions involving many independent variables. 


8.14 Applications of Theorem 5.3.6 to Retarded 
Volterra-Fredholm Integral Equations 


In this section, we present applications of Theorem 5.3.6 to study certain properties 
of solutions of the retarded Volterra-Fredholm integral equation in two independent 
variables of the form 


z(x,y) = f(x,y) + / a A(x, y, 8, t, 2(s — hy (s), t— h2(t)))dtds 


M pN 
+ i: / B(x, y, 5, t, Z(s — hy(s), t — ho(t)))dtds, (8.14.1) 
xo 4 yo 


where A = J; x Jy with J) = [x0, M], Lb = [yo, N], and 
E = {(x,y,5,t1) € A? im <5 <x< Myo <t<y <M}, 


and z,f € C(A,R),A,B € C(E x R,R) and hy € C(h, R+), fo € Ch, R+), are 
non-increasing, x — hi(x) > 0,y — ha(y) = 0,x —hi(x) € C1(h, hi), y — my) € 
Cl(b, bh), h(x) < 1, h(x) < 1,h1 (x0) = h2(0) = 0. 

The following theorem gives us the bound on the solution of Eq. (8.14.1). 


Theorem 8.14.1 (Pachpatte [504]) Suppose that the functions f,A,B in 
Eq. (8.14.1) satisfy the conditions 


If@y)| Se, (8.14.2) 
|A(x, y, 8, t,2)| < ay, s, D|zI, (8.14.3) 
|B(x, y, 5, t, Z)| < b@, y, s, O|zI, (8.14.4) 


where c, a(x, y, 5, t), b(x, y, 5, t) are as in Theorem 5.3.6. Let 


1 
M, = ma 


a | ear ee 8.14.5 
meh 1—-W@) yeh LQ) eis) 
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and 


g(M) pwn) d(x) py) 
D(x, y) = / b(x, y, s, t) exp a(s, t,o, t)dtdo | dtds < 1, 
d(x) 4 w(yo) (xo) ¥ (yo) 
(8.14.6) 
where o(x) = x—hy(x),x €l,Wv) =y—h(), y € Lb and 


as, t,o, T) = M\Moa(x, y,o + hy(s), T+ hy(t)), 
b(s,t,0,T) = M\Myb(x, y,o + hy(s), t + ho(t)). 


If z(x, y) is a solution of Eq. (8.14.1) on A, then for allx € I,y € h, 
g(x) ply) 
lax, ¥)| = — x( [ / a(x, y,0,t)dtdo |. (8.14.7) 
1— ee) ee (x0) J v(yo) 
Proof Since z(x, y) is a solution of Eq. (8.14.1), from (8.14.1)—(8.14.4) it follows 
x py 
\z(x,y)| <c+ / / a(x, y, S, t)|z(s — hy(s), t — ho(t)) |dtds 
xo Y yo 


M pN 
+ / i b(x, y, s, t)|z(s — hy(s), t — ho(t))|dtds. (8.14.8) 
x0 yo 


Now making the change of variables on the right-hand side of (8.14.8) and 
using (8.14.5), we have 


oe) prvo) 
Iz(x,y)|] < e+ / a(x, y, 0, T)|2(o, t)|dtds 
v 


(x0) J W(yo) 
g(M) PWN) _ 
+ / / b(x, y, 0, T)|z(o, tT) |dtds. (8.14.9) 
(xo) YW(yo) 
Therefore an application of Theorem 5.3.6 to (8.14.9) yields (8.14.7). Oo 


The next result deals with the uniqueness of solutions of Eq. (8.14.1). 
Theorem 8.14.2 (Pachpatte [504]) Suppose that the functions f,A,B in 
Eq. (8.14.1) satisfy the conditions 
IAQ, y, 5,t,2) -A@, y, 5,4,D| < az, y,5,0|z— ZI, (8.14.10) 
|B(x, y, 8, t, 2) — B(x, y, 8, t,Z)| < bx, y, s, Dz —2| (8.14.11) 
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where a(x, y, Ss, t), b(x, y, s, t) are as in Theorem 5.3.6. Let M,, Mo, , W, a, b,p be as 
in Theorem 8.14.1. Then Eq. (8.14.1) has at most one solution on A. 


Proof Let z(x,y) and Z(x, y) be two solutions of Eq. (8.14.1) on A. From (8.14.1), 
(8.14.10), (8.14.11), it follows 


Iz(x, y) — z(x, y)| 


< ff ews. s, t)|z(s — hi (s), t — ho(t)) — 2(s — hi (s), t — h(t) |dtds 


M pN 
+ ff be.y.s.t]et~ m6). 1= halo) ~ 26 = hn(o).t ~ hades 
xo yO 
(8.14.12) 
Making the change of variables on the right-hand side of (8.14.12) and 


using (8.14.5), we have 


; dO) PHO) ; 
le(x,y) — 2(4,9)| } a(x, y, 0, t)|2(0, 2) — (0, 2) |dids 
(x0) J W(0) 


$(M) pw) _ 
+f b(x, y, 0, T)|z(a, T) — Z(o, t)|dtds. (8.14.13) 
(x0) 4% W(yo) 


Now applying Theorem 5.3.6 to (8.14.13), we get 


Iz(x, y) — z(x, y)| < 0 


which gives us z(x, y) = Z(x, y), i.e., there is at most one solutions to Eq. (8.14.1). O 


The following theorem deals with the continuous dependence of solutions of 
Eq. (8.14.1) on the right-hand side terms. 
Consider Eq. (8.14.1) and the following equation 


xX py 
wees) = etry) + ff Feny.s.t.m(o— hn(s).t~ha(e)aeds 
xo J yo 
M PN 
+ 7 / G(x, y, s,t, w(s — hy (s), t — ha(t)))dtds, (8.14.14) 
xo J yo 
where w, g € C(A,R), F, G € C(E x R, R) and Ay, hp are as in Eq. (8.14.1). 


Theorem 8.14.3 (Pachpatte [504]) Suppose that the functions A, B in Eq. (8.14.1) 
satisfy the conditions (8.14.10), (8.14.11) in Theorem 8.14.2 and further assume 
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that 
f(x. y) — g( y)| < «, (8.14.15) 
i | ij UG eten@,7 =) 
x0 “yO 


—F(x,y, 5,t, w(s — hy(s), t — ho(t)))|dtds < «, (8.14.16) 


M pN 
/ / |B(x, y, 5, t, w(s — hy(s), t — ho(t))) 
—G(x, y, 8, t, w(s — h1(s), t — ho(t)))|dtds < e, (8.14.17) 


where € > 0 is an arbitrary small constant, and let M,,Mo, ¢, Wa, b, p be as 
in Theorem 8.14.1. Then the solution of Eq. (8.14.1) depends continuously on the 
functions involved on the right-hand side of Eq. (8.14.1). 


Proof Let z(x,y) and w(x, y) be the solutions of problem (8.14.1) and (8.14.14) 
respectively. Then we have, 


2(x, y) — w(x, y) = fy) — g(x,y) 


+ [ : {A(x, y, 8, t, (8 — hy (s),t — ho (t))) — A(x y, 5, t, w(s — hy (5), t — ho(t)))} dtds 


0 “YO 


x py 
Es / / {AG y.8, 4, wls hy(s),t — ho(t))) F(x y.8, 1, w(s — hy (s),t = ha) beds 
x0 Y Yo 


M /pN 
+f / {B(x, y, 8, t, (8 — hy(s), t — h2(t))) — B(x, y, 5, t, w(s — hy (s), t — ha (t)))|dtds} 
x0 YO 


M fN 
+ [ [ {BGy. s,t, w(s — hy(s), t — ho(t))) 


—~G(x,y, 5, t, w(s — hy (s), t — hp(0)))latds'. (8.14.18) 


Using (8.14.10), (8.14.11), (8.14.15)-(8.14.17) in (8.14.18), we get 


|z(x, y) — w(x, y)| 


<3e+ a [ aay, 5, 0)|z(s — hy(s), t— ho(t)) — w(s — hy (s), t — ho (t)) |dtds 


M fN 
+f [ b(x, y, s, f)|z(s — hy (s), t — h(t) 


—w(s — hy(s),t — ho(t))|dtds. (8.14.19) 
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Making the change of variables on the right-hand side of (8.14.19) and 
using (8.14.5), we infer 


$(x) pvy) 
Iz(x, y) — w(x, y)| < 36 + / a(x, y, s, t)|z(o, t) — w(o, t)|dtds 
o(xo) YW) 


o(M) py(N) _ 
+ i b(x, y, s, )|z(a, t=) — w(o, t)|dtdo. 

oxo) Yo) 
(8.14.20) 


Now applying Theorem 5.3.6 to (8.14.20) yields, for all x € 1, y € h, 


1 om ryvo) 
|z(x, y) — w(x, y)| < 3e | ————— exp / / a(x, y,0,t)dodt)} |. 
1 — p(x, y) (x0) JY) 


(8.14.21) 


On the compact set, the quantity in square brackets in (8.14.21) is bounded by some 
positive constant M. Therefore 


|z(x, y) — w(x, y)| < 3Me 
on the set, which implies that the solution to Eq. (8.14.1) depends continuously on 


the functions involved on the right-hand side of Eq. (8.14.1). If ¢ > 0, then |z(x, y)— 
w(x, y)| — 0 on the set. Oo 


We next consider the following retarded Volterra-Fredholm integral equations 
x py 
z(x,y) = f(x,y) + / / A(x, y, 8, t, z(s — hy (s), t— ho(t)), w)dtds 
xo J yo 
M PN 
+ / / Ba, y, St, 2(s — hy (s), t — ho(t)), w)dtds, (8.14.22) 
xo 4y0 
x py 
aty) = sony) + ff A@ey.s.1.265—hu(o).t— hal), Ha) 
xo J yo 


M N 
ihe / i B(x, y, 8, t, 2(s — hy(s), t — ho(t)), fuo)dtds, (8.14.23) 
xo yo 


where z,f € C(A,R),A,B € C(E x Rx R,R) and J, [Zo are real parameters. 
The following theorem shows the dependence of solutions of Eqs. (8.14.22) 
and (8.14.23) on parameters. 
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Theorem 8.14.4 (Pachpatte [504]) Suppose that 


|A(x, y, 8, t, 2, 4) — A(x, y, 8, t,Z, L)| < A(x, y,s,t,)|z— ZI, (8.14.24) 
A(x, y, 5, t,Z, 4) —AQ, y, 5,4, Z, Ho)| < ry, 5, | — Mol, (8.14.25) 
|B(x, y, 8, t,z, L) — B(x, y, 8, 1,2, w)| < be y,s,)|z— 2, (8.14.26) 
|B(x, y, 8, t, Z, 4) — B(x, y, 8, t, Z, Wo)| < ex, y, 5, 1)|u — Mol, (8.14.27) 


where a(x, y, 5, t), b(x, y, 8, t) are as in Theorem 5.3.6. andr,e € C(E, R+) are such 
that 


x py 
/ / r(x, y, 5, 1)dtds < ky, (8.14.28) 
Xo yo 
M pN 
/ e(x, y, 8, t)dtds < ko, (8.14.29) 
Xo Yo 


where k,, kz are positive constants. Let M,, Mo, ¢, W, a, b, D be as in Theorem §.14.1. 
Let z\ (x, y) and z2(x, y) be the solutions of Eqs. (8.14.22) and (8.14.23) respectively. 
Then for allx €l,y € h, 


k k oo) pVvo) 
Izi(x, y) — a(x, y)| < (ki + ka) = Hol o( / / a(x, y,s, t)dtds ) . 
T= pay) $(%0) J W000) 


(8.14.30) 


Proof Let z(x,y) = z1(%, y) — z(x,y), @ y) € A. Then 
ety = ff faeiy.s.t2ls—m().1~ Mn). 0) 
—A(x, 5, 1,22(8— n(5).1 = ha(), 1) beds 
+ ff faesrs.t2066—mG).t~ ho). 
—A(jx, ¥.5, 1.228 — n(5).t~ ha(0), Ho)} dts 


M pN 
+f [ {BO y.8,t,21(8 — hi(s),t = ha(0), 1) 
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—B(x, y, 8, t, 22(s — hy (s), t — ho(0)), y)\ atds 
M /N 
+f {BG.xs.r26—m6).1—hao).0) 
xo 4 yo 
~G(x, y, 8, t, a(s — hy(s), t —ha(t)), pro) dds. (8.14.31) 
Inserting (8.14.24)-(8.14.29) into (8.14.31), we get 
|z(x, y)| < | — Molki + | — Molko + i , a(x, y, 5, 1)|z(s — hy (s), t — ho(t))|dtds 
xo Yo 


M PN 
+f i b(x, y, s, 1) |z(s — hy (s), t — ho (t))|dtds. (8.14.32) 


Making the change of variables on the right-hand side of (8.14.32) and (8.14.5), 
we get 


d(x) py) 
|2(x, y)| < | — Mol(kr + ko) + a(x, y, 0, T)|z(o, t)|dodt 
$(%o) ¥ vo) 
o(M) pw) _ 
+f i} b(x, y, 0, T)|z(0, t)|dodt. (8.14.33) 
d(xo) 4 w(yo) 


Therefore applying Theorem 5.3.6 to (8.14.33) yields (8.14.30), which shows the 
dependence of solutions of (8.14.22) and (8.14.23) on parameters. Oo 


Remark 8.14.1 We note that the results in Theorems 5.3.6 and 8.14.1—8.14.4 can be 
extended very easily to functions involving many independent variables. Since the 
formulations of such results are quite straightforward in view of the results given 
above (see also [495]) and hence we omit the details. 


Remark 8.14.2 For the study of behavior of solutions of Volterra-Fredholm integral 
equations involving functions of one independent variable, see [32, 406, 485]. 


8.15 Applications of Theorems 5.4.8 and 5.4.49 to Hyperbolic 
Partial Differential Equations Involving N Variables 


In this section, we shall use Theorems 5.4.8 and 5.4.49 to study the uniqueness 
and continuous dependence and comparison of the solutions of hyperbolic partial 
differential equations involving n variables. 
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Example 8.15.1 (Uniqueness Test) We discuss the uniqueness of solutions of the 
hyperbolic partial integrodifferential equation 


ue = f(x, u(x), w2)), 


w(x) = p(x) + fo K(x, s, u(s))ds ae 


with the conditions prescribed on x = x°. Here p, K and f are continuous functions 
of their arguments and such that 
fx, ux), wa) — fx), WX))| S ci[]u@) — UO)| + Ww) — WO)|I, 
|K(x, s, u(s)) — K(x, s,U(s))| S calu(s) — u(s)| 
for any two solutions u(x) and u(x) of the given Eq. (8.15.1), where c; and c2 are 


positive constants. Let the boundary conditions be such that the given boundary 
value problem (8.15.1) is equivalent to the Volterra integral equation given by 


u(x) = n(x) + [if u(s), p(s) + [ K(s,t, u(a))at|ds, 


where n(x) is continuous. If u(x) and @(x) are two solutions of the given boundary 
value problem, then 


u(x) — T(x) = i : (s[s.0(s), p(s) + i. K(s,1,u()at] 
=fls, U(s), p(s) + i ; K(s,t, mat} ds. 


If x > x°, then 


x 


ius) — me] = f 


x 


c,|u(s) — W(s)| + ie Cl (/ c2|u(t) m0) ds. (8.15.2) 


x x9 


Applying Theorem 5.4.49 to the above inequality (8.15.2), we obtain |u(x)—u(x)| < 
0. Thus 


u(x) = U(x) 


which means there is at most one solution of the problem (8.15.1). Oo 


Example 8.15.2 (Continuous Dependence Test) Let us consider the pair of bound- 
ary value problem 


D,-+-Dnu(x) = f(x, u(x), w@)), 


w(x) = p(x) + fo K(x, s, u(s))ds, on!) 
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with 
U(X}, X2,°8* Xn) = U1 (2, --- Xn), 
U(X1,X9,X3,°+* Xn) = Wi2(11,.X3,+°* Xn), 
U(X, ++ Xn—15 42) = Win(X1, ++. Xn—1)3 
U(x), X$,.X3,°** ,Xp) = U1 (%3,°** Un), 
0 0 
U(X, X2,X3,X4,°°* Xn) = U22(X2,X4,+++ Xn), 
0 0, _ ‘ 
U(x],°°° Xn—2sXn—19 Xn) = Wy min) (X15° + Xn—2)5 
U(x}, 345%) = Un—1,1(Xn)s 
0 0 0 
u(x},°°° X,—9>Xn—-15X,) = Un—1,2(Xn—-1)s 
3 + | 
0 0 
U(X1,X9,°°* .Xy_) = Un—1n (1); 
0 0 0 0 
Un—1,1(Xq) = Un—1,2(%p—1) ce linn On) = U(X],°°° Xn) 
and 


dD, _ -D,U(x) = F(x, U(x), W(x), 


W(x) = q(x) + fi) K(x, 8, U(s))ds eh) 


with the given boundary conditions 


U(x}, x2, 0° Xn) = Ui 2,-°+ Xn), 
U(x, X3,.%3, 0° Xn) = Uy2(1,%3,°* WXn)eee 
UG 2s ae) = Unler -**4 51) 
U (x9, x9, x3, °° Xn) = Ur1(%3,-++ Xn), 
U(x), x2,X9,.%4, 0° Xn) = Un (%2,X4,°°+ Xn) c+ 


Ure nas X48) = Up neon (y+ n-a)i00 


U(xd se A) = Un—-1,1 Xn), 
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Uy. ei) = Un—1,2%n-1)5 °° , 
0 
U i535?) = Uri @r) 
0 0 0 
Un—1,1(%)) = Un=1,20%-1) = Un=1,.n(X4) = U(x, ae es) 


where all functions are continuous on their respective domains of their definitions 
and 


|uz1 — Uxi| < € (8.15.5) 
and 
F ls, u(s), p(s) + I K(s, t, u(t))dt] — F[s, U(s), q(s) + [x6 t, U(t))dt]| <«, 


(8.15.6) 
K(s,t,u(t)) — K(s,t,0()| < cu — 7(0| (8.15.7) 


f(s, u(s), w(s)) — f(s, Us), wis) < ci[|u(s) — W(s)| + |w(s)— W(s)|], (8.15.8) 


where €, cj,c2 are positive constants. The given boundary value problems 
of (8.15.3) and (8.15.4) are equivalent to the Volterra integral equations respectively 
given by 


u(x) = h(x) + [ 1. u(s), p(s) + i K(s, t, u(t))dt|ds (8.15.9) 
and 
Gj =H) i, "Fils, U(s),q(s) + / " K(s,t,U@)dflds, (8.15.10) 


where A(x) and H(x) are functions similar to those of Theorem 5.4.8. Then 
u(x) — U(x) = Dold, x2,0+ Xn) — UCR x2. in) 
_ hCG ae te Xn) — Ul 0%; “++ Xn)] 
+ Y [wat x8. x9,44, + .Xn) — U(x, x9,.x9, x4, 0° ,Xn)] 
eee fp (-1)" ‘eet, eee r= U(x?, sf I see 


awn 


+ in (sls u(s), p(s) + [ K(s, t, u(t))dt} 


x0 x 


—Fls, U(s), gs) + / ; K(s, t, U(d))}) dds. 
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Adding and substituting f[s, U(s), p(s) + <> K(s, y, U(0))d?] in the integrand, we 
obtain 


Ju(x) — UB) < Yo [uaa in) — UOT a2. an)| 
+>> u(x? x9,x3, °° Xn) ~~ Ut xox Xn)| 
Sie Ju(x?,--+ x) - U(x), + _x?)| 


+f : Lbs). ps) +f K(.t.u()ai] — fl. UG). pS) 
+/ "K(s,1, U)dllds 
+ [fb 00).r00) + [ K(.t, UO)al = Fs. UO). 49) 
+ L K(s, t, U(t))dt]|ds 
<¢2"-1 Te =a) + [atu ~ U(s)|ds 
11 : 


+ foavf clu — U(N|dt)ds. (8.15.11) 


Using Theorem 5.4.8, we have for all x > x°, 


jue) — VO) s ef2"—14 [Tova taf (2"-1+T]i-¥9) 
i=l i=] 


+ fier 14+ T]@-2 lea + ool sydt)dsk. (8.15.12) 
x° i=1 


On a compact set S, the quantity in large bracks is bounded by some constant M. 
Therefore |u(x) — U(x)| < Me on this set S, so that the solution of such a boundary 
value problem depends continuously on f and the boundary values. If € — 0, then 
|u(x) — U(x)| > 0 on this set S. oO 


8.16 Applications of Theorems 5.4.16—5.4.17 
and Corollaries 5.4.6 and 5.4.8 to Some Partial 
Integrodifferential Equations 


In this section, we shall use Theorems 5.4.16—5.4.17 and Corollaries 5.4.6 and 5.4.8 
to study some partial integrodifferential equations. 
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We now consider the following example on the boundedness and continuous 
dependence of the solutions of some partial integrodifferential equation. 


Example 8.16.1 Consider the nonlinear hyperbolic partial integrodifferential equa- 
tion 


YQ) = pa) + [atesxGy (ds, xe RY. (8.16.1) 


with initial conditions y(x) = 0 if x; = O for some i = 1,...,n, where p,q are 
continuous function, 


lp(x)| < M 
and 


la(x, s, y(s), y'(s))| < w(6s)([y(s)] + |y(s))) 


for any x,s € IR", where M > 0 is a constant and w € C(R'_, R+). If y(x) = 0 
is a solution of Eq. (8.16.1) such that y is non-decreasing in each variable and y’ is 
continuous, then for any x € R”_, 


¥)=p'@l<M+ 7 w(s)((s) +9 (s))ds. 


Hence by Corollary 5.4.6, we obtain for any x € R",, 


yi <M 1 + i w(s) exp (fa + w(oat) as ‘ 


Further, integrating both sides of the last inequality gives us an upper bound estimate 
for y(x). 


Example 8.16.2 We study the continuous dependence of the solutions on the right- 
hand side for the following two initial value problems 


y@) =f (x. y@), fy A@x,s, y(s))ds) , (8.16.2) 


y(x) =0 ifx;=Oforsomei=1,...,n 
and 


y (x) = F(x, YQ), ff A(x. s, Y(s))ds) , 
ieee oO enener 4. aco (8.16.3) 
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where all functions are supposed to be continuous, and 


If@ yz) -—f@, ¥,Z)| < M(ly—¥| + |z-Z)), 
|n(x, 8, y) — f(x, 5, Y)| < as)(ly — YP) 
for some constant M > 0 and some function gq € C(R‘_,R+). Now prob- 


lems (8.16.2) and (8.16.3) are equivalent to the following integral equations 
respectively: 


y(x) = Is f(s.y(8). fo MG, t, y(t))dt)ds, xeR', 
Y(x) = (F(s, Y(s), Is A(s,t, Y(t))dt)ds, xeR'. 


Note that for any x € R”., 


ly) — Y(x)| < [ lr(s.96 [ h(s, t(o)at) -1(s, v¢9) f h(s,t, ved) ds 


+4 [ _ | A(s ¥(s), [ Tid (dr) -F(s, Y(s), i Dee ved) 


ds. 


Now if 


i 


then 


ds < &, 


#(s Y(s), i, h(s, t, vat) _ r(s Y(s), i A(s,t, v«o)at) 


Wn) — ¥O)| < | "Wi Ee ee / “gW@b@ - vot] he 


and so by Corollary 5.4.8, for any x € R’, 


ly(x) — Y(x)| <e 1 + [ Mew (fas a(o)at) as : 


Therefore, the solution y depends continuously on y. Furthermore, although in order 
to avoid tedious manipulations, we have not made it explicit, we observe that y also 
depends continuously on its initial values on the hyperplanes x; = 0, i = 1,...,n, 
provided that these initial values are equicontinuous. 
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8.17 Applications of Theorem 5.4.26 to Third-Order 
Differential Equations 


In this section, we shall use Theorem 5.4.26 to study the third-order differential 
equations. 
We consider the third-order differential equation 


[2Oln@yT] +fOy = 8. te Rs (8.17.1) 
where we assume that the functions f(f), g(t) and r;(t), (¢ = 1,2) belong to the 
class C(R+,R), and r;(t) do not change their signs on R. Moreover, we suppose 
that rj (f) exists on Ry. 

Obviously, Eq. (8.17.1) is equivalent to the following Volterra-type integral 


equation, which may be obtained by integrating from 0 to ¢ three times and using 
the initial data 


y(t) = y(0) + 1 )y’(O) | [ri(s)]~"ds + r2(0) [r, Oy’ (0) + 1 Oy” (0)] (8.17.2) 


xf Iri(s)]! | ff rocorr tau] ds 
+f [ri(s)} (/, [n(w]! | e(vyde] au) ds 
- [ror lf |ro(u)|—! ([ serrer) au] ds, te Ry. 


Therefore, for all t € R,, 


biol < q(t) + i rs" | One ( | {Fosliveyldv) au] as 


(8.17.3) 
where 


qt) = ly(0)| + In colon f Iri(s)/'ds + ror (O)y’(O) + 11 O)y"” (O)] 


x [nor | i atu) ds 8.17.4) 
0 0 
+| Iri(s)|7 ([ Iro(u)|~! | [sera] au) ds. 


An application of Theorem 5.4.26 to (8.17.2) gives us 
x(t) <qMU(), te Ry (8.17.5) 


here U(t) = V3(t, tf) and V3(T, t) is defined by (5.4.161) and (5.4.162). 
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In the present case, we have 
Vi(T, 1) = exp follri(s)I7! + ros)! + LF )Ilds, 
V2(T.t) = F2(T,1) [! + fo lr)" ds | (8.17.6) 
V3(T,)) = F(T) [: + filn(si7 pas] ; 


and 


F,(T,t) = exp (fgllri(s)7! — |r2(s)""Ids) , 
F\(T,t) = exp (5 —Iri(s)|7!ds) ; 


Hence we obtain 


U(s) = exp ( / “=in(o"as) ' + / “Ores ( / In w|""au) Ras} . 
0 


(8.17.7) 


where 


RQ = emp / [1ri(s)|7! = |ra(s) Yds 


«fi [recor (exp fi (artnet + rena) as]. 


We can easily observe from inequality (8.17.3) that, if the functions | f(f)| and 
|r(t)|~', (i = 1,2), belong to the class L'(0, +00) and the condition 


t 4 s 24 u d au) d 
[inc (/ Ira(w) |f stay fau pas he6 


holds for all t € R+, then all solutions of (8.17.1) are bounded on R. Furthermore, 
if here we have g(t) = 0, then the trivial solution y(t) = 0 of Eq. (8.17.1) is stable 
in the sense of Lyapunov. O 

Now following the same argument as above and paying close attention to the 
structure of the function V,,(q, f) given by (5.4.161), then we can easily verify the 
following more general result. 


Theorem 8.17.1 (Yang [657]) Consider the following nth-order differential equa- 
tion 


rail: n@yl---T! +fOy = 8, te R+ (8.17.8) 


here f(t), g(t) and r;(t) belong to the class C(R+,R),i = 1,2,---,n—1,r;(t) do 
not change their signs on Ry and derivatives r/(t) exists on Ry and suppose that 
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the functions | f (t)| and |r;(t)|~! belong to the class L'(0, +00), and the equation 


i 
if g(u)du| < +00, te R4, (8.17.9) 
0 


holds, then all of the solutions of Eq. (8.17.1) are bounded on Rx. In addition, if 
g(t) = 0 holds too, then the trivial solution y(t) = 0 of Eq. (8.17.1) is stable in the 
sense of Lyapunov. 


8.18 Applications of Theorems 5.4.43-5.4.44 to Nonlinear 
Integral Equations 


In this section, we shall use Theorems 5.4.43—5.4.44 to study nonlinear integral 
equations. 


Example 8.18.1 As the first application, we obtain the lower bound on the solution 
of a nonlinear integral equation of the form 


u(x) = u(s) + [ Feuenas, x,s EQ (8.18.1) 


where all the functions in (8.18.1) are real-valued and defined on the respective 
domains of their definitions and it holds that 


| F(x, u) |< b(®)W (ul) (8.18.2) 


where b(x) and W(r) are as defined in Theorem 5.4.43. Using (8.18.2) in (8.18.1), 
we have 


| u(x) |<] u(s) | + / b(E)W(lbEE))NdE. 


| u(s) [>] w(x) | / “ b(E)W (DLE) dE. (8.18.3) 


Now assuming that u(x), (x < s; x, s € Q) is positive and applying Theorem 5.4.43, 
we have 


|u(s) |= 6 1[6q ue = foe ae (8.18.4) 


where G and G™! are as defined in Theorem 5.4.43. Thus the right-hand side 
of (8.18.4) gives us the lower bound on the solution u(s) of Eq. (8.18.1). Oo 


944 8 Applications of Linear Multi-Dimensional Integral and Difference Inequalities 


Example 8.18.2 We establish the lower bound on the solution of a nonlinear integral 
equation of the form 


u(x) = u(s) + / “F[Eu), I “eé, é, w(E))de as, x,s€Q (8.18.5) 


where all the functions involved in (8.18.5) are real-valued and defined on the 
respective domains of their definitions and it holds that 


| k(x, €, uw) |< c(€)|ul, (8.18.6) 


| F(x, u,v) |< b@)(lul + |v), (8.18.7) 


where b(x) and c(x) are defined as in Theorem 5.4.43. Using (8.18.6) and (8.18.7) 
in (8.18.5), we have 


[uc fs] ads) | + f 0) jw) + | eee dé, 


S S -1 
| u(s) [EL ato) | [1+ / big) exp l (o(@) + eat) a (8.18.8) 


which gives us the lower bound on the solution u(s) of (8.18.5). oO 


8.19 Applications of Theorems 5.4.57—5.4.58 to Hyperbolic 
Differential Systems and Hyperbolic Integrodifferential 
Equations 


In this section, we shall use Theorems 5.4.57—5.4.58 to prove the uniqueness and 
continuous dependence for the solutions of hyperbolic differential systems and 
hyperbolic integrodifferential equations of a more general type, then those given 
in [88, 90, 95]. 

We shall use Theorem 5.4.58 to provide an upper bound on the solutions of the 
nonlinear hyperbolic integrodifferential equation 


u(x) =f (x u(x), a k(x, s, u(s)) as) (8.19.1) 
7 


together with the given suitable boundary conditions u(x,,--- ,%j=-1,Yi,Xit1,°°° > 
Xn), l<i<n. 
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The functions f and k are continuous on their respective domains of definitions 
and 


|f(x, u(x), v(x))| < fir @|u@)| + f2@)|v@)], (8.19.2) 
k(x, s, u(s))| < foo(s)|u(s)], (8.19.3) 


where fi1, fiz, f22 are the same as those appearing in (5.4.394). 
Any solution u(x) of problem (8.19.1) satisfying the boundary conditions is also 
a solution of the Volterra integral equation 


) 


u(x) = a(x) + [fet we, [ Ke 8 Gy) ae) abe, (8.19.4) 
y y 


where a(x) takes care of the boundary conditions. 
We use (8.19.2), (8.19.3) in (8.19.4) to obtain 


lu(x)| < Jaa] + / | ins + fale!) / pace meee dx’. 
yy y 
(8.19.5) 


From Theorem 5.4.58, we find 


lu(x)| < lax] + / . Livia + fie) i * faal2)|a(2)| ae] 
y y 


x exp ( i ; [fie) + fiz?) i : fro(x?) dx a) dx’, (8.19.6) 
xl y 


If, |a(x)| < M, where M > 0 is a constant, then from (8.19.6) or (8.19.5) with 
Theorem 5.4.57, we get 


|u(x)| < Mexp ( / , [fr @") + fiale) / ” fale) dx?| a! (8.19.7) 
: 


y 


Further, if fi; = fi2, then from (8.19.7), we obtain 


|u(x)| < Mexp ( / ‘fief Es : ” foe) dx?| a . (8.19.8) 
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Estimate (8.19.8) is not comparable with 


|u(x)| < uf + [ trverexp (/ [fir 7) + fa20)] we] a (8.19.9) 
y y 


as obtained in [95] forn = 2. 
In order for |u(x)| to remain bounded in (8.19.9), it is necessary to have 


[fir(x') + faa(x!)Jdx! < +00, 

y 

which is the same as 
a file an <.100, / fra!) dx! < +00. (8.19.10) 
y . 


In (8.19.8), we require 


[ie : sa is fate) < +00, (8.19.11) 


which is obviously satisfied if (8.19.10) holds, but in several cases (8.19.11) more 
general than (8.19.10), for example, let f(x) = exp (7, @i-—y)). fir@® = 
exp (—2 a (x; — yi) ; for this (8.19.10) is not satisfied, where as (8.19.11) holds. 
Thus the results obtained here will be applicable to more general situations. Oo 


8.20 An Application of Theorem 5.4.59 to Integral Equations 


In this section, we shall use Theorem 5.4.59 to study integral equations. 
Example 8.20.1 Suppose the following integral equation 


v(x) = k(s) + [ae tr u(t))dt + [ t) ([ 86 r; vir)dr) dt (8.20.1) 


x 


holds for all 0 < x < s, where s € J” is a vector-valued parameter; and k : I” > 
R,g : J" x I" — R, and A and B: I” x I" x R > R are known as continuous 
functions. We assume further that the inequalities 


|A(s.p)|  <f(s,OIpl. 


, (8.20.2) 
|B(s,t;q)| <h(s,t)|q|, foralls,tel",t<s;p,qeER, 
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are satisfied, where f and h : J” x I” — R4 are known continuous functions. Then 
if v(x) is a continuous solution of Eq. (8.20.1) on J”, we easily obtain from (8.20.1) 
that forallO<x<t<s, sel", 


lk(s)| > [v@)| - i Fs, Dlv()|dt — i le(s.0) ( / re Plutlar) . 
(8.20.3) 


Setting u(s) = |k(s)| and w(x) = |v(x)| in (8.20.3), and applying Theorem 5.4.59 
to the above inequality, then we obtain0 <x<s, sel", 


loo] < 1k) exp( J LfG.0) + le. 0) + (6.0). 
and 
peal s Koti + [V6.9 + ls6.0) 
(exp [ (766.7) + la(s.r] + hts. rar)a} 


since Aj(s,x) < f(s,x) + |g(s,x)|, where Aj(s,x) is defined by Ay = 
max(f(s, x), |g(s,x)|) for each s € J” fixed. Oo 


8.21 An Application of Theorem 5.4.63 to Nonlinear 
Hyperbolic Functional Integrodifferential Equations 
of the Retarded Type 


In this section, we give some applications of Theorem 5.4.63 to obtain properties 
of solutions of a certain class of nonlinear hyperbolic functional integrodifferential 
equations of the retarded type. We consider the hyperbolic equation 

0" u(x) 


x1, 0X, --- Ox, G(x, u(o(x)), Tu(x)) (8.21.1) 


with the given suitable boundary conditions 


inti Mea VETS (8.21.2) 
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where 


GeC(R"xRxR,R), Tu(x) = / : K(x, y, u(p(y)))dy 


XO 


with k € C(R” x Rx R,R) ando,peF. 
Any solution u(x) of Eq. (8.21.1) satisfying the boundary conditions is also a 
solution of the Volterra integral equation 


u(x) = n(x) + - G(s, u(a(s)), Tu(s))ds, (8.21.3) 


x0 


where n(x) takes care of the boundary conditions. The following theorem provides 
an upper bound on the solutions of Eq. (8.21.1). 


Theorem 8.21.1 (Akinyele [24]) Assume that 
(i) 
Ik(x, y, u(o(y)))| = gy) |u(o()) |, (8.21.4) 
|G(x, u(o(x)), Tu(x))| < f@)[|u(o))| + [Zu@))]] (8.21.5) 


where f and g are continuous non-negative real-valued functions such that 


0 
n 


+00 +00 +00 +00 
i of g(s)ds < +00, / tee f(s)\ds<+oo (8.21.6) 
0 0 0 ‘ 
x An x) xy 
(ii) p(x) < o(x) for x = x°, 
(iii) n(x) is a non-zero, non-decreasing function such that 


In(x)| < M (8.217) 


for some constant M > 0. Then solutions of Eq. (8.21.1) are bounded. 
Proof Using (8.21.2), we have 


|u(x)| < |n@)| + i F(s)[|u(o(s))| + |Tu(s))|]ds 


< |n(x)| + / f(s)|u(a(s))|ds + / i ( / | «(|u(o()|a) ds. 


(8.21.8) 
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Applying Theorem 5.4.63 to (8.21.8), we have 


. */ nlo() n(p(d) 
lu(2)| < |n@)| exp ( i (rome +9) ar) ) (821.9) 


n(p(d)) 


Now (ii) implies Bear 


| < 1 and assumption on f and g imply 


|u(x)| < Mexp (/ (100 + e(o)ar) <N (8.21.10) 
xO 
where N is a positive constant, which completes the proof. O 


Corollary 8.21.1 (Akinyele [24]) Assume that hypotheses (ii) and (iii) of Theo- 
rem 8.21.1 hold. Let the conditions on G and k in Theorem 8.21.1 hold with f and g 
satisfying the condition 


i _ 6) exp ([ (70 + e(o)at) ds < +00. (8.21.11) 


n x0 


Then solutions of Eq. (8.21.1) are bounded. 
8.22 An Application of Theorem 6.1.1 to Difference 
Equations 


In this section, we shall employ Theorem 6.1.1 to study difference equations. 


Example 8.22.1 Consider the difference equation 


m—1 n—-1 
u(m,n) = a(m,n) + Em So ie t,u(s, t)). (8.22.1) 
s=0 1=0 
Let 
k(s, t, u(s, t)) < tu(s, 0), (8.22.2) 
we infer from (8.22.1)—(8.22.2) 
m—1 n—-1 
u(m,n) < a(m,n) + >. a tu(s, ft). (8.22.3) 
s=0 t=0 


Applying Theorem 6.1.1 to (8.22.3), it follows 


n—1 


u(m,n) < a(m,n) [[q + mt). (8.22.4) 


t=0 
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8.23. An Application of Theorem 6.1.3 to Nonlinear 
Sum-Difference Equations 


In this section, we present an application of Theorem 6.1.3 to obtain the bound on 
the solution of a nonlinear sum-difference equation of the form, 


+oo +00 
u(m,n) = F(m,n) + > = B(m,n, s, t, u(s, f)), (8.23.1) 
s=m+1 t=n+1 


where u, F : Nj > R,B: Nj x Nj x R> Rand 


|F(m,n)| < a(m,n), (8.23.2) 
|B(m,n, s,t,u)| < b(s, 1)|ul, (8.23.3) 


where a(m,n) and b(s,t) are as in Theorem 6.1.3 . Let u(m,n) be a solution of 
Eq. (8.23.1). From (8.23.1)—-(8.23.3), we derive 


+00 +00 
|u(m,n)| < a(m,n) + > y b(s, t)|u(s, t)|. (8.23.4) 
s=m+1 t=n+1 


Now applying Theorem 6.1.3 to (8.23.4), we have 


+00 +00 
u(m,n)| < ann) T] [+ >> dG.) (8.23.5) 
s=m+1 t=n+l1 


The right-hand side of (8.23.5) gives us an upper bound on the solution u(m, n) of 
Eq. (8.23.1) in terms of the known functions. 


8.24 Applications of Theorem 6.1.5 to Nonlinear Finite 
Difference Equations 


In this section, we present some applications of Theorem 6.1.5 to the study of 
boundedness, uniqueness and continuous dependence of the solutions of a few class 
of nonlinear finite difference equations in two independent variables. Each of these 
applications could be stated formally as a theorem. This has not been done so as not 
to obscure the essential ideas with technical details. 
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Example 8.24.1 As a first application, we obtain a bound on the solution of a 
nonlinear fourth order finite difference equation 


Ap[a3 (m,n) As[ao(m, n) Aj [ai (m,n) Aiu(m, n)|]] = fm, n, u)(m, n) (8.24.1) 
with the given boundary conditions at m = 0,n = 0 


u(0,n) = $1(n), 

a,(0,n)A,u(0,n) = ¢2(n), 

ao(m, 0) A; [a (m, 0) A;u(m, 0)] = 1 (7n), 
a3(m, 0) A2[a2(m, 0) A; [a1 (m, 0) A; u(m, 0)]] = W2(n). 


(8.24.2) 


Here a, dz, a3 are real-valued positive functions defined on N?, f : No xR—-R, 
where R denotes the set of real numbers; ¢ (7), 62(1), Wi (™m), W2(m) are real-valued 
non-negative functions defined for all m,n € No. We assume that 


|f(m, n, u)| < h(m,n)|u| (8.24.3) 


where h(m, n) is a real-valued non-negative function defined for all m,n € No. It is 
easy to observe that the problem (8.24. 1)—(8.24.2) is equivalent to the equation 


n—1 y-l 


\ > —_—_ SY Fs. t, u(s, t)) 
=0 


ope ce 


a x-1 


u(m,n) = b(m,n) + Los ie a ) > —__ 
s=0 
(8.24.4) 


where 


m—1 m—1 x-1 


1 
b(m,n) = quo) Fam enone a ary Sco) —— 116) 


ae n) 


m—1| x-1 n—1 


1 
+0 a = ale ny 28 2 aD (8.24.5) 


aun) mc y) 


Suppose that 
|b(m,n)| < k (8.24.6) 
where k is a non-negative constant. Using (8.24.3), (8.24.6) in (8.24.4), we have 
m—1 x1 nl y-l yr 


1 
Moniek) as Lae Laey ae 2, Hs, las, DL 


as(s.y) 4 Oe 
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Now an application of Theorem 6.1.5 yields the bound on the solution u(m, n) of 
problem (8.24.1)—(8.24.2) in terms of the known functions. 


Example 8.24.2 As a second application, we shall discuss the uniqueness of the 
solution of the problem (8.24.1)—(8.24.2). We assume that the function f in (8.24.1) 
satisfies 


|f(m,n, u) —f(m,n, u)| < h(m,n)|u— ul (8.24.7) 


where h(m, n) is as in Example 8.24.1. The problem (8.24.1)—(8.24.2) is equivalent 
to Eq. (8.24.4). Then for any two solutions u and u of Eqs. (8.24.1)-(8.24.2), we 
have 

1 x—1 1 n—1 y-l 
|u(m, n) — u(m, n)| < <et+ Lo aie n) dX —_—_—_ Ga 2 t)|u(s, t) —u(s, t)| 


4, 425, n) 4 3 = 5 eer 


(8.24.8) 


where ¢ > 0 is arbitrary constant. The assumption (8.24.7) is used to get the 
inequality in (8.24.8). Now an application of Theorem 6.1.5 yields 


n—1 


y-1 
= n—1 
|u(m,n) — u(m,n)| < € fe c a 7m 2 vats a m eee ae A Enel : 


Since ¢ > 0 is arbitrary, we have u = u, 1.e., there is at most one solution of the 
problem (8.24.1)-(8.24.2). 


Example 8.24.3 The third application is an example of continuous dependence of 
the solution on the equation and boundary data. Consider the problem (8.24.1)- 
(8.24.2) in Example 8.24.1 and the problem 


Aafas(m,n) Aalas(m,n) A, [ai(mn,n)Asu(m, nf] = F (m,n, z0m,n)) 


(8.24.9) 
with the given boundary conditions at m = 0,n = 0 
2(0,n) = d2(n), - 
a) (8.24.10) 


ay(m, 0) Aj [a1 (m, 0) Ayz(m, 0)] = Wil), ; 
a3(m, 0) A2[a2(m, 0) A; [ay (m, 0) Ay z(m, 0)]] = wom). 


_ Here aj, az, a3 are as in Example 8.24.1, F: NjxR-> R, b1(n), g2(n), Wi(n), 
W2(m) are real-valued non-negative functions defined for m,n € No. The equations 
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equivalent to (8.24.1)—(8.24.2) and (8.24.9)—-(8.24.10) are (8.24.4) and 


m—1 x-1 n—1 y-l 


z(m,n) = b(m, SE er Bl ran Bare ! 2 Fee ial t)) 


=0 az(s,n) y=0 a3(s, 5) ee 


(8.24.11) 


where b(m, n) is obtained from the definition of b(m,n) by replacing $1 (1), ¢2(n), 


Wi(m), W2(m) in the right side in (8.24.5) by $1 (n), O(n), O(m), b2(m) respectively. 
From (8.24.4) and (8.24.11), we have 


u(m,n) — z(m,n) = b(m,n) — b(m,n) 


yrl 


m—1 x1 n—-1 
+ » 1 x 1 oy 1 > (FG. t,u(s,t)) — F(s, t, 2(s, »)). 
x =0 


= ai(x,n) ‘ az(s,n) = a3(s, y) _ 


(8.24.12) 


Suppose that the function f in (8.24.1) satisfies the condition (8.24.7) and further 
we assume that 


|b(m,n) — b(m,n)| < «, (8.24.13) 

m—1 n—1 

Dam Lame Swe Leen) Meests0)) 34 
(8.24.14) 


where ¢ is a arbitrary constant. Subtracting and adding f(s, t, z(s, f)) in the brackets 
on the right-hand side of Eq. (8.24.12) and using (8.24.7), (8.24.13), (8.24.14), we 
obtain 


m—1 1 1 n—-1 
|u(m,n) — z(m,n)| < sa ee es van D ae Dy 
y-l 
x UG t)|u(s, t) — z(s,t)| < (8.24.15) 
t=0 


Now an application of Theorem 6.1.5 yields 


mee en ce 


x-1 n—1 
|u(m, n) — z(m,n)| < 2 {mi [ + : : > Yn. |} 


(8.24.16) 
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If h(m, n) is bounded on some compact set 0 < m < mo,0 <n <10,m,mo,n, No € 
No, then the quantity in brackets on the right-hand of (8.24.16) is bounded by some 
constant M on the set 0 < m < mo,0 < n < no. Therefore |u(m,n) — z(m,n)| < 
2M, on the set 0 < m < mo,0 <n < ng; so the solution u(m,n) of (8.24.1)— 
(8.24.2) depends continuously on f and the boundary data. If ¢ > 0, then |u(m, n) — 
z(m, n)| — 0 on this set. 


8.25 Applications of Theorem 6.2.2 to Discrete Hyperbolic 
Partial Differential Equations 


In this section, we present some applications of Theorem 6.2.2 to the boundedness, 
uniqueness and continuous dependence of the solutions of discrete version of 
hyperbolic partial differential equations involving three variables. 


Example 8.25.1 As a first application, we obtain a bound on the solution of a 
summary difference equation 


x-l y-l z-1 
ae =f (>: ZU, 2 2 ~ h(x, y,Z, 8,0, 7, ») : (8.25.1) 


s=0 t=0 r=0 


with given boundary conditions at x = 0, y = 0, z = 0, where all the functions are 
defined on their respective domains of definitions and 


lflx, y,z,u, v]| < p@ y, 2) [lu] + lvl], (8.25.2) 
|h(x, y, Zz, 8,t,r,u)| < g(s,t,r)|ul, (8.25.3) 


where p and q satisfy the hypotheses of Theorem 6.2.2. By using the given boundary 
conditions, Eq. (8.25.1) can be presented by the equivalent summary difference 
equation 


x—1 y-1 z-1 
ux.y.z) = 8@y0+ >>) > fly trulstn, 
s=0 t=0 r=0 
s-l t-l r-l 


+ OSS As trek Ln, uk. Ln))], (8.25.4) 


k=0 [=0 n=0 


where g(x, y, z) depends on the given boundary conditions. If |g(x, y, z)| < a(x) + 
b(y) + c(z), where a(x), b(y) and c(z) are as defined in Theorem 6.2.2, then 
using (8.25.2), (8.25.3) and (8.25.4) and then applying Theorem 6.2.2, we obtain 
a bound on the solution u(x, y, z) of Eq. (8.25.1). Oo 
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Example 8.25.2 As a second application, we shall establish the uniqueness of 

solutions of Eq. (8.25.1) with the given boundary conditions. We assume that the 
functions h and f in (8.25.1) satisfy 

|h(x, ,y,Z,5,t,7,u) —h(x,y,z,8,t,7,0| <q(s,t.nl|u—aj, (8.25.5) 

fix, y,z, u,v] —fi,y,z,4,0]| < 9@,y,2[lu—u] +|v—], (8.25.6) 


where p and q are as in Example 8.25.1. The problem (8.25.1) is equivalent to the 
Eq. (8.25.4). Then for any two solutions u and @ of Eq. (8.25.1), we have 


u(x, y,z) —U = g(x,y, z) — B(x, y.2) (8.25.7) 
x—-l y-l z-l s—1 t—-1 r-1 
+> {Flt So Als, t.7,k, 1, n,u)] 
s=0 t=0 r=0 k=0 [=0 n=0 


s-l t-l r-l 
Afl.t.r% TTY Mtr k nay 


k=0 1=0 n=0 


where g(x,y,z) and g(x,y,z) depend on the given boundary conditions. 
Using (8.25.5) and (8.25.6) in (8.25.7) and further assuming |g — 2| < e, for 
arbitrary ¢ > 0, we have 


x—-ly—-l z-1 s-l t-l r-1 
u(x. yz) -Mey.d] <et+ DOV Y ps.tnllu-a + YOY ak )|u— a). 
s=0 t=0 r=0 k=0 1=0 n=0 


Now a suitable application of Theorem 6.2.2 (witha + b+ c = &) gives us 


x-1 y-1 z-1 


lu(x,y,)-Wxy, D1 <et+ed dd ptNK(stn), 


s=0 1=0 r=0 
where 
s—l1 t—1 r-l 
K(s,t.r) =] | [ +20 (WK Ln) + kL »| . 
k=0 1=0 n=0 
Since ¢ > 0 is arbitrary, we have u = UZ, i.e., there is at most one solution of 
Eq. (8.25.1). 


We note that, here is a case where the simpler bound |u — u7| < R = ek(x, y, z) 
gives us the conclusion u = 4 more easily. 


Example 8.25.3 The third application is an example of continuous dependence 
of the solution on the equation and boundary data. Consider the boundary value 
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problem (8.25.1) given in Example 8.25.1 and 


x-1 y-1 z-1 


DOU se = Fix, y, z, U, 2 > SAG. y. z,8,t,r, U)], (8.25.8) 


s=0 t=0 r=0 


with given boundary conditions at x = 0, y = 0, z = 0, where all the functions are 
real-valued and defined on their respective domains of their definitions and 


s—-l t-l r-l 


[Fl.y.2,U, 2D) AG. .k bn, OD] 


k=0 1=0 n=0 


s-l t-l r-l 


-Fix,y.2z,U, >) > H(s,t.r,,k,Ln,U)]] <@, (8.25.9) 


k=0 1=0 n=0 


and suppose further that the functions h and f in (8.25.1) satisfy the condi- 
tion (8.25.5) and (8.25.6) with g(s,t,r) = Mp» and p(x,y,z) = M, where 
€, M,, and Mp are positive constants. The equations corresponding to (8.25.1) 
and (8.25.8) are (8.25.4) and 


x-1 y-1 z-1 


U(x, y,z) = GO, y,2) + ey io LF USAT), 


s=0 t=0 r=0 
s-l t-1 r-l 


+O VCH. tr kl, Uk Ln) (8.25.10) 


k=0 1=0 n=0 


where G(x,y,z) depends on the given boundary conditions for Eq. (8.25.8). 
From (8.25.4) and (8.25.10), it follows 


x-1 y-1 z-1 s—l t-l r-l 


u-U= (©- G+ LOY ffm DY Meter kiln) 


s=0 t=0 r=0 k=0 1=0 n=0 


s-l t-l r-l 


—Fis,t.r7U>° >>> HG,t7,k hn, ut. 


k=0 [=0 n=0 
Subtracting and adding 


t-1 r-l 


fls.t.r, U, Soy ks. r,,k,l,n, U)]. 


/=0 n=0 
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in the braces of the above equation, and further assuming |g — G| < e and 
using (8.25.9), (8.25.5) and (8.25.6) as mentioned above, we conclude 


Ju—U|se+ > >>> 4 Miflu—Ul + 90 >> > Mmlu-U)] +e 


x-1 y-1 z-1 | s-l t-1 r-l 
s=0 t=0 r=0 k=0 /=0 n=0 


An application of Theorem 6.2.2, on the compact set 0 < x,y,z < C, yields 


x-1 y-1 z-1 s-l 


Ju — U\<Me} +m > > [[h+m+ Mayr <M*e 


s=0 t=0 r=0 k=0 


where M = 1+ C?, and M* is obtained by replacing x, y, z by C in the expression in 
brackets. Thus the solution of the given boundary value problem (8.25.1) depends 
continuously on f and the boundary values. If ¢ —> 0, then |u — U| —> 0 on the 
set. 


We note that the inequalities and applications presented here can be extended 
very easily to n independent variables. We omit the details. 


8.26 An Application of Theorem 6.2.5 to Discrete Partial 
Integrodifferential Equations 


In this section, we use Theorem 6.2.5 to obtain the bounds on the solutions of 
discrete versions of partial integrodifferential equations involving three independent 
variables. We believe that the discrete inequalities may be used in the theory of finite 
difference equations involving three independent variables in essentially the same 
capacity as the inequalities of the Gronwll and Bihari type are used in the theory of 
ordinary differential and integral equations. 

We establish the bound on the solutions of discrete versions of partial integrod- 
ifferential equations involving three independent variables of the form 


x-ly-1z-l 
Muy: =f(%,y,z,u) + F (. YZ, YY YAY. S67, ») (8.26.1) 


s=0 t=0 r=0 


with the given boundary conditions at x = 0, y = 0,z = 0, where all the functions 
are defined on their respective domains of definitions and 


| f@, y, z,u) |S pO, y, z)W([ul), (8.26.2) 
| F(x, y,z, u,v) |< bx, y, z)({u| + |v), (8.26.3) 
| h(x, y,z,8,t,r,u) |< c(s,t,r)|u| (8.26.4) 
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for x > 0, y > 0,z = 0, where W, b(x, y, z), c(x, y, Z), and p(x, y, z) are as defined in 
Theorem 6.2.5. By using the given boundary conditions, (8.26.1) can be represented 
by equivalent summary difference equation 


x-ly—-1z-1 x—-ly—-1z-1 


u(x,y.2) = 8%XI+tD YY ftruson) + >> 


s=0 t=0 r=0 s=0 t=0 r=0 
s—-1 t-l r-l 
xF (: t,r, u(s,t,r) + Pewee ic t,r,k,1,n, u(k, L, »)) 
k=0 [=0n=0 


(8.26.5) 


where g(x, y, z) depends on the given boundary conditions. If |g(x, y, z)| < M, then 
using (8.26.2)—(8.26.4) in (8.26.5) and then applying Theorem 6.2.5, we obtain the 
bound on the solution u(x, y, z) of Eq. (8.26.1). 


8.27 Applications of Theorems 6.3.3-6.3.5 to Difference 
Equations 


The results in Theorems 6.3.3—6.3.5 can be directly used to prove the uniqueness and 
continuous dependence for the solutions of discrete versions of hyperbolic partial 
differential equations involving n independent variable of more general type than 
given in [511,571,595], since the arguments are similar, the details are not repeated 
here. We shall provide an upper bound on the solutions of difference equation of the 
form 


x—1 
A"u,(x) = F(x, u(x), SK. s,u(s))) (8.27.1) 
s=0 
together with the given suitable boundary conditions u(x), ...,%j-1, 0, Xj41,---,Xn), 


1l<i<n. 
The function F and K are defined on their respective domains of definitions and 


[F(x, u(x), v@))| S fir@)|u@)| + fi2@)|v@)], (8.27.2) 
|K(x, s, u(s))| S fro(s)|u(s)| (8.27.3) 


where fi1, fi2, fo2 are same as appear in Theorem 6.3.3. 
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Any solution u(x) of Eq. (8.27.1) satisfying the boundary conditions is also a 
solution of the Volterra difference equation 


xi] 
u(x) = g(x) + > F(x',u(x'), Y> K(x! x7, u(a’))) (8.27.4) 
xt=0 x2=0 


where g(x) takes care of the boundary conditions. 
Using (8.27.2), (8.27.3) in (8.27.4), we obtain 


xl-] 


|u(x)| < |g(x)| + ffl! yluce')| + fio") D> fo@)[u(?)]]. 


xi=0 x2=0 


If |g(x)| < a(x), where a(x) the is same as in Theorem 6.3.4, we find by 
Theorem 6.3.4 


xj-1 x2—1 Xy—1 


lel sae) J] [1+ Ome + Fe]. (8.27.5) 


xt=0 x}=0 xi=0 x2=0 


If |g(x)| < So, ai(x;) where a;(x;) are the same as in Theorem 6.3.3, we find by 
Theorem 6.3.3 


xj-1 x! 
Iu] < fax(0) + So aGep) TT [1+ att 


=e ay (xt) + ao(0) + 723 ai(xi) 


xy—-1 Xp» xl] 


+ Ve) + Vf) (8.27.6) 


xd=0 xi=0 x2=0 
also, in case f\1(x) = fi2(x), from Theorem 6.3.5 it follows that 
lu(x)| < Pix), i=1,2 (8.27.7) 


where 
xy—1 Aa (x}) 
Pix) = [ai 0) + Ving a] TT ah [1+ aahtaO+ ya) 
ee eee y+ DUch fo? »); 
Pa(x) = DIL alas) + Dido fue) Pi(e!), 
The estimate (8.27.6) cannot be obtained from (8.27.5) except when |g(x)| = const. 


Also (8.27.7) cannot be obtained from (8.27.6). For n = 3, (8.27.7) is the same as 
obtained in [511]. 
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8.28 Applications of Theorems 7.2.5—7.2.6 to 
Integro-Functional Equations 


In this section, we shall employ Theorems 7.2.5—7.2.6 to study integro-functional 
equations. 

Let T = [f, t1) (here tf; < +00). Consider in T the usual topology (with respect 
to which T is connected) and the Lebesgue measure denoted by jz. Let for any 
x€T, T, := [to, t(x)], where t(-) is such a continuous function defined in T that for 
every x € T, the inequalities t(t9) < t(x) < x hold. By V denote the operator defined 
in L’(T) in the following way 


t(x) 

wre) = f Kees filv)dye0). (8.28.1) 
to 

where the kernel K € L?(T x T), g is an invertible real function with continuous 

derivative for which g(x) < x, while f,(t) = f(d) if  <tandf\(t) = Oift < fh. 


It is easy to verify that all assumptions in Theorem 7.2.5 are satisfied. Hence, the 
integro-functional equations 


t(x) 
hs) = 90) + [ KG.ym(@ONdHO) 
i) 
= g(x) + VAX) (€ + L.(T)) (8.28.2) 
possesses a unique solution. In view of Theorem 7.2.6, if the kernel K is non- 


negative and under the assumption that f(y) < g(y) + Vf(y) for almost any 
y € [fo, t(x)], it follows that 


f(y) < hO) (8.28.3) 


for almost all y € [fo, f] (here h = g + Vh). In view of Theorem 7.2.6, if for two 
functions fj, f, € L’(T), the inequality f; — Vf; < f, — Vf, holds, then 


aa (8.28.4) 
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